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Toda Lattice Hierarchy
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§1. Introduction

A few years ago there appeared several interesting attempts [1-4] to
apply some group theoretical point of view to the explicit integration of
the Toda lattice. In this direction, however, no result seems to have been
established for the infinite lattice without free ends or any periodicity.

This paper presents an algebraic approach toward the integration of
the infinite Toda lattice which, in general, does not fall into the cases dis-~
cussed in [1-4]. As a result, the initial value problem for the Toda lattice
hierarchy [5] is explicitly solved.

To set up the initial value problem, let us briefly review the Toda
lattice hierarchy [5]:

Let x=(x;, Xs, - - -) and y=(py, s, - - -) be independent variables with
infinite many components, and L, M matrices of size Z X Z (Z denotes the
totality of integers) of the form

L=(b;_, %, Vijez b;=0(>1), b=1,
M:(cj—i(i’x>y))ijEZ5 cj:0(j<_1)a ¢ #0.

(1.1)

b; and ¢, serve as the unknown functions of the nonlinear differential equa-
tions describing the Toda lattice hierarchy. Auxiliary matrices B,, C,, ¢
=1, 2, - - -, are introduced by

(1.2) B,=(L"),, C,=(M*._,

where the symbols (4). denote for a matrix A=(a,,);;cz Of size ZXZ
the triangular matrices (a;; Y;.,):;¢z respectively, with Y;"=0 (s<0), =1
(s>>0), Y7 =1 (s<0), =0 (s=0).

The Toda lattice hierarchy is defined by the system of the Lax type

asz:[B;w L]a ay#Lz[Cm M]:
aa:,,M:[Bya M], ay,,M:[C;u M]’ .azla 2, .-

(1.3)
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or, equivalently, by the system of the Zakharov-Shabat type

a.z,,By—axﬂBu—*'[Bp: B,,]ZO, aypr_ayﬂCu—'_[Cps Cv]:(),
9,,B,—9,,Co+[B,, C1=0, pv=12,---,

Y p

(1.4)

where 9,,=0/0x,, 0,,=08/0y,. The third equation in (1.4) with p=v=1
corresponds to the original (two dimensional) Toda lattice

(1.4) 8,9, u(s) = €416 _ guissb-uco,

with the parametrization B, =(0;;-1)ijez + (05, u(i)0:)ijez, Ci=
(ev®-¥0-1g, . Disez- Here we abbreviated u(s, x, y) to u(s).

Hereafter we shall consider the initial value problem for this hier-
archy, i.e. the problem of solving (1.3) and (1.4) under the initial conditions

(16) L!zzy:OZLm M]x:yzOZMO'

The initial values L, and M, are constant matrices of size ZX Z, and of
course they are assumed to take the same form as L and M. Note that
the initial values of B, and C, are determined by (1.6) and (1.2).

Our main theorems, which will be stated in Section 2, show that once
the problem is interpreted in the general machinery of the linearization
and the ¢ function, an explicit description of the solution in terms of the
initial values can be immediately obtained. The corresponding = function
is shown to have a remarkable structure closely related to the ¢ functions
of the KP hierarchy [6-8].

In order to establish these results we shall proceed as follows, inspired
by the argument of [6, 7]: In Section 3, we shall investigate a finite lattice
model, which plays an important role in Section 4 in constructing the
solution to the original Toda lattice hierarchy. It should be noticed that
a parametrization of this model is obtained by factorizing a matrix of finite
size into the product of a lower triangular matrix and an upper triangular
one. Such an idea was also used in [1-4] in some more complicated
framework. In Section 4 the proof of our main theorems is completed.
First a series of finite lattice models related to the initial values is intro-
duced. Then the solution to the original initial value problem is achieved
by a “limit” of these finite lattice models. Using the = functions, we can
visualize that passage from the finite lattices to the infinite one.

In Section 5 supplementary remarks are added.

The author expresses his thanks to Professors M. Sato and H.
Komatsu for their hearty care and valuable suggestions. He also thanks
Doctor K. Ueno for fruitful discussions.
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§2. Main results

In this section the main theorems are stated. We need some prepa-
rations to give their precise statements.

Let us begin with a brief review of the linearization and the = func-
tion of the Toda lattice hierarchy [5]:

Let us consider the following linear system for unknown matrices
W and WO,

Q1) LW@=WeL — MWO=Tros,

8, W =B,W = — W [, 8, W =C W,

(2.2) . . . - -
a$”W<O)=B,‘W(O), ay#W(w:C#W(O)_W(O)A—#’ ‘u:]! 2, 00,

where /* denotes the p-th shift matrix, 4*=(5,,_.)i;ez and W and
W ® are assumed to have the form

W= X, Wier W57=0(j<0), #~=1,

(2.3) .
WO=2(0 %, Mizezs WP =0(j<0), WP =0.

The linearization is achieved by (2.1) and (2.2) in the following sense: If
(1.3) and (1.4) are fulfilled there exist some solutions W and W of
(2.1) and (2.1) as in (2.3), and they are unique up to the arbitrariness
W W So  fA=" WOSWO S o A" with f,, g.&C, fi=1,
2,#0. Conversely, if some matrices W and W®© of the form like (2.3)
solve (2.1) and (2.2) for certain matrices L, M, B, and C,, then (1.3) and
(1.4) are fulfilled.

Note that W and W © are invertible, so that L, M, B, and C, are
recovered from W and W by algebraic equations (2.1) and (1.2).
Also note that if we introduce

2.4 W) =W exp i x, A, WO o exp i Yl t,
#=1 #=1

(2.2) is rewritten into the system
25 o, W=BWwW, 8,W=CW, W=W, WO n=12,..-.

The z function (s, x, ¥) is consistently, and uniquely up to constant
multipliers, introduced by the equations

w,(im)(sa X, y) :pj(_gz)f(sa X, y)/T(S, X, J’), j:0: 15 t
(26) W;O)(Sﬁ X, y):pj(—gy)f(s_'" 1; X, y)/T(S, X, y)7 J=O: l, R
éx:(axla 822/2: axs/33 s ')7 51/:(81/1’ ayz/za ay3/37 : '):
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where p,, j=0, 1, 2, - - -, are the polynomials defined by
@ exp D) x4 =3 p)x  (f. [6, 7).
p=1 Jj=0

These polynomials will later play an important role in the expression of the
solution to the initial value problem.

The general framework stated above implies that the initial value
problem can be converted into the problem of solving (2.2)—though it
should be noted that not only W > and W® but also B, and C, are un-
known here to be determined together with the former—under the initial
conditions

(2.8) W e loyo=A, WO loeyo=A,
where A and A are constant triangular matrices of the form

A(w>:(az(?))ij€Z7 a£?)20 (l<.])9 a%f):‘ 1:

2.9)
A9 =(a)ijezs aF=0(>)), aif+0,

and connected with L, and M, by
(2.10) LAY =A™, M,A® = A0 A1,

Note that for any initial values L, and M, we can find such matrices
A and A®, solving linear algebraic equations. A and A® are then
unique up to the arbitrariness 47 —A4 3=\ f A" AO—A4O S > g A"
(fos 8u € C, fo=1, g,5=0), which exactly corresponds to that of W and
W ® mentioned before.

Our main theorems show how 4 and A explicitly parametrize the
corresponding solution of the initial value problem. In order to state
them we must prepare some more notations:

A Young diagram can be indicated by a sequence of strictly increas-
ing integers as explained in [6]. Modifying it slightly, let us use a sequence
Uns lmsss o lym) m<s,m<,<I,,.<<---<lI,_) to indicate the pair
(Ys) of a|Young diagram Y with signature (/,.,—s+1, [,_,—s+2, - - -,
l,—m) and an integer s (s>m) (cf. Fig. 1).

" ] 13-1‘—S+1
, ls_z—s+2

depth
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Notice that two sequences (/,, - - -, /,_;) and (.., -+ -, I,_)) with m'<m,
lLp=m', 1y ,=m'+1, ---, and I,,_,=m—1 indicate the same pair (¥s).
Hereafter we shall obey this convention.

The character polynomial (the Schur function) %, (cf. [7, 8]) is defined,
for (Ys)=(l,, - -+, [,_,), by the formula

(2.11) Xy(x)=det (p;,- (X))ij-meres-15

which is independent of s, and only depends on Y. Furthermore, let us
choose a sequence (a;);cz, @;70, such that

2.12) al¥ =a,./a, for any i ¢ Z,

and define, for the triplet 4=(A4, A®, (a,)) and the pairs (Ys)=(,, - - -,
ls—l) and (Y,S):(Z"ms tt l;—l): the quantity A(Ys)(Y’s) by

Q1) Awpen=_lm g dee( T aman)
Cmnaes ~ Py
where @{7’ denotes the (7,j) component of A%, and (L., ---,/-1),
(., - - -, I;_)) indicate (Ys), (Y’s), respectively, according to the convention
mentioned above as m decreases. The right hand side of (2.13) is a stable
limit in the sense that a, det (- -.) is independent of m and n when —m
and n are sufficiently large (cf. Proposition 4.1).
Now we can state

Theorem 1. The ¢ function of the solution to the initial value problem
is given by

(214) T(S: X, y): YZY;’ XY(X)XY’(—y)A(Ys)(Y’s)’

which does not identically vanish (e.g. (s, 0, 0)=a,). Namely, the matrices
L, M, B, and M,, defined by (1.2), (2.1), (2.3), (2.6) and (2.14), solve the
Toda lattice hierarchy under initial conditions (1.6). Here } .y » stands for
the summation over all pairs of Young diagrams Y and Y.

R P ~| L, M, B, C,

1(2.10) I 1.2), @.1

Q14 (2.6) . .

Fig. 2. The scheme solving the initial value problem.
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The infinite series in (2.14) can be dealt with in the “formal” sense,
i.e. in the ring C[[x, ¥]] of formal series of weighted homogeneous poly-
nomials in (x, y) (cf. § 5, paragraph 3). On the other hand it is also pos-
sible to discuss its “analytic’ justification:

Theorem 2. Suppose that there are constants C, a and b such that
(2.15) @< Ca i1, |a@|<Ch Y, |a,|<C, i,je Z,

where A7 =({7);ez and A® =(a{7)ijez.  Then the right hand side of
(2.14) converges absolutely (with a certain uniformity—cf. Proposition 4.2)
in the domain
o1g (P ECTXCT mn<la Bl <1,

. Hrh_lxnl‘/"~m|yn|‘/”<l}.

Thus (s, x, y) is a holomorphic function in domain (2.16) in the sense
of Section 5, paragraph 3.
The periodic cases are characterized as follows:

Theorem 3. Under the conditions [A, 4] =[A®, A1=0 the cor-
responding solution describes an | periodic Toda lattice. More precisely;
there exists a constant a (+0) such that

t(s+1, x, y)=az(s, x, y),
(217) bj(s+l’ X, y)=bj(s’ x, J’),
c(s+1L x,)=cis,x,y)  foranyj,seZ,

These theorems present us a complete description of the solution to
the initial value problem for the Toda lattice hierarchy.

It is remarkable that the structure of z(s, x, ¥) is very similar to that
of the ¢ function of the KP hierarchy [6-8]. In fact, if we regard (s, x, )
as a function of only x (or y), (2.14) coincides essentially with the de-
scription of the r function of the KP hierarchy presented in[6, 7]. Further-
more, as will be pointed out in Section 5, paragraph 1, z(s, x, ¥) has in itself
the structure of the r function of the “two component” KP hierarchy [6-8].

The proof of Theorems 1-3 will be completed in Section 4.

§ 3. Finite lattice model

In this section a class of finite lattice model is introduced and investi-
gated as an analogue of the Toda lattice hierarchy mentioned in Section 1.
In this model the matrices L, M, B,, C, etc.- - - of size Z X Z are replaced
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by the corresponding matrices of finite size whose rows and columns are
indexed by a sequence of integers m, m+1, - - ., n—1 with m<n. This
model will play an essential role in Section 4. ’

As we shall see later, compared with the usual finite, nonperiodic
Toda lattice whose corresponding objects of the z functions are certain
linear combinations of exponential functions (cf. [1-3]), our model appears
to be more “degenerate” in the sense that its = functions are polynomials.
in the independent variables x={(x,, X,, - - -) and y=(y;, 5, - - *).

Let us begin with the following “factorization” problem for a matrix
A=(0:;)ij=m...n-1 With det (a;;);j=m....-17#0 for m<s<nm, i.e. the problem
of finding some matrices W) and W® such that

3.1) WO =W14,
where W and W@ are assumed to have the form
W =W exp 37 X, Ay WO=W® exp >, 3, My,
#=1 =1

(.2) WS =0, X, Wijemen-n Wi =0 (j<0), #=1,
WO =W, %, Wijomen-1s WP =0 (j<0), W0,
A[mn)=(5i,j—1)ij=m---n-—1a z/-l[mn)=(6i,j+l)ij=m...n_1~

Remark. For simplicity of notations the same notations, W, W®_
etc., as those used in Section 2 are used here. In Section 4 we shall change
the notations to distinguish them from those used in Section 1 and Section
2.

(3.1) is explicitly solved as follows.

Proposition 3.1. W and W are uniquely determined, and given by
the formulas
( ) det (aij(x: y))ir; «§8Feees

s—1

(3.3) g (s, x, y)=

det (a;;(¢, ¥)ijemens—1

(3.9 O (. )= det (a,,(x, y))l s =gk
: WO (s, x, ¥ RSN
‘ ’ det (aij(x9 y))w=m...3-1

where we set

(35) (aij(xa y))ij=m--.n—1:exp [Zl x,uAfmn)JA €Xp [—Zl y,ut/lf‘mn)]a
n= b=

and s~k in (3.3) is used to show that s—k is removed from the indices of
rows in the determinant.
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Remark. a;(x,y), i,j=m, - -+, n— 1, are polynomials, since 4y
and A, are nilpotent. Furthermore the assumption det (@;;);j=m...s-1
#0 for m<s<m implies that det (@,,(X, ¥)):j—m...,—1 does not identically
vanish for m<s<n. Thus (3.3) and (3.4) make sense.

Proof of Proposition 3.1. Equation (3.1) implies
3.6 (P50 (), Wil _a(s), - - -, WE(s )@y, y)) <mes =0,

‘(3.7) (W 0)(3), 0)(S) LW 20)s+1(s))
(20N, PO s FEION a5 e

-1
Here we used the simplified notations Ww{=(s) and w{"(s) for w‘“")(s X, ¥)
and w®(s, x, ¥). Since we assumed the condition W{*’=1, Cramer’s for-
mula and (3.6) immediately lead us to (3.3).
Then by virtue of (3.3) and (3.7) we have

W}CO)(S) — siv:n (___)p det (aij(x: y))i.=m---s¢p---sas—p,s+k('x5 y)

F=meses—1

det (a;;(x, ¥))is=me..s-1
det (aij('xﬁ y))z m- s

J=mess=1,8+k

det (azj(xa y))zj:m...g_
This is nothing but (3.4). " QED.

p=0

Qur finite lattice model is derived as follows.
Proposition 3.2. Set
(38) L: W(M)A[mn) W(m>_1, M—: W(O) t/_l[mn) W«))-l,
(39) B/z:(L#)+5 C,u:(M#)—’ /‘L=192: )

where the symbols (), denote the same operations as those used for ZXZ
matrices except that in the present case the indices of the rows and columns
are restricted to the integers m, m+1, - - -, n—1. Then we have the follow-
ing analogues of the Lax type system, the Zakharov-Shabat type system
and the linearization (cf. (1.3), (L4), (2.2)).

az‘uLZ[Bpa L], ayﬂL:[Cm L]:
ax;,Mz[Byb M]: ay,,Mz[C;u M]’ /4‘:]9 2’ )

(3.10)

0,

I

.11 95,8, asv;:B"—*_[Bw B]=0, avucﬂ—avﬂcv+[cﬂ’ Cl

9,,8,— azﬂcv_{—[B;n Cu]:(): s V:19 27 Tt

Y s
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G.12) OV O=BW O WL, 0, WO =C I,
3, W®=BWO, 0, WO=CWO—WOihp  p=1,2,---.

Remark. We used also here, for simplicity of notations, the same
notations L, M, etc. as those used in Section 1 and Section 2, though of
course they denote different objects.

Proof of Proposition 3.2. Notice, at first, that (3.1) implies
0o, W W=, WO WO, g, W =g, WO O,
Then, by virtue of (3.2), we have

17 () YA (o0) =1 17 (e 77 () — Y 70 -
awPW( ) () +W( )Afmn)W( ) 1=axﬂW<°>-W<°> 1,

(3.13
) 3, WO . WO Lo Ay WO =0, W -1,

Furthermore (3.2) implies
(apr(oo) ) I/f/'(m)_l)+ =0, (axpW(n) WO E =a$‘pW(0) ' W(O)_l,
@, W - Wo-1_ =0, (a'wpf/(oo) -y =3WW‘°"> -1
Hence (3.13) leads us to
61 A,
C,=(M")_=0, W . W -1,

(3.12) is an immediate consequence of (3.13) and (3.14). Also some
simple calculation leads us to (3.10). For example,

aML:aWW(“) ’ A‘[‘mn)W(w) o= W(w)Aflmn)W(m) -t azﬂW(m) W
=[B/‘_.W(°°)A€mn)W(°°)—1, W(W)A[mn)W(w)—l]
=[B,, L].

The other equalities in (3.10) can be similarly verified.
Differentiating (3.12) and comparing the cross-derivatives 9,,3,, W
=0,,0,,W, etc., we have

(aszl‘ - aw,‘B» + [B/u By]) W) = 0, etc.

Since W) and W are invertible matrices for the generic values of (x, )
(cf. (3.2)-(3.4)), (3.11) follows. Q.E.D.

As an analogue of the initial value problem we have

Proposition 3.3. Suppose that the matrix A is factorized as follows:



148 K. Takasaki

A=A)-14O
(.15 A =(a7)ijmmern-r a7 =00<])), aiP=1,
A0 =(a3)i-men-1s @7 =0(>)),  aif 0.

Then W) and WO satisfy the initial conditions
(3.16) W, yeg=A, WO yee=A.
Proof. (3.1) implies
W |, (A T= WO, A0,

Notice that the left hand side is a lower triangular matrix with the diago-
nal part=1, while the right hand side is upper triangular. Hence we
conclude that both hand sides coinside with the unit matrix. Q.E.D.

An analogue of the ¢ function is derived as follows.
Proposition 3.4, The function
3.17) (s, x, y)=det (a,,(x, Y))sj=m...s-1
satisfies the equations

(318) wl(cw)(ss X, y) :pk(—é:c)r(sa X, y)/T(S3 X, y): k=0’ 1, )
w;:O)(S) X, y)—_—pk(_éy)f(s-{"la X, J’)/T(S, X, J’), k=09 15 )

where 3, and 3, are the same as those in (2.6).

Proof. Since
T(S; X 6(/2), y) Zo pj( 5Z)Z‘(S, X, y)zj’
=

e(s41, x, y—e() = ,i, Pi(—8,)e(s+1, x, YA,
5(2)=(29 22/25 '23/33 t '),

equations (3.18) are equivalent to

$—m

Z wg»)(s, X, y)lk'__“[(ss X—E(Z), y)/‘L'(S, X, y)a

=0

kS

(3.19)

n

-3

W(s, x, A =1(s+1, x, y—e(@)/z(s, x, y).

k=0

Let us prove (3.19) instead of (3.13).
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We have the following formulas

Zl '2”‘/1{7"")/# = —log (1 —ZA[mn))a

pre=

exp [—f‘_, 22 Mty | /,c] =1—2nn»
eg=1

exp [gl 2,‘ tAEmn)/ﬂ] =(1 —_2 t-A[’rnn))_l

=1 +lt/‘l[mn)+ .
which imply

M +(2 BA[mn))n—m_la
(3.20)

ai,j(x_5(2)3 y)=ai,j(x’ y)_ai+1,1(x> y),

n-1-j
a; (x, y—e(2)= ;‘0 a,;.(x, A

use the following formula of linear algebra [9].

p+aq
@Gon gt (Z g“””)i,_l

2y

Furthermore, in order to calculate the right hand side of (3.19), we shall

det (gilj)ij=1---p
1SU3<- " <1p<p+a

~det (hy,5)ij=1...p-
By virtue of (3.20) and (3.21),

1 —2
1 —2
(s, x—e(2), y)=det l .

«——Ss—m+1—>

° [aij(x; y)]i.=m~-os
* . * . Jj=me-+-5-1
1 —2

det (az’j(xa y))i=m-~-s-’i Keeos
F=meees=1

1 —2
«~s—m+tk— «— k —>
=k_=0 (—)* det (a;,(x, y)

=

J

13
Meee8LFeneg 2 .
Mees8—1
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Similarly,

T(S+ 1: x: y—s(l)):det [aij(x9 y)] ms

7
Jj=m

ln—m—l s 271—3-2
— _—y

—S—m+1—>

.

n—8~1

= _Z: det (atj(x5 y))i:m-v-s det (zi—j)i=m'“s_1’s+k
vk:o F=meees~1,8+k J=meess
n=—8—1
= det (az‘j(xa y))z=ms Zk-
k=0 F=mee-s—~1,8+k
A comparison with (3.3) and (3.4) leads us to (3.18). Q.E.D.

7(s, x, ¥) has another expression:

Using the formulas
€xXp [21 X Afmn)] :go D) My = (P~ iONij= v 15
exp [—— g yy‘AE‘mn>] = ]20 (=3 Ay =i (===
we can rewrite (3.17) into
622 s x)=dot( S Pl (=D))smm

Applying (3.21) to this formula repeatedly, we obtain

(3.23) s, %, D= 2, L= NAgoaras

v,y clTis—m
n—s

where [__]s-= denotes the rectangular Young diagram of size (s—m) X

n—s

(n—s),

(3.24) Ao =det (alil})ij=m---s-1:
(YS):(lm’ Y ls—l)9 (Y,S)z(l;na Y l;—l)a
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and the summation is taken over all the pairs (Y, ¥’) with Y, Y'C

l:ls—m,

In the case when A4 is factorized as in (3.15), formula (3.21) is once
more applied to yield

(325) A(Ys)(Y's): Z (A(m)—1)(173)(y”s‘)AEg}”S)(Y’s}’
r'Cy,r’

where the symbols 4., ., etc. are used in the same sense as in (3.24),
and the relations Y Y, Y’ are understood to show the natural inclusion
as geometric objects on the plane. Note that (3.15) implies

(3.26) (A N o@no=0 unless Y/ C Y,
AQr =0 unless Y C Y’

It should be noticed that formulas (3.22) and (3.23) reveal a remark-
able structure of z(s, x, ), which is closely related with that of the poly-
nomial = functions of the KP hierarchy. It will be shown later in Section
5 that z(s, x, ) has also the structure of the r function of the two com-
ponent KP hierarchy [6-8].

Formulas (3.22)—(3.25) will play an essential role in the discussion
of the next section. The content of this section, however, seems to provide
in itself some interesting problems independent of the main purpose of the
present paper.

§4. Approach to the infinite lattice

In this section the proof of Theorems 1-3 is completed. We shall
proceed as follows:

We shall first introduce a series of finite lattice models, each of which
corresponds to a pair of integers m, n with m<n and a matrix A, of
size (n—m) X (n—m) related to the initial values A and A® given in
Section 2. At each (m, n) stage, (3.17) defines the corresponding = function
with A=A4;,,. Itslimit, as —m, n—oco, might not make sense in itself.
If, however, the 7 function at the (m, n) stage is multiplied by the factor
a,, we can establish its limit as —m, n— oo so that (2.14) is obtained.
(1.3), (1.4) and (1.6) are then immediately verified. The convergence of
the infinite series in (2.14) is proved by making use of Hadamard’s ine-
quality which was also effectively used in the estimate of convergence of
the 7 function of the KP hierarchy [7]. The characterization of the periodic
cases follows immediately from the construction.

To begin with, let us introduce a series of finite lattice models:
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Suppose that A(w)-(a(m))uez, A =(8) ez, AV =(a{7) 17z and
{a,);cz are given as in Section 2. Let us set

(4'1) A[mn)‘:(azg;o))i]em---n-—l(az(g‘))ij=m---n-l9 m<n7

and consider the “factorization problem” (3.1) for A;,,, i.c. the problem
of finding some matrices Wz}, and W% , such that

“.2) Wiom = Wi A,

where Wiz, and W), are assumed to have the same form as (3.2), i.e.

Il/ = Il/ ny li/ - ¢
Emzl,) . mn) exp Z X A[mn)a [mn)_ [mn) exp Zl y,u /1|l:‘7rm)9
n=

4.3 £ oo w . A (oo
( ) W)Emzb)z(w[mn)i—j(la X, y))ij=m---n—1; WE’”L;L)]—O(.]<O)9 Wémzzw:l?
WE?r)m) = (wl(:?rin)j—i(i’ xa y))ij=m-~n— 15 WE%n)] _0 (.]<0)3 wé%n)o#o~

As we have seen in Section 3, W{), and W{%,, are uniquely determined,
and all the results of Section 3 follow.

Let us denote by L;nny, Minms Binme Crmme Trnm(S, X, ¥) the cor-
responding objects of L, M, B,, C,, (s, x, y) for A;,,, so that we can
clearly distinguish the finite lattice models we are working with from the
hierarchy for the infinite Toda lattice.

Thus we have

4 Temny(S, X, )= Z Xy Xy (=) Armay vy v r5
Y, Y'C_Is—m
n—s
5T ey 0
(4.5) A[mn)(Ys)(Y’s):det (k;:n ax akl})ij:m-us .

= < <Z<l” < det (ﬁl(;;’)ij=m~--s—l det (agg’)l})ij=m---s-1
Moy oo §—1<"n
with (Ys) =y, « -+, [i=0), (V's)=(I7, -+, 1))
Our first step toward the infinite lattice is

Proposition 4.1. a, A4,z IS independent of m and n as far as
Y, YC[_Js-m
n—s

Proof. Recall that two sequences (/,, - --,/,_,) and (I,,., - - -, L;_1),
with m’<m, l,.=m’, - -+, l,,_;=m—1, indicate the same pair (¥s) of a
Young diagram Y and an integer s, as we noticed in Section 2. Let us
utilize the convention noticed there, in order to prove Proposition 4.1.

Suppose Y, Y'C [ |s-m, m’<<m and n’>n. By virtue of (2.9) and

Q.12),
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4P =a=0 fori<j, aP=a =1,

0 __ _
aéj)_o fori>j, a?=a./a,.

Hence we have

1
x . 0
(4.6) det (@5 )ssomrer=det | * 1
% %
(alil ifj=me-a8-1
L* * -

—det (alzl ij=m- -1

aQ . ko

* £
@.7 det (agg)l})i,.:m,,,,s_1=det a® s J * *
0 J‘ (a§0>zj if=m- -1

= (am/am') det (agg’)l_'i)ij=m- g1y

where, according to the remark mentioned above, we prolonged the

sequences ([, - -+, /.y etc. --- into (I, ---,L,_) etc.--- with [, =
m, - L, _=m—1, U, =m, - I _;=m—1and I/, =w’, ---,1//_ =
m—1. (4.6) and (4.7), compared with (4.5), imply @, Aim wyws @ o=
AnArmnyrsy e This proves proposition 4.1. Q.E.D.

Proposition 4.1 shows that 4 -, 4+, is well defined by (2.13). Further-
more (4.4) yields
(48) amf[mn)(sy X, y): - Y'C;’ o XY(X)XY’(—y)A(YsMY's)‘
Note that the right hand side is a partial sum of that of (2.14) whose terms
are exhausted by these partial sums as —m, n—>co. Thus

(49) T(Sa X, y): hm amT[mn)(s3 X, y)

—m,n—>o0

The limit in (4.9) makes sense in the ring C[x, y] (cf. Section 5,
paragraph 3). This is a “formal’ justification of the series in (2.14). Its
“analytic” justification is given by

Proposition 4.2,  Suppose that inequalities (2.15) are fulfilled. Then,
for any positive constants o', b, C, and C, with
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(4.10) a>a, b’>b and d'b>1,
the right hand side of (2.14) converges absolutely and uniformly in the domain
(@4.11)  {(x,y) e C=XC=; |x,|<Clat, |y, |< Cfb', p=1,2, - - -}
Proof. The right hand side of (2.14) may be rearranged with respect
to the depth (cf. Fig. 1) of Y and Y’ as follows:
%)= 31 T det (Puees(Disome-s A0 (P (=it =ivaes

fi-1
o) (0

‘an det| > @R al)
k—m I

S 1
=m,'m’Z=—°° (s—m)!(s—m)! 2.9 det (i f(X)ijmmenns-1

fi-1
+det (prg- (=3 is-mosn det (3] 21203 :
k=m Tf="qes~1

Tj="Tteees—1

(4.12)

where As=min (m, m’), i=max ([,_,, I{_y), [, =i (M<i<m), [=i(h<i<
m’), and > @, >7® denote the summation over the totality of integers /,,
cel_yand 1), -, Il with

SOl <<y, <Ly <y,
TOm<l, (m<i<s), L#l @), m'<Um<i<s), Ll G+,
respectively.

In order to estimate the determinants in (4.12), we shall use

Hadamard’s inequality [9], which asserts that, if a matrix (g,,),;-1..., satis-
fies, for some constants r;, s, (i=1- - -p) and K, the inequalities

(4'13) IgijngrtSj’ iajzla cre, Py
we have

¥4
4.14) [det (84))ij=1...0 | < KPP Ul (r;5).

Let us proceed to the proof that (4.12) actually converges in (4.11).
For some technical reasons we must choose here some positive constants
a,, ay, b, and b, with

(4.15) a>a,>a,>a, b'>b,>b,>b and ab>1.

det G izLals) a,§9§)w=,ﬁ,__s_, can be estimated as follows:
Formula (3.21), applied to this determinant, yields
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J

-1
det ( S s >a,sgz)
k=1 Tf=meees~1
(4.16) =2, det (dl(iel?)ij=ﬁu-s—l det (ai1)ij-eros-1

Zw )" det (dl(;lo})’)ij=77b---3—-l det (aig)z;)ipm...s—n

where > ® and > denotes the summation over the totality of integers
Iy -+ 15 with

2.9 <G <[,
29 mlly (m<i<ls),  Li#15 (i#]),
respectively. By virtue of (2.9), (2.15) and (4.15) we have
@ |<Cai™, |a@|<Chi~,  |a,\<C fori,jeZ,
(we may also suppose C>1), so that Hadamard’s inequality implies
|det (@57 20| S C M s — )M g Y Im I,
4.17)
0t (@) sy -1 | € s — ) =P BT,

where

@18 Y= 50—, 1¥VI=5 G=i) |¥Y)= 5 @/ =)

Thus, using a rough estimate for p!,
(419) pp/zg_c(fp!a p:()a 1, 25 tee

(G, is a constant with C,>>1), and noting the inequalities s —M<2s—m—
m’, Co,>>1, C>1 and a;b,>>1, we have

det ( Z_:I d;;?%‘}l,) <(CPCY~mal¥ b)Y SO (ahy) 1Y
(4.20) = ) ijaiisa

m+m’ —28
é(CZCO)Zs—m—m'(l__ 1 ) alYlbiY’['
ab,

det (P~ ())ij=me.s-1 and det (py-;(— 3))ij=ms...-1 Can be estimated
as follows:

If (x, ) is in domain (4.11), exp (O o1 x,4%) and exp (—2 71 Vud®)
are holomorphic functions of 2 in {|4|<<a’} and {|2|<<b’}, respectively.
pi(x) and p,(—y) are recovered by
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p.(0) = ff; - exp <,§1 x#2”>2‘k"d2/(27r«/:—f),
P(—3) = f e (— i yﬁ”)l""“‘dl/(brm) (cf. 2.7)).

Hence we can show that there are some constants C; and C, such that, if
(x, y) is in domain (4.11),
.21 1P |<Car®, [ p(—PILChT*, k=0,1,2, ---.
Then, applying Hadamard’s inequality once more, we have
[det (pli—j(x))ij=m---s—llg Cg—m(s_m)(s—m)/ZaZ—|Y|,
(4.22) [det (Pi- (=D igemrens 1| S CE™ (s —m/) - 2HT 1T,
for any (x, y) in domain (4.11).
Now, let us go back to (4.12).

By virtue of (4.19) and (4.22) the right hand side of (4.12) has a con-
vergent “majorant” series as follows:

[The r.h.s. of (4.12)]

s CZC C\s—m(CZC C)s~m'
C @ ( 340/ 1Co ]
< m,m’Z=:—w - (s—m)! (s—m)!

4.23) .(1 __1

m+m’ —28
) (s—m)=m (s —m') "0 (ayfay) ¥ (by/by)' !
ab,

<<C i: (S__nl)—(s-m)/Z(S_ml)—(s—m')/zcg—mcg—m’

m,m’=—rco

for any (x, y) in domain (4.11),

where we set Cy=C*C,Ci(l—aja,) '(1—1/(a;b))”}, C,=C*C,Cil—
bi/by) ' -(1—1/(aby)", and the symbol € denotes the “majorant™ rela-
tion, i.€. D 5 e e 8momr K D mi = — oo M, e Means, by definition, |g,,, .- |<
by, e for any m, m’=s, s—1, 52, - - -,

The last series in (4.23) converges for any values of C; and C,. This
proves Proposition 4.2. Q.E.D.

Proposition 4.2 provides a detailed formulation of Theorem 2. Thus
the proof of Theorem 2 has been completed, and the passage from the
finite lattice models to the infinite lattice has been accomplished at least
atthe level of the z functions.

Once that passage is achieved for the ¢ functions, the derivation of
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(1.3), (1.4) and (2.2) is a simple (but a little tedious) argument: Let us
define L, M, B,, C,, W and WO by (1.2), (2.1), (2.3) and (2.6), using
(s, x, y) defined by (2.14).

First, we notice

Propesition 4.3. The matrices, W{,‘;:,{), W[m), Linys Mimnys Brmny " and
Crmnyu COnVErge “‘component-wise”, as —m, n—co, to the matrices W,
WO, L, M,B, and C,, respectively, where the components of the former are
supposed to be arrayed in the corresponding places of the indices of rows and
columns in ZX Z.

Proof. The components of W), and W2, are expressed by formula
(3.18) with c=1(,,y. If we consider an index fixed in ZX Z, the corres-
ponding components have, for all sufficiently large values of —m and n,
common expressions in which the dependence on (m, n) comes only from
Timmy (S, X, ¥).  Hence they converge, as —m, n— oo, to the corresponding
expressions of the components of W(°°> and W in terms of z(s, x, ¥).
Thus the convergence of W[,,m) and fi’,fn) has been verified.

The convergence of their inverse matrices is an immediate conse-
quence. For example, if —m and n are sufficiently large, (4.3), (2.3) and
Cramer’s formula yield

(WE::LL)p q(p’ X, y))p:
[The (i, j) component of [‘Z’%) 1=det a=J ,
(5i q)q—j

052, x, y))p -4 ]
CH '

Hence the former converges to the latter, as —m, n—>oco. The limit of
Wt can be dealt with in a similar way.

Finally, the convergence of the other matrices also follows imme-
diately. For example, let us consider L;,,,, which is given by

[the (i, /) component of W ) -']=det [

I (e T7(0)—1
L[mn) - W[(mw),)A[mn) W[(mr)t) .

The right hand side of this formula converges “component-wise”’, as —m,
n—oco, to W AW -1 which coincides with L. Q.E.D.

By virtue of Proposition 4.3, we can derive (1.3), (1.4) and (2.2) as
the limit, as —m, n— oo, of the corresponding objects (3.10)-(3.12) to the
finite lattice model with A=A,

Furthermore initial conditions (2.8) are satisfied, since Proposition
3.3 implies '
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W[(fr:r)t) Ix=y=0= (al(';'o))ij=m—--n -1 W[(Bn)n) 'z=y=0 = (az(g'))zpm.-.n—p

Hence (1.6) follows.
Thus we have proved Theorem 1.

Let us, finally, prove Theorem 3.
Under the conditions [4, A4']=0 and [4®, 4']=0, we have

o o 0 — O _ .
ain=asy, a,;a=0a, a,.,=aa; foranyi,jeZ,

where a is a constant with a=0. Hence (2.13) and (2.14) imply
o(s+1, x, y)=az(s, x, ) for any s e Z.

Then, noting (1.2), (2.1), (2.3) and (2.6), we conclude that W), WO, L,
M, B, and C, all commute with 4*. This proves Theorem 3.

§5. Supplementary remarks

1. A relation with the two component KP hierarchy.

The = function of the Toda lattice hierarchy is closely related with the
two component KP hierarchy, as pointed out in [5]. In [5] this fact was
derived through rather indirect arguments. In this paragraph we shall
describe the relation more concretely, using the expression of the 7 func-
tions presented in the preceding sections.

Let us introduce the following matrices consisting of four blocks,

(f5 (Dsez | (5 (Diez @5’ ez

@ ))iez

Pz | U Oer, | | @icr |@)ees

Jj<-s

G fe)=

B

(5 (D

)(fff)(S))z B
S , m<an,

(m(s))l_;nn _— ((fz“’(S))z-_n et

=—Nees—§—1

(52 Siaw@)=

where (G5)jez=A " and (@9);ez=A4A"  f(s) and f},.,,,(s) serve as
“frames’ representing the points of the “two component” version of the
Grassmann manifold [6]. Their ‘“Pliicker coodinates” are defined,
according to [6, 7], by

(ﬁ(l)(s))z] meee8—1 (fl(Z)(S))t Meseg—1

J==Neee—=s=1

GO '(f;“(s))”_-n

(5-3) f&mn)(s)y, pr=det
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with (Ys)z(lm: s ls-l), (YIS)Z(ZI—M ) l:-s-l)a Yc |::|s-m and Y'C
I:I"—S: and by

S~m

(5.4) f(s)Y,Y' = Hmw anﬁmn)(s)y,y'-

—Mmy N

The right hand side of (5.4) makes sense as a stable limit like that of (2.13),
i.e. @,fimny(®)y,y» 1s independent of m and n as far as YC [ [s-= and

Y[ ]nr--
S—m

Some calculation of linear algebra leads us to

(55) A[mn) (rs)(x’s) — ( —)]Y, '(an/am)fémn)(s)l’. ty’sy

where ‘Y’ denotes the transposition of Y/, e.g. ‘[1=[1, ‘m@=H, H=
m, ‘BF=[, etc. - - -, and the other notations are the same as those in
Section 4.

Hence noting the formula

(5.6) L= 3)= (=) 2 (3),
we obtain

D (5 X )= @) T L) femSr,
(538) (63, 9) = 3 (DS O

where > | stands for the summation over the totality of pairs (¥, ¥’) with
YC[ _Js-» and Y'C [ _]»-s. The right hand side of these formulas

have the same form as z functions of the “two component™ KP hierarchy
[6-8]. Thus we conclude that the ¢ functions of our hierarchy—both
the finite lattice model and the infinite lattice—have the structure of the =
functions of the two component KP hierarchy.

2. The infinite lattice with a free end.

If we consider the case when n=co and — co <<m< oo for the model
discussed in Section 3, an infinite lattice model with a free end is derived.
The machinery of Section 3 works the same way for this model.

The = function is then given by the formula

(5.9 T[moo)(S: x, yy=det (@;;(x, V) ijem.os-1s

where
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) (aij(x, y))ij=m,m+1,...=exp [;«Z=:1 xﬂAfmw)]A €Xp [—.uZ=:1 y/ttAf‘mm)]a
A=(aij)ij=m,m+1,...9 A[moo)=(5i,j—1)ij=m,m+1,---'

It is remarkable that the determinant in (5.9) has the following
Wronskian structure with respect to both rows and columns,

(510) z'Lmoo)(sa X, y)=d€t (afv:mai;mamm(xa y))ij=m,m+1,...s—b
since we have the formulas
(511) axﬂai,j(xa y)=ai+,u,j(x’ y)’ ay,‘ai,j(x3 y)=ai,j+y(x9 y)

which follow immediately from (5.10). Such an expression of the z func-
tions was already presented in [2], though the main interest of [2] seems to
be in how to extract the finite Toda lattices from the above infinite lattice.
It could be said that, in contrast to [2], our main subject throughout the
discussion in the preceding sections consisted in how to achieve the limit
of (5.9) as m— —co. Actually such a limit was realized by introducing
the factor a,,:
(5.12) (s, X, Y)= lim a,70.,(s, X, ¥). (Ct. (4.9).)

3. Formal power series and holomorphic functions of infinitely
many independent variables.

In this paper we have been working with the hierarchy. There ap-
peared infinitely many independent variables x,, x,, - - -, }1, Vs, - - +, Which
entered into, for example, formula (2.14) of the = function.

There are two frameworks in which such objects are dealt with—the
“formal” one and the “analytic (or holomorphic)” one.

The “formal” framework is based on the ring

(G13) Clxy]= {,‘E L& 2); gl ) = 1 gPxtyF, gleh e C},

llall=7
lIgll=%

of formal series of weighted homogeneous polynomials with weight (x,)=
(¢, 0), weight (»,)=(0, p). Here we used the multi-index notations

oo

xe=xpogee o, =iy s all=20 pa 181=25 pB
r= u=
for a=(ay, a, - - -) and f=(B,, By, - - -) with ¢, =, =0 for any sufficiently
large value of . The product and the sum of any two series are defined
by
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Zgjk+z hjk:Z (gt Zgjk'z hy=2 e
J.k Jik ik Jik Jok Ik

with e;o= > gyl
g1 iq=g
B+ k=%

(5.14)

I

(s, X, ¥), defined by (2.14), is an element of C[x, y], since X,(x) and
Xy (—y) are weighted homogeneous polynomials of weight ((Y],0) and
(0, 1Y), respectively. :

The ““analytic (or holomorphic)” framework is based on the following
subring of C[x, y],

C{x,y}={.Z 8%, ¥); 8, )= 33 glePxeyh,
(5.15) irk=0 lall=57T8l=%

3a>0, 35>0,3C >0, Ve, |g*P|< Ca‘““"b‘"ﬂ”}.

Any element g(x, ) =2, &;.:(x, ) of C{x,»} has a convergent
“majorant” series

(G.16) > XY CaVpWixaps—C /] (1—a*x,)(1—b4y,),
r=1

J55=0 Jlal=4
180=7

where C, a and b are some constants depending on g(x, y) as appeared in.
(5.15). Hence g(x, y) converges absolutely and uniformly in the domain
{(x, ) e C=XC=; |x,|<a', |y, |<b*, p=1,2, .- -} for any positive con-
stants &’ and b’ with @’ <<a and ' <b. Thus g(x, y) defines a function in the:
domain {(x, ¥) e C=XC=;|x,|<a? |y, |<b" p=1, 2, - - -}, bounded in the
above subdomain for any ¢’ and b’ with a’<la, b’<b, and holomorphic
with respect to each of x,, y,, p=1, 2, - - -, separately.

Conversely, any function g(x, y) with these properties is identified
with an element of C{x, y}, i.e. its “Taylor expansion”

g(“ﬁ)x“yﬂ
Jyk=1 llall=7,118ll=k

defined by
(5.17) geP =(a! B1)105058 (X, P lo=y=0s

with 85=03:052- - -, a!=ala,!---, etc.. Note that the usual Cauchy
inequality can be used to estimate g“®, since the derivative in (5.17) is
related with only a finite number of variables.

Thus we have arrived at the concept of holomorphic functions defined
in a “neighborhood” of the origin of C=XC=, where the fundamental
neighborhood system of the origin is, by definition, given by the domains
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{(x, ) e C*XC=; |x,|<ar, |y, |<b*, u=1,2, - -}, a>0, b>>0.

The above consideration is similarly applied to any point (%, ¥) e C*
X C*®. Let us define a uniform topology of C=XC<=, attaching the
parallel transform of the fundamental neighborhood system of the origin
to each point (%, ) of C=XC=. Then the concept of analytic continu-
ation makes sense, since any holomorphic function defined in a neighbor-
hood of a point in C= X C* has its unique Taylor expansion at any point
of the domain where it is defined. Thus the concept of holomorphic func-
tions can be established in C~ X C™.

7(s, x, y), defined by (2.14), is a holomorphic function in this sense
(cf. Theorem 2 and Proposition 4.2).

4. The hierarchies of B type, C type and the multi-component hier-
archy (cf. [5]).

In [5] three types of versions of the Toda lattice hierarchy mentioned
in Section 1 were discussed. The method of the present paper can be also
applied to them with some slight modification.

In order to deal with the hierarchies of B and C types, we have only
to impose the additional conditions

A, A® e Sp(oo) (Btype), A, A? e O(o0) (C type).

(As for the definition of Sp(oo) and O(c0), see [5]).

The initial value problem for the multi-component Toda lattice hier-
archy is solved the same way as the argument of the preceding sections,
though we need more complicated discussions: We must replace each
component of 4¢?, 49, etc.- - - by the corresponding matrix of size r Xr,
if we consider the r-component hierarchy. The factor a; is then introduced
by

det (a?)=a,../a;, ieZ,

where afy is the (7, 1) block of A®=(a{});;cz with &% being a matrix of
size r X r. Furthermore, in order to describe the solution, we need several
< functions, just as we need for the multi-component KP hierarchy [7, 8].
Their expressions like (2.14) become more complicated.
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