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Microlocal Analysis of Theta Functions

Mikio Sato, Masaki Kashiwara and Takahiro Kawai

§ 0. Introduction

The purpose of this report is to show how the theta-zerovalue and
some related functions can be controlled microlocally. To be specific,
we first prove a result on the constructibility (in particular, finiteness) of
the complex of I",(¢,0)-solution sheaves for a class of microdifferential
equations, which we call R-holonomic. (Theorem 1.2 and Theorem 1.3.
See (1.8) for the precise definition of I",(p,®)-solutions.) The construc-
tibility of microfunction solution sheaves will then follow from that of
I J(p,0)-solution sheaves. (Theorem 1.4.) This finiteness result general-
izes the result for holonomic systems ([6]), giving us the hope that R-
holonomic complexes will be effectively used in application. Our expecta-
tion is augmented by the validity of the “Reconstruction Theorem™ for
R-holonomic complexes. (Theorem 1.5.) Furthermore it is really con-
firmed by the fact that the finiteness theorem for theta-zerovalues, or
Jacobi functions, which was announced in Sato [12], follows from the
general result for R-holonomic complexes. (Theorem 2.8.)  Note that
the finiteness theorem for theta-zerovalues is closely tied up with their
automorphic property. (See § 2.)

We refer the reader to Sato-Kashiwara-Kawai [13], particularly its
introduction, for the background of the finiteness theorem given in this
report. ‘At the same time, it is worth while noting the following two
distinctions between the presentation of [13] and that of this article:

First, in this article we do concentrate our attention on the theta-
zerovalues, not the theta functions. The discussion on theta functions
can be done in exactly the same manner as in [13], once we get the finiteness
theorem (Theorem 2.8) for theta-zerovalues. So, we do not repeat -it
here. Note, however, that the way of the reasoning in [13] is quite dif-
ferent from the reasoning given here in that the former one first shows
some finiteness theorem for theta functions and then deduces from it the
finiteness theorem for the theta-zerovalues. Apparentlysuc h an approach
is cumbersome in discussing microfunction solutions as we do in this
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article.

Second, in discussing Jacobi structure (Definition 2.1), we consider
the problem without subsidiary conditions in the sense of [13]. This is
simply because we microlocalize the problem in this article: microlocali-
zation enables us to eliminate the subsidiary conditions, generically
speaking. But, then, we have to 1ntroduce microdifferential operators of

fractional order such as ¥4z 4/ — a/at

For the convenience of the reader, let us briefly recall the definition
of the sheaf of microdifferential operators of fractional order. In what
follows, X denotes a complex manifold and T*X denotes its cotangent
bundle. As usual, we denote T*X—T%X by 7*X. We also denote by
x (resp., #) the projection from T*X (resp., T*X) to X. Let P*X denote
T*X/C* and let 7 denote the projection from T*X to P*X., Then, for
any point p in P*X, 7-(p)=C—{0}. Let m be a positive integer and let
s L m—T*X be an m-fold covering of T'*X with respect to the action
of C* on each fiber of 7*X. Let 7, denote the projection from %, to
P*X. Then, in analogy with the definition &3=7""7,6%, we deﬁne a
sheaf &G,y by

.1) T w6,
*

where &% denotes the sheaf of holomorphic microlocal operators™. Note
that &, is a subsheaf of &€. Let x* be a point in 7*X and let » be in
&y, such that g(r)(x*)£0%%. Then it immediately follows from the
definition of £§,,,, that we have

0.2) By, v = Z &7 ! Z remg

If some p in &4,n), . actually belongs to > 75 &y, "™, its principal
symbol ¢(p) is, by definition, the term of the highest degree with respect
to the fiber coordinate in the symbol sequence corresponding to p. Asin
the case of operators of integral order, the degree of the principal symbol
is called the order of the operator. It is clear that these notions are
independent of the choice of reference operator r.

The importance of introducing the sheaf of microdifferential operators
of fractional order lies in the fact that exp p belongs to &% only ‘when the
order of p is strictly smaller than 1, whilst operators of this type provide

*) The notation used here is slightly different from that used in [8].

**) Here and in what follows, §x denotes the sheaf of microdifferential opera-

tors of finite (integral) order, and o(r) denotes the principal symbol of an operator
r of finite order. :
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us with most interesting and important examples of systems of microdif-
ferential equations of infinite order. (Cf. [12], [13].) Of course, exp p is
of order at most 0 if the order of p is of order at most 0. Hence our
main interest lies in the case where the order of p is bigger than 0 and
smaller than 1. Thus the introduction of operators of fractional order is
indispensable for our purpose.

§ 1. Finiteness theorems for R-holonomic complexes

In this section we present basic finiteness results for R-holonomic
complexes of &F-Modules to be defined below. In finding finiteness
results for systems of microdifferential equations of infinite order, we have
to use the symplectic structure of 7*X regarded as a real manifold. (Cf.
[11]) So, in order to be specific, let us denote by (T*X)® the real homo-
geneous symplectic manifold endowed with the real canonical 1-form

coRifco—l—a, where w denotes the holomorphic canonical 1-form on T*X

and @ denotes its complex conjugate.

Let us now specify the class of systems to be considered in this
report. Let W be an open subset of 7*X and let - be a complex of
&E-Modules defined on W. We say . is a good complex (of &E-Mod-
ules), if o, is locally quasi-isomorphic to a bounded complex of free &E-
Modules of finite rank. For a good complex ¢, its characteristic set
Ch () is, by definition, the union of the closure of Supp o#,(%) for
all /’s.

Definition 1.1. A good complex % of &®-Modules is said to be
R-holonomic, if Ch (2¢) is contained in a subanalytic subset of (7*X)F
which is Lagrangian (with respect to the canonical 1-form wF).

See Hironaka [5] for the definition and basic properties of a sub-
analytic set.

Interesting examples of R-holonomic complexes will be given in
Section 2 by using exp p’s (ord p<{1).

As we said in Section 0, our main concern is the structure of
RI",(Rp40cn)-solutions of R-holonomic complexes. So we shall first
prepare several notations needed to discuss Rl ;(Rg,0c.)-solutions.

Let us now suppose that X is an open subset of C" and use the
R-vector space structure of C"=R*". Here and in what follows we use
the same notions and notations as in [9]; for example, for a closed and
properly convex cone G in R*" and an open subset D of X, we say that D
is G-round (resp., G-open) if (D+G)N (D+G*)=D holds (resp., if D+G
C D holds), where G*={x e X; —x e G}, and for such a cone G and a
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G-round open subset D of X, we denote by €(G, D) the relative cohomo-
logy group Hj(D XD, 0%%%), where Z(G)={(x,y) e XX X; y—x € G}.
Note that there exists a canonical ring homomorphism

®&(G, D)—>I' (DX G°¢ &F).

Here G° denotes the polar set of G, i.e., {§ e R*™; {x, £)>0 for every x
in G}.

Let . denote an R-holonomic complex of &¥-Modules defined on a
neighborhood of x* in T*X. Since &E . is the inductive limit of &(G, D)’s
with G being a properly convex closed cone in R*™ and D being a G-round
open subset such that DX G°* is a neighborhood of x*, we can find a
cone G and an open subset D of X which satisfy the following conditions

(1.1), (1.2) and (1.3).

(1.1) G is a closed and properly convex cone in R*".
(1.2) DxG°®is a neighborhood of x*.
(1.3) If we define a complex §, of €(G, D)-modules by

0«—— (G, Dy¥ oL (G, D)< ... 22 §(G, Dy,

then &% g@p & is quasi-isomorphics to o, on DX G°“
&(G,D)

Now, for a subset S of C”, we denote by S, the topological space S
endowed with the G-topology; it means, by definition, that a subset £ of
S is open as a subset of Sy, if it is an intersection of S and a G-open sub-
set of C". In what follows we denote by ¢, the canonical continuous map
from C™ to C% In passing, we know ([9], Corollary 3.2.5) that there
exists a G-round open neighborhood U of #(x*) such that, for any G-open
sets §2, D 0, satisfying 2\, U, Ry, 0,(R@esOcn) o, is well-defined in the
derived category of the abelian category of sheaves of &(G, D)-modules
defined on (£2,),. Here and in what follows, 2,\9, denotes the set
{x e x¢ Q.

Now, our first result is the following finiteness theorem.

Theorem 1.2. Suppose that % R R, is R-holonomic on U X G°°.

€(G,D)
Then, for each point (x,, &) in UX G°*%, there exist a properly convex, sub-
analytic and closed cone G’ and G’-open subanalytic sets Q] and ) which

satisfy the following conditions:

(1.4) G is properly contained in G,
(1.5 G c{0jU{xe R™; {x, &><0},
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(1.6) x,e 2\%cU, \
(L.7)  dimg A pa R omga,0) (8., RI 0p0,(R@4Ocn))), < 00 for any x in
Q0.
Once this finiteness result is obtained, we can immediately obtain the

following Theorem 1.3 and Theorem 1.4 on the constructibility of the
solution sheaves.

Theorem 1.3. In the same situation as in Theorem 1.2, we let F’
denote

(1.8) 9z R omg,py(R., RI g0 (Re e On)).

Then F' [”i is an R-constructible complex on Q7; that is, there exists a locally
finite and decreasing family {N.},_o.1.,... of subanalytic subsets of (2] for
which the following conditions are satisfied:

1.9 %"(F’)]gizo holds except for finitely many j’s,

(1.10) N,=2f,

(1.11) (D N,=¢,

(1.12)  S#(F') | wywys, iS a locally constant sheaf for each j and k.

(1.13) dimg #9(F),< oo for every x in 2 and for each j.

Proof. Taking subanalytic G’-open subsets 2, and £, so that

(1.14) 2,00 and 2;D0,
and
1.15 AN\Nel\2,cU

may hold, we set
F=0g'R A ome(s,0)(R,, RI9,00,(R@61Ocn))-
Then we know ([10])
SS(F)N([(2,\2,) X G°4)C Ch(X)).

(See [10] for the definition of SS(F) for a complex F of sheaves on X.)
Let g, (resp., g,) denote the first (resp., second) projection from 27X 2] to
£2.. Then we find by the definition

(1.16) F’Iaizqu*(CZ(m ®951Rpa;\96(F))'
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Denoting by p, (resp., p,) the first (resp., second) projection from T*(§2; X

20 to T*2{ and denoting by = the projection from T*2] onto £2f, we

obtain from (1.16) the following:

(1.17)  SS(F’ly)

CP(NHZ(G)) N p((SSF) F+ N*(2)H) Nz (24\20)

CpNHZ(G)) N i ((Ch () N(((20\2) X G°)+ N*(£29))
Nz~ (2,\20).

Here and in what follows, for a subset S of X, N*(S) denotes the conor-
mal set of S (in the sense of Definition 3.4.3 of [9]). See Definition 1.4.2

~

of [10] for the definition of the symbol +. Since the last set in (7.17) is
a closed isotropic subanalytic subset of #='(£2)) ([10]), F’ is weakly R-con-
structible on £}, that is, F’ satisfies conditions (1.9)~(1.12). Since the
preceding theorem guarantees (1.13), this completes the proof of the
theorem.

Theorem 1.4. Let X be a complexification of a real analytic manifold
M. Let W be an open subset of T*X and let A be an R-holonomic
complex of &%-Modules defined on W. Then, for each j,

éaxtgg(%:, (gM)

is an R-constructible sheaf on WNTxX. Here €, denotes the sheaf of
microfunctions.

Proof. Let us first recall the definition of the sheaf of microfunc-
tions, that is,

Cu=H n({«‘M(@X)) & Wy

Here p, denotes the microlocalization functor ([10]) and w, denotes the
orientation sheaf of M. Hence it follows from the definition (1.8) of F’
that

R%omd@(ﬁf., gM):A("M(Fv)®a)M[_'n]

holds on. ((2{\2y) X G’°®)NT%X. Since the microlocalization functor
preserves the R-constructibility, Theorem 1.4 is an immediate consequence
of Theorem 1.3. Q.E.D.

In addition to these finiteness results, we can prove the following
reconstruction theorem for R-holonomic complexes.
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Theorem 1.5. Let . be an R-holonomic complex of &®-Modules
defined on a neighborhood of x* in T*X and let F’ be given by (1.8). Then

‘K:# hom (F/’ (QX)

holds on a neighborhood of x*. Here phom (F’, Oy) denotes, by definition,
LR A ome(p;'F', pi0y)) (= R Hom(p;'F', pr'Ox))2n]), where A is the
diagonal set of X X X and p, and p, respectively denote the first and the
second projection from X X X to X.

This theorem generalizes the reconstruction theorem for holonomic
9 »-Modules ([7], Chap. 1, § 4) to R-holonomic complexes of &*-Modules.

In order to prove Theorem 1.2 let us first note the following

Lemma 1.6. Let A and A’ be closed Lagrangian subanalytic subsets
of (T*X)E. Suppose that w(A’) is compact. Let v be a vector such that
(&, v) never vanishes for any (x, &) in A’ NT*X, and let A'(ev) denote the
translation of A’ by ev, where ¢ is a real number. Then we find

(1.18) ANA(ev)CTEX
SJor 0<|¢|K 1.

Proof. Let us prove the lemma by a reduction to absurdity. If
(1.18) were false, we could find a real analytic function (x(z), £(¢), (¢))
(0Lt so that :

(1.19) (x(2), &) e AN A EOVYNT*X  0<t<1)
and
(1.20) (0)=0, &(r)=0

might hold. Since 4 and A’ are Lagrangian by the assumption, (1.19)
should entail

(1.21) <E(t), dx(‘)> 0
and
(1.22) (e, 2O+ (), B y)—0.

Hence we should have
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de(t)
. t =0.
(1.23) (&0, =)
On the other hand, {&(¢), v>=+0 by the assumption on v. Hence
de(t)
1.24 L8 0
(1.24) ~

should hold. This contradicts (1.20), completing the proof of Lemma 1.6.

Let us now embark on the proof of Theorem 1.2. We choose com-
plex coordinates z=(z,, - - -, z,) on X(C C") so that (x,; &)=(0; d(Re z,)).
Leta,, ---,a, and ¢ be some (sufficiently large) positive numbers such

" that the cone G(a,, - - -, a,; ¢) defined below properly contains G.
G(a29 ey Ay, C)
(1.25) ={zeC"; —cRez;<|Imz]|, —a,(1+c?)"* Re z
2|z,| (=2, -, m)}.

‘We choose this cone as G'. (We have chosen such a particular cone in
order that we may use the results in [7], Chap. III, § 1.) For a point x
in X, we denote by £2(x) the set {z ¢ X; z—x e Int G, the interior of G'}.

Let w, denote {z € X; Re z;< —p}. Then it follows from Lemma 1.6 that
there exists a positive number p, such that

(1.26) Ch ()N N*(w,) N7 (U)C TEX

holds for 0<<p<p,. Let us choose w,, (0<0,<p,) as £2; required in The-
orem 1.2. Choosing a point x; so that

20:)\2% 20
and
Ax)\w,,cU

holds, we choose £(x,) as 2{. Let F’ denote
SDE}R %Om@(G,D)('@,, R[’Qi\!),g(R@G*@C"))'
Then for any point x in 2;\2;, we have

(1.27) HNF),= 1371% H'(RHomg g, (8., Rrg(x(s))\r)é(g(x(s)): 0x))),

where x(¢) denotes the point x+¢(1, 0, - - -, 0).
Now, it follows from (1.26) that Ch(X#))4N*(w,,)* is Lagrangian.
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Hence we find by Lemma 1.6 that

(1.28) Ch ()N N*( Q) Nw (2w, ) CTEX

and

(129)  (Ch (A)+N*,9)*) N N¥(Qx(e) N7~ (A\w, ) TEX
hold for 0<<eg 1. Since (1.29) implies

(1.30) Ch (A7) NIN*(Q(x() + N *(w,)) N7~ (Q\w, ) TEX,

we can find a strictly positive number ¢, and a continuous function p(e)
of ¢ for which the following two conditions are satisfied:

(1.31)  p(e)<<p()<p, holds for any e and & such that 0<{e' <e<g,,

(1.32)  Ch(A)NN*2(x(e) Nw,) N7 (2)\w,)C TEX holds for 0<e
g and p(e) = p= p,.

Hence it follows from Theorem 4.5.1 of [9] that

(1.33) H(R Homg g, py(8., RI gae\05(82(x(e)), Ox))
= H/(RHomg g, (8., R gz ei(2(x(')), Ux)))

holds for 0<&'<e<¢, for every j. (Cf. the note added in proof in p. 54
of [9] and a remark in p. 909 of [7].) Hence we have

(1.34)  HU(F),=H RHomg g, (8., RI g(u00)004(2(x(e)), Ux)))

for 0<e<{¢,. Hence it suffices for us to show the finite-dimensionality of
the right hand side of (1.34). On the other hand, again by (1.32), we
find

(1.35) HY(RHomg g, p)(R., RI g(mone(2(x(e)), Ux)))
= H/(RHomg, (8.5 R o(206)\0, 0, ($2(X(£)); Ox)))
for 0<e<{g,. Hence we obtain
(1.36) H/(RHomgg, p)(R., RI 5500 (2(x(e)), )
= HY (R Homg g, 5y (8., RI g (o000, o, (P0K(E))s Ox))
for 0<<e’ <e<lg. Since Q2(x(e)), 2, 2(x(¢))) and w,, are all convex,
(1.33) and (1.35) entail
(137 H(Homg, 0. Hiarona @0, O))
= Hi(Homg g, 0) (8., Hitoernap e, (X)), Ox)))
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holds for every j. Hence the following two complexes ci(e) and c’(¢)
(e<¢’) give rise to isomorphic cohomology groups:

(1.38) (&) 0——>(Hguona(Q(x(e), Ox)™

P,
_0>(H 3(;(5))\95(9 (x(e)), Ox))

Py,
S (H oo (Q(x(E)), O))e

—0.
(1.39) c'(€): O—‘*(Hlmx(e'))\w,,(;/,(Q(x(e/))» O™

P,
25 (H b aeynop on(QO()), O)™

Py
2T (Hbaeryap on(Q(E)), Ox))Ve

—>0.

Thus our problem is reduced to the verification of the finite-dimensionality
of H(c(e)) (= H(c'())).

Now, by the results in [7], Chap. III, § 1, we can understand the
action of P;’s on Hpze00/(2(x(e)), Ox) etc. as that of integral operators

K5(P,)’s introduced in p. 875 of [7]. Let us choose complex numbers «;
and B, (j=0, - - -, d) and G’-round open subsets D, and D} (j=0, - - -, d+1)
of D so that the following conditions (1.40), (1.41) and (1.42) are satisfied.
If we choose from the first 2] and £} so that 2{\%; is sufficiently small,
the recipe in p. 875 of [7] assures the existence of such numbers and sets.

(1.40) K%i(P)) sends O0,(2ND,) (resp., Ox(2N D7)

into O(2ND;,;) (resp., Ox(2NDj}.,)

for any G’-open set 2,
(1.41) Dy >\,
(1.42) DieD; (j=0,---,d+1).
Then Proposition 3.1.5 of [7] tells us that the action of P, on

H }z(z(s»\%(Q(x(e)), Ox)
coincides with the action of the integral operator K#/(P,) which sends
Ox((2(x(e)) N £20) N D,)/0x(2(x(e)) N Dy)

to
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Ox(L() N L) ND;11)/Ox(Qx(N N D)

for each j. Hence, for each j, we obtain the following two commutative
diagrams (1.43) and (1.44) with the additional constraint (1.45).

KE(Py)
. (Ox(20x(€)) N D))" I———>(0x(2(x(e)) N D;,.))Y+*
(1.43) Kip) '
(O () N 20) N DY —5(0:(Ax() N L) N D))+

KBi+yp "
(Ox(@@) N D,y = 6 (@) N D,y
(1.44) KEP
O:(@C) N 2N D,y 200 Qe 2 D, gy

(1.45) K0P, K (P YO (2(x(e) N %) N D)y
C O N D,

We note that Kf¢+3(P,,,) is understood to be zero here and in what
follows. We also find similar diagrams with 2(x(e)), £2(x(e)) N £ and D,
being replaced by 2(x(¢")), £2(x(¢")) N, and D7, respectively.

Since it is cumbersome to treat the diagrams (1.43) and (1.44) as they
stand, we prepare a lemma which enables us to reduce the situation to a

simpler one.

Lemma 1.7. Let {X7}, {Y’} and {Z 7} be objects in an Abelian category
/. Suppose the following data (1.46), (1.47) and (1.48) are given:

f7

(1.46)  Exact sequences 0 Xi—>Y/ il Al 0,
(1.47) o XI—— X i YI—> Y and ¢7: ZI——>Z7+" which give
rise to the following commutative diagram:
0—>X/ —>Y —>77 —0
sofi «lr’l ¢fl

0 X+t Yi+t > Zi+1 \0’
(1.48)  gi: YI——>X7** such that 7+ o = fi*?o gI
Then we find the following:
(i) ' °¢j___0.
(ii) Set W/ =X7+'®@Y’ and define di,: Wi—>Wi+! by

o 7]
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Then di; " o di,=0 holds.
(i) Let p’: Wi—Z/ be given by (0, h?). Then {p’} is a quasi-isomorphism
of complexes W' —Z".

Since the proof of this lemma is straightforward, we leave it to the
reader. We apply Lemma 1.7 to our situation by the following corre-
spondence:

X7=(0x(2(x()) N D)™,

Y= (0:((2(x(e) N ) N D)™,

f7: the natural injection,

ZI=YIX?

= (Hoaemeg(2(x(e)), O™,

¢'=y'=KL{(P)),

¢j=P i
It is then clear that all the assumptions in Lemma 1.7 are satisfied. We
denote the resulting complex W' by W(e). Note that the complex Z" in
this case is nothing but cy(e). We obtain a similar complex W{(¢’) by
replacing 2(x(¢)), 2; and D, respectively with 2(x(¢")), @, and D/ in the
above correspondence. Since H(cy(e))s H'(c'(¢))) holds, Lemma 1.7
implies
(1.49) HI(W(e)s HI(W())

for every j. Hence, in view of (1.42), we can conclude from a classical
result on compact perturbation in functional analysis (see e.g. [4] and
references cited therein) that HY(W(e)) is finite-dimensional for every j.
Hence we find H(cy(e)) is finite-dimensional. This completes the proof
of Theorem 1.2.

Next let us prove Theorem 1.5. In what follows we denote by ¢
(resp., ¢,) the canonical map from X to X (resp., Xz.). Let @ denote
1X¢,. It then follows from the definition of the sheaf &% and the com-
plex & that

(150 o= R o (RE 085 6 £))

holds on (Ql\f?o)xG’c’“ for G’*-open sets 2, and §, such that ﬁl\ﬁoc U.
Here 0% denotes the sheaf of holomorphic n-forms with respect to the
second variable. In what follows, we abbreviate €(G, D) to € for the

simplicity of notations. Let us first note the following
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Lemma 1.8. Let 0% denote the sheaf of holomorphic n-forms on X.
Then we have the following isomorphism i on X X £,:

L
(1.51) P @i (0 (RTm0.Ren 0F) 60 5.))

1

L
= 7R xanao R, 0823 & 8.

Proof. Since the existence of the homomorphism i is clear, it suffices
to verify

L
(1.52) 0re ® yff(go;l(krﬁl\ﬁo(n%*@@) ® @,))y
L
— (67 (R seio R OB 9 2.))
Zz,Y

for every j and every x in X and every y in .Q~1~. In proving (1.52) we may
suppose without loss of generality that both £, and £, are pseudo-convex.
Then, by using Lemma 1.7 as in the proof of Theorem 1.2, we find that

L
#(0:(RT 5,0 Ro0s08) 9 8.)).

is isomorphic to the j-th cohomology group of a complex of nuclear
Fréchet spaces. Since it is finite-dimensional, we find (1.52) by making
the topologically completed tensor product of @r(w) and the complex,
where o is an open neighborhood of x, and then taking the inductive limit
with respect to w. Q.E.D.

In view of this lemma, we next study
L L
o (RI5,0Rp008) 69 8. Jinl= (ReoR 5,0, (05) 6 . )l

In order to rewrite <7, let us note the following

Lemma 1.9. There exists a canonical right 9 *-linear homomorphism
from O to R omc(Oy, C)nl= Exte(Oy, C).

Proof. By the Poincaré duality we have
(1.53)  RI(w, RA#om(Oy, C))=RHom(RI (0, O), C)—2n]

for any open subset @ of an n-dimensional complex manifold X. On the
other hand, if w is pseudo-convex,
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Hi(0, 0)=0

holds for k=:n, and hence

(154 H(w,R#onc(0y, C)lnl=Hom(H} (@, 0), C)
_ {Hom (Hiw; 0x),C) (j=0)
1o (j#0).

Since we have a canonical map from H"(w, 09) to C, we have a canonical
map from 0%(w) to Hom(H}w; 0x), C). Thus we have a canonical
map from 0P to R#om(Ox, C)n]=Exti Oy, C). Q.E.D.

By this lemma we obtain a canonical map ¢ from & to
B 5 R0uR 5,5, R A om0y, €) @ &)[21].
'On the other hand, for a G’*-open convex set w, we have
(1.55) RI(w, )= ((H(«N 2, 09)/H"(w, O2)) QK]
and
(1.56) RI'(w, B)=(Hom((Hw, 0)/HxwN 2, Ox), C) @ &)l
= Hom(R Homg(R,, (H2(w, 0)/H(wN 2y, 05))), C)lnl.
Hence, with the aid of Lemma 1.7, Serre’s duality theorem tells us
(1.57) RI(w, )5 RI (0, %)

Therefore the canonical map §: &/—% is an isomorphism.
In order to rewrite ¢;'# further, we note the following

Lemma 1.10. Let F be a complex of sheaves on X. Then there
exists another complex R of sheaves on X which satisfies the following two
conditions:

{1.58) R forms the following distinguished triangle:

¢ RpusRFon(F, C)
+1
R# omelp™ Ry F, C)————>R,

(1.59) SS(RINX XG°)=4¢.
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Proof. Since the existence of the triangle (1.58) is obvious, it suffices
to verify (1.59). For this purpose let us first note the existence of the
following distinguished triangles (1.60) and (1.61) for which (1.62) and
(1.63) hold. '

SD;‘RgDu*R.}ipomC(E C)

(1.60) / \ +1

R A ome(F, C)———> R,

¢~ 'Ro,F
(1.61) '\ +1
: F P
(1.62) SS(R)N (X X G°) =4,
(1.63) SS (F))N (X X G°%)=g.

The triangle (1.61) induces

R #ong(p™ RoyF, C)
+1

R.yfomC(F, C)(—-———R %omg(F’, C),
where
SS (R A omc(F’, C))SS (F')=.

Then the hexagon axiom .assures the existence of the following distin-
guished triangle

/ ’
R A#om(F',C)—> R/,
i which implies (1.59). This completes the proof of Lemma 1.10.
Since
(1.64) RI,8(RH om(F, C))=R A om(Fzn5,, C)

holds by the definition of Fj, 5, we find

(1.65) 07’ B =07 (R, R H#om(O5,5, C) (? &)[2n].
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Hence it follows from Lemma 1.10 that

L
(1.66) oo B = <R,%”omc(g0'leo*@§l\§o, O ® @,)[2;1]
[
=R A ome(o" ' RHome(&., Rp,O5,5,), C)[2n]

holds on (!51\50) X G’°. Let us now take G’-open sets £27 and £ so that
the following three conditions may be satisfied:

(1.67) A\3,o 0\,
(1.68) (20\L29) X G'°* is a neighborhood of x*,
(1.69) F' =0 R ome(R,, RI5\0, (R, 0y)) is R-constructible.

Then we obtain

(170) R%omc(go_le%ﬂom@(.@_, Rgo,k@f;l\_;jo), C) lgmgi[Zn]
=R A onc(o” R A ome(R,, RF.QI\Q;,(RSD*@X)), C)anoil2n]

on (2)\2)) X G°. Hence we find
(1.71) H = pp7'Ox (?PEIR%OMC(F', C)[2n]

holds on a neighborhood of x*. Therefore, by the assumption (1.69) on
F’, we finally obtain

(1.72) A= p R H ome(p;'F', p7*0x))2n]

on a neighborhood of x*. This completes the proof of Theorem 1.5.

§ 2. Applications to the study of theta-functions

In this section we show how Theorem 1.4 is used to prove the finite-
dimensionality of the space of microfunction solutions (=Jacobi (micro)
functions) of a particular system of microdifferential equations associated
with a Jacobi structure to be defined below. As we explained in the
introduction of [13], the classical theta-zerovalue 3., exp (v — 1v%)
(regarded as a microfunction) is one of the simplest examples of Jacobi
functions.

Definition 2.1. (Jacobi structure). Let (¥, E) be a symplectic vec-
tor space over C and L a lattice in V. Let X be a complex manifold and
W an open subset of T*X. Let ¢: V—>& (W) be a linear map. Then
the pair P of p and (V, L, E) is called a Jacobi structure (of restricted tpye)
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on W if the following conditions (2.1), (2.2) and (2.3) are satisfied:

2.1 [e), o(W)]=E(v, V)
holds for any vand v"in V. Here and in what follows, [p(v), ¢(v')] denotes
the commutator of ¢(v) and ¢(V).

(22) Eis2zy/ —1Z-valued on LXL,
(2.3) ord p(v)<1/2

holds for every v.

Remark 2.2, (i) In this article we restrict our consideration to the
case where ¢(v) is of order at most 1/2. This is the reason why we use
the terminology “Jacobi structure (of restricted type)”. (Cf. [12], [13])
In what follows, we will omit ““of restricted type”.

(ii) Although ¢(v)’s are not commutative, (2.1) and (2.2) guarantee
that exp ¢(v) (v e L) do commute. In fact, the Campbell-Hausdorff for-
mula (cf. [2]) tells us

exp ¢(u) exp o(v)=exp (p(u)+ (V) +3 E(u, V)
=exp ¢(v) exp o(u) exp (E(u, v))
=exp (V) exp o)
holds, if # and v-belong to L.

(iii) The condition (2.3) guarantees that exp ¢(x) belongs to &5,
for every uin V. (Cf. [14], p. 438-p. 442 and [3].)

In order to define a complex of &¥-Modules associated with a Jacobi
structure, let us further introduce a function c¢: L—>C’<(5—;}C —{0}) which
satisfies the following condition:

2.4 c(u+v)=exp (E(u, v)/2)c(uyc(v).

It is obvious that such a function ¢ really exists. (Actually there exist
infinitely many, although they are all equivalent in the sense to be exp-
lained in Remark 2.3 below.) If we define J (1) by c(u) exp ¢(u), then (2.4)
combined with Campbell-Hausdorff formula entails

(2.5) Je(u+v)=J,w)J.(v)

for any u and vin L. We then let the group algebra C[L] to act upon
&y from the right by pou=pJ,(u) for p in &7, and u in L. Let us
denote by (5,2, ¢) the (£F,z, CIL])-bi-Module thus obtained.
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Remark 2.3. For each ¢’: L—»C* that satisfies (2.4), (65, ¢’) is
isomorphic to (€5, ¢) as (£, C[LD)-bi-Module. In fact, there exists
U, in V which satisfies

¢’ (wy=c(u) exp E(u, u,)
for any u in L. Hence we find
(p exp (ue))c’(u) exp p(u)= p c(u) exp p(u) exp p(u,),

that is, the map: p—>p exp ¢(u,) is an isomorphism from (£7,,, ¢) to
(€5, ¢”). Therefore we will abbreviate (£75,,, ¢) to 65/, for short.

Now let us define a complex £ (P) associated with the Jacobi
structure P by the following:

L
(2.6) H(P)=EGm & C.
, oz

Note that C has a free resolution of finite length as a C[L]-module, e.g.,
the so-called Koszul complex. Hence, for a basis (u,, - - -, u,) of L, #(P)
is quasi-isomorphic to the following complex:

O‘”‘gg/m([le)——lT(@@a/z))d‘—
Jc(ut;)—l

: o \d
s (gu/z))

Jelt)—1, -+ -, Te(ua)—1) Sime—0.

We now introduce the definition of Jacobi functions. Here and in
what follows, M denotes a real analytic manifold, X its complexification
and W an open subset of T*X.

Definition 2.4. A Jacobi (micro)function (with respect to a Jacobi
structure P and c: L—C* satisfying (2.4)) is, by definition, a microfunction
fon W N T%X that satisfies

c(u) exp (p)f =1
for any u in L.

Remark 2.5. It immediately follows from the above definition that
the sheaf of Jacobi functions is isomorphic to SZom(H(P), € ).

Remark 2.6. Since there is a one-to-one correspondence between a
Jacobi function and the zerovalue of a theta function in the sense of [12],
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[13], a Jacobi function is sometimes called a theta-zerovalue. (Cf. [12],
Theorem, [13], Theorem 2.10.)

Remark 2.7. In order to make the notation more symmetric, we
have changed the definition of ¢; used in [12], [13], that is, ¢, used there
corresponds to ¢(u,)~! in the notation used here, where (uy, - - -, u,) is a.
basis of L.

Now we have the following

Theorem 2.8. Let P=(p,V, L, E) be a Jacobi structure on W CT*X.
Suppose ,

2.7 dim V=2 dim X.

Then the sheaf of Jacobi functions, i.e., #om (H(P), €,) is an R-construc-
tible sheaf on WN T%X.

In order to deduce Theorem 2.8 from Theorem 1.4, let us first recall
the following Lemma 2.9 due to Aoki. As a matter of fact, Aoki’s result
on the invertibility of microdifferential operators is a quite general one
and the following lemma is a very special case of it. ([1], see also [2].)

Lemma 2.9. Let x* be a point in T*X and let p be in &, .« for some
A.  Suppose that ord p<1. Then, for any complex number c, there exists
R in &% .. such that

(2.8) R(cexpp—1D=(cexpp—1R=]1,

if o(p)(x*) is not a purely imaginary number. Here a(p) denotes the principal
symbol of p.

Lemma 2.9 guarantees that all the cohomology groups of J£(P)
vanish outside ‘

A={(z, ) € W; Re a,,,(p())(z, Y)=0 for any v in L}.
This implies
2.9) Ch(A(P)C A.

We now want to show that /A is a Lagrangian subset of (T*X)E. In order
to prove this, let us introduce a map x: W—V* defined by

(2.10) L)) = 04,(eN(*)

for y* in Wand vin V. Since
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(2.11) E(v, V)={0:,{p(V)), 01,2(p('))}

follows from (2.1) and (2.3), (2.7) guarantees that X is a symplectic trans-
formation. Here the right hand side of (2.11) denotes the Poisson
bracket of a,,(p(v)) and g,,(p(v")). Furthermore, if we define V¥ by
{Ae V*; (L)CRY}, it is a real Lagrangian subspace of real symplectic
space (V*, E*+ E*), where E* denotes the dual form of E and E* denotes
the complex conjugate of E*. Since A=X"'(V}) by the definition, 4 is a
Lagrangian subset of (7*X)¥. Hence (2.9) implies that Ch (X (P)) is
contained in a Lagrangian subanalytic subset of (7*X)®. Hence Theorem
1.4 entails Theorem 2.8.

Now, Theorem 2.8 tells us that Jacobi structures provides us with
good examples of R-holonomic complexes. For example, using Theorem
1.5 and the results in [11], we can verify the sheaf ¢, of microfunctions
regarded as an £%-Module is an R-holonomic complex obtained through
a Jacobi structure.

Furthermore, the similarity of the assertions for holonomic systems
and those for R-holonomic complexes indicates that a very wild function
such as the Jacobi function, or the theta-zerovalue >, exp (zv/ — 11%)
may be controlled microlocally by a system of microdifferential equations.
In order to exemplify this expectation, let us indicate how we can deduce
from the Jacobi structure the automorphy property of a Jacobi function
under the action of Sp(n; Z). In order to discuss such a global problem,
we generalize the notion of Jacobi structure so that ¢ is a map from ¥V to

éau/z)(f)if”_ly X Eam @p nolg®!
=10y z—lox
for a line bundle % on X. In what follows, &3/, (%) denotes

17 R Gy X ' FP 7 and Fu(L) denotes 77'F (R Cy.

z—1lox z—loy r—loy

Let S*%(V) denote the symmetric product of ¥ and define a linear
map e: S3(V)—gl(V) by

2.12) (v, - U)(V) = E(uy, V)V, + E(v,, V)Y,

for v,-v,in S3 (V) and v in V. Then ¢ is an isomorphism between S*(V)
and 3p(V). Define a map s from S*(V) to &, (L)X W) by assigning

3 (p(v)e(v,) 4 @(v)e(vy))

to v,-v, in S*(V) and let Q denote soe™'. Using (2.12) we can easily
verify that Q is a Lie algebra homomorphism from 8p(V) to &, (L)NW)
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which satisfies
plav)=[0Q(a), (V)]

for any a in 3p(V) and any v in V. The fact that Q is a Lie algebra
homomorphism implies

{0:(Q(@)), 0.(Q(@N}=0:(Q((a, @'])

for any a and o’ in 8p(¥). Hence 8p(V) acts upon W by the Hamiltonian
map H,, ow) (@€ 3p(V)). In order to discuss the global structure of
microfunction solutions, we suppose a reality condition as follows:

Let Vy denote R(X) L and let i?;(VR) denote the universal covering
z

space of the symplectic group Sp(Vz). We suppose that prj(VR) acts
upon W N T#X so that its infinitesimal action is given by the Hamiltonian
map H,, qawy-

For g in,:S';fVR), we denote by +(g) the action described above, and
by (T (g), D(g)) the corresponding quantized contact transformation. To

be more precise, for g in /S\p/(VR), T(g) is a C-Algebra isomorphism from
éﬂa/z)(g)lwnr‘f,,x to ‘l’(g)*(ga,/z)(g)lwmr’;,x) and @(g) is an isomorphism
from €4 (L) |wartx t0 W(&)xE u(L)wart,x for which the following condi-
tions (2.13)—(2.16) are satisfied.

(2.13) () )= T ()P P(g)f) for p in £5,,(L) and fin €u(2),

(2.149) V(g.8)="(g)? (g
and

D(2.8)=D(g)9(g.)
hold for any g, and g, in fng(VR),

2.15) % ¥ (exp (ta))( p)‘ ==[0(a), p] holds for any a in 8p(V;) and

=0
any p in £55(L)lw
(2.16) —j; O(exp (ta))f ‘ = Q(a)f holds for any « in 3p(V¢) and any
(=0

Sfin (gM(g)lwnT}ﬁ,X-
Note that (2.15) implies

Q.17 ¥ (g) exp o(v)=—exp p(gv)
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. ~ .
for gin Sp(Vg) and vin V.

Now, let I'(c) denote {g e @(VR); gL=L and ¢(gv)=c(v) for any v
in L}. It then follows from (2.13) and (2.17) that, for any Jacobi function
f, we find

(2.18) exp p(V)(@(g))= T (g) exp (g~ VN D(g)f)
= 0(g)(exp (g~ 'v)f)
=c(g"'v)'0(g)f
=c(v)"'0(g)f

for any g in I'(c). Hence @(g)f is again a Jacobi function. This implies
an automorphic property of a Jacobi functions, if the space of Jacobi
functions is finite-dimensional. We also note that, in view of Remark
2.3, we find an automorphic property of a Jacobi function under the

"action of ['y={g efLS?VR); gL=1L} if we allow as “‘automorphic factors”

microdifferential operators of infinite order, not only constant matrices.

Thus we have seen how global properties of Jacobi functions can be
derived from microlocal information, namely, the fact that Jacobi func-
tions are characterized as solutions of microdifferential equations (of
infinite order). This gives us a hope that the theory of R-holonomic
complexes will turn out to be fruitful in application as that of holonomic
systems has already shown to be.
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