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Leafwise Homotopy Equivalence and
Rational Pontrjagin Classes

Paul Baum and Alain Connes

§1. Introduction

Let ¥, ¥’ be C~ manifolds® and let f: ¥/—¥ be a homotopy equi-
valence. Denote the i-th rational Pontrjagin classes by P,(V), P,(V").

P(V)e H'(V; Q)
P,(V)e H*(V'; Q)

If f is homotopic to a homeomorphism, then the theorem of S. P.
Novikov [16] applies to give

fXP,(Vy=P,(V)  i=1,2,.-.

where f*: H*(V; Q)—H**(V’; Q) is the map of rational cohomology
determined by f.

Thus whether or not f*: H¥(V; Q)—H*(V’; Q) preserves the ra-
tional Pontrjagin classes may be viewed as the first obstruction to deform-
ing f'to a homeomorphism. The first examples of homotopy equivalences
which do not preserve the rational Pontrjagin classes were given by
I. Tamura [17] and also, independently, by Shimada and R. Thom.
These examples are reviewed in Section 5 below.

In this note we shall outline a proof that a leafwise homotopy
equivalence of compact foliated manifolds does preserve the rational
Pontrjagin classes if one of the foliations has negatively curved leaves.
The precise statement of our result is given in Section 2 below. Of
course, this raises the question of whether a homotopy equivalence satis-
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fying our hypothesis is homotopic to a homeomorphism.

The case of negatively curved leaves, which we study, contrasts quite
sharply with the case of positively curved leaves. The examples of
Tamura-Shimada-Thom [17] are 4-sphere bundles over the 4-sphere.
These manifolds are foliated (in fact fibred over $*) with positively curved
leaves and the homotopy equivalences considered are leafwise but do not
preserve the rational Pontrjagin classes.

The positively and negatively curved cases are unified by a conjecture
which we call the Novikov conjecture for foliations. This conjecture is
stated in Section 6 below.

§ 2. Statement of Theorem

A foliation is a pair (V, F) with ¥ a C* manifold and F a C* inte-
grable sub-vector-bundle of the tangent bundle TV. Given two points
x,y of V set

x~y (F)

if x and y are on the same leaf of the foliation. Let (V’, F’) be a second
foliated manifold. A continuous map f: V'—V is leafwise if whenever
w~p (F') then fw~fp (F). Two leafwise maps f;, f;: V'—V are leafwise
homotopic if there exists a homotopy f,, 0<z<1, such that for all pe V’
and all e [0, 1]

S ~fi(p) (F).

The notation

Jo~fi (F', F)

will indicate that f, and f, are leafwise homotopic.

Denote the identity maps of ¥, V'’ by 1,, 1,.. A leafwise map f: V"’
—V is a leafwise homotopy equivalence if there exists a leafwise map
g: V-V’ with

fog~1, (F,F)
and
gof~1ly (F,F").

Let { , > be a C~ Euclidean structure for F. Thus { , ) assigns a
positive definite real-valued inner product to each fibre F,. { , > restricts
to give a C* Riemannian metric for each leaf of the foliation (¥, F).
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(2.1) Definition. A foliation (¥, F) has negatively curved leaves if
there exists a C~ Euclidean structure for F such that each leaf has all
sectional curvatures non-positive.

(2.2) Definition. Let f: V/—V be a continuous map. Denote the
i-th rational Pontrjagin classes of V, ¥V’ by P,, P,. f preserves the rational
Pontrjagin classes if for i=1, 2, - - -, f*(P,)=P; where f*: H*(V; Q) —
H*(V’; Q) is the map of rational cohomology determined by f.

(2.3) Definition. A foliation (V, F) is orientable if V is an orientable
manifold and F is an orientable R vector bundle on V.

(2.4) Theorem. Let(V,F)and (V',F’)be C* orientable foliations
with V and V'’ compact. Let f: V'—V be a leafwise homotopy equivalence.
Assume that (V, F) has negatively curved leaves. Then f preserves the
rational Pontrjagin classes.

§ 3. Outline of Proof

The proof of Theorem (2.4) uses ideas of G. Lusztig [13], G.G.
Kasparov [11] [12] and A.S. Miscenko [14] [15]. In fact, the proof is
done by suitably adapting their methods to the foliation context. There
are two parts to the proof. The first part is analytic and uses the K
theory of C* algebras. The second part is a translation from an essen-
tially analytic conclusion to topology. The negative curvature hypothesis
is used ornly in the second part.

To begin the proof, let = be the fundamental groupoid along the
leaves of (¥, F). A point of z is an equivalence class of continuous

paths

7:[0, 1}—>V
such that for all £ € [0, 1]

1) ~7(@) (F).

Thus 7 stays within one leaf of the foliation. Two such paths 7,, 7, are
identified if

70)=7.(0)
T(D=":(1)

and there is a homotopy 7, from 7, to 7, with each 7, staying within the
same leaf of F and with endpoints fixed.
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1.0)=7,0) re[0,1]
r=rd)  2e[0,1]

# is then a C* manifold which might not be Hausdorff. =z comes equip-
ped with two maps to V.

s

T3V
s(1)=1(0)
r(N=r)

7 is a groupoid since two points 7, 7 of = can be composed if r(7)=s(7).

i

(=70

7(0)

The composition, denoted 77 has s(77)=7(0) and r(17)=7(1). Fromr a
C* algebra, denoted C*(V, F), is constructed by the same method used
in [6] [7] to define C*(¥, F). The only difference is that now the groupoid
z is used instead of the holonomy groupoid. Except for this change the
construction-is the same, and this construction is given in the appendix.

A leafwise homotopy equivalence f: V'—V gives a Morita equi-
valence of the groupoids =/, z. This establishes an isomorphism of the K
theory of the C* algebras CX(V’, F’), C¥(V, F). This isomorphism will
be denoted by

3.1 F K. Cx(V', F)—>K,C*(V, F).

By hypothesis (¥, F) and (V’, F’) are orientable. For p e V' let Z,(Z;,)
be the leaf containing p (fp). - The compactness of ¥ and ¥’ implies that
f: &,—%,, is proper. Choose the orientations of F and F’ so that for
each leaf %}, f: ¥,—%,, is orientation preserving.

For simplicity, assume that the leaves of (V, F) and (V' F’) are
even dimensional. Choose C~ Euclidean structures for F, F/ and let
d+6,d’+& be the Hirzebruch signature operators along the leaves.
Restricted to a leaf #,, d-4 is the Hirzebruch signature operator of .%,.
The index of d-+ 4, denoted Index (d+6), is an element of K,C¥(V, F).
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3.2) Index (d+0) e K,C*(V, F)
The analytic part of the proof of Theorem 2.4 is:

3.3) Proposition. Index (d+0) and Index (d’+ ') correspond under the
isomorphism f: K,C¥(V’, F)—K,C*(V, F).

3.4 f Index (d'+8')=Index (d+3).

Proposition (3.3) is proved by using the method of G. Lusztig [13]
adapted to the context of Hilbert C* modules®. Proposition (3.3) is
quite general and does not use the negative curvature hypothe51s Next,
consider the commutative dlagram c

K,CHV', )L K,C*(V, F)

’

¢ (4

G.5) kE) L5 k)
i T
H*(V"; Q) > X (V: Q).
*
In this diagram ¢: K°(F)—K,C*(V, F) assigns to a symbol ¢, the index
of the pseudo-differential operator &, along the leaves associated to o.

(3.6) do)=Index (2,) o e K'(F)
o K(F)—H*(V; Q) is
BT wW)=(—1)¢2T-1ch (@)UTd (CRrF) o K(F)

where [ is the dimension of the leaves of F, ch; K%(F)—HZ(F; Q) is the
Chern character®, T: H*(V; Q)—H}(F; Q) is the Thom isomorphism,
and Td (C®py F) is the Todd class of the complexification of F.

33) Td(C®F) ¢ HX(V; Q)

For f,: K°(F)—K%F) in diagram (3.5) recall [2] that if M, and M,
are C* manifolds and #: M,—M, is any continuous map, then there is a
homomorphism

® J. Kaminker and J. Miller have also generalized Lusztig’s method to Hilbert C*
modules.

»_KYF) is the K theory of F with compact supports. H*(F; Q) is the rational
cohomology of F with compact supports. Let BF, SF be the unit ball and unit
sphere bundles of F. Since V is compact H¥(F; Q)=H*(BF, SF; Q). :
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3.9 hy; K(TM,)—>K(TM,).
Since f: V’'—V is leafwise the homomorphisms
(3.10) [ii K(TL)—>K(TZ )
fit together to give

3.11) fi: K(F)—>K*(F).

Finally, f,.: H*(V’, Q)—H*(V; Q) is the Gysin “‘push-forward” map
in rational cohomology. f, depends on the choice of orientation for ¥,
V’, and this choice is assumed made so that f is orientation preserving.

This completes the description of the commutative diagram (3.5).
The commutativity of the diagram requires proof, but we omit the details
of this argument.

Let o(d+06) and o(d’ +6’) be the symbols of d+6 and d’+¢'.

a(d+0) € K%(F)
o(d’+3") e K(F')

From (3.4) one would like to conclude that in K°(F) there is the equality
(3.12) ' fio(d +8)=a(d+35).
(3.12) is clearly implied by (3.4), the commutativity of (3.5), and

(3.13) Proposition. Let (V, F) be a C* foliation with V compact
and with negatively curved leaves. Then

. K¥F)—> K, C¥(V, F)
is injective.

The proof of (3.13) is summarized in Section 4 below.
Granted the validity of (3.12), return to diagram (3.5) and observe
(as in [3]) that

(3.14) ro(d +8)=L(F)
(3.15) 7' o(d’ +&)=L(F").

Here L denotes the L polynomial in the Pontrjagin classes. (3.12), (3.14)
and (3.15) imply:

(3.16) fL(F")=L(F)
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which immediately reformulates to
3.17) SXL(F)=L(F’).

Let v, v’ be the normal bundles of the foliations (V, F), (V’, F’).
ForxeV, .

(3.18) v,=T,V/F,.

At the level of topological microbundles, the pull-back via f of v is /.
3.19) [Fv=y

Hence by Novikov’s theorem [16]:

(3.20) FELE)= L)

(3.20) and (3.13) combine to yield

3.21) [XL(TVY=L(TV").

(3.21) implies that f preserves the rational Pontrjagin classes.

§4. Proof of injectivity

To prove Proposition (3.13) it is convenient (although not essential)
to assume that (¥, F) has even dimensional leaves and that F is a Spin®
vector bundle on V. The Thom isomorphism in K theory [1] then applies
to give an isomorphism

@.1) K(F)=K(V).

C(V) denotes the C* algebra of all continuous complex-valued functions
on V. There is the standard isomorphism

(4.2) K(V)=K,C(V).

With the identifications (4.1) and (4.2), the homomorphism ¢: K°(F)—
K,C*(V, F) of Proposition (3.13) becomes

4.3 K,C(V)—>K,C¥(V, F).

By assumption F has a Spin® structure. The Dirac operator D along the
leaves of (V, F) gives an element [D] of KK(C(V), C*(V, F))

(4.4) [D] e KK(C(V), CX(V, F)).
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Here KK is the bivariant K theory of G.G. Kasparov [11].  Quite generally,
for two C* algebras A4, B Kasparov’s group KK(A, B) comes equlpped
with a map

(4.5) 6: KK(A, B)—>Hom, (K, 4, K, B).
So in our context we have
4.6) 0: KK(C(V), CX(V,F ))—>Hom(K,C(V), K,CX(V, F)).

This map takes [D] e KK, (C(V), C¥(V, F)) to ¢ e Hom (K,(C(V)),
K,CX(V, F))

“.7 0[D]=

Hence to prove Proposition (3.13) it will suffice to construct an element 4
in KK(C*(V, F), C(V)) with
“.8) (D] A=1¢g,

CR(V,F)
where &) c«r,r, denotes the Kasparov product:
(4.9)  KK(C(V), CXV, F)QKK(CE(V, F), C(V)—>KK(C(V), C(V))

The desired element 4 in KK(C*(V, F), C(V)) is obtained by the ‘“‘Dual
Dirac” construction of A.S. Miscenko [15]. This construction uses the
negative curvature hypothesis. 4

To construct the “Dual Dirac” element 4, as in Section 3 above let
7, s be the two maps of = to V.

r
—3V

s(N=7(0)
r(N=r(1)

On V there are the two 3-Spin bundles associated to the Spin® structure
of F. Denote these by S*, S-. By hypothesis an Euclidean structure
{, 7 has been chosen for F such that each leaf has all sectional curvatures
non-positive. For x ¢ V, let o7 =L*(r~(x), S7) be the Hilbert space of
all L* functions from r~*(x) to S;.

(4.10) rolx)={r ez |r(")=x}



Leafwise ‘Homotopy Equivalence 9

'} is then a field of Hilbert spaces on V and so gives rise to a C(V)
Hilbert C* module.  Meoreover, :C}(V; F) operates (on the left) on this
Hilbert C* module by convolution. ‘Similarly set 2#; = L*r-*(x), S;).

Define an operator T,: 5#;—#; as follows. For xe V, let &, be
the leaf containing x. Then s maps r~'(x) onto .Z,.

4.1 st ()2,

and thus r~'(x) is the universal covering space of .#,. The Riemannian
metric of non-positive curvature on %, lifts to give a Riemannian metric
of non-positive curvature on r~*(x). Hence r-(x) is a complete simply
connected Riemannian manifold of non-negative curvature. In r~'(x)
there is a distinguished point, namely the point 1, where 1, denotes the
constant path at x. Given any other point 7 in r~'(x) there is a unique
geodesic in r~(x) from 7 to 1,. Let &) be the unit tangent vector to
this geodesic at 1,. &(¥) may be viewed as an element of F,, since F, is
identified with the tangent space of r~!(x) at 1,.

4.12) E)eF, Ter(x), 1#l,

Choose a small compact ball in r~'(x) centered at 1,. Let a:r-'(x)
—[0, 1] be a C~ function which is 1 outside the ball and is zero on a
neighborhood of 1,. Then T,: 5/} s is defined by

(4.13) (T )1 =a(N)ET)-u(r) xeV,7er ' (x),ues#;
where - denotes the Clifford multiplication
“4.149) F,.®5i—>S;.

The triple (7, #;, T,) determines an element 4 in the Kasparov group
KK(C*(V, F), C(V)). The proof of Proposition (3.13) is now completed
by showing that in KK(C(V), C(V)) there-is the equality:

4.15) D] ® d=l.u
C‘;‘,(V,F)
§5. Examples of Tamura-Shimada-Thom

H denotes the quaternions. View S* as HP!, the quaternion pro-
jective line. Over HP! there is the canonical bundle E. As an H vector
bundle E has fibre dimension one. As an R vector bundle E has fibre
dimension 4 and :

5.1) P(E)[SY]=—2.
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In (5.1) P,(E) is the Pontrjagin class of the R vector bundle E.
For each integer k let E, be the R vector bundle on S$* which is the
pull-back of E via a map S*—S* of degree k. Then:

¢.2) P(EIS 1= —2k
1 denotes the trivial R vector bundle on S*, of fibre dimension one.
(5.3) 1=S*XR

Choose an Euclidean structure { , ) for E,®1 and let W,=S(E,P1) be
the unit sphere bundle of E,P1. ‘

Each W, is a 4-sphere bundle over S*. Let p: W,—S* be the pro-
jection. The evident section s: S*— W, applied to the fundamental cycle
of S* gives 5,[S*l € H(W,; Z). Now H(W,; Z)=Z®DZ with the genera-
tors given by 5,[S*] and [2] where [3] is the fundamental cycle of a fibre
of the projection p: W,—S*. Then:

(5.4) P(TW s[5 = ok
(5.5) P(TW))[2]=0

According to a result of James and Whitehead [10] among the W, there
are only thirteen different fibre homotopy types. From (5.4) and (5.5) it
is clear that a fibrewise homotopy equivalence from W, to W,, (k,#*k,)
cannot preserve the rational Pontrjagin classes. Hence by the result of
James and Whitehead there are many fibrewise homotopy equivalences
among the W, which do not preserve the rational Pontrjagin classes.

With E, as above let V,=E,@1. Given a fibrewise homotopy
equivalence between two W,, extend this radially to obtain a fibrewise
homotopy equivalence between the corresponding V,. These fibrewise
homotopy equivalences among the V, are proper and do not preserve the
rational Pontrjagin classes. Note that since V, is a vector bundle over
S* V, can be given a Riemannian metric such that each fibre has zero
curvature. This shows that the compactness hypothesis in Theorem (2.4)
is really needed, and cannot be replaced by the condition that the leafwise
homotopy equivalence f: V—V" is proper.

§ 6. Novikov conjecture for foliations

As above, (V, F) is a C* foliation and « is the fundamental groupoid
along the leaves. Bz denotes the classifying space of the topological
groupoid #. Since V is the units of x there is a canonical map [9]:

(6.1) 2 V—>Brx
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7 Is itself a principal z-bundle over ¥ and the map 2 of (6.1) is the
classifying map of this principal z-bundle.

(6.2) Conjecture. Let (V, F) and (V’, F’) be orientable C* folia-
tions with ¥, ¥’ compact. Let f: V'— V be a leafwise homotopy equiva-
lence. Choose orientations for ¥ and ¥V’ so that fis orientation preserv-
ing. Then in H,(Br; Q) there is the equality:

(6.3) LLTV)NDV D=2, L(LTV)N V']

Remarks. In (6.3) [V], [V'] are the fundamental cycles of V, V’. L
denotes the total L polynomial in the Pontrjagin classes.

Ser Ho(V'; Q)——>H(V; Q)
Ayt Hy(V; Q)——>H(Br; Q)

are the maps of rational homology determined by f and . As usual N
denotes the cap product so that L(TV)N[V] is the Poincaré dual of
L(TV).

Conjecture (6.2) is the Novikov conjecture for foliations. It is
interesting to see what (6.2) becomes at the two extremes. One extreme
is when each leaf is a point. For this case /> ¥/—V is a homeomorphism
and (6.2) becomes Novikov’s theorem [16]. The opposite extreme occurs
when there is only one leaf, i.e. F=TV, F'=TV’. 1In this case Br is
homotopy equivalent to Bz, where z, ==,(V) is the fundamental group of
V. Hence at this extreme (6.2) becomes the Novikov conjecture on the
homotopy invariance of higher signatures [5]. In general, (6.2) can be
viewed as a statement which interpolates between the Novikov theorem
and the Novikov conjecture.

Let &% be a leaf of the foliation (V, F). =,(¥) denotes the i-th
homotopy group of #. If for every leaf &, z,(¥)=0 for all i=2, then
Bz=V. If Vis compact and (¥, F) has negatively curved leaves this is
the case, so Theorem (2.4) is a special case of Conjecture (6.2).

Let n=dim V, /=dimg(F,), g=n—I.. Let ', be the Haefliger
groupoid [8] of all germs of homeomorphisms of R? The Haefliger
classifying map [8]:

6.4) V—>BI’,
for the foliation (V, F) factors through Br.

2
6.5 V-2 sBr—>BI,

Given the hypothesis of (6.2) there is then a commutative diagram
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zl . . E
V'—> Br’—>BI’,

©.6) | U

V—Z—)Bﬂ —-—-)B[,q

in which the right vertical arrow is the iéléhtity map of BI,.
If (6.2) is valid, then the following conjecture is also valid. The
hypothesis is the same as in (6.2).

h: V—>BI', v
K:V'—>Bl,

are the Haefliger classifying maps.

(6.7) Conjecture. Let (¥, F), (V/, F’) and f: V—V’ be as in (6.2).
Let « be any element of H*(B[",; C). Then

(6.8) e ULTVHV]I=H*a ULTV)[V'].

Remarks.. Due to Proposition (3.3), Conjecture (6.2) is implied by
the isomorphism conjecture of [4]. Let (V, F) be any C= foliation. In
[4] a geometric K theory group K *(V F) is introduced, together with a
natural map

p: KXV, F)——>K,C*(V, F)

which is conjectured to be an isomorphism. Conjecture (6.2) is implied
by Proposition (3.3) and the rational injectivity of p.

If (V, F) has negatively curved leaves, then K*(V, F) is isomorphic
to K*(F) and g becomes ¢: K¥(F)—K,C*(V, F). So in the negatively
curved case Proposition (3.13) verifies the injectivity of .

Appendix: C*(V, F)

Let W be a finite dimensional vector space over R. ﬁ( W) is the set
of all ordered bases of W.

(A1) Definition. A 4-density on W is a function ¢: J(W)—C
such that for B, 8, € f(W)

(A2) $(8,)=|det (B, B)[*4(8y)

where det (8,, 8,) is the determinant of the matrix which expresses B, in
terms of B,.
QY%(W) denotes the C vector space of all 4-densities on W.



Leafwise Homotopy Equivalence 13

(A3) dimg (W) =1

For any C manifold X, 2"%(X) denotes the C line bundle on X
whose fibre at p € X is 24T, X):

a9 QX)) =2"(T,X)

L*(X) is the Hilbert space of all square-summable sections of £2'*(X).
(Note that it is not necessary to choose a measure or a Riemannian
metric on X.)
Given a C= foliation (V, F) let = be the fundamental groupoid
along the leaves. As in Section 3 above, = maps to ¥ by s and r.
s
(A5) 3V

r

On r, let 2(x) be the C* line bundle whose fibre’at 7 e z is:
(A6) Nz), = 27(F,)QL(F,,)

C2(fX(r)) is the space of all C~ sections of f2(z) with compact support®.
Cr(f(x)) is an algebra with involution:

(A7) T +T)N=0 747, U, U,e C(An)
(A8) V)N = N )T,
(A9) =%

Forxe V,r'(x)={r e n|rr=x}. Define a representation p, of C;(£2(x))
as bounded operators on the Hilbert space L*(r ~'x) by:

(A10) ((pﬂf)qs)r—j T

T1V9=T
¥e C22(n)
¢ e L}(r-'x) v '
If x and y are on the same leaf of the foliation, then p, is umtarlly

equivalent to p,. CX(V, F) is, by definition, the completion of Cy(2(x))
with respect to the norm

(A1D) [¥]|=Suplo.¥|

4 7 might not be Hausdorff. For a careful explanation of details needed when T
is not Hausdorff see [7].
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where || p,¥'|| is the operator norm of the bounded operator p,¥".
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