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(==>4/B;"*. If 4, is rational, (therefore an integer by the assumption of
Theorem), then |2,|=V,U;*. Therefore, we are done with, in this case.
Suppose 1, is irrational. We have

|2:\=V. U7+ 2,
with |2,|<(L,PH™'.  Then, we have
(12,[BA™ ) ={(;+ )4, + AN+ ) B+ B},
where
7, =(—e){Q.BA7 (A, + AYH1 +,02,B47 4,4, + 4D}
Here, taking L, sufficiently large, we can suppose that
|2,BA7' 4,4, + 4)|<}
and that
|z | <Lg'2

If £, +7,>>1, then we are done with, by the same theorem in [12]. It
is impossible that £, +7,=1, as 4, is irrational. Suppose, then, {, 47, <1.
This means that ¢,2,<0 and 1>, +7,>1—L;"* as ,>1. Let us put as

Lot =+5)
Then &/>» Li?. And then,
(12,|BA) ' ={(1+& D)4, +4HA+-L7) "B+ B}
={Ci(A,+ 4D+ AHCUB, + B)+ B}
Therefore the theorem in [12] tells us that
(12,|BA™ ) (> (4, +4)(B,+ B) ™' (= AB.™".
Also we have
(A, +A4)B;—(B,+B)4;=¢,.
We have
|2,|BA™ — (B, + B)(A,+A)™*
=e{(4,+ADCUA,+ AD+ AN} KLy VH (A + A7)

We can suppose that A and B are [K, K?)-regular. Then, calculations,
similar to the proof in the case p,g;'>G"” of 4.4.15 (iii), applied to
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{a(B,+ BOHb(A, + 4D} —|2,| BA™ | K L5 V{b(A, + 4D} *,

tell us that there are O(L;'*P?) of (4, B, A’, B)). Then such « gives a
minor contribution O(L;*P?) to 4.1.5, by taking L, sufficiently large,

4.4.20. Lemma. Suppose we have

le|=BA '+ o,

\M= VtU;]+Q¢
and

llzia\—:BiA'i—i-wi’
so that

V:B=tiq/B;+t,q,B],

U*L‘A:t;qui_*—tiin;’
and

A,B,—B Ai=¢,(=+1).
We have, then,
w,=82,BA7+\2, |0+ (e,t,9 ) U, A4,)".
Proof. It is easy.
Remark. We will use this lemma, in the form that

w=c{A(4a*+ A"},
AB'—BA'=c(=+1),
a*>1 (real number),

and 4, B, 4, B/, A, t,, q,, t}, q are to satisfy 4.4.14, where A7 and B’
are A’ and B’ of 4.4.9 (ii) with & =-.

4.4.21. Lemma. With the notation of 4.4.20, we put

M, =¢|2,{A(Ada* + A")} " +e,t,9,(U,AA4,).
We suppose that, e=¢,, (See 4.4.14). We have, then,
(HogP) "< | M| G'(H5'P)~".

Proof. We have, from 4.4.1, that (1 <)a* € g2, because 4* > L a*4
and A=A,. The rest is easy.
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4.4.22. Remark. Suppose thate(==-1)a,b,a,,b,(i=1,---,4)are
fixed. Suppose 4 and B are given so that A=aAd and B=b43 lie in the
interval [g¥?P, g,P]. We have, then, by choosing K sufficiently large, at
most one possibility of (4,, B;) such that a,|4,, b,| B, and that 4, and B,
belong to [H;'P, H,P]. See 1.4.1.1. We have uniquely 47 and B’ such
that

AB" —BA"=¢
and
A> A1,
We have, also, uniquely 4/ and B/ such that
A,B,—B,Ai=¢
and
A, >A =1,

These mean that, supposing that ¢, @, b, a,, b, are fixed and K is sufficiently
large, the possibility for ¢,, ¢}, p,, q,, P’ q; (i=1, - - -,4) in 4.4.14 is one at
most, if 4 and B are fixed. Therefore, fixing ¢, @, b, @,, b,, we can divide
the set of (4, B)’s disjointly, according to ¢, t/, p,, ¢,» P 4, (i=1, - - -, 4)
in 4.4.14.

These arguments go similarly when we begin with a, b, A and 4”7, in
place of a, b, A and B.

Note that we have not used the assumptions (iv) and (v) up to now.
These heavy assumptions will be needed in 4.5.

4.5, Kloosterman’s domain I1

4.5.1. Lemma. Suppose that we have the conclusion of 4.4.14. Sup-
pose that A,(2A))" has “‘good partial fractions with respect to H,, 2.2.10”.
(We suppose that such «, that gives a minor contribution to 4.1.5, is not con-
sidered here, according to 4.1.3, 4.4.1, 443, 44.3.1, 44.4, 44.15, 44,19
and 4.4.21.) We put as

Sgna:ﬂg (:‘il)a sgn 2127}1 (:il)’
F,=0,BA™",
M, =e{|2| A7 (Aa* +A) "+ 1,4,(U,44,)7}.

Note that c,=¢ by 4.4.14. We have, then, for S,(«) in 4.1.4, that
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Sda)=7 p24)" S(%)(ewi>-1/2

+ 2(3) 2325 0.(@2h = D)™ (—gp2ev — 1)""‘(2Ai)‘13£”’(§—5)

A, 1 1
Xe (—%— Zi Df) e(gvomwiéﬁ - 24, 7717]0‘Si”i)
mrfs v 2hi-1
Xoi (& 2Aiwi>
+OH ),

Here &, is & or &, and + corresponds to this choice, h, is taken over 1< h,
< HYP, v, is taken over |y, |< H3". Also SP9(B,/A,) is one of S(B,/A,) and
S*(B,/A,), and p,, p,, are one of such p that p=0 or p*=1. Their choices
are determined by the residues mod 8 of A,, B,, A,, B}, (), and A,, 4,
being the odd divisor part of A,, and by residues mod 4 of v,, w,=F,+
M,

Proof. We apply 2.2.12. Putting |,0|=B,4;'+w,, we have w,=
F,+M,, owing to 4.4.20. We have, on the other hand, by 4.4.19, that

(12/BA~)")—> A,/B, (= 4}/B,,
and, therefore, with 0<4,, ¢, <1,

0, =\,|(BA™ +e0, A" —B,A;*
=ef, A7 +¢0,|12)47"

We have, then,
|A,0,8,|<A7'E/+AA4,E/2F;,<0.240(1)<0.3,
and
Ao 1.
We have, combining with 2.1.4, that

S(@)=2(5) 2 0.04) 7509 (B)e( L 0g1—@4) 20

Xsgn (51 - V¢(2A @)~ l)l w; r Ve wsq o, ll/zl &— ”1(214 10)1)— ! D
+O(H;*P'™),

where, v,, p,, and S¢*9(- . .) are as explained above. We substitute 2.2.5
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(iv) with k= H{" there. The term corresponding to
te(—3e(8"— 1)
in 2.2.5 (iv) appears as

~1500( Be “teanhe( L wer—(24)
3 0.04) 150 F)e(GAY edne( 0= 24) 5 0)
Xsgn (&i—vi(zAiwi)_l)lwi l—l/z
X e = ol Cd0)Y)e(+e)
We have

(84, 'edivi+ %wzéf —(Q24) % w,—30,6,—v24,0) D
=(84,) 'edpi—(84,)"0; "}
=(84,)""edi;—(84,) %A (A, B} + A}
= —'%5‘87?‘”3,

where we have put 8} as |w,|"'=4,(4,8F + 4}). We have
> (the above sum)

= 3004 509(F) o - o)
Xsen (&, —»,24,0) ) o, g ¢ )

As we have p,,=p_,, and sgn(§,—v,(24,0,) )= —sgn(§,— (—v,)24,0,)7")
if v,5£0, the terms with y,=£0 all cancel out each other. The term with
v, =0 gives us

et Joonr (2

3

which gives us the first term of the conclusion by adjusting p,. As for the
other terms of 2.2.5 (iv), we have

AT 0 P8~ A ) )
=0 (Ao b= Q4w
< AV(HHPY,

and that



160 Y .-N. Nakai

(@k— 1)1 < (k— 1))~ o=k,

The choice k= H:® is sufficient for the conclusion.

4.5.2. Lemma. Under the same assumptions as in 4.5.1, we have

((za)~* (sin 7))’ Si(cx) - - - Si(a) = Zﬂ(— D#(B*A)’e(A~'uB)
Locays(Z )1M [

+Z Z Z Z: c(l)lM llz—thlt+(1/2) thslz

§¢ v Ry lg

><' IH 4-‘ 2A 1/2 S( )<Bi (1 FSZ
F=1,0004, X ; . ivi i)l — F.&2
A) 2 )

Xe (‘;‘ eATI AN+ % 1 E1M,—(24,) 1’7°’7"$i”i)

+O(H;2PY).
Here
o= (V27 Vip, (2h, = DI (= g/ = Ty eh (1)

2h,—1\( 1 \m-i-ie
x( 1 )(7”) ’

where - corresponds to &,=¢§7 or &. (Ifv,=0, then Vi=1 and v:=0 for
[>0). Also I, is taken over 0<I,<<2h,—1. The other notations are the
same as in 4.5.1, and we must take L, sufficiently large as the last but one
step about 4.4.4. We have, also, that, after expanding the product on the

right-hand side, each term is

<H3g, H..4(1+\C(Z)I(Hogo)2hi) . p?

and

H (14c@ [(H,g )" )L exp (H g?).

(€),(0),(R)5 (1) ¢

Remark. We will often write the right-hand side of the formula of
the lemma as

£,(8),()5 ()5 (1)

when it is expanded.
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Proof. We have
((za)™" (sin ma))*= #;ﬂ (— l)"(4n2)“’(B"A)ée(A“ﬂB) +o(1).
We have, as for the first term in the right-hand side in 4.5.1, that

()™= (M |+|F )™ =M, (1+ O(L;'g?)).

Similarly
W = I M M1 4 02N Ly g ).
Also
€= @A)y =3 (PP et Do A R D
1; i

o e O L e (R Ay

Taking L, sufficiently large with respect to §, H, and g,, we obtain the ex-
pansion to be proved. The rest is easy.

4.5.3. Let the constants in 4.4.4, except G,, be fixed as have been
explained up to now. To treat @« which are left untouched in 4.4, we
proceed as follows: We suppose that

Z=T=Gu(UVy, - -+, UTD.

Then we take variables and constants, which are positive integers except
&, 7, o and @, in the following order.
(0) Leta, be

ady=
p;prime, K<p<K?

Let e=+1, 5,= 11, @ and b be fixed so that
ab\a,, (a, b)=1,
and
1<v(x)£101o0g 2 for x=a, b.
(i) Let us put, with », such that 2%||[U,, - - -, U}],
W ==28"ruorsg( 11 PEX LU, -U T)

p;prime,p<LK,p|Us++- Uy

XL.CM. of {(U,, U,); iy, b=1, - - -, 4and i,1,),

12
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W: =2g,+5ao( P)g’XA’(U1V1' . U4V4; T)

p;prime, p<K,p| U1V 1++-UsV4
XL.CM. of {(U,,, U,); i, iy=1, -+ -, 4 and]i,#1,},
W= W:{Z[Vu SR
and
WO: WS)[UIVD ) U4V4]-

See 2.3.9, 2.3.11.5 and 3.2.1. Clearly W, divides W,.
(i) ;06
(i) t; g h<t’'<ab. (4.4.9 (ii).
(i) 1,1, pi 40 Pl g7 (=1, -+, 4);
ttUp.qi+q.0i+q.9)="UVab,
pi=q;=z1, pizqizl, (p,q)=1, (i, q)=1,
tiq:>19,>0, t(p,+q)>1p],
and
G*>(tlg)t,q)™t (1) (4.4.19).

We impose 't.he conditions in 4.4.15 on them.
(iv) A4; has no prime divisor in [K, K?),
p& 1y A if pis a prime and 2< p<K,
p* YA if p is a prime and p>K,
g P>ad>gl*P,
v(A)<1.1 log log P.

The last condition is admissible by a well-known theorem of Hardy and
Ramanujan, Problem 20 on p. 31 [20], for insatnce.

(iv) (4%, B}, B); Representatives enough to cover the set of
(47, B”, B), in which A7 is taken mod W,, and B” and B are taken mod
2&'+uotsy  satisfying the following conditions;

AB" — BA" =,
p&*'yB  ifpisaprimeand 2<p<K,
Y B if p is a prime and p>K,

B has no prime divisor in [K, K?),
A"+’ A=0 mod b,
B’ 4++'B=0 moda,
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((Uza)—1 -0 )(B EV)<ti(pi+qz‘) t;p;)eMz(Z),
0 .bn A AT —1,9, t.q;

A>A">g7%4,
2,V bE! >t (i a)A—q, A7) > t{(pid+-9iAT) > H*V bEY,
(GA>)B>G 4
and
(t+1DA>B>14.
(v) 4’4, 4A)=1,

A"=Af mod W,,
A>A7> g0,
and
2e,VbE! > 1(pi+9)A—q, A7) >t ((piA+q/ A7) > Hy*V bEY.
) B, B"; AB"—BA"=¢,
B=B, mod 28"+ +3q,,
(t+1)A>B>max (14, G- 4).
(Uia)_l(ti(pi+qi)g—tiqigy) € Z,
(Ua) '(t,p}B+tiq'B ) e Z, (2.3.11.5).
(We have B"=B! mod 2¢"*%+g,))
(vi) (B B’); B=bB, B'=a'(B"+1'B),
A A A=ad, A'=b"'(A"41t'A4),
and A4, A’, B, B’ are [K, K*)-regular and satisfying the conditions in 4.4.15.

(vii) (Bi Bé); (Uia 0 )(Bi B2)=(i{ lfi”)(ti(pmtqi) tépé)
A, A, 0 vp/\4, 4)) \d A7J\ —1q, tiqg)

and A,, A}, B,, B; are supposed to satisfy the conditions in 4.4.15 and
4.5.1. (A4,, 4}, B,, B; are integers by (iv’), (v), (v)).)

(vii) o*; go=>a*>1 (real).

(viii) a=BA '+eA"(Aa*+A")"
We prepare the set & of A”’s for a fixed 4 of (iv), for which all of (iv") ~
(viii) are not satisfied.

4.53.1. Explanation of 4.5.3. The existence of A”, B, B! for given
A, AY, B,, B! is assured by 2.3.11.5, even to the modulus W?2[V,, - - -, Vi];
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or if they do not fall into the range stated above, they give minor contri-
butions to 4.1.5, as had been explained up to 4.4.22. We have
AB'—BA'=¢, A>A’>0, B>B'>0,
t,=(UaB,, VbA,), t;=(UaB], VbA),
208> A> A> Hig!.
Especially 2°2"#% y¢,. The conditions in (v) given by inequalities show that
A" in (v) lies in an interval J((4)), say, determined by (0) ~(iv) of 4.5.3,
not depending on A7, B/ and B, in (iv’) there. Let us use the notation

((4)) to suggest the choices of (0) ~(iv) in 4.5.3. Therefore A” in (v) of
4.5.3 may be considered as those, for which

(47, A)=1, A"=A7 mod W,
and
A" e J(4)),

where A] is one of (iv’) in 4.5.3. In (viii’) we may have cases to obtain
such « that was treated in the preceding sections. Estimates there had
been in “L!'-norm”, so we have no need to mind having such cases. By
(viii’) we can take o* in (viii) as a variable of integration in 4.1.5, after ¢,
A, A’ in J((A)) are fixed. Owing to the length of this note, there are con-
fusions in the use of 4 and *. Those 44, etc., in 2.3 and 3.2 should corre-
spond to A7, etc., in 4.4. See the footnote of 4.4.9 (i).

4.54. Lemma. We have, under (4)) in 4.5.3.1 that
B B
S<“)<—-‘>---S““<-—“)=16 A A
1 4, 4 4, P( 1 )

in 4.5.2, where p=0 or o°=1,
A"=A! mod W, B=B, mod 28" +#*5g,
and p is determined if A], v,, - - -, v, are fixed under ((4)).

Proof. From 4.4.15 (iv), (v) and the moduli W, and 28" ***3g, we
have the same residues mod 8 of x, X and X with X=2°X, @2y X), for X
=A" and 4], or for X=8 and B,, or X=4, and 4, or X=B, and B®,
Then we can consult 2.3.8.

4.5.5. We proceed from 4.5.2 and 4.5.3 as follows;
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j (e sin 'S @) - S @)

- the “main’ terms in the
doc*(—e)(Aac* + A’ Zx{ }
o (=N A+ A) X oht-hand side of 4.5.2

(4.5.3) Ja*; go>a*>1
+O@H;*PY),

where >, 5.5 is to suggest the choices in 4.5.3 and, in the integral, we use
4.5.3 (viii"). We have, by the remark in 4.4.22, that this is

=2i;4<:2)).[ 2 { 2 (e -)}da*+0(5H0—2P2),

a* a7, 85,80 a0 LA

where >4, suggests that the choices of (0) ~(iv) in 4.5.3, g,>a*>1, and
D8, BTy avy 18 taken over 4.5.3 (iv).  Also the sum 747, is taken over

4.5.3 (v) and, if there do not exist B and B of 4.5.3 (v/) ~(vii), we can
regard as A" ¢ &.

4.5.5.1. We suppose that W,=o(P).

4.5.6. We have, through 2.3.8 and 3.2.4 with the notations 3.2.3,
3.2.4 and S¢9(- - ) in 4.5.1 with g’+4 in place of g’ in ¥, in 3.2.4, that

J%:v)(. . ')zy,m,(‘tf;:(l),(e) I§1'0;16_1(A1' . .AJ-UZS{”)(%) N -Si""(%)
X A A, Ay X (208 0+ %a,) (2%, A)
X Wit f 1 EANATX S F(B)e(A™B)
+ 02|84
+O(GP*™(4, W,y (log P)".
Here we have used the fact that, from »(4)<1.1 log log P,
2D Log P, 5D L(log ), a_,u(A)<log P,
and
Ay $(dy) ' <log log P.

Also we have used the fact that (28" *%o*3q, A, W)=(28 ***5, 4, W)=
e, A).

4.5.6.1. By what were explained in 4.4.22. and 4.5.3.1, we have
doc* Z ZII 0(l'§(AV) N8|y - '24\—1/2})2.

L da G B Besav) &
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We have, also, that, each time adjusting G suitably larger,

| det 5T O(GPYH(4, W) (log P)Y)

A43((4)) Ja* (45, B, Boy; (v

&3 25 (4, W)X GP¥ (log P)*

i al

& (4, W)X GW, P log P,
P
which is, owing to 4.4.15 (ii) and 2.3.10.1,

LG{T WUV, - - UVYP+o(d'(Wy; T)PYW, P (log P)*
<<GP2{T_1U(U1V1' t U4V4)+T(AI(U1V1' UV T))}WQP-W (log P)A-
This is
&BiAy- - A, P

by the assumption of the Theorem, as 7" will be chosen = Gw(U,V;- - - U V)
in 4.5.7.6.

4.5.7. Let A, under the choices ((4)), be fixed. Let g, (&), (v), (),
(/) be fixed also. We consider the sum

5167y s (). spo(B)

%, B8, 8oy v 1 A4,

arising from the plausible “main’’ term in the right-hand side in 4.5.6.

4.5.7.1. We take up the modulus W, in 4.5.3 (i), which is a divisor

of:. W, Let (4%, BY%, B%)’s be representatives enough to cover the set of
(4L, BL, B)y's in 4.5.3 (iv’), in which 4% is taken mod W, and B% and B,
are taken mod 28" *%*3q,, We fix (4%, B%, B,) and let (47, B!, B,) run so
that

Ar=A% mod W,
and

Bi=B" mod 2¢ +%+3g,,

As 28"y X for X=A!, ---, Bo, we have the same power of 2 for A7 and
A%, etc.  'We have, then, through 2.1.2.1, 2.3.11.5, 2.3.7 and 4.4.15, that

- -egen( B (B (Pi+9)A—q,47
t 2Qenf Z1Y [, goof D) __ i 1 1420
1674(A4,- - - 4)7 28§ (A1> S§ (A) pi=§-,4 Jo( ()1 a )’

where ¢{* and 7{*® have the corresponding meaning to ¢{* and 7{* in
2.3.5 given with respect to (4%, B%, B.).
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4.5.7.2. We prepare Z, which will be the Z, in the Theorem, such
that Z>T (=3), that Z>a,, that all common prime divisors of U%. ..U}
and V,...V, are <Z, that all common prime divisors of U,, and U,
(i,+i,) are <Z, and that there exist one i, (i,=1, ---,4) and a prime
divisor p, of U¥, satisfying p,=Z (and, therefore, p, f U¥ for i=1,).

4.5.7.3. We want to apply 2.3.9 with this Z and W,. We have
Hi J o(' : )

(b, BY,Boys vy, 4 = A% modw ., By = B modze’ +vg+5aq,

= 2, [TeJo(- - ')+O(Z(;;%) 1),

A'g;ﬁ';; 47 moaw,
where Zi{i{) is used to suggest that we will first perform the summation
0

Do, 10 4.5.6, as were explained at the end of 3.2.5. We have,
then, the sum is

L(Ui- - - UYTPUS- - - UHA(Uy; 2) - - - 4Y(U,; Z)} log (U, - - - U,
X a5 [T, (Usa, AL)-=(4'(4, Z))
+Z- W, W3 (log log PY*+Gu(U,- - - U)T-'W,W 3!
+Gu(U,- - - U)+(log P)**+ 3 %1,

Z)) in 2.3.9 is a divisor of 4'(U,,; Z).

because (U¥,, U, U? Ut AU} ;

1% 12

4.5.7.4. As for Z(ﬁ/r: 1, we go backwards;

247 (the “main” term in 4.5.6)
AT (47 FY o) 4o
— “n
=z 5 Xy
i (i, 85,80

<0 >0 ((wa) ' (sin za))*| S(e) - - - Sia))

i dles

(Z 7. ((+ - +), the left-hand side in 4.5.6) )
4+ O((- - -) in the right-hand side in 4.5.6)

+37 52 0(-+ )+ 0|4y - - 2,7 2PY),

i Aey
which is absorbed in the estimates in 4.5.6.1.

4.5.7.5. Let us combine 4.5.7.3 with the “main” term in 4.5.6. We
have, by 3.2.5.1, the “main” term on the right-hand side is

LGW;'P,

because
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A7t g(Aw,) X (24 ®*a)~1(2¢", A)K 1.

Therefore the combined contribution of the “main” term of 4.5.6 and
4.5.7.3 (without O(32471)) to 4.1.5 is

< X 2 > 2. XGWiP

010,08 45,64,p5,q0,0%,05 A4 (A%, B5,B0)

( (Ut - UD 2 - - Xo(d(4; Z))  (asin 4.5.7.3) )
+Z7'W, W3t (loglog Py +Gu(U,- - - UXT W, W'+ 1}+(log P)*¢/°

This, is, owing to 4.4.22,
L 20 2 2GWFPX(--),

easb,t,tr A A

then
<<§ «(4(4; Z))x § [1(U.a, 47)
XGWi'P(Ui- -TUi)“’Z[Uf, won UA{4'(U; Z2) - - - 44U 2)}
Xlog (U,---U)
+P*Z-'G (log log P)*4 P*T-'Gu(U,- - - U))
+P:GW W, {u(U;- - - U)+(log P)*5}.
4.5.7.6. We put as
T=Gw(U,---UJV,---V))
with a large positive constant G,. We suppose that
Z>G, (log log P)* (and =T).
We have

WO_IW*<<2M[V19 ] V4]'[U1V19 ] U4V4]_1
<min (p;?, (G, log P)~*)Kmin (Z7%, (G, log P)~"%)

by the assumptions of the Theorem. It follows that the last three terms
in 4.5.7.5 are

SCIVERRP ALY S5
by choosing G, sufficiently large.

4.5.7.77. We treat the first term in the last estimate in 4.5.7.5. We
have, by 4.4.15 (ii), that
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1, AN K GWy TT 454(U).
an i

We have
21 o(d'(4; Z))K P (log P)"*.

i

We have, then, the contribution of the first term is

LGP Wi'Wy -(log P)*®log (Uy- - - U)X (Uf- - - UD~[UY, - - -, U]
XA (U« - - dp(UYX AU Z) - - - AUy Z)

&GP -(log PY8log(U,- - - UYX[UV,, -, UV ][V, -+ -, Vi
X(Ui---UD~'UY, -« -, UlIX AUy - - - 45U
X 4(U,; Z)- - - 4(U,; Z).

This is
CIVERRY AL
by the assumptions of the Theorem.

4.5.7.8. Thus, as was proposed in 4.1.5.1, we have treated all of a's
and obtain the Theorem, under so many restrictive assumptions on 2,’s.
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