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1. Introduction

In this paper, we solve the 90-problem for extendable currents defined on
Q={z=(2,...,2,) € C" | Im(z,) < 0} that is an example of unbounded
pseudo-convex domain as well as its complement. The de Rham cohomol-
ogy group of the boundary H’(b0?) is trivial for 1 < j < 2n—1. In this context,
we first solve the equation dS = T where T is an extendable current defined
on () and we have :

THeEOREM 40. The de Rham cohomology group for extendable currents
H(Q)=0 for 1<j<2n—1.
O

The domain (? is fat i.e = Q therefore according to Martineau (1996) the
extendable currents defined on (2 are topological dual of differential forms
with compact support on (2. for that we are led to solve the equation df = g
where f et g are differential forms with compact support on 2 and go to
the extendable currents by duality. The first particularity lies on the res-
olution with prescribed support by the operator d because if we solve with
compact support in C", then we can not as in Bodian et al. (2017b) correct
by the solution with compact support. We use the results of Brinkschulte
(2004) and Seeley (2002) to get a solution with compact support and then
as the concave case, we use the same techniques to correct the solutions
because the space of differential forms with compact support on (2 is not
a Frechet space but rather an inductive limit of Frechet spaces.

The second particularity compared to Bodian et al. (2016) and Bodian et
al. (2017b) lies to resolution of the d with prescribed support because 2
being the unbounded Levi flat domain, we can not use the techniques of
Sambou (2002a).Then we use the results of Brinkschulte (2004) to solve
with prescribed support the equation 9S = T in the unbounded domain 2
in order to establish:

THEOREM 41. Let Q = {z = (21,...,2,) € C" | Im(z,) < 0} C C" be a
domain, then for all extendable (p,q)-current T' defined on 2 and d-closed,
there is S an extendable (p — 1, q — 1)-current defined on ) such that 99S = T
Jor1 <p,g<n-—1.

1.1. Notations.

we note by D% (Q) the space of p-currents defined on 2 and extendable in X,

Dr () the space of smooth differential p-forms defined in X with compact
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support in Q. If X is a complex manifold of dimension n, then we note
by D%(Q) the space of extendable (p, ¢)-currents defined in Q and D4(Q)
the space of differential (p, ¢)-forms with compact support in Q. We note by
H?()) the de Rham cohomology group for extendable currents defined in
, H79(Q) the Dolbeault cohomology group for extendable currents defined
in Q. H? (X) is the cohomology group of de Rham for smooth differential
p-forms defined in X, H?(X) is the de Rham cohomology group for smooth

differential p-forms defined in X with compact support in 2 and finaly
AP(92) the space of smooth differential p-forms in €.

2. Resolution of the equation dS = T for a half space () of R""!

we consider
Q={zeR" | 2,,, <0} CR""
a convex domain, its boundary 52 = R" x {0} ~ R" and the interior of its
complement
¢ =R"MNQ =R" x {z,,, > 0}.
Q2 is convex and unbounded and so is its complement €. So we have H’(2) =
0 and H’(bQ2) = 0 for j > 1. Then the principal result of this part is :

Theorem 40. The de Rham cohomology group for extendable currents

H(Q)=0 pour 1<j<n.
For giving the proof we need the following lemma :

LEMMA 28.
D”(Q) Nkerd = d(Dp‘l(Q))
Jor1 <p<n.

Proof. Let f € DP(Q2) Nkerd, then there is )’ a ball of center z, and radius R
such that for f € D?(Q) Nkerd, 0 < p < n, there is g € DP~1({Y') with dg = f.
This implies that dgz = 0 where B = Q' N (R"*\Q). If p = 1, then g is a
constant with compact support so g = 0 in B.

If 1 < p < n, then g5 is a differential (p — 1)-form d-closed then it exists a
differential smooth (p — 2)-form h in B such that dh = g;5. Let h a smooth
extension with compact support of 4 in )’ (we can use the extension oper-
ator of Seeley Seeley (2002)), u = g— dh is a smooth differential (p — 1)-form
in R"*!\Q with compact support in Q and du = f. O
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Proof (Theorem 40). . According to Martineau Martineau (1996),

since = ) , the currents defined in Q and extendable in R"*! are the
elements of (D?(Q2)) topological dual of smooth differential p-forms in R"*!
with compact support in 2. However 2 being unbounded, D?(QQ) is an in-
ductive limit of Fréchet spaces.

we consider a compact K C 2 of R*"! and D?(K) the space of p-forms in
R"*! with compact support in K. We set

LE - d(DP(Q)Nn DP(K)Nkerd) —  C
dp — (T.p)
a continuous linear application, and then LX extend as an continuous

linear operator :
LE : DPP(Q) N DPYY(K) — C. It is an extendable current and

dLX = (=1)"7*1T on K.

We consider a family (K, ),cn of compacts set of Q) then we can find in K,
a current S,, extendable such that dS,, = T in K,, with K, @IO( n+1-
Spi1 — S, is d-closed and S, ;1 — S, = dv, in K, 1.

Let x be a smooth function on R""! with compact support in K,,; such
that y = 1 in a neighborhood of K,, contained in K, ;; and

Spr1 —d(xv,) =S, +d(1 — x)v, on [én :

Let us put U, 11 = S,11 — d(xv,) and U,, = S,, + d(1 — x)vy.

We have dU,., = dU, = T in K, and U, = U, in K,,. We set
S = lim UTL—O—I‘

This is an extendable current in ) and verifies dS = T.
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3. Resolution of the 90 for extendable currents in a half space of
type {Im (z,) < 0} C C"

We give the following fundamental result of 9-problem with prescribed sup-
port:

THEOREM 42. Let Q) be a domain and f € DP(Q) Nkerd. Then it exists
g€ DP1(Q) suchthatdg = f;1<q<n—1.

Proof. This is a consequence of the result of a resolution of the 9 with pre-
scribed support (Theorem 4.2 in Brinkschulte (2004)). If the support of f
is compact in €2, then we choose pseudo-convex domain ()’ in 2 which con-
tains the support of f. According to Theorem 4.2 in Brinkschulte (2004),
there is g € DP?~(¥) such that dg = f.

If now supp(f) N2 # @, since f has compact support and {2 is Levi flat,
we can find K Cc Q a compact with pseudo-convex interior and smooth
boundary which contains the support of f. According to Theorem 4.2 in
Brinkschulte (2004), it exists h a differential (p, ¢ — 1)-form with support
in K such that dh = f. We extend & by 0 in C*\ K and we have the desired
solution. So for all f € DP4(Q)Nker 9, it exists g € DP4~1(Q) such that dg = f.
O

By classical duality (refer theorem 40), we have the following result:

THEOREM 43.
LetQ={z=(z1,...,2,) € C" | Im(z,) <0} and T be an extendable current of
bi-degree (p, q) 0-closed in Q). Then there is an extendable current S defined
inQ suchthatdS =T forl<p<nandl1<qg<n-—1.

We are going to establish the following result.

Theorem 41. Let) = {z = (z1,...,2,) € C* | Im(z,) < 0} C C" be
a domain, then for all extendable (p, q)-current defined in 2 and d-closed, it
exists S a extendable (p — 1,q — 1)-current defined in Q such that 90S = T
withl <p,g<n—1.

Proof.

Let T a (p,q)-current, 1 < p<n—1land 1 < g < n—1, d-closed defined
in ) and extendable in C" with 1 < p+ ¢ < 2n — 2. Since the theorem 40
assures us that H7(Q) = 0, it exists a extendable current x defined in Q
such that du = T. u is an extendable (p + ¢ — 1)-current, it breaks down
into (p — 1, ¢)-current p; and into (p,q — 1)-current p,. We have

dp = d(p + po) = dpy +dps =T
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Since d = 0 + 0, we have for bi-degree reasons , 9y, = 0 and du; = 0. We

get by theorem 43 p; = Ju; and py = OJuy where u; and u, are extendable
currents defined in 2. So we have :

T = Ouz+9m
851@ + 58711
= 85<UQ - Ul)

We set S = uy —uy, then S is an extendable (p — 1, ¢ — 1)-current defined in
2 such that 005 =T. O
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