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On a Minimal Helical Immersion
into a Unit Sphere

Kunio Sakamoto

§ 0. Imtroduction

Let f: M—M be an isometric immersion of a Riemannian manifold
M into a Riemannian manifold M. If the image curve of each geodesic
of M has universal constant curvatures and its osculating order is d, then
fis said to be a helical immersion of order d. In the present paper we
shall study minimal helical immersions into a unit sphere.

A compact Riemannian manifold admits a minimal helical immersion
into a unit sphere if and only if it is a strongly harmonic manifold (see [3],
[6]). Therefore the classification of compact Riemannian manifolds which
admit a minimal helical immersion into a unit sphere is equivalent with
that of strongly harmonic manifolds. So taking account of [4], [6], [7] and
[8], we may conjecture that if the order d of a minimal helical immersion
[+ M—S(1) into a unit sphere S(1) is odd, then M is isometric to a sphere
of constant curvature, if the order is even, then M is isometric to a com-
pact rank one symmetric space and f is equivalent to a standard minimal
immersion (for the definition, see [8]). To answer this conjecture, we
must pay attension to the fact that M is a Blaschke manifold (cf. [1], [6]).
In fact, if a Riemannian manifold is diffeomorphic to a sphere or real
projective space and has a Blaschke structure, then it is isometric to one
of the above spaces with canonical Riemannian structure (cf. [3]). On the
other hand, in [6] we obtained an explicit expression of the helical im-
mersion f: M—S(1) by a geodesic polar coordinate around a fixed point
x in M, which contains the second fundamental form and their higher
order covariant derivatives at x. Thus we can compute Jacobi fields along
a geodesic issuing from x. Therefore we are interested in the relation
between the Blaschke structure of M and the second fundamental form of
f. The study of this relation is the main purpose of this paper.

Well we give the organization of this paper. We in Section 1 shall
explain the results obtained in [6] and moreover study the induced metric
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on the geodesic sphere in M. The property of this metric is due to that
the immersion is minimal. In Section 2, we compute Jacobi fields along
a geodesic by using the explicit expression of the helical immersion ex-
plained in Section 1. Section 3 is devoted to prepare lemmas for Section
4 which are derived from the basic property of Blaschke structure. In
Section 4, we shall characterize the tangent space of the cut-locus and its
orthogonal complement as eigenspaces of the Weingarten map correspond-
ing to some normal vector. This characterization is stated in Theorem
4.1. Furthermore we apply these Corollaries to the minimal helical im-
mersion of order 3 and give a different proof of a Theorem stated in [4].
For the study of Blaschke or harmonic manifolds, it is desirable to show
that a cut-locus is a totally geodesic submanifold in M, It is a difficult
problem. We in this paper represent the second fundamental tensor of
the cut-locus in M by that of the immersion f.

The author wishes to express his hearty thanks to Professor S. Ishi-
hara for his constant encouragement and valuable suggestions.

§ 1. Preliminaries

In this paper, the differentiability of all geometric objects will be C=.
Let M be a complete Riemannian manifold and f: M— M be an isometric
immersion into a Riemannian manifold M. If for each geodesic 7 in M,
the curve o=fo7 in M is of order 4 and has constant curvatures which
do not depend on 7, then f: M— M is called a helical immersion of order d.

In the sequel, - M—S(1) denotes a helical immersion of order d into a
unit sphere. Let ¢: S(1)—E be the canonical inclusion (£ is a Euclidean
space whose origin is the center of S(1)). Then in [6] we showed that
f=tof: M—E is a helical immersion of order d* where d*=d if d is even
and d*¥*=d+1 if d is odd. Let H be the second fundamental form of
f+ M—S(1) and D the van der Waerden-Bortolotti covariant differentiation.
Then we have (cf. [6])

Theorem 1.1. Let 7: R—M be a unit speed geodesic such that 7(0)=
x anNd #0)=X. Then Frenet frame t?(X),j=1, ---, d at x of the cruve
t=fo7 is given by

tOX) =+ 2,07 [= by f )+ 3 by D H) (XD if ] is even,
X)) = - -2,-)7' 20 b (D HY (XY if jis odd,

where the index in the summation runs over the range {2,4, - ..,j} and
{3,5, - -, j} respectively, 2, - - -, Ae_, are curvatures of t, b,’s are poly-
nomials of A, ---, _, and (D'*H)(X?) denotes (D*-*H)(X, -+, X)
evaluated by X. Moreover only in the case d is odd we have
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X = 2) = ba 1 of )+ 3 (Buar e —aus o) (D*2H) (XP)]

where the index k in the summation runs over the range {2,4,..-,d-1}
and a, ., is a polynomial of curvatures &3, - - -, £%_; of o.
To simplify the notations, we put for even j

FOX) =~ -+ 2,-) 7 2 bu(DPH) (XY, (1<j<d)
FODX) =+ 27 33 (Baer w— g o) (DF2H) (XF)
when d is odd. Let A be the Frenet matrix;
0 —2 0
4 0. —2,
' ' A

O 2. o

and “(f(s), - - -, fa(s)) the first column vector of the matrix (e*—I)A4-".
Then f can be expressed by a geodesic polar coordinate with center x as
follows (cf. [6]):

Theorem 1.2. For s e R and X € U,M (unit tangent sphere at x), we
have

F(exp.5X) = F(6)] () +£,(6)X +&(55 X)+ (53 X)
where F($)=1—(@/{5)+ e f)+ ~+urfulo),
;=2 A ) (Qhs - - 2;_), &(s; X)= j;wuj’j(s)%(f’(X) and
Wi )= 3 fEe0).

From the above theorem we see that the inner product of the position

vectors f(x), f(») satisfy {f(x), f(»)>=F(3(x, y)), where & denotes the
distance function of M. This fact implies following two theorems (cf. [6])

Theorem 1.3. If a compact Riemannian manifold M admits a helical
immersion f: M—S(1), then M is a Blaschke manifold.

Theorem 1.4. If a compact Riemannian manifold M admits a minimal
helical immersion f: M— S(1), then M is a globally harmonic manifold.
Furthermore if M is simply connected, then it is strongly harmonic.

It is well-known that if f: M—S(1) is minimal, then the height
functions are eigenfunctions of the Laplace operator corresponding to the
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eigenvalue n=dim M. Since in Theorem 1.2, we expressed the immersion
f in terms of geodesic polar coordinates around x, in order to compute
the Laplacian of the height functions, we must represent Laplace operator
in terms of geodesic polar coordinates. Let g, be the Riemannian metric
on the unit tangent sphere U, M induced by the map X —exp,sX from the
metric induced on the geodesic sphere with center x and radius s. Then
the Laplace operator of M is represented by the radial derivative and the
Laplace operator 4, with respect to g,. Thus we have (cf. [6])

Theorem 1.5. Let & (s; X), - - - denote the derivatives with respect to
s. Iff: M—S(1) is a helical minimal immersion of order d, then we obtain
(1) f4X=(+fio+nf)X, (XeUM),
(1.2)  A4,&(s; X)+L(s; X)=8&"(s; X)+L"(s; X)+o-(§'(s; X)+L'(s; X))
+n(§(s; X)+L(s; X)),
where w(s)=(nF(s)—f1(sN/f(s)-
Now, we remark that equation (1.1) shows the position vector on

U,M is an eigenfunction of 4, if fi(s)=0. This fact is interesting. In
fact, making use of Theorem 1.4, we get

Proposition 1.6. - Let g be the canonical metric on the unit tangent
sphere U, M. Let {qrp} (resp. {qrp }) be Christoffel symbol with re-
spect to g, (resp. g). . Then the tensor field B(s) on UM defined by B(s);,

= { a0 } s_{ a0 } satisfies
8o "B(9),=0,  B(s)j,=0.
Moreover we have
8o P'8py =T+ lo+nf)lfi
and 4, is given by
4,=—g,, pqﬁpl}q
where V » denotes the covariant differentiation with respect to the Rieman-

nian connection{ r }
D q

Proof. Since M is harmonic, we may write +/det g,=d¢(s)v/det g
with some function ¢(s). So we have
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As= —( 9 &5 pq+gss e

— a aZ
u P log‘/detg)—_g“ "

ou? ou‘ou?

where {#, - - -, u"} is a local coordinate system on U, M. Put X,=(0/0u?)X
and X,,=(3/0u?)X,. Then we have

r

Equation (1.1) implies

—ﬁ[( 9 g, P+ g, p"——aip log«/de—té)Xqugg, pqqu]z(f;/+f;w+nfl)x

ou?

Thus making use of

w) T I 9 rp pr{ q })
gs’ {q P}: ( aup gs7 —l—gS’ q p s

— 0 r r 0 dot o
- '—< u? 85 r +g39 ? P log\/det gs)a

we get

oo () oo mna] - serisan

which shows the assertions for B(s) and g,, ?%,,. Finally from

0 o*
Asz 8 pq{ ’ } &8 e s
d Palar 5" o

we have

0 o*
As’: s pq({ d } B(s), )-_'_ s e
80"\ o S T B0) g =8 " G

(o))
” Nowrour P 49 our
=—g, TV, Q.E.D.

§ 2. Jacobi fields

In the sequel, M will be compact, so that it is a Blaschke manifold.
Moreover f: M—S(1) will be an embedding. This assumption is always
admitted because of Corollary 6.3 in [6].
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Let 7 be a unit speed geodesic such that 7(0)=x ¢ M, (0)=X e U, M,
which is of course a simply closed geodesic loop. Making use of Theorem
1.2, we shall compute Jacobi fields along 7. Let Ve UM be a unit
tangent vector orthogonal to X. We in Theorem 1.2 exchange X for
cost X4sint ¥. Then we have a variation of geodesics. Furthermore

take a curve f(¢) in M such that B(0)=x, f(0)=V. Let X*() be a vector
field parallel to X along . Then, drawing a geodesic which issues from
B(t) and is tangent to X*(¢), we have another variation of geodesics.
These variations yield all Jacobi fields along 7. Before stating a theorem,
we must introduce notations. If by suitable numbers of (X, X)> we
multiply each term in the defining equations of #?’(X) (J; even) and
(X)) (j; odd), then we can understand # (or =) as a multilinear map
TMX - - XT,M—N,M (normal space at x) of degree j, so that # is a
mixed tensor field. For instance, #® is regarded as (X}, - - -, X, € TM)

2O(X,, Xy Xay X)) =22 7 '[b, H(X,, X)<{X;, X,)
+b, (D*H)(X,, Xy, X,y X))
In similar way, we can regard £(s; -) (resp. {(s; -)) as a mixed tensor field
of covariant degree d (resp. d—1) if d is even and d—1 (resp. d) if d is
odd for each s. 'With this understanding, we put
Ex(s; =&, V, X, -, D+E XV X, -+, X)
o FEES X, X)),
L N=Ls VL X, - D4HES X VL X, -, X)
4Rl X, -, X V),
(DE)(s; V; X)=(Dy&(s; N, -+ -, X),
(DY) (s; V; X)=(D,L(s; - N(X, - - -, X).

Under this notation, we have

Theorem 2.1. Jacobi fields J, and J§ satisfying J,(0)=0, V.J,(0)=V
and JE0)=V, V,J5(0)=0 respectively are given by
(PAY () =A)V+Ex(s; V)+Lxls; V),
2.2 JES)=F(@$)V—A; .,V — A0V
+ AOHW, X)+(DE)(s; V; X)+(DY(s; V5 X),

where A, .x) (resp. Ay,x,) denotes Weingarten map corresponding to the
normal vector &(s; X) (resp. £(s; X)).
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Proof. Consider the variation (s, ¢)—>exp, s(cos tX-+sin tV). Then
we have

Jv(s)=§i[F(s>f(x>+ﬁ<s> (cos £X-tsin 17/)

4 &(s; cos tX+sin tV)+L(s; cos tX+sin V)],
= [V +Ex(s; V)+Cx(s; V)
which shows (2.1). Next let () and X*(t) be as above. We then

consider the variation (s, £)—>exp,,sX*(t). Also from Theorem 1.2, we
have

J%(S)=—57 [F(s)7 (BO)+ /()X *(@)+E(s; XFN+E(s; X*E)] -0

=F@E)V+AOHV, X)— A, ,x,V+(DE) (55 V; X)
— Aoy VDO (55 V5 X)),

which shows (2.2). Q.E.D.

Here we remark the following: Firstly, in the above equations (2.1)
and (2.2), vectors Jy,, J¥, V, A, .x,V and A, . x,V are images of them by
the differential map f,. Secondly, the tangent vector ¥ in the initial con-
ditions need not be a unit vector.

Now, we shall combine Theorem 2.1 with the fact that the Jacobi
fields J;,’s (V' e {X}1) span the subspace {7} in T,M at each point on ¥
except the conjugate point of x. Let L be the period of 7, so that the
injectivity radius is L/2. For s e (0, L/2) we define a linear transformation
S(s) on the subspace {X}+ in T, M by

23) JH(s) =T 5(v(5).
Then we have
Lemma 2.2. The linear transformation S(s) on {X}* is given by
S =) FE)—Ae (5,0~ Arisixy)
where 1 is the identity transformation.

Proof. Consider T,M-component of both hand sides in (2.3). Then
the assertion is immediately derived from (2.1) and (2.2). Q.E.D.

The following proposition asserts that the derivative of —S(s) is the
inverse g;* of the metric g,.
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Proposition 2.3. We have
g(S'() V, W)=—V, W)
where s € (0, L/2) and V, We {X}L.

Proof. Let {V,}i-s,...,» be an orthonormal base in {X}+. The equ-
ation (2.3) is written by

J,’é‘:l; SliL’ (szJVk)'

Thus we have

ik =23 (S +280V 4 SuViT).
Since Ji and J, are Jacobi fields, we obtain

25 (S +2847,J,)=0,

so that

25 86T Ju > +280KP T, Ju)1=0.
Since g (V;, V,)=<{J,, J,»> and

7.8V Vi)=VJ 1, Jn>+J, Vi) =20, T,

we have

2. [Sug Vi, Vi) + SugdVe, Vi)l=0,

or g,(S”(s)V, W)+gi(S'(s)V, W)=0. It follows that g,(S’(s)V, W)=con-
stant. We shall prove that this constant is —(V, W). From Lemma
2.2, we see that

S'(8)=— f16)/([i)TF () — Ay (5500 — Ac ;0]
— AU+ Ay + Ayl

where we note F’(s)= — fi(s). Thus we have
S(s)=— L 1+ 01).
s

On the other hand we have

8:=5"C, )+ 0(sY).
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Therefore g,(S"(s)V, W)= —<(V, W>. Q.E.D.

Next we consider the N, M-component of both hand sides in (2.3).
We have

Theorem 2.4. Let V e {X}* be arbitrary. Then

Q4 DO (s; V; X)=—Ex(5; Aysixs V)
+F($)Cx(s; V)—Cx(55 Aoy V)
2.5 (LOPHT, X)+£6) (DY) (s; V5 X)
=F(5)6x(5; V) —Ex(8; Aeis; 1y V) —Cx(85 Aeyry V)

Proof. Substituting equations (2.1), (2.2) and that given in Lemma
2.2 into (2.3), we have

SOUASHV, X)+(DE) (s; Vi X)+(DE)(s; V5 X)]
=&x(8; F)V —Ae 5,00V — Arissm V)
+x(s; F(s)V— Aesny V=40 V)-

Exchange X for —X. Then we obtain the desired equations. Q.E.D.

§ 3. Lemmas

‘By Theorem 1.3 we know M is a Blaschke manifold. Thus we recall
the definition of a Blaschke manifold. Let x € M and Cut(x) be the cut-
locus of x in M. If for every y e Cut(x) the link &, (x)={}(») e UM: 7T
is a minimal geodesic from x to y} is a great sphere of U,M, then M is
said to be a Blaschke manifold at the point x. Moreover M is said to be
a Blaschke manifold if it is a Blaschke manifold at every point in M (cf.
[3D. It is well-known that M is a Blaschke manifold at x if and only if the
cut-locus Cut(x) is spherical (cf. [3]) and that if M is a Blaschke manifold,
then every geodesic is a simply closed geodesic whose length we denoted
by L.

Let o2 ,(x) be the subspace spanned by % (x) in T, M, so that Z,(x)
=#,(x)NU,M and o ,(x)| T,Cut(x). The dimension of Z,(x) is
constant which is the index of the first conjugate point y of x along a
geodesic from x to y. Let e=dim 5 (x). Bott’s theorem says that e is
equal to 1, 2, 4, 8 or n, corresponding to which n=m, 2m, 4m, 16 or any
(m=1,2, --.). Using Theorem 2.1, we shall characterize the subspace
H#,(y) for y e Cut(x).

Let Xe U,M. If y=exp,(L/2)X, then o ,(y) is the “holomorphic
section” determined by X when M is a compact rank one symmetric space.
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Thus we shall adopt the notation 57 (X)) instead of 5#,(y) if y=exp,(L/2)X.
Moreover we put H#F(X)={X} in #(X).
Lemma 3.1. We have
#.(X)=span{Z ¢ U.M: £X)=£(2)),
where §(X)=E&(L/2; X) and Ex(Z)=Ex(L]2; Z).

Proof. 1t is easily shown that fi=1—2f, f;=2;1fi-1—2; i1
(j=2). Since f; is an odd function, we see that f; is an odd (resp. even)
function if j is odd (resp. even). Moreover f;’s are periodic functions with
period L. Thus f;(L/2)=01if jis odd. Hence we have {(L/2; X)=0, so
that cut-locus Cut(x) of x is given by

F(Cut(x)={f()=FL/2f(x)+&X): X e U,M}.

Therefore we see that exp, (L/2)X=exp,(L/2)Z if and only if £(X)=&(Z).
Q.E.D.

In the sequel, we shall put a=f{(L/2), b=F(L/2). Let7: s—exp,
sX be the unit speed geodesic such that 7(0)=wx, 7(0)=X. We put X=
=7(L/2). Then we have

Lemma 3.2. The Weingarten map A, y, satisfies
3.1 Ay X=0b—a)X
and X is given by
(32) X=aX+{(L)2; X)=aX+ (D& (X).

Proof. The first equality of (3.2) is clear in virtue of Theorem 1.2.
Now we note that

F(s+LI2)=bf(1(s)+ £ (i(s)).
Differentiate this equation and let s=0. Then we have
X=bX—A; )X+ (DE) (X).

However 4, ,X is proportional to X because of Lemma 3.3 in [6]. Hence
Ay X=(b—a)X and {'(L/2; X)=(DE)(X). Q.E.D.

Lemma 3.3. The subspaces # (X) and T,Cut (x) are given by
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H (X)=span{aZ+(DE)(Z); Z e # (X), | Z||=1},
T,Cut(x)={x(Y); Y e T, Cut(»)},

where £x(Y)=E&x(L[2; Y). Moreover we see that &x: T,Cut(y)—T,Cut(x)
is a linear isomorphism.

Proof. The first equality is clear from (3.2). Since the curve 6—
bf(x)+&(cos X +sin §Y) is contained in Cut(x), its tangent vector &(Y)
at =0 is contained in T, Cut(x). Thus we see from the fact dim 77,Cut ()
=dim T, Cut(x) that the second equality holds and &,: T,Cut(»)—
T, Cut(x) is an isomorphism. Q.ED.

Hereafter we shall assume that f+ M—S (1) is minimal.

Lemma 3.4. We have a=+0.

Proof. Let J, (k=2, - - -, n) be the Jacobi field used in the proof of
Lemma 2.3. Let @ be defined by

O(s)=s"~"(det ({Ji(s), Js)))"".
Here we note that by virtue of Theorem 1.4 @ is a function depending
only ons. We have proved in [6]
33) i fe(PT 4 )=,

N

Let us assume that g= f1(L/2)=0. Since F'= — f, and f,(L/2)=f{(L/2)
=0, we obtain

F(s)=b+a,(s— L/2)'+ O[(s — /2]

where 4! a,=F*®(L/2). On the other hand, in [1] Allamigeon proved
O(s) = a(s—L/2)*'+ Ol(s— L/2)1],

where « is a non-zero constant. It follows that

%:(e—l)(s—L/Z)"—[—O(l).

Substitute these expansions into (3.3). We have
—12a(s— L/2)*+ Ol(s— L/2)']
—{4a(s—L/2)’+ Ol(s— L2y ]}H{(e— D) (s — L/2)~"+ O(D)}
=n{b+a,(s—L/2)'+ Ol(s— L/2)}
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on some interval which contains L/2. Therefore we have =0 and «,=0.

Repeating this argument, we see that all derivatives of F at L/2 vanish.

Since F is analytic, F=0. This conclusion contradicts to F(0)=1.
Q.E.D.

Let us define (D&);(V) by
DO(M=DHWV, X, - -+, X)+ - - -+ D)X, - -, X, V).

Proposition 3.5. If Z € s (X) is a unit tangent vector orthogonal to
X, then (D&)(Z)=(D&)x(Z). Furthermore equation

 aZ,+(D§)(Z), aZ,+(D§)(Z)))=(Z,, Z,)
holds for any unit vectors Z,, Z, € :# (X).

Proof. Since aV+(DE)(V)e Z,(x) for every unit vector V in
H (X)), we have aZ+ (D) 4(Z) e A (X), which implies that aZ+ (DE) x(Z)
=c(@aW+(D&)(W)) holds for some unit vector We s#,(X) and some
constant ¢. It follows that ¢=1, Z=W. Thus we have (D&);(Z)=
D§) (@).

If Z,=Z,, then the equality is clear. In general case, we take a unit
vector Z orthogonal to Z, in the plane spanned by Z, and Z,. Then Z, is
written as Z,=cos @ Z,+sinf Z. Let us put

$(0)=<aZ,+(DE)(Z), aZ,+(DE)(Z,))
=a’cos 0+ {(D&)(Z,), (DE)(cos§ Z,+sinbZ)).

Differentiating ¢(6), we have

¢ (0)= —a’sin 0+{(DE)(Z,), (DE),(—sinb Z,+cos 0 Z))
= —a’sin 0+ {(D&)(Z,), (DE)(—sin b Z,+cos b Z)>.

Differentiate once more. Then

¢//(0)= —a’cos 0+ <(DE) (Zl)’ (DS)—sin 6 Z1+cos 0Z(_Zz)>
= —a’cos §—{(D§)(Z), (DE)(Z))
— —4(0).

In the above computation we have used the fact that Z, is orthogonal to
—sinf Z,+cos § Z and that (DE),(W)=(D§)(W) if V, W are orthonormal
vectors in #,(X). We have already shown ¢(0)=1. Thus it suffices to
show ¢’(0)=0. In order to show ¢'(0)=0, we have only to prove that if
Z, | Z,, then {(D&) (Z)), (D&) (Z,)>=0. This is proved as
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<(D§) (Zl)’ (DE) (Zz)>=<(D$) (Zl): (Dg)zl (Z2)>=0

where we have used the fact that ||(D&) (V) |*=1—a* for every unit vector
Ve #(X). Q.E.D.

Let Y ¢ T,Cut(y) such that ||Y||=1. Since &z: T,Cut(x)—T,Cut(y)
is a linear isomorphism, there exists ¥ e T,Cut(x) such that £x(Y)=1Y.
From (2,1) we see that there is a Jacobi field Ky along 7 such that

Lemma 3.6. The Jacobi field K5 is given by
KI7:J§+JW
where W=1/a A pe, 1, Y-

Proof. Let W=V yK3(0). Then we have Ky=J%4-J;,. The Jacobi
field K7 satisfies

d
¢ k.
ds

=[P+ (4 K F0) TGN

=V zKy(L/2)+ H(X, Kz(L/2))
=Y e T,Cut(x),

s=L/2 s=L/

where I/ denotes the covariant differentiation on S(1). Thus we see from
Theorem 2.1 and Lemma 3.2 that

—A(Df) (X)Y+aH(K X)—[—-(sz)(Y, X’ X’ Y X)+aW+(DE)X(W)
=Y e T,Cut(x).

So Lemma 3.3 implies aW =4, i, Y. Q.E.D.

§4. Theorems

In the beginning, we shall characterize 3 (X) and T,Cut(y) as eigen-
spaces of the Weingarten map A, x).

Theorem 4.1. We obtain

%w(X)-:{ZE TJ:M: Aé(X)Z:(b_a)Z}’
T,Cut())={Ye IT,M: A;x, Y=0Y}.

Proof. Let Z e #(X). Then Lemmas 3.1 and 3.2 show
Ay Z=A4:nZ=0b—a)Z,
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so that # (X)C{Z e T,M: A, ,Z=(b—a)Z}. Next let Y e T,Cut(y).
Then we have a Jacobi field K7 as in Lemma 3.6. Since Ky(L/2)=0, we
find

1
bY — Ao Y+ (DO(L/2: Y5 X)+8x( - Aoy ¥ ) =0,

which implies that A4, ;,Y=5Y. Thus T,Cut(y) is contained in the eigen-
space corresponding to eigenvalue b of A,,. Since T,M=(X)D
T,.Cut (), we obtain the assertions. Q.E.D.

Corollary 4.2. The equality
a=mb, (m=n/e)
holds.

Proof. The minimality of f: M—S(1) implies that trace A,,=0
and hence e(b—a)+(n—e)b=0. Thus we have a=mb. Q.E.D.

Corollary 4.3. Let Y e T,Cut(y) and Z e 3t (X) such that ||Y||=| Z||
=1,Z | X. Then eguations

w@mz—%&umminfwmm,
w@m=ﬂ+wma—%&wmma

hold.

Proof.  From the proof of Theorem 4.1, we see that
1
J¥L2)=DE(L2; Y; X)=— -~ §x(Ae i Y)-

Equation (2.2) shows that
JEL[2)=aZ+(DE)(L)2; Z; X).
Differentiate (2.4) with respect to s and let s=1L/2. Then we have

a(D&(L(2; Z; X)= —Ex(A oty 10 Z2) +b(DE) (Z)— (DE)x(b—a)Z)
=a(§D)(Z)—5x(Apey 1 Z),

which shows the second equation. Q.E.D.
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Well, we shall apply Corollaries 4.2 and 4.3 to the case d=3. In this
case we may exhibit

(3.4) DS X)=az®(X),  OX)=A)(DH)(X?),

3.5 a=1—2Aa,, ay=2,a,— A,a,, b=1—ca,—c,a,

(3.6) (@)y=1-d,

3.7 atci=1,

where a;=f{(L/2), a,=f,(L/2) and a,=f,(L/2). The last equation (3.7)
is due to Lemma 5.2 in [6]. Let us assume e>2. Codazzi structure
equation shows that D, is a symmetric tensor, i.e.,

(D‘S)(Vla Vz’ Vs)=(D5)(V2, Vu V3)=(D$)(V1>V3,Vz)-

Thus we have (D&)(L/2; Z; X)=(D&)(Z, X, X)=(D§&)(Z)/3 for Z e #° (X)
such that || Z||=1 and Z | X. It follows from Corollary 4.3 that

%(D&) @)=L tx(dwe w2).
a

However Lemmas 3.1 and 3.3 show that both hand sides are orthogonal.
Thus we have (D&)(Z)=0 and hence a;=0. On the other hand, by three
equations in (3.5) and (3.7), we obtain b—a=c,4;aj, which implies a=b.
By virtue of Corollary 4.2 we see that n=e, a=—1. Next assume that
e=1. Let Ye T,M such that ||Y||=1 and X | Y. From Corollary 4.3,
we have

%(Da>x(Y)= —L el 1),
a
from which
DU, H(Y, V)= — (D). HX, 1))
- -jl—<sX(Awa w¥), HX, Y))

=i—[—<s<X>,H(Awe> oY VD+{(b—a)Ape @ Y, ¥

= —{(D&)(X), H(Y, Y)),

where we have used Lemma 3.3 in [6]. It follows that 4, (x,=0. So
we see that (D&);(Y)=0 for every Y e T,M such that Y | X. This means
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(D&)(X) is constant vector on U,M. Since D¢ is of covariant degree 3,
we have (D&)(X)=0, and so a;=0. Thus we have e=n which is a con-
tradiction. In this way, we obtain

Theorem 4.4. (Nakagawa [4]). Let f: M—S(1) be a minimal helical
embedding of order 3. Suppose that M is compact. Then M is isometric
to a sphere. Moreover f is equivalent to a standard minimal embedding of

a sphere.

Proof. Since e=n, we can use D.3 Corollary in [3]. Thus M is iso-
metric to a sphere. Moreover by Wallach’s linear rigidity Theorem [8],

we see that f is equivalent to a standard minimal embedding of a sphere.
Q.E.D.

Thus we may conjecture that if f: M—S(1) is a minimal helical
embedding of odd order, then M is isometric to a sphere. If this conjec-
ture is true, then by virtue of Tsukada [7] we see that f is equivalent to a
minimal standard embedding of a sphere. However in this paper we can
only prove the converse. We need

Lemma 4.5. Ifj is even, then
j #0(X)dv, =0,
UzM

where dv, denotes the volume form of the canonical metric g on U, M.

Proof. Integrate on U,M both hand sides of (1.2) with respect to the
measure dv,,. Noting that

dv,,=s""'0dv,,
we have from Green’s Theorem
IU . [£7(s; X)+w-&(s; X)+n&(s; X)]dv,=0

for every s e (0, L/2). It follows that

% (f7+ofi+nf) L | EOX)dv, =0.

Jreven

‘Well we note

fj(s)=}§<zl~ L2,)8+O(s)
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which is easily derived from the definition of f;. - Moreover we have

o(s)= "‘S‘ LT

Therefore for j >2 we see

F7(8)+o©f () +nfi(s)= (- -+ 2;20) (n+]—2)s'"+ O(s)).

_1
G—D!

It follows that we have inductively
I 2(X)dv, =0. Q.E.D.
UzM

Here we should remark that Lemma 4.5 means the minimality of f,
in particular when j=2, #®(X)=217"H(X, X), and hence

H(X, X)dv,=0.

UzM
This is equivalent with trace of H=0.

Theorem 4.6. Let f: M—S(1) be a minimal helical embedding.
Assume that M is compact and e=n. Then we have §(X)=0 for every
Xe UM and a=b=—1 which means geometrically that the cut point
F(L2) of f(r(0) is the antipodal point of f(r(0)) in S(1) for every
geodesic 7.  Furthermore we see that d must be odd.

Proof. Since e=n, £&(X) is constant on U,M. From the above
Lemma we have

[ zcom,=o,
UzM

so that £(X)=0 on U,M. Since fis embedding and ||§(X)|f=1—b% we
have b= —1. Next we shall prove that d is odd. If d is even, then
H(X, X), (D*H)(X*), - - -, (D**H)(X?) are linearly independent and hence
#’s are also linearly independent. Thus f;(L/2)=0 for every even integer
2< j<d, which implies b=1. This contradicts to the assumption that f
is an embedding. Q.E.D.

Finally we shall study when the cut-locus is totally geodesic in M.
As before let 7 be a unit speed geodesic in M such that 7(0)=x, #(0)=X
and 7(L/2)=y. Then the cut-locus Cut(y) of y is geodesic at x in M if
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and only if the restriction of 4,z to T,Cut(y) vanishes for every Z e
Z.(»). Indeed

Theorem 4.7. Let f: M—S(1) be a minimal helical embedding and M
be compact. Let Z ¢ £ (). Then the Weingarten map A, of the submani-
fold Cut(y) in M corresponding to Z is given by

- 1
Az, Yop=— —a— Ay @Y Yo
for Y, Y, e T,Cut(y). Moreover we see that Cut(y) is a minimal submani-

Jfold in M.

Proof. We may assume that Z=X because of #,(X)=i#,(Z).
Let us consider the Jacobi field Ky as in Lemma 3.6. This is a variation
vector of a geodesic variation such that each geodesic is orthogonal to
Cut(y), passes through y at s=L/2 and has the same length L/2. It
follows that

(cf. [5). Thus we have from Lemma 3.6

— 1
—AXy—';'A(Dé) Y e #,(X),

which implies that

- 1
<AXYD Yz>= ——a*<A(De> x) Y, Yz>

for Y,, Y, e T,Cut(y). Next let Z,, Z, e ##(X) which is the subspace
orthogonal to X in s#,(X). We have
<A(De) (X)Zl’ Zz>:<(DE) (X), H(Zn Zz)>
=—(D§)(Z), H(X, Z,)).
If Z,=Z,, then {(D§)(Z), H(X, Z,))=0 (cf. Lemma 3.3 in[6]). If Z, |
Z,, then
<(DE) (21)9 H(X; Zz)>: —<(D$) (Zz), H(X, Z1)>-

But {(D§)(Z), H(X, Z,)> is symmetric with respect to Z, and Z,, and
hence {4 ps v 21, Z,»=0. Since 4 X =0, the matrix representation
of Apg) (x) s
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X
| } 200
0 ‘QX —4, } T,Cut()

1

—A4 (D§) (X) =
a

where Oy is a (e—1) X (n—e) matrix. Therefore we have trace A,=0
since trace 4z x)=0. Q.E.D.

Remark. We consider the field of linear transformation Q;:
HF o (7(8)— T,y Cut (F(s+L/2)) along 7. We easily see that Q, vanishes
along 7 if and only if 5#,(7) is parallel distribution along 7.
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