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On Generalized Periods of Cusp Forms

Katsumi Shiratani

Introduction

Manin [1], [2] defined a p-adic measure and p-adic Hecke series
attached to cusp forms with respect to the full modular group.

In the present paper it is our aim to give a few remarks on p-adic
measures attached to the Bernoulli functions and the cusp forms, and to
give a p-adic expression of generalized periods of the cusp forms. Namely
we here discuss the generalized periods of the cusp forms with any
Dirichlet characters.

§1. Nasybullin’s lemma

We set g=p for any prime p>2 and g=4 for the prime p=2.
Let f=[f, q] be the least common multiple f and ¢, and Z the rational
integer ring.

The ring Z;=1lim Z/p"fZ, n=0, the inverse limit with natural homo-

morphisms, is isomorphic to the direct product of the rational p-adic
integer ring Z, and the residue class ring Z/f,Z with a natural number f;
such that f=p'f;, (f;, p)=1.

Let Z# be the multiplicative group of Z7, so that it is isomorphic to
the direct product of the unit groups Z} and (Z/f,Z)*.

Let K be a field over the rational p-adic number field @,. Then we
call a function y a K-measure on Z%, if y is a finitely additive function
defined on open-closed subsets in Z%, whose values are in the field K.
Any open-closed subset in Z% is a disjoint union of some finite intervals
I, ,=a-+p"fZ;in Z%, where a e Z prime to f, and therefore a K-measure
(¢ is determined by its values on all the intervals in Z%.

Let QY denote the set of such rational numbers, each denominator
of which is a divisor of fp" for some n=0.

Then Nasybullin’s lemma reads as follows [1].

Lemma 1. Let R be a K-valued function defined on QY with a
property: There exist two constants A, B e K such that
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R(x+1)=R(), 3;: R( xj"):AR(x)JrBR( %)

hold for any number x e QY.  Furthermore, let p0 be a root of equation
VY =Ay+Bp. Then there exists a K(p)-measure p on Z%, such that

)= p‘"R(pf)JrB "‘"“)R(pn_lf)

holds for any interval I, ,

Proof. We have indeed

Z /J( a+p"fk, n+1)
ZZ—; ~(n+1)R( a+pfk )+Z B —('rL+2)R< a+pfk>

=0 prrif o f

L a-+p fk ) —(n+2 ( )
= ®+hR Bp 'R

:éo < "“f +ICZ=0 pf

_p_(n+1)<AR(pf>+B < = 1f))—l—po <n+2>R( nf>
_(M)(APHJB)R( f)-i—p'(ntR( - 1f>
)l

=u(l,,,)-

Namely we see

/‘e( a, n)‘_‘ Z _ /‘!([b,n+1)'
b mod pn+17
b=a(mod pnf)

This proves our assertion, because any open-closed subset is a disjoint
union of some finite intervals, as already remarked above.
§2. The Bernoulli functions

Let B,(x) be the m-th Bernoulli polynomial and P (x) the m-th
Bernoulli function, namely

P, (x)=B,(x) for 0<x<1, P,(x+1)=P,(x) for any real x,

where we take B,= —1/2.



On Generalized Periods of Cusp Forms 481

As is well known, we have for any real number x the Fourier ex-
pansions

ezxinz

Pm(x)z —m! i/ (m:l, 2, .o )

n="e (2min)™
Herein the summation means to take sum over all the integers

except 0.
Hence we have P, (x) € Q for x e @ and

’il Pm( x+k)___ —m! i/ eltrt/pine I’Z":l e@rin/D)k
=0 P n=—w (2min)™ =0

e 2zt /p)nx
QCrin)™

e27nlx

=—m!p i’
n=0 (mod p)
- 7
1=%w Qril)™
=p'""P,(x).

— _m!pl—m

Namely the function P,(x) satisfies the property of Nasybullin’s
lemma with the constants 4=p'~™, B=0. Then p=~0 is equal to p'~™, as
o'=Ap+ Bp reduces simply to p*=p' "p.

Thus we obtain the following

Theorem 1. The function ., defined on any I, , by

ﬂm(la,n)=(p"f)m-lpm(p%)

7 *
gives us a Q,-measure on Z5.

Now, we state a result on the growth of the measure g, as follows:
For any integer ¢ with (a, f)=1 we have

L/\m 1 a My — 0
) ;Pm(ﬁ)a =0 (mod p?),

where ¢ € Z means a parameter which we may take as c=1 (mod p'f) [5].
This yields for the integer a with 0<a<<p'f, (a, f)=1

(PT)“'IPm(%)EO (mod p2-2p(7),

namely
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| DS P22,

Herein | | means the p-adic valuation normalized such as |p|=p~*
and y,( ) denotes the corresponding exponential valuation.
By the way, for any measure 4 on Z% we set

sl_—_mgax {1, )\ p~*

We call ¢ to be moderate growth if ¢;—0 as [—co.

Then the measure p (1, ;)=(p'f)~' is not moderate growth, because
e—>| f|as [—>o0.

We know that, if a measure p is moderate growth and a function
f(x) on Z% satisfies the Lipschitz condition, then there exists a Riemann
integral of f(x) on Z% with respect to the measure y [1], [2]. However,
we also know that there exists a p-adic integral for any uniformly differ-
entiable function with respect to the measure y,, even though y, is not
moderate growth [5].

§3. The p-adic Mellin-Mazur transform

Let X be a primitive Dirichlet character modulo f. Then we can
define the p-adic L-function of Kubota-Leopoldt by the following p-adic
Mellin-Mazur transform with respect to g,,:

Lt D= #adye @
=lim 5 Aap(L.).

l—e @ mod p!
a€Z,(a,f)=1

As the character X is constant on the interval I, , we see directly

L(ﬂm? X) == e n;:i 7 X(d)[.&m([a’o)
= > 1@7p(2)
a mod
a mod )
=(1-Xp)p™ HBY,
where B7 denotes the m-th Bernoulli number belonging to X. Hence we
have

—~
~ila =

7" 3, HaP,

L i o™ = = Lt m(p)pm B
m m

:=Lp(1 —m, X).
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§4. The Mazur measure

We here consider a special kind of measure x‘, called a Mazur
measure on Z¥. Take a positive integer ¢ prime to f and assume that
0<a<p*f, (a f)=1 for the integer a of an interval I, ,=a-+p"fZ;
always.

Then we set, by making use of [x], the greatest integer not exceeding

X,
-1 1
wod,, [ ] c=1 . 1lzco,
The function y'® determines a Q,-measure on Z¥. Namely it holds
that

( ( a+p”7k,n+l)=ﬂ(6)(la,n)'

) M’s

It 1s easily seen that this formula is equivalent to

le [J ’H“] j+ (L’—_l)z_(clll for any non-negative j ¢ Z,
k=0

which can be verified by counting the number of the lattice points in a
rectangle with vertices (0, 0), (p, 0), (p, ¢), (0, ¢) in the case j=0 and then
by induction on j.

Remark. If p(Z, ,)=/[ac/p"f1+d with a constant d gives a measure,

then the constant d is necessarily equal to (¢ —1)/2.

§5. Comparison of the measures

The measure p(l,,)=(p"f)~" is a so-called invariant measure on
Z%, namely it is independent of a.
To calculate the magnitude of the measure »,, we see

L) = @WWT( f)

=(p"f)""'B, ({ af}
a

= (B |-

)
2l

e () o




484 K. Shiratani

Y O N 1o
ety
Thus, when 7 tends to the infinity we have asymptotically
s n)~m<a p"f[ nfDm_lBl+(p”f)“(a—p"f[pff_]>m
~(p"f)"1am——%mam'l—— ma’"“[ pif‘]
~(pf)la.

This shows that we have

flm( a,n) -~ dm/“()(’a,n)’
which we denote by du,(a)=a™dy(a).

For the measure (1, )= p.(l,.,,) With an integer ¢>1, (¢, f)=1,
we see quite similarly

Palla,n) ~ (ca)”‘#o( a) —m(ca)" " 1, ).
Thus we obtain
Theorem 2. We have the formulas
dpt, (@) = a™dp(a),
dus(a) =(ca)y™dp(a) —m(cay™'dp‘(a).

Remark. In the above, if we take the integers a such as 0 <a<p"f,
we have [a/p"f]=0, and the term ma™'/2 is neglisible, because we have
always

lim Z‘* X)NginN=0

p—oo j=1

for any Dirichlet character X with conductor f and any continuous func-
tion g on 14¢Z3 The notations %, ( ) mean the usual sense [6].

§6. An invariant integral

Let X be a primitive Dirichlet character with conductor f, and take
the parameter ¢ ¢ Z, such as ¢>1, (¢, f)=1. Then we have by definition
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j  Uca)dp (a) = J ) (a),
Z 7 zZ 7
whence by Theorem 2 we see
X(c)c’"j X(a)a’”dgo(a)—mj _ Ueca)(cay™'du(a)
z5 zy

- f _ Ma)amduy(a).
Zy
Hence we have
(1 —X(c)c”‘)j , Mayardu(a)= —mf . Xea)(ca)y™ 'dp'“(a).
Zy Zy

Namely we have

Theorem 3. We have a formula
— LA—1en(1 = Up)p™ B = UeaNeay™du(@).
m 75

This formula was the starting point of our earlier investigation on
the Bernoulli numbers [4].

§7. Generalized periods. of cusp forms

Let ¢(z)=> 7, 2,6"* be a cusp form of weight w2 with respect
to the full modular group SL(2, Z) and assume that it is a normalized
eigenfunction of all the Hecke operators, namely ¢| 7, =2,¢ for any n>1
with 2,=1.

Then Manin [2] defined a function Q,(x) on Q for any integer m in
0<m<w:

0.(0= " ple+x)zmdz,

and with certain suitable numbers 0*, 0~ e R
03()=—"_Im fm $(z+x)zdz,
o’ 0

0z()= -1 Re j * do+ X7z,
w 0

so that Q:(x), On(x) with x e Q take algebraic values [2].
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The functions Q,(x), @;:(x) and Q;.(x) are analogues of the Bernoulli
functions, which can be seen as follows. We compute the value Q,(a/f)

withae Z:
F oo
Qﬂ(ﬂ):j ¢<z+£—)z’”dz
[/ o f
____i fiwl RN+ al ) gm
n=1 "
:i r Ao rntetrintelNgm
n
—jm+1 2 J.w e-mntypmouin(alf) fy
25 A

o giatntalr)

=im1 5 2, Wf(m—i—l)

__im+1 ! - 2rin{a/f)
=ireme (2ﬂ)m+ nZ:: 'm.+le :

Namely we have

A\ __ .p+1 m! = 1 2xin(a/f)
Q’"(?\)—l 2o+ nZ=:1 A et € :

This formula can be seen as an analogue of the Fourier expansion of
the value of the ordinary partial zeta function £(s, a, f) at s=1—m
Especially the number

0.0)=[" p@rmdz=r"(9)

is called a period of the cusp form .
In general we have in some half complex plane of s

J #(2)z* dz =i* F (S 2

hence we see

oo 1 2 m+1 1
5 ety = GO L),
n=1 n m!

In the sequel we calculate a p-adic expression of (1/m)Q,.(a/f), the
values {(1—m, a, f, ¢) of the partial zeta function attached to the cusp

form ¢ at s=1—m
Let f be any natural number, X a primitive Dirichlet character with



On Generalized Periods of Cusp Forms 487

conductor f. Hence f'is not equal to 2 necessarily. Then we define gener-
alized periods r}(¢) with Dirichlet characters X of the cusp form ¢ by

@=3 X(a)Qm(—;l;>-

Then the generalized periods satisfy certain relations, called the
Shimura-Eichler relations [1].
We may also define r(¢) as

1 5 1@0.(4)

from the view point of an exact analogy to the generalized Bernoulli
numbers. But we remove the factor f™~* for simplicity.

First we have
S rwe.(-4)= 510 S 0.( L),

Because Q,,(x) is periodic with the period 1, we see

2. 0057)

_ a b )
s it 2 A

n—1-1p-1
= oA+ bl
= pf )2

it a b
=o {0t ) et )
bZ-—-:O { Q pn—lf‘ + Q n- Zf' + pn 2
where the constants 4, B are equal to 2,p~™, —p*~*™ respectively.

These constants come from the identity in Nasybullin’s lemma, and
indeed in our case the equality ¢ | T,,=2,4 means

5 0:(*HE) =200, 0 —p 0.,

namely A=2,p~", B=—p”~*"[2].
Therefore we have for any fixed a,

2, (o)

a=ay (mod f)

=21p™ Z Q <_‘L>_pw~2m+l Z 0 (_(l_"__)
o a’ mod pr—1f " p"-lf‘ a’ mod pr—2 f ™ p’"‘zf' :

a’=ay (mod f) a’=af(mod f)



488 K. Shiratani

Here we set with >0
(m) — a
Sn (af)— ;n Qm(Tf>’
aay uiad 1) p

which we denote by S, for simplicity.
Let f(x)=> 7, S,x™ be the generating function for the numbers S,.
Then we have

JSX)=S8,+ Six+ Ax(f(x) —So) + pBf (x)x*,
whence we see

S+ (81 —A4Sp)x

J)= 1—Ax—pBx*®

If «, B denote the roots of the equation 1 —Ax—pBx*=0, then we
see easily

f(x)= z (Ca* 4 D*)x*

with
c=—1 (aS,—as,+5), D=1 (—ps,+45,-5)
a—p a—f
for a8.
These formulas yield
S, = aiﬁ [ (@S, — ASy+ S, — B(8S, — AS,+ S}

7 n—1 -1
=5, B I —AS, S alfr1i 4 S, 5T el frivd,
7= j=0 7=0

Because the roots p, p’ of the equation p*—2,0+p'*"=0 are
mutually complex conjugate by virtue of the Ramunujan conjecture |2,|.,
<2p™*H we see o, B are complex conjugate mutually, and we have ¢=
p7"p, f=p""p.

Put this fact in the above formula and we obtain easily

n n=1 n—1 pe1n
Snzsop—mn jZ=:0 pjpn-j_soxpp—mn jz:o pjpn—l—j + Slp—m(n-—l) ]Z=:0 p]p 1-4,

Furthermore we have
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e, 3,0 )=o) ()

-m w-m a
:2pp Sy—p”t Qm(pff )

Thus we obtain finally

—-mn z fon—j w-m(n+ a = j—=n-~1-
S,=5,p ]Z:(]PJP T—po™ 1)Qm(——p ’)j};p’p -4,

f

Note that this holds even when g=p.

On the other hand, we have }7_, p’p" /=21, which can be proved
by considering the p-part of the Euler product of the Dirichlet series
attached to the cusp form ¢.

Hence we see

5 1@ 2. nf) =3 1@)S{(a)
=5 H@SE@p ™= 3 KOO () 7o P2
Namely we have
5 1@ 0u(—r) = 5 Q.5 ) — 5 KO0 £E)
Now we have
ZJ X(a)Qm( P") for plf,
Zf] X pa)Q,, ( 7 ) ry(e) for ptf.

Thus we obtain the following
Theorem 4. For any natural number n>1 we have
A WO A ,,f) = (s =" e U P P(P).
Next, we assume v,(p) <(1+w)/2, and then see v, (p)=1+w—yv,(p)

>(14w)/2, because pp=p'*®, p+p=2,
Because v,(p/p) >0 we see p-adically
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— n+1
0 A= 1—(P/P) — 1 and p'"/'{pn_l—a—p;l— if n—>co.

1—p/po 1—p/p 1—p/p

Hence we obtain

Theorem 5.  Under the assumption v, (p) <(1+w)/2 we have

tim 7 8 100~ ) =~ Lp o

where we mean
.3 a
=3, 1@ 0x(% ).
Similarly we have

im e +1peenee 3 X(a)Qi( a 1f>

n—o0

= p‘zp”w{?p— — %pw‘”i(p)}r;"(szﬁ)*-

—p PP

Now, we define a p-adic measure p3 on Z%, due to Manin, as fol-
lows: By changing the notation for intervals slightly we set

it =03 4 )—grripersoi )

with I} ,=a-+p"fZ;.

This determines a p-adic measure having algebraic values and, if
v,(p) <(14w)/2, then it is moderate growth.

For any Dirichlet character X with conductor f we have by definition

j Hdis@=lim 3 @07
) 1
Hence we see, by making use of the property of the measure yZ,

[ tadi@= 5 Hapd
7 a mod p,

(a, F)=1
- 3 ol e ) rrei(®)

where = means to take sum over all integers prime to p in the given range.
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Therefore we have in the case f=f

fz,} Hadua@=pr" 3, X(a){zpp-MQ;(%) —pw-MQ;(l’Jf—)}

—p7pe /i X(d)Qi(%)
=rg)*.

In the case where f=f the above sum is equal to
—1,m & +f 4 - lpym L + _lz__
o7t 55 1@0i(2) —o7p 5 100 7 )
—2 W 24 ES a -2 W z + Pb
—7tp" 3 1@0i( %) o 3 h0:( £)
__-1'm.f —mia__w—-zmi_&
=p"'p az:]l%(a){lpp Qm(—f—) p Qm< f>}
A RO S ORI S ON
=(0™ 2, — 7' p* " UP)—p P U(P) —p P T +p ) ()
=(1—p™'p" U P —p~ P~ " U PNr }(P)*.
Consequently we obtain

Theorem 6. The samz assumption being as in the above we have
L* W @dp(@)=1—p p"Up)(L—p~ ' p* "X P)r(p)*.
7

This formula generalizes the one of Manin, which corresponds to the
case f=0 (mod p).

We may also call the numbers r7(¢)* the generalized periods of the
cusp form ¢. Thus the formula in our theorem gives us a p-adic expres-
sion of these periods, analogous to the p-adic expression for the generali-
zed Bernoulli numbers.

Tt should be noted that Visik [8] has also investigated p-adic measures
connected with cusp forms of higher level.
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