Advanced Studies in Pure Mathematics 13, 1988
Investigations in Number Theory
pp. 277-296

On a Classical Theta-Function, II

Tomio Kubota

The present paper, containing a partial and expository reconstruction
of the results which were known since [3], is written for the purpose of
stating some basic facts on a classical theta-function in a form which
is possibly convenient in investigations related positively to metaplectic
groups.

Since this paper is a continuation of [2], the ordinals of all sections,
theorems, propositions and formulas follow those of [2], while references
and footnotes are numbered anew, and the only theorem in [2] is quoted
as Theorem 1.

§3. Eisenstein series E(z, s)

Having finished the investigation of the automorphic factors of the
theta function (1), we are naturally led to the following Eisenstein series:

5/
(14) E(z )=} Ao, Demmiere (cz+d)—_—|chi{— T

Here, z is a point in the upper half plane H, s is a complex number, I, is
the group consisting of all (? z> e ' with ¢=0, and X(g, 1) is as in
Theorem 1. Moreover, arg(cz+d) is always normalized by

(15) —r<arg(cz+d) <z

in accordance with (2). The series (14) is absolutely convergent for Re s>>2,
and satisfies the transformation formula

(16) E(z, 5)=X(o, e-0mius s 0oz, s),  (ae D).

Therefore one can expect that E(z, s) may coincide with 9(z) at s=1.
That this is actually the case will be shown in Section 7.

In this section, we shall observe the effect on E(z, s) of the invariant
differential operator
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aZ aZ
17 D— 2(__ _)
a7 Mooy

with respect to SL(2, R).
Because of the Iwasawa decomposition

1 x 2 cos@ —sinf
(13) w=< 1) 1 ( >
——«/J’ sin 4 cos §

every element w € G is in one to one correspondence with a pair of z=x
+iy e H and § mod 2z. We normalize this § by —z <4<z, denote it by
f(w), and we set

(@) = eUmt@ + -5 — o1/D10()
for an element &=/(o, ¢) of the covering group G, introduced in Section 1,

of G. f(®) is a continuous function on G. On the other hand, let =

(o,¢) el a———(z Z) e I'. Then,

Oow)=60(w)+arg (cz+d)— A(0(w), arg (cz+d))-2x
holds with
0, —r<f+y<x,
1

A, = { s otherwise,
while
2A(0(w), arg (cz+d))=1—a(o, w)
follows from (11) and (18). Therefore,
f((}(f) — /DB (@) targ (cz+d)-(1-a(a,0))z+(1-¢ee’a(s,0))x)
— e(1/2)i(0(w) +arg (cz+d) + a(o, 0)(1-ce)n)

:esle(l/Z)i(ﬂ(u’) +arg (ez2+d)) =Ele(1/2)i arg (cz +d?f(d~)).
Hence, setting
g((l)) =€ys/le- (1/‘1.)10’
we have

8 /2
g(Gd)=ee' Y o (/)i g (2 + g=(/DL0

T ezt df
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which is a term of our series (14).
Now, the invariant differential operators on G with respect to the
operation of G are polynomials of

A F 5 &
AT S et
Naow T o) T oxa0 77 20

and /60 with constant coefficients”. G has the same invariant differential
operators as G, and g(&®) is an eigenfunction of D/, i.e.,

(19) De=(1—2)e.

(20) 1=%<%_1)_

From these facts follows that g(d@) also satisfies the differential equation

(19).

Let g temporarily stand for an arbitrary solution of the differential
equation (19), and put g,=ge"/»**, Then

D/gzD/gle—(l/z)w=(Dgl)e—(1/2)w____i_y<__a_gl>e—(1/2)io
27 \ox

5 ~ 20
— = _ge- i,
16 &

This implies

Dg,— %ya—ax-gl =2g:

Thus we obtain

Proposition 3. The Eisenstein series (14) satisfies (termwise) the differ-
ential equation

i 0 _ .
(D .__:Z_ya_x>E(z, 5)=2E(z, s),

where D resp. 1 is defined by (17) resp. (20).

§4. Fourier expansion of the Eisenstein series

Our Eisenstein series (14) has of course a Fourier expansion of the
form

Y DY is the Laplacian of the metric of [4], p. 81.
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2D E@zs)= Y au(y,5)e™,  z=x+iy.

Mm=—co

We now propose to observe a,(y, s). As for the constant term a,(y, s),
we have the following

Proposition 4. An explicit form of the constant term of the Fourier
series (21) is given by
1 2
a3 9) = | EG. s)ax
0

1 \&@s—2) I(s—1)

oy (s ’
P4y 2y +1+2s-1/2jc(2s_1) I'(s—1/2)

where { is Riemann’s zeta function.

Proof. Theorem 1 shows that X(g, 1) depends only on ¢ and d, when
g= (z 2) Therefore, we write X(c, d) instead of X(g, 1), so that (14) gives
rise to

$/2
22 E(z,5)= X(c, d)e~ /2 erg (ca+d) Y .
(22) (z,9)= Z): . (¢, d) rdT

cd= (0 (mod 2)
If ¢=0, then d=+1. So, the partial sum of (22) for ¢=0 is
(23) :/2+(__l)e (1/2)i (= z)ys/2 2ys/2

On the other hand, denote by >, the partial sum of (22) for c3=0. Then,
[(Ziax=yr[ 5

— s/Z €
A T

where >, is the sum over d mod 2¢ with (d, ¢)=1, dc=0 (mod 2). Theo-
rem 1 yields

e-(lﬂ)i argc e—(l/Z)t arg (z+d/c)

. d
e D e
- (1/2)% arg 2z

(zﬂmwﬁ w———am

24

-(1/2)iarg ¢

78" °0(c) c¢#0 (mod 2), |¢| square,
0 % , || not square,
D X(e, d)= for
v 2 3 ep(c) ¢=0 (mod 2), |2¢| square,

0 ” » |2¢| not square,
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with y=e*/%, and consequently

e (1/2)iarge

2

c#0 lC"'s

= 2 P+ 5 2 20000,

=1 c2s 23 28
c>0

(2 X(e, D))

Hence, by virtue of

(C) =5 ple) _2%7'—=2 {@2s—2)

D1 cut T 2uei ] g(25—1)
and
0Qc) _ s ole) | 20(c)
S0 25¢% (D=1 2%¢¥ = c=o(modn 2%¢c%
>0 >0
2s -1 __ 2s-1___ —
={2_3 2 2 +2,_3<1_ 2 2 )} {(2s—2)
2%s-1_1 2%s-1_1 {(2s—1)
_ 281 {(2s—2)
211 ¢@2s—1)"
we see
-(12)iargc 1 C(ZS _2)
25 eI s x(e, d))=2 (1 ) :
) B e =20(1 s )
Next, an ordinary calculation shows
on e—(l/Z)iargz e s 00 e—(l/2)iarg(t+i) y
S P R Ve

o0 e—zi/4+(l/2)i arctan ¢

A - t l)
e (=5 <orene<Z),

=y1—8

and

jwo g/t arctant ;= J‘” coS (1/2 arctan t)

—c0 W (12+ 1)3/2
=2J1 \/viﬂus zx/tiu = ___ﬁjﬂ u"z(l—u)‘lﬂdu
=+ 21 I’ZE(S——I;;) (u=cos (arctan ?)).

Hence,
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x=y“‘77'14/2_7r_ Is—1)

oo e (1/2)i arg z
26) [ G2V
. ‘z\’ F(S——I/Z)

The proposition follows now at once from (23), (24), (25), (26).

The nature of Fourier coefficients a,(y, s) other than the constant
term is considerably complicated, and will be treated in Section 5. But,
we shall perform here some preliminaries.

The meanings of >, and >, being as above, and m being not 0, it
follows from a direct computation that

2 2 S /2 X
j E(z, S)e—nimxdx=j Zl 1(c, d)e—(l/l)i arg (cz+d) YV e-mima ]y
0 0

lez+-d |
P Z e—(l/z)t argc X( d) e—(l/Z)i arg (z+d/c) i d
=7y* c, e~ mimTJx
T T ey 2+ djef
(1/2)i arg ¢ o -(1/)iarg 2z
—y 3 S (St dyerinere) [T T emvimny
@ el - 2|
1-35/2 e~ U/miarge rimd/e
=y g e (St ety
XJ‘ e- (1/2)t arg (t+1) er sy - ni(my)tdt.
(£24-1)s"
So, if we put
(27) Tm(c)=e—(1/2)i arg 0(22 X(C, d)ew:imd/c),
and
o (1/2)% arctan ¢t
28 w(u, s =J e——e”‘“‘dt, — T <Zarctan t<—71,
(28) wa)=]__ & - :
u being a positive or negative real number, then
(29) a3 )=~ =D Yy, 5.
277 c#0 lc\"
Because of Proposition 3, a,(», s) satisfies the differential equation
da ( m A
30 Y L ——>a —0,
(30) e 2 + )%

where 1 is as in (20). Accordingly, our Fourier coefficients are all ex-
pressed by the Whittaker function.
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The integral in (28) is not absolutely convergent unless Re s>>1. But,
by means of the recursive formula

oo k(1/2)i arctan ¢
J‘ t e(/)z retan e—ziutdt

—e (£241)120E

@D 1 = k i fl+lo=miut
S5 — —(s 2k }e(l/z)i arctant ]___~._~_____ t
Tiu J - [{ 1 (s-+2) + 2t (2 1)rrert
for k=0,1, 2, - - -, one gets an analytic continuation of w(u, s) which is

an entire function on the whole s-plane. Furthermore, for an arbitrary s,
it follows from (31) and from the properties of Fourier integrals that
w(u, s) tends to 0 as ju|-—>oc0. Recalling the differential equation (30), we
obtain a more precise result that |w(u, s)| decreases with the order of e~='*!
as |ul—>oo. Although w(u, s) is analytic with respect to s, it is not analytic
with respect to u at u=0.

§5. Computation of Dirichlet series

We have already discussed in part the Fourier coefficients in (21) of
the Eisenstein series (14); one remaining part of number-theoretical im-
portance is the Dirichlet series on the right hand side of (29). In this
section, we shall show that the Dirichlet series can be expressed by a
combination of ordinary zeta and L-functions in spite of the appearance
of Gauss sums z,,(c).

To do this, we must first determine 7,(c) completely. For the sake
of simplicity, most of our arguments will be done under the assumption
¢>>0. The general case can be treated quite incidentally.

Set ¢c=27¢’, (¢/,2)=1, and e=(—1)¢"""/  Then, (27) implies

(32) @ =7 X (f’_)/ (r=0),

d mod ¢
(d,e)=1

Tm(c)—‘—_—' Z3y1 (C/, d)(_g%i)eZnimd/zr+1c/
(33)

21+1cl X ,
+iza,_;(c’,d)< . )ezmﬂ”‘v, (r>0),

where >, , is the sum over dmod 27**¢’ with (d, ¢/)=1, d=a (mod 4). If
d=27"'d,+c’d,, then

r+1
Z3,a (C/, d)(i.f’_)e%:im/zr-l—lct

=T (e d)(F) o ) 25 Y nanny
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274N L., PAREN .
Z dife’ E : 27 27 +1
— < y etnim /e’ (E, C’ 2) y elr mda/2"
dimod ¢/ de mod 2r+1 c d2

c
(d1,¢")=1 do=c¢a(mod 4)

r+1
d )eZzimdl/c'. (e, dz)( 27 )eZﬂmdg/2T+1.
) a

=e, 2 <—/
dy mod ¢’ C dg mod 2r+1
(d1,¢) =1 do=ea(mod 4

Hence, if we put

o eme 5 (Do @am
Uiy N ¢
741
(35 727, m= 3, (s a?)<#___2 e )ehimd/zrﬂ,
B ned b d

then (32) yields
(36) t(e)=nclc,m),  (c,2)=1,
and (33) yields

37 (€)=er(c!, m(z, (27 e, m)+iz_(27%%, m)), 2]c.

Thus the determination of z,(c) is reduced to the determination of two

kinds of sums (34), (35).

Proposition 5. Let ¢>0 be an odd natural number, and m be a non-
zero rational integer. Denote, in general, by I an odd prime number dividing
m, and by p a prime number not dividing m. Furthermore, let p™ resp. I” be
the p- resp. lI-component of c, let 1° be the I-component of m, and let m, be

the non-square kernel of m. Finally, define the following notations:

for p
1, r=0,
T(C, m)p: <ﬂ>\/_p_: r::],
D
0, r>1.
Sfor 1 with odd e
1, r::O,
(-ni-, 0<r<e—1, r even,
T(C, m)L= -
—1e, r=e41,

0, r>e-41, or r odd.
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for I with even e
1, r=0,
({—-DI 1, 0<r<e, r even,

(e mi= (%)le«/_l_, r=e+1,
0, r>e-+1, or r odd(e--1).
Then, we obtain a decomposition
z(c, m)=y9'"°¢ 11_[ z(c, m), - ];[ z(c, m),
of =(c, m) in (34) with e=(—1)\¢"17 p=em/,

Proof. This proposition is contained in the results of [I]. So, we
state here only an outline of the proof. Let c=c,c, be a decomposition
of ¢ into two mutually prime natural numbers, and put d=c,d,+¢,d,.
Then the quadratic reciprocity law shows that it is enough to prove the
proposition for ¢, and ¢, instead of ¢. Therefore, the proof is reduced to
the case where ¢ is a power of a prime number p. In this case, the asser-
tion of the proposition follows from the fact that the sum of the values of
a non-trivial character over a finite abelian group is 0, and from the well-
known classical result” on the value of the Gauss sum z(p, 1).

Proposition 6. Let m=0 be a rational integer, and put m=2°n’,
(', 2)=1), e= %1, e, =(—1)™"D" and y=e"/*. Then, the value of the
sum (27 e, m) in (35) is as in the following table:

conditions on r value of (27", m)
0<r<e—1, reven 0
’” , rodd 27 e, @)
r=e , reven 0
” , rodd —20"!(e, @)
r=e-+41 , reven 0
" , rodd 2%(e, @)i*m
r=e+2 , reven 2¢ti(e, oz)(—z—,—>775'""
m
’” s I odd 0

® Contained in the proof of Proposition 1.
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Proof. As in the preceding proposition, use the fact that the sum of
the values of a non-trivial character over a finite abelian group is 0. Then,
it is easy to see that non-trivial assertions in the proposition are only those
concerning r=e, r=e+41, and r=¢4-2. But, the assertions for these cases
also reduce to observations of sums over a prime residue system mod 8,
and are simply treated by direct computations.

This proposition immediately entails
Corollary. Notations being as in Proposition 6, put
(27 e, m)y=e(c. (2" e, m)+it_.(27" e, m)).

Then, we have the following result:

conditions on r value of ©(27*'e, m)
Jor odd e
0<r<e—1, rodd pEZ'“R/—f
” , I even 0
r=e —p2 2
r>e 0
for even e
0<r<e, rodd P27 W2
v, reven 0
r=e+1 7752%/—??-%
r=e-+2 7]529+1(1+em)<i/>
m
r>e4-2 0

Now, denote anew by ¢>0 an arbitrary natural number, and by
m=0 a rational integer, set c=2"¢’, ((¢/, 2)=1), e=(—1D""Y2 m=2w’,
((m’, 2)=1), and ¢, =(—1)"""P~  Furthermore, let z(c, m), and <(c, m),
be as in Proposition 5 for odd primes p and /, and, using the notations in
Corollary to Proposition 6, put

7 *t(27"e, m), r>0,

(39) (¢, m), = { ) 0

Then, from (36), (37), Proposition 5 and Corollary to Proposition 6, it
follows that the component decomposition
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(9 n(€)=7 [] (e, m),

holds, the product being extended over all prime numbers q.

From now on, we drop the condition ¢>0; every notation which we
have ever defined has a definite meaning even if ¢ is a negative rational
integer. Suppose that ¢ is negative, and (¢, 2)=1. Then, by definition,

en(@)=tte(e, )=tz (el m)
(40)

=7 (L Jenled=snleD:

4

Therefore, z,(c) depends only on |c|, when (¢, 2)=1. If 2|c and ¢<0,
(39) and (40) imply

.(¢)=in*z(c’, m)- z(c, m),

=1,( ¢ z(c, M)y

and it is clear by Corollary to Proposition 6 that «(c, m),=z(|¢c|, m),. So,
tn(c)=1,(c]) also in this case. On the other hand, Proposition 5 shows
that z(c, m), for g2 depends only on jc|, too. Hence, in considering
7,(c) and its component decomposition, we may always replace ¢ by jc|.

Because of the component decomposition (39), the Dirichlet series on
the right hand side of (29) posesses an Euler product;

41) Z 20 =277 H A‘llhq(s)

c#0 \C ls

with
(o
40 O=3] L;IZ_)Q,
We now propose to determine each g-component of this Euler product by
means of Proposition 5 and Corollary to Proposition 6.

If p£2, (p, m)=1, then

' 1
@) A ) =1+ (_’20_);_1/?

where m, is the non-square kernel of m.
If [52, m=[°n’, and (m’, [)==1, then
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(=DF . O=pre o

143 I(e—l)s l(e+1)s

A (=14 (l'l;l)l +

(43) _1)(l(e—1)(1—s)__1) _ le

__J2s-1 (e+1)s
-1 l

=144

for odd e, and

—_— 3 _— e-1
4, ()= 1+(l )-I—(l Dl +- ~—~———(l ]1621
m le+1/2
(44) +(—lo—) Jie+ys
. (I— )= —1) Je+ir
=1+ J_J2s-1 + ) JletD)s

for even e. As for 2, we must recall (38). If in this case m=2°m’, (w’/, 2)
=1, then

/2 22 / 2e-3./2 25—1&‘
7n. Z(S) 233 + + 2(2—2)3 - 288
45)
( 2le-1A-8) _{ 1
=1425-12

2__223—1 - 2e.v—e+1/2
for odd e, and

V2 2272 2075/ 2
Am,z(s)—' bE 2% +-- +W
2¢/2 | 201 4¢,) [ 2
(46) + 2(e+1)s + 2(e+2)s (m )

—1p2on 2 e (2,

2. Ds-1 e+Ds-e-172 (e+Ds~e-1 \m’

n=(— 100

for even e. Let now X, be the class-field-theoretical character with respect
to F=Q(s/ m), that is, for a prime number g, let

1, g is a product of primes of degree 1 in F,
47 1.(q)=4—1, if gqisaprime of degree 2 in F,
0, g is ramified in F.

Furthermore, set
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4,1+ 5D), r @0,
q
(48) Ao fs) = for
’ 1 _
\Am,q(s)(l = ): %) =0.

289

Then, a series of calculations using (43), (44), (45), (46), and (48) yields the

following expressions of 47, (s):

for p=£2, (p, m)=1
(49) Al ()=1.

for 1s£2, m=Iwm’, (m’,l)=1, and e odd

1__[~(e+1)(s-—1)
A;n,L(s)= “——&*‘—1 %D

50 i
(30) — [~ Ge=nm-D sinh{ e'zi_l(s-—l)logl}
[sinh {(s—1)log/}.
for [£2, m=I°w’, (m’,I)=1, and e even
7 —-s+ l—l—e(s—l) —e(s~
Am,l(s)=<1—(%>l "Z)le—:m:r ey
() fy 5o
/sinh ((s — 1) log ).
for m=2°m’, (m’, 2)=1, and e odd
, e 1 1_2—(e+1)(s—1)
Apo(s)=2 1/2<'— [42-G=1m + 1—2-26-n )
=w{2sinh< e—1 (s—1 log2>
(52) 142671 2 ,
+vV2 sinh(e';l (s——l)logZ)}

/sinh ((s—1) log 2).
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for m=2°m’, (m’, 2)=1, e even and ¢, =(— )™~ = 1%
1 l_2-(e+2)(s—-1)
’ —s=-1/2(
Am'Z(S)_z ( 1_‘_2—(3-1/2) + 1—2-2-b >

(- (e-2)/2)(s-1)

(53) R
+4/2 sinh ((—;—-i— 1)(s— 1)log 2)}

/sinh ((s—1) log 2).

{2 sinh (-;—(s— 1) log 2)

for m=2°m’, (m’, 2)=1, e even, and ¢, =1

A;,hz(s) =25 1/2(1 — (i,)z— (s~ 1/2))
m

1 1 276D (e+1)(1-8)+1/2
X(— 1_|_2—(s—1/2) + 1—2-26-1 )+2

2-(e/2)(s-1)

=.-__[2 sinh ((_"_+ 1)(s— 1) log 2)
1+23—1/z 2

44/ 7 sinh ((.‘32_+ 2>(s— 1) log 2)
- <i>{ﬁ sinh (-;—(s-— 1) log 2)

-
tsinh <<%+ 1>(s— 1) log 2)}]

/sinh ((s— 1) log 2).

(54)

Let L(s,X,) be Dirichlet’s L-function containing the character X,
defined by (47). Then, formulas (41) and (48) immediately imply

tac) 4 L(s—1/2,7,) ,
&0 |c|f =2 Z2s—1) l;l A dS):

Using this and (29), we have the following

Theorem 2. Except the constant term a,(y, s) given by Proposition 4,
the Fourier coefficients in the Fourier expansion (21) of the Eisenstein series
(14) are

3 In this and in the next case, it is convenient for our calculation to utilize
the resemblance between (46) and (45). Note also that ¢,=—1 or 1 according to
xm(2)=0 or xn(2)=(2/m")=#0.
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__yl-s/2 L(s—1/2, %) ’
a,(y, s)=y'"*"w(my, S)———————C(Zs__l) 1;[ An (8)s

where w is defined by the integral in (28), A}, (s) is as in (49), (50), (51),
(52), (53), and (54), and q runs over all prime numbers.

§ 6. Functional equation of the Eisenstein series

From the concrete expression in Theorem 2 of the Fourier coefficients
of our Eisenstein series, we see that, whenever s is in a compact region,
the product ], 47, ,(s) is at most of the order of a power of m as m—oco.
On the other hand, w(my, s) decreases exponentially as m—>oco. Conse-
quently, E(z, s) is a meromorphic function in the whole s-plane, which is
regular in a domain that does not contain any pole of L(s, X,,), £(2s—1)"1,
or the constant term of E(z, s) given by Proposition 4. Of course, E(z, s)
is single valued.

To prove that E(z, s) satisfies a functional equation as in the theory
of Selberg, we put here

_I® 1 {@2s—2) I'(s—1)
(35 SD(S)—«/ E(H 1+2s-l/2> L2s—1) I'—1/2)°

so that Proposition 4 turns out

(56) a(y, $)=2(y*"*+o(s)y'~*").

Put s=1-1it, (t e R). Then, the functional equation of {(s) yields
|C@i(it))=|L(—2it)[(—it)|

=|C(1 + 2lt)F( 1_22” )7‘[_“77:_(“2“)/2

So, by (55), we have

, = 1 Qin)I(it)
14-it =\/_’r—1 :
eU+i= > 1 | a2 rans o
212 | it 1 - 212-it
::1 1+21/2+u l= 1+21/2+it =

This means that ¢(s) satisfies the functional equation

57 o(s)p(2—s)=1.

Consequently, the constant term of the Fourier expansion of



292 T. Kubota

(58) b(z, s)=E(z, s)—o(8)E(z, 2—5)

is 0. Since, however, our discontinuous group I has two cusps co and 1,
what we have shown is merely that b(z, s) vanishes at the cusp co. There-

fore we must examine the other cusp 1. Let o= <‘cZ Z) be an element of

I, and set

j1(0', Z)':e—(iﬂ) arg(cz+d), (Z € H)
Then, it follows from (12) and (13) that
Jie, 72)ji(z, 2)=a(o, 1) jot, 2)

holds for ¢, r € I'; a(o, 7) being the factor set defined by (11). Set now

p=<% 1>, r-—-(l %), then prp“:(_—_% %) and from Theorem 1 follows

(59) E(prp~'z, 5)= —1ifprp™", 2)'E(z, 5),
. _ - - i 1
while a(p, p™%), a(z, p™*), and a(p™", p) are all 1 because of p~'= ( 1 1),

ol = (:% %) Hence,
j1(‘0‘l'p_l, z)=J,(p, fp'iz)jl(rp“l, z)
=jlp, tp™'2)j(z, p~'2)ji(p 7", 2),

and

Jilore™', 2)=Ji(p, 72)jil0, 2) .
This, together with (59), shows
(60) Jilp, t2)E(prz, s)= —ij(p, 2)E(pz, 5).

The behavior of E(z,s) in the neighborhood of z=1 is indicated by
the function j\(g, z)E(pz, s). Since (60) shows that the function is a
periodic function of period 8 with the multiplicator —i with respect to the
transformation z—z 42, the constant term of the Fourier expansion,
similar to (21), of ji(p, z)E(pz, s} must be 0. Thus the function b(z, s) in
(58), vanishing also at the cusp 1, is square integrable on a fundamental
domain of T, i.e., b(z, 5) is a so-called cusp form. In this situation, it is
no longer difficult to prove that b(z, s) is identically 0, if we adopt some
arguments from Selberg’s work. Notations being as in Section 3, &' =
b(z, 5)f(@)"* belongs to LY\ G), and is an eigenfunction of all invariant
differential operators of G. Since, however, the eigenvalue of &’ with
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respect to D’ depends continuously and analytically on s, the self-

adjointness of D’ entails that 4’ is orthogonal to all of those functions in

LXI"\ G) which are eigenfunctions of all invariant differential operators.
Thus we attained our aim in this section to obtain the following

Theorem 3. The Eisenstein series E(z, s) satisfies the functional
equation

E(z, s)=¢(s)E(z, 2—5)

containing the function ¢(s) of (55).

8§7. E(z, s)ats=1/2

We consider the function (z)=(1/2)y"**E(z, 1/2). First of all, we
intend to prove that #(z) is an analytic function of z. To do this, we
observe the function

(61) (2 —i2 )y rEs)

0x oy
which is given by a series for Re s>>2, and show that the analytic continu-
ation, with respect to s, of this function vanishes at s=1/2. Since by
definition

1

_8/2E(Z S)—— Z X(o'g 1) ‘\/ Z+d ‘CZ+dls 12’

we have

(62) GEJJJL%me&Jy <‘—Jx@3)
0x oy

with

63 E(z,5) = , 1)e~Grriarg (cz+d) c .

(63) (z, 5) r%]FX(o )e P

E\(z, s) has period 2 with respect to z, and has consequently a Fourier
expansion with respect to the orthogonal basis {e®™*}. Let us now inves-
tigate the Fourier coefficients. While a calculation similar to the proof of
Proposition 4 yields

jz E‘(z, s)dx _ Z ( 4 e~ (/jiarge Zz X(C, d)) J‘oo
0 c#0

= dx
‘clsn . ‘len

(3/2)% arctan ¢
e e
=

(tz + 1)(3 +1)/2

e- (3/2)i arg z

-(1/2)t arg ¢

b

tte, ) [
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the sum over ¢=0 here is nothing else than (25) appearing at the corres-
ponding place of Proposition 4. On the other hand,

o e(3/2)1‘. aretan ¢ :2 © cOoS ((3/2) arctan t) dt
— (t2+1)(8+1)/2 0 (t2+1)(s+1)/2

= ' I4+u _ 11— l—u) sl du
ZL (u\/T Vi—u «/ 3 u FTT=7
ZﬁIl{us(l——u)"/z—u“‘l(l——u)l/z}du

I'(s+DI'(1/2) =I'(s)['(3/2) (. 1\ I(s)
=v2 T'G+3/2) =V 2 (S 2 ) T6+32)

Therefore,

: D W,y 1 _1\@s=2)  I'(s)
LEl(z,s)dx.— 24/ 2z iy <1+1+23_1/2><S 2>C(2S—1) TGy

Hence, the constant term in the Fourier expansion of F(z, s)is 0 at s==1/2.
Next, again some calculations similar to those in Section 4 show

4

2 2
E Z,S e—nimde=J X C,d e—(a/Z)i arg (cz+d) e—nimzdx
.[0 i) o}:1 (e d) lez+d|**
- e~ (1/2)i arg ¢ imd
==t B St e

o e(S/Z)i arctant . )
‘[ e~ T midy

X oo (t2+1)s/2

and here, too, the Dirichlet series defined by the sum over ¢=0 completely
coincides with (41) in Section 5. Hence, it follows from Theorem 2 that

e —2iy‘s_(c_(2‘1/_21;6_) [T 4 s)

© e(a/Z)i arctan ¢
>< e—-ni(mg/)tdt
oo (tZ__i_l)s/Z

64

for m=£0. Moreover, although

(S/Z)i arctant i
(u .)) J e mutdt
@+ 1)7

is somewhat different from w(u, s) in (28), no essentially new circumstance
arises in verifying that w,(u, s) has almost the same properties as w(u, s),
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in particular that, through a recursive formula similar to (31), w,(u, 5) has
an analytic continuation in the whole s-plane which is an entire function
of 5. Hence, it follows from (64) that all Fourier coefficients of E,(z, s)
different from the constant term are regular at s=1/2. Thus we have
proved that E,(z, s) is regular at s=1/2. Consequently, (61) becomes 0
at s=1/2 because of (62). This proves that our function 4(z) is an analytic
function of z.

Now, Proposition 4 assures that the constant term of the Fourier
expansion of #(z) is 1. On the other hand, the same is true for the func-
tion 9(z) of (1). Furthermore, notations being as in Section 6, we have
already shown in the proof of Theorem 3 that the constant term in the
Fourier expansion of the function ji(p, z)E(pz, s) is 0. Since y"*9(z) and
E(z,1/2) have one and the same transformation formula with respect
to the elements of [, the constant term of the Fourier expansion of
Jip, 2)(¥'*9(2))...,, is also 0. From these facts, we can conclude that
6(z) —9(z) vanishes at two cusps 1, oo of I'. Consider now the function
(0(z) —9(z))*. This is, by Theorem 1, an ordinary, analytic modular form
of weight 2 for the congruence subgroup I, mod 2 of SL(2, Z), and is
besides a cusp form. Since, however, the genus of the fundamental domain
of I', is 0, (8(z) —9(z))* must be 0. Thus, we have

Theorem 4. The Eisenstein series E(z, s) at s=1/2 is combined with
the theta function (1) by the relation
1 1

_— _1/4E s 2’9( .
27 (z 2) 2)

The Fourier coefficients of 9(z) with respect to the orthogonal basis
{e¥i™} is, by definition, O unless m is a square. This corresponds through
Theorem 2 to the fact that the value L(0, X,,) of Dirichlet’s L-function is
0 for m> 0 unless X, is trivial.
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