4. Functional Central Limit Theorems,

In the last section we have already mentioned Donsker's functional central

limit theorem for the uniform empirical process a = (an(t)) where

1/

te[0,1]?

an(t) =n 2(Un(’c) - t), Un(t) being the empirical df based on independent
random variables n; having uniform distribution on the sample space X = [0,1]

with its Borel o-algebra B = [0,1] N B.

In the setting of an empirical C-process Bn (Bn(C))Cec the uniform em-

pirical process a_ is a very special case taking C = {[o,t]: t € [0,1]} and

nl/

identifying un(t) with Bn(C) = 2(un(C) - u(c)) for ¢ = [0,t], u being the

empirical measure based on n EUN and u being the uniform distribution on

1’
[0,1]; note that un(C) = Un(t) and u(C) = t for C = [0,t].

The present section is concerned with some extensions of Donsker's func-

tional central limit theorem in its form (44)(ii) to more general situations.

FUNCTIONAL CENTRAL LIMIT THEOREMS FOR EMPIRICAL C-PROCESSES:

Let X = (X,B) be an arbitrary measurable space considered as a sample

space for a given sequence § of i.i.d, random elements in (X,B), the

136950

gi's being defined on some common p-space (Q,F,P) with law u on B. If not sta-
ted otherwise we will consider the canonical model

@,FP)=(xN, B, x u)

t]
N

. . . . N
with the Ei‘s being the coordinate projections of X onto X.

Hnm~Mmg

Let u (B) = 1 1.(£.), B € B, be the empirical measure based on £, ,...,& .
n noLog B 71 1 n

105
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Now, given some subclass C of B, consider the empirical C-process

™
mn

= (8,(C)) defined by

cec?

g (C) := n/? (u () - u(c)), c €C,
n n

as a stochastic process (on (2,F,P)) indexed by C.
As mentioned in Section 1, its covariance structure is given by

cov(Bn(Cl),Bn(CQ)) = u(cl n 02) - “(Cl)“(cz)’ CoC, € C.

So, the analogue of (44)(ii) would be the statement that (in the sense of (34))

L
b _ . s
(46) B, — Gu’ Gu = (Gu(C))CEC being a mean-zero Gaussian process
i = 8l -
with Cov(Gu(Cl)’Gp(C2)) u(Cl 02) u(Cl)u(Cz), Cl,C2 e C.

But this amounts at first to make a proper choice for a metric space S = (S,d)
together with a suitable separable subspace So serving as sample spaces for

Bn and its limiting process G“, respectively.

Following Dudley (1978) we propose to choose S; = Ub(C,du) 1=
{9: C »R: @ bounded and uniformly du—continuous}, where du is the pseudo-
metric defined on C by

du(cl,c2) = u(C AC,), €,C,€C,

19

(C1 A C2 denoting the symmetric difference between C. and 02).

1
Note that, concerning the u(C)-part of Bn(C), C » u(C) is a function belonging

to S (since |u(cl) - u(c2)l < du(cl,cz)).

In order to cope also with the un(C)-part of Bn(C) (and the factor nl/2), let

k
S = DO(C,U) = {o = 0t 0, 0 € S0 and 0, = .§ ae, for some
i=1 i
aiem,xiex,lgisk,kemL
Note that S is a linear space containing So as a linear subspace;

also Bn(',w) € S for all w € Q.

Finally, let S (and its subspace So) be metrized by the metric 4 := p, where

p is the supremum-metric, i.e.,
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p(0',0") := sup |9'(C) - @"(C)| for ¢',e" € S.
cec

Note that the closure D(C,u) of DO(C,u) in the Banach space Rw(C) = (zm(C),p)
of all bounded real-valued functions on C can be considered as an extension of
D =D[0,1] in the classical case, where X = [0,1]1, C = {[0,t]: t € [0,1]}, and u
is the uniform distribution on [0,1] or any other distribution on [0,1] with a
strictly increasing distribution function; also, in the latter case, Ub(C,du)

equals C[0,1] after identifying ¢([0,t]) with x(t).

Having made this choice for So’ S and d, in view of (46) the following

problems still remain:

PROBLEM (@) (MEASURABILITY): Find conditions under which the B_'s can be viewed

as random elements in (S,A) for some o-algebra A in S such that one meets the
situation of Section 3, i.e.

(47) Bb(S,p) C A C B(S,p)

(with Bb(S,p) being the o-algebra generated by the open p-balls in S, and
B(S,p) being the Borel g-algebra in (S,p)).

Taking A := o({wc: C € C}), with m,: S >R being defined by

C!
wC(Q) := o(C), CeC,

B8 is F,A-measurable
L

T

(since F,c({nc: C € C})-measurability of B, is equivalent with F,B-measurabili-
ty of ﬂc(Bn) = Bn(C) for each fixed C € C, the latter being satisfied since
Bn(C) is a random variable (on (Q,F,P)) for each fixed C),

but the first inclusion in (47) fails to hold, in general:

in fact, looking back to (10) in Section 1, it follows that in the example

considered there Bn is not even F,Bb(S,p)—measurable.

So, we will restrict our consideration to cases where the following

measurability condition

(M): Bb(S,p) CA := 0({WC: cech



108 PETER GAENSSLER

is fulfilled, which turns out to be satisfied in important cases of interest;
note that (M) implies (47), since the other inclusion there holds trivially due

to the p-continuity of the m.'s for each fixed C € C,

C

LEMMA 20. Suppose that C fulfills the following condition
(SE): There exists a countable subclass D of C such that for any C € C

there exists a sequence (Dn)ne in D with 1, (x) — lc(x) for all

n

N
X € X

then (M) holds true.

Proof. (SE) implies that for any C € C there exists a sequence (Dn)ne]N in D

such that lim d (D_,C) = O from which it follows that wl(C) = 1lim ¢1(D ) for
o HOD e n

every @. € S ; on the other hand, since 1. (x) > 1 .(x) for all x is equivalent
1 o Dn C

with 1im e _(D_) = €_(C) for all x, we obtain ¢(C) = lim ¢(D_) for every ¢ € S.
oo XD x e n

But from this it follows that for any @y €S and any r > 0

{o €8: plo,0 ) = r} = 20 {o € 5: |o(D) - mO(D)[ <r} €A,
D

since D is countable, implying (M). O

(48) EXAMPLES. (a) Let (X,B) = ch,Bk), k 2 1, and let C be the class Jk of all
lower left orthants or the class Bk of all closed Euclidean balls in Rk, res-

pectively; then (SE) and therefore (M) holds true for C = Jk and C = ]Bk,

respectively,

(b) If we consider instead e.g.,the class C := {Co + 2z 2 EIRk}, Co being a
fixed closed Euclidean ball in Rk, then (SE) fails to hold:

in fact, no D = {CO + q: g € R} with countable R C Fk can serve as a countable
subclass of C with the desired property stated in (SE), since for any fixed

z € R\ R and any Dq € D there exists a Vg € X such that

1 1 =0
(yq) D (yq)

= lC +2z
o q

(cf. FIGURE 4).
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Y Cot2 = B(a,m)
FIGURE 4

We shall see below how to cope also with examples where (SE) fails to hold.

109

For this another measurability assumption (Mo) weaker than (M) will be needed.

It should be noticed (cf. the proof of Lemma 20) that in case of (SE) we have

SEPARABILITY of the process B = (Bn(C))Cec in the sense that each sample path

of Bn is uniquely determined by its values on D.

Let us make some further remarks at this place:

first, note that (M) implies

(49) Bb(T,p) = d({nC(T): C € C}) = B(T,p) for any separable subspace

T of S, with nC(T): T >R being defined by nC(T)(w) := @(C).
In fact, the same reasoning which gave us (39) in Section 3 yields
(50) Bb(T,p) = TN Bb(S,p) for any separable subspace T of S,

whence (cf. Lemma 11 (iv))

Bb(T,p) =TN Bb(S,p) (;) TNA= G({HC(T): c €C}) CB(T,p) = Bb(T,p),

which proves (49).

Next, concerning S = Ub(C,dJl, it follows even without imposing (M) that
A%

(49*) Bb(SO,p) = 0({nC(SO): c €eCl) = G(So,p), provided that C is

totally bounded for du;

In fact, if C is totally bounded for du, there exists a countable du—dense

subset D of C implying, due to the du—continuity of functions belonging to So’

that for any LN € So and any r > O
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{oes_: plo,0 ) <} = D(;D loes: |o(D) - wO(D)I < r}

. C . v C .
€ a({wC(SO). Cc € C}), whence Bb(So,p) o({nC(So). cecChH B(So,p),
on the other hand, using the Stone-WeierstraB theorem, it can be shown that

(51) S, = Ub(C,du) is separable and p-closed (i,e. Sg z So),

provided that C is totally bounded for d#;

This proves (49*).

For later use it is important to note that (49%) together with (50) and

(51) imply

LEMMA 21, Let C be totally bounded for du and suppose that Gu = (Gu(C))CEC
has all its sample paths in So = Ub(C,du); then Gu can be viewed as a random
element in (S,Bb(S,p)) with L{Gu}(so) = 1. Furthermore, L{Gu} as well as any
other law v € Mi(S) with v(SO) = 1 is uniquely determined by its fidis (which

are the image measures that w

c (s ): s -*]Rk induce on B, from v when v
o o k

k
is viewed as defined on SO N Bb(S,p) = Bb(So,p) = 0({HC(SO): Cc € C}), where

1oeeesC

ﬂCl,...,Ck(So)(w) = (w(cl),-~-,®(Ck)).)

This leads us to the next

PROBLEM (B) : (EXISTENCE OF A VERSION OF § = (G (c)),,ec
M W A

ins = (P(C,d )):
O —

Let @u = (@u(C))Cec be a mean-zero Gaussian process with covariance structure
(cf. Section 1, (4))

cov('G'u(cl), Gp(cQ)) = u(clncg) - u(Cl)p(Cz), C,sC, € C.

Noticing that the fidis of Bn (viewed as a random element in (S,A) with

A= 0({WC: C € C})) are well defined, we have according to (4) of Section 1

(52) B o @u, @u being viewed as the coordinate process on
T = C —

(2,FP) = R ’BC’L{Gu})

(where L{@u} is uniquely determined by the fidis of @u

(Kolmogorov's theorem)).
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Now, the problem is to find suitable conditions under which there exists a
version Gu of @u having all its sample paths in So, where here VERSION is to be

understood in the sense that Gu and @# have the same fidis (denoted by
€ =. € ); in this connection Gu is allowed to be defined on a p-space

(Q',F' P') different from (Q,F,P).

It turns out that in order to get a positive result, C is not allowed to
be too "large'"; cf, R.M, Dudley (1979 a) and also R.M. Dudley (1982).
A proper condition on a class C being not too large to allow for a solution of

problem (:) is in terms of the so-called metric entropy:

for this, let for any €>0 N(e,C,u) be the smallest n € N such that

n
C = U (. for some classes Cj with du-diam(Cj) 1= sup{du(C',C"): C',C"ECj} <2
j=1

for each j;

log N(e,C,u) is called a METRIC ENTROPY (of C w.r.t. u),

Obviously, N(e,C,u) < @ for each €>0 iff C is totally bounded for du (in which

case S = Ub(C,du) is separable and p-closed, by (51)).

Now, as shown by R.M. Dudley (1967) and (1973), cf. p. 71,

having all its sample paths in

(53) € has a version Gu = (Gu(c))CEC

n

S
)

Ub(C,du) provided that

1

(E): | (log N(><2,C,u))l/2 d
° 0

X < o,
But it turns out that (BO) is not sufficient to ensure (46);

in fact, disregarding for the moment measurability questions, the following

L
example shows that (46), i.e. Bn —9? Gu, fails to hold although (EO) is

satisfied:
Let C be the collection of all finite subsets of X = [0,1] and let u be the

uniform distribution (Lebesgue measure) on B = [0,1] N B; then du(Cl,Cz) =0
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for all Cl,C2 € C, whence N(x2,C,u) = 1 and therefore (Eo) obviously holds

true; also u(C) = 0 on C implies that Gu = 0, but still (46) fails to hold:

(46) would imply sup |B_(C)] —Lé sup |G (C)| = 0 which cannot be true since
cec " cec ™

n1/2+°°asn->°°.

for the present C sup |8 (C)|
cec *®

A proper strengthening of (EO) which will yield (46) and hence also a
solution to problem (:) is in terms of the so-called metric entropy with in-

clusion.

For this, let for any €>0 NI(e,C,u) be the smallest n € N such that for some
Al”"’An € B (not necessarily in C), for every C € C there exist i,j with
A, CcccC Aj and u(Aj\ Ai) < g3 log NI(E,C,u) is called a METRIC ENTROPY WITH

INCLUSION (of C w.r.t., u).

Compared with N(e,C,u) we have for any C C B and any u

(54) N(e,C,u) < NI(e,C,u) for each €>0,

1oeesA E€B

such that for any C € C there exist i,j with A, ccc Aj and u(Aj‘\Ai) < e,

For, suppose w.l.o.g. that n = NI(e,C,u) < »; then there exist A

But then, for i=1,...,n, Ci := {c ecC: A, CCand du(Ai’C) <e}l ¥ @,

n
du-diam (Ci) £ 2,and C = U Ci (since for each C € C there exist i,j such
i=1
that A, € C C A. and u(A.\A,) < € which implies d (A,,C) £ u(A.\A,) < g,
i j jo Ui i It

i.e,CE Ci)' This proves (54).

Now, as shown by R.M, Dudley (1978), Theorem 5.1, the following result

holds true:

THEOREM A. (M) together with

1

(El): J (log NI(xQ,C,u))l/2 dx < ®
0

Lb
imply that Bn — GU'
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The proof of Theorem A is bhased on the following fundamental characterization

theorem (cf. R.M. Dudley (1978)):

THEOREM B. Let (X,B) be an arbitrary measurable space considered as sample

space for a given sequence El,EQ,... of i.i.d, random elements Ei in (X,B),

N
sBos X u)

where the Ei's are viewed as coordinate projections of (Q,F,P) = (X
N

m’

onto X with law L{&i} = u on B. Suppose, given some subclass C of B together

with the empirical C-process B = (Bn(C))CeC based on £,,...,& , that (M) is
fulfilled.

Lb
Then Bn-——é Gu (in which case C will be called a u-DONSKER CLASS) if and only
if both
(a) C is totally bounded for du, and
(b) for any €,n > O there exists a § = 6(e,n), 0 < § < 1,

and there exists an n, = no(e,n,s) € N such that for n 2 ng

]P*(w'3 (8) >¢e) <,
n

where ww(a) 1= sup {]w(Cl) - w(C2)|: du(cl’CQ) < 8§, Cl,C2 € C}

for @ € S = DO(C,u).

(55) REMARK. A comparison with (45) shows the complete analogy with the classi-
cal situation X = [0,1], B = [0,1] N B, y = uniform distribution on B,

C = {[0,t]: t € [0,1]}, where B can be identified with the uniform empirical
process a ;3 note that, due to the compactness of the unit interval,

C = {[o,t]: t € [0,1]} is totally bounded for du: given any €>0 let

n := infln: £ < 2} and C, := {[o,t]: RREYP R 1y
o n j n n
e
then d -diam (C.) £ 2¢ and C = U (.,
H ] j=l ]

Before proving Theorem B we will show two auxiliary results:

PROPOSITION B, (cf. Problen)j:p above). Suppose that (a) and (b) of Theorem B
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has a version in S, = Ub(C,du), i.e.,there

are fulfilled; then Gu = (@u(C))Cec

exists a Gaussian process Gp = (GU(C))

L

such that Gu de. Gu.

ceC having all its sample paths in So and

Thus, by Lemma 21, Gu can be viewed as a random element in (S,Bb(S,p)) with

L{Gu}(so) = 1, where, by (51), So is separable and p-closed,

Proof of Proposition B.. As already remarked in connection with problem (:)

1=

=, . . C —
above, the process Gu is viewed as the coordinate process on @i,BC,L{Gu}).

According to (a), for every n € N there exist m_ €N and C_ ,,,..,C eC
n n,1 n,mn
My
such that C = U 8% (C .,l), where BS (C, fi) :={ce€C:d(c, ,c)< l};
. d n n d i,n’n u i,n n
i=1 w 7? u
m
n
therefore, D := U U {C .} is a countable and d -dense subset of C. Let
neN i=1 ™t H

U(D,du) := {¢: D >R, ¢ uniformly du—continuous}, and let
@u D = (Eu(D))DED, viewed as the coordinate process on
2

(ﬁ,?,]_P'D) = (]RD, BD’L{E;J,D})' Then it suffices to show

(® There exists a Gaussian process &0 ° (6,(D))ep on some

p-space (9',F',P') having all its sample paths in U(D,du)

L

and such that Gu,D ffd. Gu,D‘

In fact, once (® is shown, we can define for each w' € Q' Gu(w') as the
uniquely determined uniformly du—continuous extension on C of Gu D(w') (i.e.,
9

1 - $ ]
for each C € C Gu(C,w ) = lim Gu(Dn’w ), (Dn)

N>

c .
nEN D being such that

du(C’Dn) + 0 as n > «), It follows that

(%) Gu(w') is bounded for each w', whence Gu(w') € S0 for all w',

L
= &.

ad  (#%) € 7, &)

ad (#): By (a), for every e>0 there exist an n, = no(e) €N and Cj cc,
n
o
j=1,...,n_, such that d -diam (C.) £ 2¢ and C = U C,.
o H J j=1 J
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Let w' € Q' be arbitrary but fixed; since Gu(m') is uniformly continuous on
C, for each 8>0 there exists an € = €(§,w') > O such that

1) - 1 <
IGu(Cl,m ) Gu(Cz,w )| < & whenever du(Cl,C2) < 2¢ for Cl,C2 € C.
Now, given an arbitrary C € C, there exists a j € {1,...,no} and a Cj € Cj
such that dp(C,Cj) < 2e, and therefore
[Gu(c,w-)| < IGu(C,w') - Gu(Cj,w')l + IGu(Cj,w')| <68+ |Gu(Cj,w')|, whence

sup |G (C,w")| £ 68 + sup |G (C.,w')| < =,
cec * 1sjsn

ad (#%): Let us confine here to show that L{GU(C)} = L{Gu(c)} for each fixed
C € C; concerning the higher-dimensional fidis the proof runs in a similar way.
Now, given any C € C, let (Dn)nEIJC D be such that du(C’Dn) +0as n > @,

whence, by construction,

G (C,w') = 1im G (D_,w') for all w' € Q',
u n_»alln

. . L = _
implying Gu(Dn) — Gu(c). Now, by @, L{Gu(Dn)} z L{Gu(Dn)} =

N(O,u(Dn)(l - (D ))) (cf. (3) of Section 1) for each n €N, where

u(D ) > u(C) as n > », since 1lim d (C,D ) = 0;
n oo M n

therefore L{GU(C)} = N(o,u(C)(1 - u(c))) = L{@u(c)}.

So it remains to show (:):
According to Lemma 7.2.31 and Satz 7.1.18 in Gaenssler-Stute (1977) (:) is

equivalent with

_ D B
® Py(lo €R: ¢ € UM,d D) = 1,

where ¢ € U(D,d ) iff 1lim WD(G) = 0 with
" svo ¢

D = I .
WQ(G) 1= sup {|®(Dl) - ¢(D2)|. du(Dl’DQ) <8, DD, € D}
being BD,B-measurable as a function in @.
D
Note that for any ¢ € R and any 6>0

Wres) 4 uPs) as D+ D,
¢ ¢ n
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whence for any €>0 we have

() (o € RY: wZ(s) >e}C U {op€R

neN

v: wun(ﬁ) > e} as D_ 4+ D.
@ n
We are going to show next that (::) is implied by
(RO): For any €,n > O there exists a 6§ = 8(e,n), O < § < 1, such that

]F,D({cp ERD: wZ(é) >el}l) < n.

In fact, (RO) implies that for each fixed €>0

L fb({w EIRD: wz(dn) >g}) <o

neEN
for some suitable sequence 6n ¥ 0, whence, by the Borel-Cantelli lemma, for
Pv-almost all o EIRP there exists an n(gp) € N such that for all n 2 n(¢)
Wz(ﬁn) < ¢ which implies, by repeating the argument for a sequence of e's

tending to zero, that for fb—almost all ¢ EZRD

lim WD(G) =0, i.e. o € U(D,d ),
svo ©® ¥

which proves @ .

So far we only made use of assumption (a); now, the proof of Proposition Bl
will be concluded by showing that the other assumption (b) implies (RO):
for this, remembering that 0 is countable, let D C D, n €N, with IDni <

Dn + D; then, according to (c) it suffices to show:

(d) For any e,n > O there exists a § = §(e,n), 0 < & < 1,

such that for any D' C D with |D'] < =

Fy( Lo er’: wZ'(a) >e}) <,

'Dv
T - .
where, for D' = {Dl""’Dz}’ Ww (8) > ¢ iff (w(Dl),...,w(DL)) € G

. _ . 2
with G = Ge,ﬁ being some open subset of R .

Now, given an arbitrary €>0 and an arbitrary n>0 choose § = §(e,n), 0 < 8§ < 1
according to (b) such that for all n 2 no(e,n,d)

(e) ]P*(WB (8) > €) < n.
n



EMPIRICAL PROCESSES 117

Then it follows that for each D' = {Dl""’Dz} cD ()

Fy({o er’: WZ'(G) > e}) = Bp({o er: (0(D})5--+50(D,)) € G}

- -1
=P, em (G) = L{€ } o (G)
D Dl""’DR u Dl""’Dl
< lim inf L{8 }en b 3(®) = lim inf Po(ny } 2B )7(E)
. n Dl,..., 2 % l""’Dl n

= lim inf P(wg'(ﬁ) > €) € lim inf ;1p*(wB (8) >¢) £ n,
e n e n (e)

where for the first inequality above we made use of (28) and the fact that

. L
according to (52) and (%) Bn a7 Gu.

This proves Proposition B, . ]

(56) REMARK. The proof just given of Proposition B, shows that in order to get

1
a result like (53), it suffices to show that an entropy condition like (Eo)
implies (Ro)' This was nicely demonstrated by D. Pollard (1982) in one of his

Seminar talks at Seattle using an analogue of the chaining argument of R.M.

Dudley ((1978), pp. 915, 924); cf. also D. Pollard (1981), pp. 191-192.

PROPOSITION B,. Suppose that (a) and (b) of Theorem B are fulfilled and also

(M); then (L{Bn})naN is 8-tight w.r.t. So = Ub(C,du).

. 1 _
(Note again that L{Bn} € Ma(S), S = DO(C,u).)

For the proof of Proposition B2 we will make use of the

Kirszbraun-McShane-Theorem (cf. M.D. Kirszbraun (1934) and McShane (1934)):

let S = (S,d) be a metric space, A C S, and let ¢ be a real-valued function
defined on A such that

sup {|o(x) - o(y)|/d(x,y): %,y € A, x ¥ y} =: K < =
then ¢ can be extended to a function Y on all of S with

sup {|¥(x) - v(y) |/ d(x,y): x,y €S, x ¥ y} = K,

Proof of Proposition B, (cf. R.M. Dudley (1978), Lemma (1,3)).
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For any €,8 > 0 let

B := {p € DO(C,u): 3c

5, c, €Cs.t. du(Cl,CQ) < § and |w(cl) - w(c2)| > e},

1°72

Note that @ €EB iff w@(d) > g,

§,€e

We have to show:
for any O < € < 1 there exists a compact set K C Ub(C,du) such that for each

Y>0 L{Bn}(KY) > 1 - e for n large enough.

(Note that K' € B,(S,p) C A by (1).)

Let 0 < € < 1 be given; by (b) take § = 8(e), 0 < § < 1, such that

® IP*(Bn € B6,e/2) < &/4 for all n 2 n _(e,8(e)).

According to (a) there exists a finite Co = CO(G) C C such that for all C € C,

d (C,C ) < 8§ for some C € C .
u o o o

Let k := ICOI; then k = k(48(e)) € N.
Take M = M(e) large enough so that (M - _‘L)—2 < e/k; then
(:) P(sup |B_(C)| > M) < e/2 for all n 2 n (e) = n (e,8(e)).
cec " °© ©
ad (®): Note that {w: sup IBn(C,w)| > M} € F according to (M);
ceC

now, for each Co € CO, P(iBn(Co)l >M ~ 1) < e/4k by Chebyshev's inequality

(and the choice of M), whence

P(sup |B (C )| > M - 1) < e/u.
@ c ECO n o

Next, 228 ]Bn(C,w)l >M and IBn(Cl,w) - Bn(CQ,w)I < e/2

for all C C2 € C with du(cl’CQ) < 8 together imply (due to the choice of Co)

l’
that there exists a Co S Co such that

IBn(Co,w)l >M-¢€/2 >M- 1, whence

{sup IBn(C)l >M}C {8 €B

} U {sup |B.(C )| >M- 1}
ceC noo

8,e/2° ¢ e
(o] o

which implies (:) according to (:) and (:;).
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Now, for any j €N, let €(j) := ¢ '2—j; then by (b) there exists a sequence
8(j) = 8(j,e) > 0, j €N, such that

(i)  68(3 + 1) < &(j)/2, and
) < e(j) for alln 2 no(e,j).

.. *
(ii) P (Bn € Bé(j),e(j)

§(j)e _ 8§(§)e(3)
1= . . d §, 1= — =
Let Aj BS(]),E(]) an 3 23+1M o 5

then, by (i), we have
e(])

8.
]

is increasing with j,

(iii) 6j+l < Gj/l} and

Furthermore, for m 2 2, let

Fm := {op € DO(C,u): sup Iw(C)I < Mand s.t, for all Cl,C2 eC

ceC
d (c.,c.)
. 1°72 .
lo(c) - o(c)| s e(3)-max (1, L—G—— ) for §=2,...,m};
J

then

© suw |o(C)| = M for some ¢ € DO(C,u) and ¢ € CAj for j=2,...,m
ceC

together imply that ¢ € Fm.

ad ©): sup jo(C)| < M implies that for all Cl’CZ ecC
ceC
. d (c.,C.)
- 8(e(d) Ly B 1°72 .
lo(C)) - o(C)| s 24 = %j—j— < e(9) _T_ , if

du(Cl’CQ) 2 8(j) for all C C2 € C; on the other hand,

l’

du(cl’CQ) < 8(j) for some Cl,C2 € C together with ¢ € CAj

imply ]w(Cl) - o(CQ)I < €(j), which proves (:).

We will show next that (ii) together with (:) and (:) imply

(:) For each m 2 2 there exists an n, =nl(€,m) € N such that for all
n 2 n, there exists an E._€F with P(E_ ) > 1-¢ and B (-,w) €F
1 nm nm n m
for all w €E E__.
nm
ad s:!: According to (ii), let no(e,m) be large enough such that for all

n 2z no(e,m) and each j=2,...,m there exist Eﬁj € F with

119
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{8 €A} CE', and P(E',) <e(§j) = e-2 7,
n nj nj

m m m
whence P(( UV E'.) >1-¢/2 and (U E',C N {8 € (A.};
j=2 ™ j=2 M g=2 P J

m
thus, for Enm = (c.U E'.) N {sup IBn(C)l

< M}EF,
j=2 ™ cec
we obtain together with (:) and (:) that for n 2 n, = max(no(e,m),no(e))
P(E_)>1-¢ and B (:,w) EF_ for all w €E__.
nm n m nm

This proves (:).

Now let

K := {gp € 27(C): sup |@(C)| £ M and s.t. for all j EN
ceC

du(Cl,Cz) < sj/2 implies l@(Cl) - o(c,) | s 3e(NI.

Then K C Ub(C,du). Now, (C,du) is totally bounded and K is a uniformly bounded
and equicontinuous family of functions being p-closed in the Banach space
(2w(C),p) whence, by the Arzeld-Ascoli theorem (applied to the completion of
(C,du)) it follows that K is compact.
So, it remains to show that for each y>0

L{Bn}(KY) > 1-¢ for n large enough,

For this it suffices to prove
(:) For each y>0 there exists an m=m(e,y) such that Fm c ',

In fact, (&) together with (:) imply L{Bn}(KY) EZP*(BH € Fm) E'P(Enm) >1-¢

for n 2 nl(e,m(e,y)),which concludes the proof of Proposition B2.

ad g:!: Given y>0, choose m = m(e,y) such that e(m) < y/2 and take a maximal
set Cm C C such that
2 ¥ i
dp(cl’CQ) 2 6m for all C, C, in Cm'
Then Cm is finite by (a) and for all C € C, du(C,C') < Sm for some C' € Cm

(by the maximality of Cm).
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du(cl’CQ)
. ; >
Now, if ¢ € Fm and Cl,C2 € Cm, then (since 6m 2 1 for Cl ¥ C2)
we obtain (cf. the definition of Fm)
d (c,,C,)
po1°72
- < B -z
|w(Cl) @(Cz)] < e(m) s

Applying the Kirszbraun-McShane Theorem, rest, ¢ can be extended to a function
m
y on C with
du(cl’CQ)
Gv) ey - e s em) 2220 soranc
m

12Cy EC.

In addition, w.l.o.g., we may assume that sup [¥(C)| £ M,
ceC

Let us show that ¢y € K, i.e.,

for all j €N du(Cl,CQ) < aj/z implies [|y(C ) - w(cg)l < 3e(3).

e(3) 5 e(m)
S g

. $
] m

For j 2 m, since by (iii), we obtain from (iv)

- < 2y 3 < .
J¢(c1) w(c2)| < e(j) if du(Cl,CQ) < 5j,
for j < m, given Ci € C, i=1,2, with du(cl’CZ) < dj/2, choose Ci € Cm
such that d (C.,C!) < & , i=1,2;
poitvi m

then 4 (C!,C!) <28 + §&§./2 < §., and so by (iv)
u 2 m P
(iii)

(note that restcm Y = restcm 0, ¢ € Fm)

lw(c)) - v | s Jule) -we ] + Joc)) - oleh)]
+ ]w(Cé) - w(Cz)I < e(m) + e(3) + e(m) £ 3e(3),
Thus ¥ € K.
Now, we have p(@,y) < y since for any C € C there exists a C' € Cm such that
du(C,C') < Gm’ whence (since ¢ € P and by (iv))

[e(C) = ¥(C)] = |o(C) - o(C")| + |w(Cc') - w(C)|

< 2e(m) < v.

8o F_C K' which concludes the proof of (&). O
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We are now in a position to give the

Proof of Theorem B, First assume (a) and (b). Then, by Proposition Bl’ we can
view Gu = (Gu(c))CEC as a random element in (S,Bb(S,p)) with L{Gu}(so) =1,
S, = Ub(C,du) being p-closed and separable; furthermore, as mentioned at the

end of the proof of Proposition Bl’ we have
(:) B —Lg» € .
n f.d. u
Now, by Proposition B,, (L{Bn})naN is 8-tight w.r.t. So, whence it follows
from Theorem 1% that
for every subsequence (L{Bn‘}) of (L{Bn}) there exists a

further subsequence (L{Bn"}) of (L{Bn,}) and a

- 1 ; -
V=V, (M) € Mb(s) with v(so) = 1 such that
® L{B_,} — v.

Since each projection : S +1Rk is AJBk—measurable and p-continuous

k

and since (M) is assumed, we obtain from (:) by Theorem 3 that

c ,C

1200

..l -
L{g_ e —> voer
<:> "TTe .0 T D CloeensCy
for each Cl""’Ck € C.

Together with (i) this implies that v and L{Gp} must have the same fidis;

thus v = L{Gu} on Bb(S,p) (cf. Lemma 21) and therefore

L{Bn} — L{Gu}’ i.e. B, —> Gu'

Conversely if C is a u-Donsker class, then (a) holds (cf. Proposition 3.4 in
R.M. Dudley (1967)). So it remains to prove (b) (where it suffices to prove

the assertion there by taking n = €).

Now, by Theorem 12 there exists a sequence §n, n EN, of random elements in

(S,A) and a random element @u in (S,Bb(S,p)), all defined on an appropriate

p-space (ﬁ,?;@), such that



EMPIRICAL PROCESSES 123

® L{B } = L{8_} (on A) for all n €N, L{Gu} = L{Gu} (on B, (S,p))

and

1

©® B @), & @) =suw [B (c,d)

G (C,®)] 0 as n >
ceC i

- -~ -~

for all & € 90 € F with P(Qo)

1
[

Since L{€ }(S ) = L{€ }s ) = 1, we may assume w,l.o.g. that € (8) €s_ for
u o u o n o
all & € &, whence for any €>0 there exists a § = §(e) > O such that

® By () > e/2) < e/2.
M

(Note that {8 € Q: we (G)(S) > ¢/2} € F if, as just assumed,
u
€ (@) €S_for all @ € &.)
u o

. . . . n
Now, since So is separable, take a sequence {@m m € N} dense in So CBd,e/Q

(with B := {o €5: 3¢,,C, € Cs.t. du(cl,c2) < 8 and lw(Cl)-w(CQ)l >e/2}).

§,e/2 1°

Let

To 1= m:]q Bp(wm,e/u) (Bp(wm,e/u) denoting the open p-ball

with center e, and radius €/4);
then T € Bb(S,p) whence, by (M), {Bn ¢ To} € F as well as

{Bn ¢ TO} € F for each n.

Furthermore we have

in fact, ¢ € T0 implies that p(wm,¢) < g¢/4 for some m € N, and since

l,C2 ecC

0 € ch,e/Q’ we have for any C
i ' - <
either du(cl,c2) 2§ or Imm(cl) wm(C2)| <e/2,
implying in the latter case that Iw(cl) - o(c)]| = Iw(Cl) - wm(cl)l

+ Iwm(Cl) - wm(CQ)l + Iwm(CQ) - ¢(C2)l < g, whence @ € CBé’e.

We thus obtain for each n EN
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P*w. () > e) =P*(B €B
8 n

* _ - \
i ) SP (B ¢ T) =P(B ¢ T) =B(B §T),

s,
and so it remains to show
@ ]ﬁ(én ¢ To) < ¢ for n sufficiently large.

This will follow now easily from @ together with @:

At first (:) implies that there exists an n =no(€) € N such that
]ﬁ*(p(én,@u) > ¢/8) < €/2 for all n 2 n-
Next, if §n(6) ¢ To then p(@m,ﬁn(a)) 2 ¢/4 for all m € N, whence
either p(B (@), & (8)) > e/8
or oo, & (8)) 2 ¢/8 for all m EN
(note that p(B (@), € (3)) s /8 implies p(o , & (3))
2 p(@m,én(ﬁ)) - p(gn(ﬁ), @U(G)) 2e/4 - €/8 = ¢/8 for all m €N).

2 - -~ 2 3 . '~
But since p(wm, Gu(w)) 2 ¢/8 for all m €N implies wGu(ﬁ)(G) > e/2

" < i € (B =5 N
(note that wa (6) < €/2 would imply Gu(w) €H :=8 CBG,E/2’ whence

In)
u( )
p(wm, @u(ﬁ)) < ¢/8 for some m €N since {wm: m € N} is dense in H),

it follows from @ together with that @ holds true.

This concludes the proof of Theorem B. 0O

After having taken great care in proving the fundamental characterization
1 . -
theorem for u-Donsker classes ), we can confine ourselves now to giving

Dudley's

Proof of Theorem A.

In view of (El) and (54) we have N(e,C,u) < « for each €>0, i.e. C is totally

bounded for du, and therefore by Theorem B it suffices to prove

D By the way, if instead of Theorem 12 the Portmanteau theorem (cf. (b) there)

is used, the last part of the proof becomes much simpler.
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(+): (El) implies that for any O < € < 1 there exists a 60 = Go(e),

0 < 60 < 1, and there exists an ng = no(e,ao) such that for each n > no

PYw. (8 ) >€) <e.
Bn o

Let 0 < € < 1 be arbitrary but fixed and NI(X) = NI(x,C,u).

Suppose that 8 , k=0,1,2,.,., is a sequence of nonnegative real numbers tending

k’
to zero (Gk will be specified below).

According to the definition of NI(Gk,C,u) take sets

Akl""’Akm(k) € B, m(k) := NI(ﬁk),

such that for each C € C and k=0,1,2,... there exist

i(k) = i(k,C) and j(k) = j(k,C), i(k),j(k) € {1,...,m(k)},

with A0y © CC Ay and mA 00 NAG o) < S

Since {an(GO) > el = {sup[|Bn(C) - Bn(D)l: c,D € C, u(CAD) < Go] > e}

C {sup an(C) - B ( > g/2}

cee n Aoj(o,C))l
U {sup [isn(Aor) - sn(AOS)l, w(a_ 8 A ) < 38 , rys € {1,,.,,m(0)}] > e/2}
= El(e,do,n) v E2(e,6o,n), say,

it suffices to show that P*(Ei(e,éo,n)) <e/2, i=1,2, for an appropriate

§, = 60(5) and n sufficiently large.
STEP !:!: Let us consider first E, replacing (in view of STEP (:) below)

e by €/2, i.e. we will show that
p2 .= P*(E2(e/2,6°,n)) = P(E2(5/2,60,n)) < g/4 for a proper choice of
60 = do(e) and n sufficiently large.

Applying Lemma 4 (i) of Section 1 we get

2 2
2 e /16 2 -5
P, < 2 [m(0)]) exp (- i e ) s [(m(0))%exp (- 1555 )
6(50 +-3-l’] E o

2 2
forn>n := e /(256 87);
o o

now, as to m(0), it follows from (El) together with NI(x) 4+ as x + O that
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xlog NI(x) + 0 as x > 0, whence there is a vy = y(e) > O such that

(:) N (x) = exp(e2/(800 %)) for all 0 < x < .
52 52 e2

< < —— —— = - —
Thus, for 60 Syandn >n_, Py s 2exp ( uOOGO 19260 ) = 2 exp ( 160060
But since

2
€

(:) exp (- 1650a ) < €/8 for a small enough,
we obtain for 60 < min(y,a) that P, < e/4 for all n > n_.
STEP g:!: To cope with the other event El a certain chaining argument will be

used: for this we note first that the entropy condition (El) is equivalent to

1 . .
Iy l/2(log NI(y))l/2 dy < »and to I (2 'log N (2“1))1/2 < ey
. I
0] 1EN
therefore, there exists a u = u(e) so that
® L (27 1og NI(2'1))1/2 < /9 and
izu
(:) b exp(—?’l'+u 52/(9000(2+l)u)) < e/32.
220
Now, let 60 = do(e) := 2" with r 2 u and v large enough so that also
§, s min(y,a) (cf. STEP ).
For k=1,2,... let 8, := & RIS Gt DR b := (2'klog m(k))l/Q,
. /2 _ ,,-(rtk) -(r+k)  (1/2
i.e. bkdo = (2 log N;(2 )) so that by (:) we have
1/2
(::) I b8 7 < /9.

k20

Next, let Bk = Bk(c) i= Akj(k,C) A Ak+l,j(k+l,C) and

Dy = Dk(C) 1= Ak+l,j(k+l,c) N Akj(k,C); then u(Bk) < 6k

and w(D) <8 . <8 (cf. STEP @).

As in STEP (:) we choose n  := 82/(256 62). (Note that § < a < 52/1600,
o o o

so that no > lO.OOO/e2 > ®© a5 € > 0.)

Then, for each n > n_ there is a unique k = k(n) such that

).
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(:) 1/2 < 88, o2/ < 1,

Now, for each n > ng and each C € C we obtain (with k = k(n), i(k) = i(k,C)

and j(k) = j(k,C))

1/2
® B.(Ai ) ~€/8 S B (A ) =& 07 S8 (0
< Bn(Akj(k)) + €/8.
Also
(:) lBn(Akj(k)) - Bn(Aoj(o))l s an(Alj(l)) - Bn(ASL-L-l,j(SZ.-l-J.))'

0=82<k

= ) B D .
0§2<k[lsn( O+ 18 ()]

Let 32 be the collection of sets B = Aljs.A with

gt1,m OF Aoe1,mNAgs
jed{i,...,m(2)} and m € {1,...,m(2+1)}, respectively, and so that u(B) < 61'

Then, for each C € C, BQ(C) and DZ(C) € Sl'

The number of sets in Sl is bounded by
|S£|§ 2m(2)m(2+1),
For later use, note that (by the definition of bz)

m(8) = exp(lei).

N -2 12,
Let d, := max((#+1) °e/32, 6 b, 8 /%); then by &

® L d, < e/8.

220

1/26

v
=]

1/2 §, > /16,

< =
For each & £ k = k(n), n > n, we have n . X

thus by @

Now, by Lemma 4 (ii) of Section 1 we obtain for each B € Sl

PZnB 1= P(|Bn(B)| > dg) < 2exp(- 73 ).

Qu(B)(l—u(B))fdzn“

Thus, since u(B) < 62 and d’Ln—l/2 < 262, we have



128 PETER GAENSSLER

4%
Ponp € 2 exp (- &g, )e
Let M, := U m(L)m(2+1) < 4[m(£+l)]2 =y exp(22*2b§+l).

Then, using and @ we obtain

.= i
Pon P(an(B)I > d, for some B € Sl)
di 22di
< - - = - -
< MZ exp( 45£ ) My exp( W )

<y exp[21(4 bi+l - di/(u Go))l-

2 2
i e s <
Now, by definition of dl’ y b£+l < dz/(8 60) and
T di/S s -27MT 2,05 . (32)2(0+ 1)) and so

Py St exp(-QQdi/(S §,)) = b exp(—2£+r 92/(8'(32)2(1+l)4))

< 4 exp(-2Y'7 €2/(9000(2+1)")).

Thus, by (:), for each k = k(n) (n > no) we have

(::) I P, < 4.e/32 = ¢/8.

0s4<k

Next, again for k = k(n), n > ns let

AL sup{IBn(Akj) - Bn(Aki)i: AL C Akj’ u(Akj\Aki) <85 1,371,...,m(0)}
and Qn := ]P(Vn > ¢/8).

Then by Lemma 4 (i) of Section 1 and (:) (according to which

4 =-1/2 €
_— - <
3 0 8 ~ 3 Gk)

2

62/64 €
64 -5 Gk

4 -1/2 €

Q = [m(k)]2 . 2 exp(- ) S [m(k)]Q' 2 exp(- )

E22k

£2_ il )1
320 §
(o]

_ k 2 - Kiop2 - E2°
= exp(2 -2 bk) 2 exp( ) = 2 expl2 (2bk 330

Now, for s := ktr,

2b§ = 21 %10g m(k) = 21 X10g NL(8) = 27 ¥10g NI(Q_(k+r))
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2 2
= " S10g NI(2“S)ézr*l‘S = F i
800 2

2 2 2
Thus Q < 2 exp [2k+r (= - £ )1 =2 exp (_2k+r € )

n 400 320 1600

€
< 2 exp(- 7555,

) < e/4.
Q)

. < _
Now, if Vn < ¢/8 then by (:) 1Bn(C) Bn(Akj(k,C))l <e/4 for all C € C,
and therefore

B

E (e,8 ,n) := {sup IBn(C) -8 ( )| > e/2}

oo Fo3i(o,0)

(Blr\{v >e/8}) U(E.N{V_<¢e/8}) C{V_>¢e/8}UW
n 1 n n n

with W := {sup |B (Akj(k,c)) - B ( )| > e/ul.

A .
cec B n oj(o,C)

Now W C W; := {sup[ = |8 (Bz(C))l] >eg/8} U {supl = |B (Dl(C))il > ¢/8},
ceC ost<k ™ ceC osge<k

where according to (:) (note that BE(C)’ DQ(C) € Sz)

PW')s £ P_+ L P, < g/u
P ospck P osgek B
thus, together with ]P(Vn > ¢/8) = Qn < g¢/4 it follows that
PY(E (e,6_,n)) < /2 £ >
158 o1 € orn >n_.

This proves (+) and concludes the proof of Theorem A, O

(57) REMARK, The above proof shows that the two conditions (a) and (b) of

Theorem B are implied by (El) without imposing (M). I.S. Borisov (1981) has
shown that (El) cannot be weakened, being necessary in case C is the collection
of all subsets of a countable set X, where (El) is equivalent to

/2

L (u({x}))l ©; cf, also M. Durst and R,M, Dudley (1980).

xeX

(58) EXAMPLE. As an illustration of the applicability of Theorem A we will
show that in (X,B) = ORk,Bk), k 2 1, the class C = J& of all lower left
orthants is a u-Donsker class for any p-measure u on Bk (proved by M,D. Donsker

(1952) for k = 1 and by R.M. Dudley (1966) for k Z 1).
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As remarked in (48) (a), condition (M) holds true for Jk; so, by Theorem A,

we must show that (El) is fulfilled:

a) For k = 1, consider for any O < € £ 1 the partition

- Z: t < t.<.,..<t <t := « of R, where
m-1 m

t.., := sup {t ER: u((ti,t]) < e/2},

Since u((ti,ti+ 1) 2 /2 and u(R) = 1, we have m - 1 £ 2/¢,

1

Then, taking as Ai's in the definition of NI(E,Jl,u) all sets of the form

Qs ('m9tl),(_w’t11:(-mst2)3("°°at2] PR 3(‘°°’tm_l)s(‘°°:tm_119 R

we obtain

min {n €EN: 3A.,...,A EB s.t. for all C € J, there exist i,j with
1 n 1 ?

A, CCCA. and u(A.\ A,) < €}
i 3 301
S 2(m-1) + 2 =2m S 4/e + 2 £ 6/€,

This implies that log NI(82,Jl,u) < log 6/(-:2 showing that (El) is fulfilled

for k = 1.

b) For k > 1 the result is an immediate consequence of a) and the inequality
(59) of the following lemma (formulated in greater generality as needed in
the present case).

LEMMA, Let (X,B) be a measurable space and let u be a probability measure
on the product c-algebra %% B in Xk, k 2 1, with marginal laws T.u on B,

i=1,...,k. Let Ci c B, i=1,...,k, be given classes of sets and

k
C:={xc,:¢c, €eC,, i=1,,.,,k}.
R e | i
i=k
Then
k
(59) NI(e,C,u) < ‘y NI(e/k,Ci,niu).
i=1
Proof. We may and do assume that n, = NI(E/k,Ci,nip) < @ for each i=1,.,,.,k.

Then there exist A..,...,A._ € B such that for any C. € C, there exist
il in, i i

ries; € {l,...,ni} with
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C C
Air. Ci Ais. and ﬂiu(Ais.\‘Air.) < e/k,

i i i i
i=1,...,k. This implies that
k k k k k
x Air C x Ci C x A and u( x A N ox A, )
i=1 i i=:a i=1 *%3 i=1 i=1 i
k
S I u(B,) (with B, := Xx.,,.xX x (A, ~NA. ) x Xx,,,%xX)
. i i is. ir,
i=1 1 i
k
= )E "i”(Ais.\ Air‘.)<e'
i=1 i 1

Since there are at most Dy Dy e Ty approximating sets of the form

k

Ay €® B, (59) follows. O
1 o1

1 x x

i

SOME REMARKS ON OTHER MEASURABILITY ASSUMPTIONS AND FURTHER RESULTS:

Instead of (M) Dudley (1978) used the following measurability assumption

(Mo) (again w.r.t. the canonical model (Q,F,P) = (X,

(M ): B : Q>S5 =D (C,u) is ?,Bb(S,p)—measurable,
o n o

where F denotes the measure-theoretic completion of

Fwor.t,P=xu,

x
N
Imposing (M), it follows that B, is F,Bb(S,p)—measurable, whence
(M) implies (Mo).
Cn the other hand, replacing A = 0({ﬂc: c € C}) by
Ao 1= 0({wc: cCe€C; p(r,0): @ €5})

and imposing (MO) instead of (M), it follows that

8 is F,A -measurable,

n [
where Bb(S,p) C Ao C B(S,p) (cf. (47)), which means that also under (Mo)
one meets the basic model of Section 3.

Thus, Theorem A and Theorem B hold as well (with the same proof) if (M) is
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replaced by (Mo).

Besides (MO) Dudley (1978) introduced a second measurability assumption
(Ml) (called a u€ Suslin property for C),
stronger that (MO), which turned out to be verifiable in cases of interest
where (M) or (SE) fails to hold (cf. (48) (b)),
As shown in Gaenssler (1983), based on Theorem A (with (M) replaced by (Mo))
one obtains a functional central limit theorem for empirical C-processes
indexed by classes C allowing a finite-dimensional parametrization in the sense

of the following theorem:

THEOREM C. Let X be a locally compact, separable metric space, B = B(X) be
the o-algebra of Borel sets in X, and let K be a compact subset ofiRz, L2 1.
Suppose that

f: X x K>R
is a function satisfying the following conditions (i) - (iii) ((iii) with

respect to a given probability measure u on B):

(1) fz := £(+,2z): X >R is continuous for each z € K

(ii) f.(x): K >R is "uniformly Lipschitz", i.e,,

M := sup supl [£ (x) - £ ,(x)|/|z-2"|, z#% 2', 2,2' €EK} <=
XEX z z

(where |z - z'| denotes the Euclidean distance between z and z')
(iii) u({fz € [-e,e)}) = &(e) uniformly in z € K.

Let C C B be defined by C := {{fz 2 0}: z € K},
Then C is a u-Donsker class; furthermore, (Ml) (and therefore also (Mo)) is

satisfied for C and u.

(60) EXAMPLES. (a): Let (X,B,u) = ([o,1]k,[o,1]k r\Bk,Ak), k 2 1, A being

k
the k-dimensional Lebesgue measure on [0,1]k Fiﬁﬁg and let C C B be the class
of all closed Euclidean balls in [O,l]k. Then C is a A ~Donsker class and (M)

is satisfied for C and Ak.
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In fact, take

k
K :={z = (y,r): y € [0,1]", O ér'gr&u:= sup {r: BS(y,r) C [O,l]k}},
where Bc(y,r) = {x €<Rk: e(x,y) £ r} (e denoting the Euclidean distance in
k . k
[0,1]7), and define f£: [0,1]" x K =R by

£(x,2) := e(x,68%(y,r)) - e(x,B%(y,r)), z = (y,r) € K

(= r - e(x,y))

where Bo(y,r) = {x €RS: e(x,y) < r}.

Then {{fz 2 0}: z € K} 1is the class of all closed Euclidean balls in
X = [O,l]k and it is easy to verify (i) - (iii) of Theorem C giving the result,
(b) (cf. (48)(b)): consider the same p-space (X,B,u) as in (a) and let
_ k Kk
C := {(c +z)n[0,1]": z € [0,1]},
C being a fixed closed and convex subset of X = [O,l]k, k 2 1, (cf. R. Pyke

(1979)). As in (a) let f£(x,z) := e(x,GCZ) - e(x,CZ), X,z € [O,l]k, with

CZ := C + z and CZ denoting the interior of CZ.

Then C is a Ak—Donsker class and (Ml) is satisfied for C and Ak. This follows
again from Theorem C; for this we have to verify the conditions (i) - (iii)

there and also that

C = {{f, 2 0}: z € [0,1]°}, i.e., that

_ X k
(+) CZ = {fz 2z 0} for each z € [0,1].
ad (+): x € CZ implies that e(x,CZ) = 0 whence fz(x) = e(x,CCZ) 2 0; on the
other hand, if x € CCZ then e(x,Cz) > 0, since CZ is closed, and e(x,ccg) =0
whence fz(x) = —e(x,CZ) < 0; this shows (+),
ad (i); follows immediately from the fact that for any @ # A C X

|e(xl,A) - e(x2,A)| < e(xl,x2) for each Xg5X%, € X,

ad (ii): let f£'(x) := e(x,CCO) and f'"(x) := e(x,C ), i.e.,
—_— z P z P

f.(x) = £1(x) - £'(x) for all x € [O,l]k. Then it suffices to show that both
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f'(x) and £"(x) are uniformly Lipschitz:

as to f'(x) this follows from

(:) Vx € [O,l]k: |e(x,CC§) - e(x,GCZ,)] < e(z,z'") Vz,z' € [O,l]k.

ad !:2: we use the following fact which is easy to prove:

(+) For any closed F C [O,l]k and any x € F° there exists

a w € OF such that e(x,w) = e(x,CFo).

Now, given any x € [O,l]k let w.l.0.g, z and z' be such that x € Cz n Cz,;

applying then (+) for F = CZ and F = Cz" respectively, we obtain

oy _ oy _
e(x,CCZ) = e(x,wx’z) and e(x,ccz,) = e(x,wx,z,) for some .z € 3C_ and

W € 8CZ,, respectively,

X,z'

Furthermore, since CZ and Cz‘ are closed,

W =c t+z and w_ _, = c t z'
X,Z X,2Z X,z

for some c € C and ¢ , € C, respectively, and
X,2 XyZ

++ e(x,c + z) £ e(x,c + z) and e(x,c + z!
(++) (x, X,2 ) (x, x,2' ) (%, x,2' )

< e(x,cX + z'), respectively.

»Z
Thus
e(x cCO) - e(x CCO ) = e(x,c + z) - e(x,c + z')
>z - ’TX,z ’Tx,z!

< e(x,c + z) - e(x,c + z2') £ e(c
(xic, Lo +2) - elxe, , +2') 5 e

%.2! t+ z,c
(++) ? ? ?

x,2z'
This proves (:).

That also f'" is uniformly Lipschitz follows from

(:) Vx € [O,l]k: |e(x,CZ) - e(x,CZ,)i < e(z,z') Vz,z' € [O,l]k.

ad Q:Z: Given any x € [0,1]k and any €>0 there exists a ¢ = c(x,e) € C such
that for all z,z' € [O,l]k, e(x,c + z) < e(x,Cz) + ¢ and thus
e(x,CZ,) < e(x,c t 2') £ e(x,c t+ 2) + el(ctz,ct2z')
= e(x,c + 2z) + e(z,z') < e(x,CZ) + € + e(z,2') for any €>0,

whence e(x,CZ,) - e(x,CZ) < e(z,z') yielding (:) by symmetry.
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Before proving (iii), let us remark that so far we have only used that C is a
k s e . aas
closed subset of [0,1] ; for proving (iii), in addition, some smoothness of the

boundary of C is needed. So we will now use that C is convex,

ad (iii): We must show that
Ak({fz € [-e,e)}) = @(e) uniformly in z € K,

For this it suffices to prove

€ k
® {f, € [-e,e)} € ¢ N C  for all z € [0,1]", and
€ .
(:) sup A (CO\N C)<sc e for e + 0 with some
zE[O,l]k k' 'z €z k

constant . depending only on k.

(Here A€ := {x: e(x,A) £ €} and €A := {x: e(x,0h) > €}.)

ad f:!: Suppose that -¢ £ fZ(x) < €, where fZ(x) = e(x,CCZ) - e(x,CZ),

X € X, whence

(a) £ (x) = -e(x,c ) iff x € £c°,
zZ pA zZ
(b) £ (x) = e(x,6c°) iff x € C_, and
z Z Z
(c¢) £(x) =0 iff x € 3C_.
zZ VA

Thus (note that X = [(£c®)N\3C_1 + (C_\dC_) + 3C_)
Z Z Z Z Z

-£ S fz(x) < e -e < e(x,CZ) Se
o s < o = xec N,
x € (fcY)Nac (a) x € (fc7)\acC z &z
z z L Z z
- = fz(x) <€ [ -g £ e(x,CCZ) <€
> « > = xECE\EC,and
x € C_\3aC (b) x € C_\93C z z
zZ z J Z Z
) 7
-8 £ f (x) <¢ f (x) =0
z Z c
> = X €C N\ .C, .
x € dC (c) x € 3C
z z
o

This proves (:).
Ad g:l: Due to the translation invariance of Ak (:) is equivalent to

€
< .
Ak(C \€C) Scease v 0
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Now, as shown in Gaenssler (1981) one has

(61) sup A (cé\ ¢C) € ¢
k €
C€¢k

ke as € ¥ O,

where Ck denotes the class of all convex Borel sets

in [O,l]k, k 2 1.

This proves the assertion of Example (b)., 0O

(62) ADDITIONAL REMARKS. (a): the above considerations show that the set of all

translates of a fixed closed but not necessarily convex set C is a Ak—Donsker
class provided that C has a smooth boundary in the sense that

Ak(CE\\ec) = ¥(e). Based on a result of E.M. Bron¥tein (1976) it was shown by
Dudley (1981a) that for the class CE of all closed convex Borel sets in [O,llk,
k 2 2, the following inequality holds true:

(k-1)/2

(63) NI(€,¢§,Ak) < exp(M/e ) for0<es1

and some constant M < « depending only on k.,

For k = 2 this yields that (El) is fulfilled for C; and Az; in fact,

1 1

J (log NI(xz,Cg,A2))l/2 dx £ | Ml/2 x—l/2
0 0

dx < »,

implying a result of Bolthausen (1978) according to which C; is a AQ-Donsker
class,

But, for k 2 3, (63) does not yield (El) for @; and Ak which is in accordance
with a result of Dudley (1979a) showing that CE is not a Ak-Donsker class for

k 2 3.
(b): let us reconsider the example in (60)(b) according to which for any fixed
closed and convex set C in X = [O,l]k, k21,
k k
C={c+z)nf[o,1]": z € [0,1]}

is a Ak-Donsker class and also (Ml) (and therefore also (Mo)) is satisfied
for C and Ak. The way we derived this result from Theorem C shows that Ak can

be replaced by any p-measure u on [O,l]k n Bk having a bounded density w.r.t.



EMPIRICAL PROCESSES 137

;> whence, by Theorem 3 (using (Mo)),

nl/2 sup ]un(C) - u(C)l—Lﬁ sup iGu(C)I

ceC ceC
implying (note that w.l.o.g. Gu(°,w) € s_ and therefore sup le(C,w)I <
ceC

for each w)

sup Ju_(C) - u(®)] = D (C,u) L5 0
ceC P n

being equivalent with
Dn(C,u) + 0 P-a.s.

according to Lemma 6 in Section 1. (Note that the necessary measurability for
Dn(C,u) is implied by (MO).)
Thus

C={(c+z)nN [o,1]k: z € [O,llk}
is also a Glivenko-Cantelli class (compare this with our conjecture at the end
of Section 2 stating that C is not a Vapnik-Chervonenkis class), Of course

the above reasoning works in general, i.e. one gets

(64) Any u-Donsker class C satisfying (Mo) is also a Glivenko-Cantelli

class.

(c): Let (X,B) be the Euclidean space Rk, k 2 1, with its Borel o-algebra

B = Bk and let u be any p-measure<n1£k. Let B, be the class of all closed
Euclidean balls inZRk. As shown at the end of Section 2 Bk is a Vapnik-Chervo-
nenkis class (VCC); we also know from (48)(a) that (M) holds true for Bk'
Furthermore, as pointed out in Gaenssler (1983), also (Ml) is satisfied for

C = Bk and any u on Bk’ Thus, for any u, Bk is a p-Donsker class according to

the following general result of R.M, Dudley ((1378), Theorem 7.1) stated here

without proof (cf. also D. Pollard (1981):
THEOREM D. Let (X,B,u) be an arbitrary sample space and C C B be a VCC such
that (Ml) is satisfied for C and u; then C is a uy-Donsker class.

(d): A condition like (61) was also basic for the results of R. Pyke (1977 and

1982) on the Haar function construction of Brownian motion indexed by sets and
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on functional limit theorems for partial-sum processes indexed by sets (1982a).
In fact, Pyke considers classes C of closed sets in X = [O,llk, k 2 1, ful-

filling (besides an entropy condition) the following two conditions:
Al. There is a constant c¢c > O such that for all € > 0O and C € C

A _(CE\ ) < ce

k \‘e = ce.

A2. C is totally bounded with respect to the Hausdorff metric dH defined by
d,(C,D) := inf {e > 0: ¢ € D° and D C C*} for C,D EC

(and €% := {x: e(x,C) < €}).

In another very important and original contribution of T.G. Sun and R.
Pyke (1982) on weak convergence of empirical processes, a certain index family
C of closed sets in [O,l]k, k 2 1, closely related to one introduced by Dudley

(1974) is studied and it is shown in particular that this class fulfills Al.

In contrary to Dudley's (1978) approach to functional central limit theorems
for empirical measures (i.e., empirical C-processes) the paper of Sun and Pyke
(based on results of Sun's thesis (1977)) involves first the study of a
SMOOTHED VERSION of the empirical processes obtained by replacing the unit
point masses assigned to each observation by a uniform distribution of equal
mass on a small ball (in the sample space (X,B,u) = ([O,llk, [O,l]k N Bk’ Ak))

of radius r centered at the observations (i.e. Bn(C,w) is replaced by

n
Bi(c,w) =02 g gi(C,w) with C?(C,w) = a.(Cn Bc(gi(w),r))/Ak(Bc(gi(m),r))

i=1
-Ak(C), where BC(Ei(m),r) denotes the closed ball of radius r centered at the

observation Ei(w))-

This approach has the advantage that the smoothed version has continuous
sample paths in the space of all dH—continuouS functions on C, The remaining
steps in the Sun-Pyke approach are then to show the uniform (w.r.t. C) close-
ness of the smoothed and unsmoothed versions and to establish weak sequential

compactness which amounts to verify a conditions like (b) in Theorem B on the
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uniform (w.r.t. n) behaviour of the modulus of continuity.

In this context the following mode of weak convergence is used (cf. R.
Pyke and G. Shorack (1968)):
If n» 0 €N, and n are defined on some p-space (Q,F,P) with values in a metric
space S = (S,d) (like e.g.,DO(C,dH)), the nn's and n being not assumed F,A-
measurable for some ag-algebra A in S (with Bb(S,d) C A CB(S)), then n, is

said to converge weakly to n iff 1lim E(f(nn)) =E(f(n)) for all f € Cb(S)

n->o
which are, in addition, such that each f(nn), n €N, and f(n) is a random

variable, i.e., F,B-measurable.

This concludes our remarks on the other measurability assumptions and
further results. For other extensions the reader is referred to our concluding

remarks at the end of Section 4.

At this place we prefer to present some of the interesting results ob-

tained by G. Shorack (1979).

FUNCTIONAL CENTRAL LIMIT THEOREMS FOR WEIGHTED EMPIRICAL PROCESSES:

This part is concerned with some results on weak convergence of so-called
weighted empirical processes supplementing in another way our earlier remarks
in Section 2 on the a.s. behaviour of weighted discrepancies and giving at the
same time a further illustration of the special results concerning the D[0,1]-
case summarized at the end of Section 3. We will follow closely the presen-
tation in Shorack's (1979) paper using some modifications due to W. Schneemeier

in a first draft of his Diploma-Thesis, University of Munich, 1981/82.

Let (& , n EN, be an array of row-wise independent random variables

ni)léién
defined on some p-space (,F,P) with distribution functions Fni’ 1<isn, n €N,
being concentrated on [0,1] (i.e. Fni(O) = 0 and Fni(l) = 1 for all 1£isn,

n €EN).
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Before introducing some weight functions q as in Section 2, let us start

with the consideration of the following form of a WEIGHTED EMPIRICAL PROCESS Wn

based on (Eni) and on a given array of so-called scores (cni)léisn’ n €EN:
-1/2 %
(65) W (t) :=n 2enslio ety - F (0], te o],

i=1

where the constant scores c ; are assumed to satisfy
n

(66) n"l I 02i = 1 for each n.

Note that for c i = 1 and for gni being uniformly distributed on [0,1] Wn

reduces to the uniform empirical process o considered at the end of Section 3.

In the same way as o there, also Wn will be considered as a random element in

(D,Bb(D,p)) as well as in (D,B(D,s)).

Generalizing Donsker's functional central limit theorem for @ we are
going to give sufficient conditions under which there exists a certain Gaussian
stochastic process W being a random element in (D,Bb(D,p)) with L{w}(c) = 1

(c = c[0,1] being again the space of continuous functions on [0,1]) and such

Lh
that Wn — W.

Before proving one of the main results of Shorack (1979), Theorem 1.1,

we will mention some basic facts and preliminary results.

(67) REMARKS. (a) It follows from (66) that v » defined by

sl P (0, te (0,11,

v (t) := n .
n ni ni

([ =]

i=1

is a distribution function on [0,1] (with vn(O) = 0 and vn(l) =1).

(b) For each 0 £ s, t £ 1 we have E(W (t)) = 0 and

n
n
1 b

K (s,t) := cov(W (s),W (t)) = n 02.[F .(sAt) - F_.(s)F_.(D)],
n n n jop P ni ni ni

whence

(68) E(Wi(t)) < vn(t) for all t € [0,1].
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In the following, let F_.(s,t] := F .(t) - F .(s), v _(s,t] := v (t) - v (s),
ni ni ni n n n
and Wn(s,t] = Wn(t) - Wn(s) for 0 £ s £t £ 1; then we have

LEMMA 22. (i) E(Wﬁ(r,s]- Wi(s,t]) $3v (ryslev (s,t], 08 rsssts

2
ni

(ii) E(Wﬁ(s,t]) < 3v§(s,t] + ( max

)ev (s,t], 0<s <t <1,
1<i<n n

Proof (cf. G. Shorack (1979), INEQUALITY 1.1). Writing s for n_l/20ni we have

for Osrss <1

n
(a) W (r,s] = I c.X.(r,s) with X.(r,s)
n i%i i

L 1C0s) ™ Fog(2asls

B l(r,s
furthermore, for 0 £ r £ s £t £ 1,

0

(b1) E(Xi(r,s))

(b2) E(X?(P,S)) F .(r,s]l(1 -F .(r,s]) £ F .(r,s]
1 ni ni ni

(b3) EX(r,s)) s F_.(r,s]
1 ni

(b4) E(X.(r,s)X,(s,t)) = -F__(r,s].F_.(s,t]
1 1 ni ni

(bS) E(X?(r,s) X?(s,t)) SF .(r,sle F .(s,tl
1 1 ni ni

(b6) If {i,j,k,2} € {1,...,n} such that |{i,j,k,2}| 2 3, then
assuming w.l.o.g. that i ¢ {j,k,%}, we have (by independence)
E(Xi(r,s)Xj(r,s)Xk(S,t)Xg(s,t))

= E(Xi(r,s)) E(Xj(r,S)Xk(S,t)XQ(S,t)) = 0.

Therefore,

2 2 n 2, B 2
EW (r,s]W (s,t]) =E(( I c.X.(r,s)) ( L c.X.(5,t))7)
n n 11 11

i=1 i=1
n
= i,jfk,gzl c,cjckcl E(Xi(r,s)xj(r,s)Xk(s,t)Xl(s,t))
n
= z c.cjckczZE(Xi(r,s)Xj(r,s)Xk(s,t)Xl(s,t))

(b6)  i,3,k,%=1
[{i,j,k,}|s2
y_ 2 2 n 22 .2 2
c. E(X;(r,s)X.(s,t)) + px e EkX.(r,s))IE(Xk(s,t))

1t * i,9,k,251 *

i=jtk=e

1l
L eI =]

i
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n

+ 3 el X (0,9)%,(5,1) E(X, (r,8)X.(5,1))
i,,k,e=1 7 0 F ] )
izk#j=2

n 22

+ ) 'Z ) cickiE(Xi(r,s)Xi(s,t)) E(Xk(r,s)Xk(s,t))
i,j,k,2=1
1=94k=3

ooy o202
< b c; Fni(r,s] F i(s,t] +3 I % F i(r,sl F k(s,t]
(b5),(b2),(b4) i=1 n ik=1t ¢ " "
i*k
n n
< 32 02 F .(r,s])( 2 02 F . (s,t]) = 3v _(r,slv (s,t] proving (i).
i=1 i ni k=1 k “nk n " 'n"?

n
As to (ii) we have E(wi(s,t])=.E(( b ciXi(s,t))q)

i=1
n n
N E(X%(s,t)) +3 I c?cz‘E(X?(s,t)Xi(s,t))
L, 1 i . ik i
i=1 ik=1
i*k
n n n
=31 2B, 0% - 3 I ctEEAGs, 0N+ 1 el B(X(s,1))
o i i . i i o i i
i=1 i=1 i=1
2 2 . .
< 3v (s,t] + ( max ci).v (s,tl proving (ii), O
(b2)(b3) ™ 1€isn * P

THEOREM 18 (G. Shorack (1979), Theorem 1.1),

(i) If there exists a monotone increasing and continuous function
G: [0,1] >R, for which
either (@ vn(r,s] < G(r,s] := G(s) - G(r) for all 0sr<s<1 and all n€EN

or  (® 1limv () = 6(t) for all t € [0,1],
n>«e

then (Wn)nEBi is relatively L-sequentially compact,
(ii) If further
2
c

ni
mx —— >0 as n >«
1<isn

3

then any possible limiting process, i.e.,any random element W in

(D,B(D,s)) = (D,Bb(D,p)) such that Wn,-—£9 W for some subsequence

(n') of N, satisfies L{W}(C) = 1;
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thus (cf. Lemma 18) (wn)nE is relatively Lb—sequentially compact.

N
(iii) Suppose the hypotheses of (i) and (ii) hold. Then
there exists a random element W in (D,Bb(D,p)) being a mean-zero

Gaussian stochastic process with cov(W(s),W(t)) = K(s,t), L{W}(C) = 1

L
and such that Wn -P—a W in (D,p)

if and only if

lim K (s,t) = K(s,t) for all 0 £s £t < 1.
n
nae

Proof. ad (i): We shall apply Theorem 14 in connection with our remarks (41)
and (42). In view of this we have to verify the conditions @, ,@ and

@ for & = W_ choosing F_ := Y3 v and F := V3 G.
n n n n

ad !:2 Follows immediately from the above assumptions (@ or @ according to

the choice of Fn and F in the present situation.

ad s:! Follows from Lemma 22 (i) according to the choice of Fn.

ad ‘ : Given any € > O we have to show that

(+)  lim sup P([W (8) - Wn(\O)I 2¢)>0 as § >0

n>e

and

(++)  lim sup P(|W (1) - wn(d)i 2e)>0 as § > 1,

n-re
i -2 2
ad (+): PO|W (8) - W (0)] 2€) se “EW(0,8])
ad (+): N i N
n n
0 e 1 ol [F_(0,6]-F2 (0,61]se7n ™t 1 o2 F(0,6]
(b1),(b2),L.22 j=1 BBt ni jop i ond

-2
=€ vn(O,cS], whence by (@) or @

lim sup ]P([Wn(é) - wn(o)l 2¢e) < s_Q(G(G) - G(0)) >0 as § >~ 0

n>e

since G was assumed to be continuous.

ad (++): Follows in the same way as (+).

ad gé_}_ By (u42) @ implies @which together with @ implies @ by (41),

According to @ , given any n > O there exist 6§ = 8(n) > O and
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n, = nO(S(n)) € N such that for all n 2 ng P(W& (§) 2 1) £ n/2.
n

Now, choose k EN and a > O such that

k-l < 8 and a_2 £ n/2;
then
k . . k
P(U (W (52 S zab sa’ s B, 1D
. n k k k
i=1 i=1
< a"2 ¥ vn(&il, %1 < a-2 < n/2.
i=1 (67)(a)
Furthermore, for n 2 no, let
k i-1 i
= N = = N {w" n = 0};
A i»=l{|wn( o k]] < a} {wwn(a) < 1} {wn(o) 0};

then P(A ) 2 1-n and for each w € An we have for any t € [0,1] and 1 £ i £k

so that t € [l L l)

i-1 o
W (t,0) - W (0| s [0 Gw) - W50
+ min {’.wn(%,w) S W (E,0) ], W (t0) - W (S ESETE!

<a+w€;()(k )_a+w"

( ) < a t+ 1, whence

]wn(t,w)l < ka t 1, and therefore
i < 21 - 2 i .
'P(“Wn{|_ ka + 1) 21-n for all n 2 n, which proves CJ

This concludes the proof of (i).

ad (ii): Suppose that for some random element W in (D,B(D,s)) = (D,Bb(D,p))

W —i=>w for some subsequence (n') of N;

then for any O £ s £ t £ 1 such that

s,t €T {r € [0,1]: m is L{W}-a.e. s-continuous}

W

it follows from Theorem 5.1 in Billingsley (1968) that

0 - W) s e - W ®

on the other hand it follows from Lemma 22 (ii) that
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(<
Y 2 '

(++) E(W_,(s,t]) £ 3v_,(s,t] + ( max 22 ) v (s,t] £ 4 for
n o 1sisn' n

all n' (cf. (66) and (67)(a)).

But (+) together with (++) imply (cf. Gaenssler-Stute (1977), Exercise

1.14%.4, p. 114) that

E(]W(s,t]ia) = lim E(|W ,(s,t]]s) < lim sup CE(W”,(s,tl))3/q
n'-w n (Hélder) n'-»e n

< (362(s,t 3" < 3(a(s,t Y2,

(++) and @ or®
Since T, contains O and 1 and is dense in [0,1] (cf. Billingsley (1968)), it
follows that
E(W) - 1)) = 3]et) - aes) |2

for all 0 £ s st =1,

1.

whence by Lemma 13 P(W € C)

ad (iii): Assume first that

lim Kn(s,t) = K(s,t) for all 0 £s £t £ 1,

n->«o
We are going to show that for any Ose--50 €R and any t;,...,% € [0,1]
k L k
(+++) L a.W(t,) —NO,) with V := I a a K(t ,t ).
.. 3in j _.rs r’s
j=1 r,s=1

ad (+++): If V = 0, then for any € > O

k -2 k 2
P(| 2 oW (t.)] 2e)se “E( Za.W(t.)])
jzu 3 =il
-2 k =2
= € I ooaK(t,t)—>e " V=0 as n > « which proves (+++)
(c£.(67)(b)) r,s=1 7 SR TS

in case V = O.

If V > 0, consider

k k n
V2 50wty = v a5 ¢ (Lo ¢ 18 - Fpy ()]
j=1 jn 3 j=1 ] j=1 M O,tj ni ni" j
N -1/2 K n
= iEl(nv) cni[jflaj(l[o,tj](gni) - Fni(tj))l =: iilcni, say .
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Then the ;ni‘s form a triangular array of row-wise independent random variables

with E(gni) = 0 and such that

n n k

2 2 - 2
I B(z2) =E((Z¢ )% =V Lz a W _(t,0)%)
i=1 i=1 =1l

_.l k

=V I oa K(t ,t)=>1 asn > o
rsn r S
r,s=1

furthermore, for any § > O we have
2 2
z .1 > > o
i=1'E(cn1 {Icnil >6}) 0 as n
in fact, given any € > 0 let p := 1 + €/2 and q > O be such that 1/p + 1/q = 1;

then, by H&lder's and Markov's inequality we obtain for any 6 > O

n

2 | 2+e . 1/p 1/q
T B(gD, 1 )< I E(c TP e | > 8)
i1 ni {Icnil >68} 121 ni ni
n n
v 2 - -
s 1 E(g . 7OYP (s(FEL A g 2y a L /A g g |2t
.. ni ni ._ ni
i=1 i=1
_ n je_.| k
< s/ 5 s )2 (g o, [)2FE
i=1 (Vn) j=1 3
le_ .| n c2 k
< 6-2p/q V_l—e/2 ( max 2;2 )© (r 2y (: ia.i)2+€ >0 as n >,
SESES N j=1 P j=1 3
\__v____l ;——v——’
+0 as n>e =1

Thus, it follows from the Central Limit Theorem (cf. Gaenssler-Stute (1977),
9.2.9) that

T —£+ N(0,1) which proves (+t+t).

ln

([ e =]

i
Next, let W be a mean-zero Gaussian process with covariance structure given

by K. Then, again for any LIERRERL €R and any t "’tk € [0,1]

k 1%

k
L{ £ a.W(t.)} = N(O,V) with V defined as above.
j=1 )
Therefore, by the Cramér-Wold Device (cf. Gaenssler-Stute (1977), 8.7.6) it

follows together with (+++) that
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L
wn ?Tg. LS
Now, by (ii), for any subsequence (Wn,) of (wn) there exists a further subse-
quence (Wn") and a random element w(n')(n") in (D,Bb(D,p)) such that

L{ }(C) = 1 and

¥(nt)mm

by

Wnu - w(nv)(nn) in (D,p).

Applying Theorem 3 and using the fact that each w(n')(n") is uniquely deter-

mined by its fidis, it follows that

L
W = W and therefore

f.d.

"=

w(n')(n")

wn —> W in (D,p).

L
To prove the other direction, suppose that Wn D, in (D,p) where W is a

r.e. in (D,Bb(D,p)) and is a mean-zero Gaussian process with covariance struc-
ture given by K (and such that L{W}(C) = 1). Then, by Theorem 3, for any
0sssts1l

Wn(s)- Wn(t) —£+ W(s) *W(t) as n > =,

1/2 <

and  E(W(s) - w2(1)) s B N2 Bt (1)) 4
n n n n

for all n €N (cf. (+t++) above), whence (by the same reasoning as in the proof
of (ii))

E(H(s) * W(t)) = Lim E(W_(s) *¥W (1)), i.e.,

n->oe

lim Kn(s,t) = K(s,t) forall0osss<ts<1. O

>

SOME GENERAL REMARKS ON WEAK CONVERGENCE OF RANDOM ELEMENTS IN

D = D[0,1] w.r.t. p -METRICS:
o

Let q be any weight function belonging to the set
QQ := {q: [0,1] >R, q continuous, q(0) = q(1) = 0 and q(t) > O for all
t € (0,1), having the following additional properties (iq) - (iiiq)}:

* * *
There exists a 8 =6 (q), 0 < § <= 1/2, such that
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(iq) q(t) and q(1-t) are monotone increasing on [0,6*1;

s (t) (1-t) . *
(11q) 37?r and 3—7?r— are monotone decreasing on [0,8 1;
§% -2 1
(iii ) J° q “(wdu < @ and [
4 0 1-8

q-2(u)du < ®

(i.e. q ! square integrable).

Here and in the following we make use of the convention % := 0.

REMARK. Let g € QQ; then for any t < s

fz) = ( 2t )l/2 = (ft q_Q(t)du)l/2 < (It q_z(u)du)l/2, whence by (iii ) one
@ a“(t) 0 0 4
has
/T

(ivq) 30 + 0 as t > 0; similarly, by symmetry,

At gast 1
q(t) *

Now, let &n, n 2 0, be random elements in (D,Bb(D,p)), defined on a common
p-space (Q,F,P), such that P(En(O) =0, gn(l) =0)=1 andiP(En/qGED) =1
for all n 2 0; in this case we shall assume w.l.o.g. that

En(',w)
_ETTT—— €D for each w €  and all n 2 0.

Then the En/q, n 2 0, are also random elements in (D,Bb(D,p)) (cf, (37)).

Let q € QQ and define

Dq := {y = gqx: x € D} = qD, and Cq 1= qC

with C

c[0,1], and define the pq-METRIC on Dq by

pq(yl,YQ) 1= p(x %)) if y,

;T axg € Dq, i=1,2, where we tacitly

assume that x(0) = x(1) = O whenever x € D occurs.

Let Bb(Dq,pq) be the o-algebra in Dq generated by the open pq—balls and con-
sider the map
le D > Dq’ defined by Tl(x) := gx for x € D

then Tl is Bb(D,p), Bb(Dq,pq)-measurable:
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in fact, let Bp (y,e) be the open pq—ball with center y € Dq and radius €,
q
then

Tzl(Bp (7,€)) = {x € D: p (y,qx) < e} = {x € D: ply/q,%) < e} € B (D,p).
q

In the same way
T2: Dq + D, defined by T2(y) := y/q, is Bb(Dq’pq)’ Bb(D,p)-measurable.
This implies that

£/q is a random element in (D,Bb(D,p)) iff

£ 1is a random element in (Dq’Bb(D ,pq)).

q
Note also (cf. (39)) that C_ € (D ,p_ ) and that (C ) is a separable and
q B, a*%q a*’q P

closed subspace of (Dq,pq).

Furthermore, one has the following

LEMMA 23. In the just described setting, the following two statements are

equivalent:
Lb

(1) £n/q e Eo/q in (D,p) and L{Eolq}(C) =1
Lb

(ii) En — Eo in (Dq,pq) and L{EO}(Cq) =1,

Proof. (i) = (ii): Note first that L{Eo}(Cq) = P(EO € Cq = qC)
= P(g_/q € C) = L{g_/q}(C).
Now, according to (28) (cf. (h') there) it remains to show
(+) E(f(En)) > E(f(io)) for every f: Dq + R which
is bounded, uniformly pq-continuous and

Bb(Dq,Dq), {B-measurable.

So, let f: Dq + R be bounded, uniformly pq—continuous and Bb(Dq,pq), B-measu-
rable, and let g: D ~ R be defined by g(x) := f(gx), x € D; then g is bounded,
Bb(D,p), {B-measurable (since g = f'°Tl) and uniformly p-continuous (since
p(xl,xz) = pq(qxl,qXQ) and ig(xl) - g(x2)| = |f(qxl) - f(qx2)i for any

%15%, €D, i.e. a¥%,,9%, € Dq)' Therefore, by (i) and (28)

E(g(£_/a)) > E(g(§_/q)) which implies (+) since E(g(£ /q)) = E(£(¢ ) for all
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nz2 0.

(ii) = (i): follows in the same way. 0O

FUNCTIONAL CENTRAL LIMIT THEOREMS FOR WEIGHTCD EMPIRICAL PROCESSES

w.r.t. p -METRICS:
q

As before let wn be a weighted empirical process based on an array (gni)
of row-wise independent random variables gni’ 1<1i<n, n€N, defined on some
p-space (2,F,P), and on an array (cni) of given scores (cf. (65)).

We assume again that the distribution functions Fni of the Eni's are concen-
trated on [0,1]; here, in addition, we suppose that

-1 n
(69) for each n EN: n i§1 Fni(t) =t for all t € [0,1],

Then, for any q € QQ, we have

LEMMA 24, P(Wn/q € D) = 1 for all n, whence we may and do assume w.l.o,g, that

Wn(‘,w)/q(') € D for each w € @ and all n €N.
Proof. According to the definition of Wn, for P-a,a., w € Q there exists a
t = t(w) £ 6* such that by (69) and (ivq)

iW_(t,w)]
_n__
q(t)

F_.(t)
ni

[ 1/2 t
ni' q(t)

q(t) >0

< (max |c_.|) n
1<isn

IWn(t,w)l

———az;j—— +~>0 as t > 1 for P-a.a. w

as t »+ 0; similarly,

. 0
which implies the assertion (imposing the convention o T o). O

Now, for uniformly bounded scores, Shorack (1979) has shown:

THEOREM 19 (Shorack (1979), Theorem 1,2).

Suppose that

(70) sup ( max jc_.|) S M < =,
n€EN 1sgisn ™

Then for all g € Q2 we have
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(i) (Wn/q)nE]N is relatively L-sequentially compact (in (D,s)).

(ii) Any limiting process, i.e. any random element W in
(D,B(D,s)) = (D,Bb(D,p)) such that Wn,/q —£6 W for some subsequence
(n') of N, satisfies L{W}(C) = 1, whence, by Lemma 18, (wn/q)nem
is relatively Lb-sequentially compact in (D,p) such that for
any limiting process W L{W}(C) = 1,
and therefore, by Lemma 23,

(W)

neN 1S relatively Lb—sequentlally compact in (Dq,pq)

such that for any limiting process W L{WO}(Cq) = 1.
(iii) There exists a random element Wo in (Dq,Bb(Dq,pq)) being a mean-zero
Gaussian stochastic process with
cov(wo(s), wo(t)) = Ko(s,t), L{WO}(Cq) = 1 and such that
Lb
W .
n T WO in (Dq,pq)
if and only if (for Kn(s,t) = cov(wn(s), Wn(t)))

lim K (s,t) = K (s,t) for all 0 s s =<t =< 1.
n )
n-e

The proof of Theorem 19 (being based on Theorem 18 and Theorem 17) can be
carried through along the lines presented in Shorack's (1979) paper with some
slight modifications being necessary due to our choice of QQ; by the way,
instead of (15) on p. 171 it suffices to impose (ivq) and instead of

P(AN) < exp(-l/aN) one shows P(A() 2 1 - 1/ay to get (v) on p. 181. We are not
going to give further details here. Instead, since the proof of Theorem 1.2 in
Shorack (1979) seems not suited to carry over to give a proof of his Theorem 1,
3 as mentioned there on p. 182 (note that in the case of not uniformly bounded
scores it is not possible to estimate

2
c

( max —3)(t - s) by M2(t - s)2 for t - s > n_l, which was essentially used
1sisn

to get (c) on p. 179) we want to present here a completely different proof of

the following result:
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THEOREM 20 (Shorack (1979), Theorem 1.3).

If all gni are uniformly distributed on [0,1] and if instead of (70)

2
(71) max —= >0 as n > ®,
1€isn
Lb

o . o _
then, for any q € QQ, W — B in (Dq’pq) as n > « and L{B }(Cq) = 1, where

B® denotes the Brownian bridge.

The proof of Theorem 20 is based on the following lemmata which may be of
independent interest.
The first lemma is concerned with a martingale property of the weighted empiri-

cal process W based on £ . which are uniformly distributed on [0,1].

LEMMA 25. Let n € N be arbitrary but fixed and write Ei and cy instead of gni
and cLi’ respectively.Suppose that Fni(t) = t for all t € [0,1], Then for any

n
(cl,. ..,cn) ER

n
nl/2wn(t) iElci[l[o’tl(gi) -t]
1 oser 7 ¢ Jost<1 182
1-t
nl/2w (s)
martingale w.r.t. Ft = 0({——jT:£}——-: ssth), 0=t <1,

Proof. We use the following auxiliary result which is easy to prove:

(72) Let (z.) and (nt) T £ », be martingales w.r.t.

t70st<T 0st<T?
(Ft = o({CS: s < t}))0§t<T and (Gt 1= 6({nS: s < t}))0§t<T’
respectively. Assume that (Ct)o§t<T and (nt)0§t<T are independent,
Then (ct + nt)0§t<T is a martingale w.r.t.
(Ht = 0({CS,nS: s £ t}))o§t<T and therefore also w.r.t.
(0({CS s s t}))0$t<T'
Now, given any (cl,...,cn+1) EIRn+l, put
TERNAET g c.[1 (g,) - tl/(1 - 1)
t t it7fo,t] "1 ’

i=1
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= C(n+1) _ C(n)’

: s
n. + N 0st<1,

and apply (72) to get the assertion of Lemma 25 by induction on n; for n = 1
cf. Lemma 3 in Section 1 (choosing (X,B,u) = ([0,1]1,[0,1]1 N B,1), A = Lebesgue

measure, and C := {[0,t]: O £ t < 1} there),

LEMMA 26. Suppose that Fni(t) = t for all t € [0,1]; let q € QQ and
s = 6*(q), 0<68 s 1/2, be as in the definition of QQ.

*
Then, for any n EN, each € > 0, and any § £ § , one has

W_(t) - &
(i) P( sup | €3 | >e) e -8 q “(u)du, and
tefo,6] ¢ 0
W_(t) 9 1 5
(ii) P( sup | _Effj | >e)se -8 [ q “(u)du.
te[1-8,1]1 ¢ 1-§

Proof. ad (i): let n € N be arbitrary but fixed and for each k € N and
iefo,...,25) let

s k
tki = 1.68/2°,

Then, due to the path properties of Wn/q (cf. Lemma 24), it suffices to show
that for each € > 0 and any k € N one has

wn(tki) ) 8 -2
(+) P( sup | ) | >e) e -8 q “(u)du,
g0k Al 0

For later use note that

(++) 1(1-1t -2 < 4 for each k and i.

ki)
ad (+): let € > 0 and k €N be arbitrary but fixed.
Since, by Lemma 25, for any fixed n EN

Wn(t)

( 1-t

)

0<t<1 is a martingale, we can apply Chow's inequality (cf. Gaenssler-

Stute (1977), (6.6.2)) on the submartingale

Wn(t) 2
(( = ) )OSt<l to obtain
W o(t .) -7 Wo(t ) 5 9
e? P( max l-l%—Kijl >e) s e P(max [q (£, ;)¢ 127¥Ei— )71 > €%)
1sisok A (++) 1512k ki
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_ Wt ) 2 Wt ) Wo(t )
s a7l BN ¢ 3 g A ) B )7 - (el Y
k1 i=2 ki k,i-1
2 102 2 -1 2 2
Now, since E(W (t)) = L [F.(t) -F.(8)] =n " Zcl.(t-1t7)
n +_4 N1 ni ni P nil
i=1 i=1
= t(l1-t) s t, we get by the second inequality in (++)
(66)
W (t ) toq - -
) E(( —E—¥EE— )2) <4 q—2(tkl)tkl < 4 qu 2(u)du Su Iaq 2(u)du;
k1 (i) 0 0
q
on the other hand
k
2 Wo(t, .) (t )
I q ) B(C 2 )7 - (2N
i=2 ki k,i-1
k k
2 t, . t 2
-2 ki k,i-1 -2
= L oq (t ) [ 5= - ] < b I oq (0t . -t . )
i=2 MG 1T (ef(4)) im2 ik Thodnd

sy g8 q-2(u)du <y Is a %(u)du.
0

Y1
So, in summary we have
w (t
P( max kl k ) l >e)se 2.8 IG q 2(u)du
112 0

which proves (+).

ad (ii): by symmetry this follows in the same way. O

LEMMA 27. For any q € QQ we have P(Bo/q € C) = 1, where B® denotes the

Brownian bridge and C is the space of all continuous functions on [0,1].

Proof., We have to show that BO/q is PP-a.s. continuous at O (and also at 1 which
is shown similarly). For this, according to Lemma 19, it suffices to show that

for some constants a > 1, b > 0 and some continuous function F: [0,1] + R

(+) E(|B°(t) - E°(s)|b) < |F(t) - F(s)|?
for all 0 £ s £ t £ 1, where (using again the convention % := 0)
5° B (t) (6 ) 4
BE(E) := =y 1pg,6%(8) + (t), t € [0,1]

a(s®) RCRY
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(6% = 6¥(q) as in the definition of Q).
ad (+): since, for any 0 £ s £t £ 1, B°(t) - B®(s) is normally distributed

with mean zero and variance (t - s)(1 -~ (t - s)), we have

o o 4 2 2
(B (t)u— B(s)) y.3t-5s) ﬁl - (t - s)) Lossstsi.
q (t) q (t)

(a) E(

On the other hand, for any 0 < s £ t < 6*, we have

Oy _1 1oy 1 1 g% o2 2
E((B (s)) [ ©® 0 1D =1 ORI 1" 3s7°(1-59)7,
where
2 11 yo_ s _als) |4
[ q(s) q(t) =l q(s) a q(t) )1
Yt Vs . Yt L.
< [ a%$j~(1 - ?? )1 (since qft) + on [0,6*] by (11q))
= [ '/—.(-t')/s—]l1L _(tz_ S ), whence
1 q (t)
2 2
®) BN =i - A1t g T8 Uos) o5 g s 6t
a(s) q(t) qu(t) B

Now, it follows from (a) and (b) that for 0 < s £ t < 8

B(t) _ B%s) 4, _ B°(t) - B%s) . .0 1 1 g b
Bl ~ qe | TR tB om0
s (8%t) - B Oyyir 1 1 4
s 2'[ BC q&(t) ) +E((B (s))'[ ETET ) 191
< M 3(t-5)2(1-(t-5))° + 3(t-8)2(1-5)° ]
qu(t)
st At - sn? s wE ST g P (waw?,

(i) s
q
. - wE t -2 . _ _ .
Thus, taking F(t) := 46 J q “(u)du, we get (+) (with b = 4, a = 2) for all
0

O<ssts=s1.

*
It remains to consider the case s = O and O < t £ & ; but, by (a),

s3q Mot s (3 g Pwaw?

) <
at) (i) 0
q

< F(t) = |F(t) - F(O)IQ. This proves (+). O
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Proof of Theorem 20. In the setting of Theorem 18 and its preceding remarks

(67) we have in the present situation (where Fni(t) = t for all t € [0,1]) that
(cf. (66))

vn(t) =t (=: G(t)) for all t € [0,1]

and Kn(s,t) = K(s,t) = sAt - st = cov (8°(s), BO(t)).

Therefore, by Theorem 18 (iii), we have

.

(a) Wn —58° in (D,p).

Furthermore, by Lemma 24 and Lemma 27, for any q € QQ we have

(b) P(d /q €D) = 1 for all n €N and P(8°%/q €C) = 1.

We are thus in a situation where our general remarks on weak convergence of
random elements in D = D[0,1] w.r.t. pq—metrics can be applied.

So, by Lemma 23, it remains to show

(c) W /q =>8°%/q in (D,0).

ad (c): let q, ¢ 1 and for m 21 let

- 1
9, a1, 4 tax)1 Lo tql-2)1

1 .
(aal“'ﬂ) [Oaa] [l-asl]

Since q, is continuous and q, > 0 on [0,1]

L

b o .
(d) Wn/qm ——> B /qm in (D,p) as n > =,
Now, according to (28), (c) holds if we show that

lim E(£(W_/q)) = E(£f(8°/q)) for all f € UE(D,p).

>
But, again by (28) and (d), we have for each m that

lim E(£f(W_/q)) = ]E(f(Bo/qm)) for all £ € UE(D,Q);

n->xe
furthermore, by Lebesgue's theorem

lim ]E(f(Bo/q_m)) = E(£(8°/q)) for all f € UE(D,p),

m—>co

since, by Lemma 27, P(B°/q € C) = 1 and therefore lim p(Bo/q_m, 8°/q) = 0
m>e°
P-a.s.
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Thus, given any f € Ui(D,p), choosing for each m € N

km > km—l (with ko := 0) such that

1
E(E£( /q ) - ]E(f(Bo/qm))l s = fornzk,

and putting for each n €N in :=m if n € {km""’k -1}, we obtain

m+l

lim E(£(W /q, )) = E(£(8°/q)).
n->e n 1n

So, it remains to show

(e) lim |E(£(W_/q. )) - E(£(W_/q))| = 0,
n 1 n
n-e n

For this, let € > O be arbitrary and § = 6(e) > O be such that p(x,y) £ §

implies |f(x) - f(y)| s €. (Note also that [/£f]| sup |£(x)]| < =.)

x€D

Then for n sufficiently large (i.e. such that i;l < 8%

IJE(f(Wn/qin)) - E(£(W_/Q))]| s E(lf(wn/qin) - f(wn/qm

Se+ 2||f]| P(o(W_/q; » W /q) > §)

n
Wn(t)' L ()
S e+ 2 ”f“ 4 [IP( Supl lm—y > §/2) + IP( SUE I—q—(gl > 6/2)]:
te[0,5 te[1-% ,11]
i i
n n
whence it follows from Lemma 26 that
]E(f(wn/qin)) - E(f(Wn/q))l
1 1
‘ -2 A1 -2 -2
set 2|Ff]|-[(6/2) 7-8(J7n g “(u)du + [ q “(u)du)l,
0 1
1-=
i
n

and therefore, by (iiiq),

1lim sup lm(f(wn/qi)) - E(£(W /)| S €.

n->e n

Since € > 0 was arbitrary, this proves (e) and therefore (c) is shown. 0O

(73) REMARKS. (a) W. Schneemeier (1982) has given an example showing that
Theorem 19 fails to hold if the uniform boundedness condition (70) on the

scores 1is replaced by the condition
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2
°ni
max —— >0 as n > @
1<isn
which was imposed in Theorem 18. Thus, the assumption in Theorem 20 of Eni
being uniformly distributed on [0,1] cannot be weakened to the assumption that
_l n
for every n EN n I F .(t) =t for all t € [0,1] (cf. (69)) without
i=1 ™
strengthening the condition on the scores.
(b) As to the Lb-statements in Theorem 18 and Theorem 19 it is possible by
making use of Theorem 11 a) (or Theorem 11%) to modify the given proofs such

that they operate totally within our theory of Lb-convergence.

Note, for example, that along the same lines as in the proof of Proposi-
tion B2 together with an application of Theorem 11% one obtains (within the
theory of Lb-convergence) that any sequence (En)nE:lN of random elements in
(D,Bb(D,p)) which satisfies the following two conditions

(1) lim 1lim sup P(w_ (8) > e) = 0 for each € > 0
§+0 n>e En

and

(ii) lim 1im sup P(|& || > M) = 0
M- n>e n

is relatively Lb~sequentially compact and such that for any limiting random

element Eo one has L{Eo}(C) = 1.

Further results in this direction will be contained in a forthcoming paper

by P. Gaenssler, E. Haeusler and W. Schneemeier (1983),

CONCLUDING REMARKS ON FURTHER RESULTS FOR EMPIRICAL PROCESSES INDEXED BY

CLASSES OF SETS OR CLASSES OF FUNCTIONS:

(a) FUNCTIONAL LAWS OF THE ITERATED LOGARITHM

(cf. Gaenssler-Stute (1979), Section 1.3, concerning results for the
uniform empirical process an).

One of the main theorems in Kuelbs and Dudley (1980) states that for any
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p-space (X,B,u) the following holds true:

(74) If (Ml) is satisfied for a class CCB and u, and if C is a u-Donsker
class, then C is a STRASSEN LOG.LOG CLASS for u, i.e., with probability
one the set

B (C)
{« L

—_— ) :nzn} is relatively compact
(Zloglogn)l/2 cec °

(vw.r.t. the supremum metric p in DO(C,u)) with limit set

BC := {@: C» [ fdu, C € C; £ € B}, where
C
_ 2 _ .2
B := {f € L"(X,B,u): [ fdu = 0 and [|f]|"du = 1}.
X X
(Note that B, C wP(c,a ) cp (Com.)
u o

Now, as pointed out in Gaenssler (1983), since for (X,B,u) = CRk,Bk,p), k21,
the class C = Jk of all lower left orthants satisfies (Ml) and is a p-Donsker
class for any u by (58), one obtains by (74) the results of Finkelstein (1971)
and Richter (1974), namely

(75) Jk is a Strassen log log class for every p-measure u on Bk’ k21,

That the same holds true for C = Bk (the class of all closed Euclidean balls
inZRk, k 2 1) is a consequence of our remarks preceding Theorem D and of

Corollary 2.4 in Kuelbs and Dudley (1980) according to which one has

(76) 1If (Ml) is satisfied for u and a Vapnik-Chervonenkis class C, then C is

a Strassen log log class for u.

(b) DONSKER CLASSES OF FUNCTIONS.

Let o be the uniform empirical process (cf, the end of Section 3) and let
q be some weight function considered above in connection with weak convergence

of random elements in D = D[0,1] w.r.t. pq—metrics. For any q € QQ we know

from Theorem 20 (with i = 1) that

or, equivalently by Lemma 23, that
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L
(77) an/q-JL>B°/q (in (D,p)).

Now, from a different point of view, taking for each t € [0,1] the functions

£, [0,1] » R defined by

£,.(s) i= ot 1 (s), s € [0,1]1,

(o,t]
un/q can be considered as an empirical process indexed by a class of functions;
in fact, let

(Fo t= {ft: t € [,0’11}’

then for each t € [0,1]

1
an(t)/q(t) = é ft(S) dan(s) =: an(ft).

Also the limiting process in (77) can be viewed as a mean-zero Gaussian
process Gu (¢ being here Lebesgue measure on X = [0,1]) indexed by fo’ i.e,,

Gu = (Gu(f))fedz;WIth covariance structure

_ 1
(78) COV(Gu(ft ), Gu(ft )) = f ft f

1 1
L £ Qv - i £, du -J £ dus

2 0 1 2 0 1 0 2

note that cov(q_l(tl) Bo(tl), qvl(tz) BO(tQ))

o1 1 1
- tlt21 = J £ o f du- T £ du ) £, du,

-1 -1
= q "(t;)q (t2)[t1/\t
0 12 0 1 0 2

2

Hence (77) is equivalent to
(79) (3 () e in;u = (6,(Dpeg
This leads to the problem of generalizing Dudley's central limit theory from
empirical C-processes to the case of

EMPIRICAL #-PROCESSES 8 = (B (£)), cF’
defined by

1/

B (5) := 0% (u (£) - w(£)), £ EF,

where ¥ is a given class of measurable functions defined on an arbitrary sample
space (X,B,u), and where

u (f) := [ fdu , w(f) := [ fdu, £ €F,
n n
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My being the empirical measure based on i.i.d. Ei's with values in X and

distribution u on B,

For uniformly bounded classes of functions such an extension is more or
less straightforward, but this does of course not meet the special case men-
tioned before (note that q—l is approaching « at the endpoints of [0,1]).
For possibly unbounded classes # the present knowledge is by recent work of
R.M. Dudley (198la), R.M. Dudley (1981b) and D. Pollard (198la) as follows:

let (X,B,u) be an arbitrary p-space and B = (Bn(f)) be an empirical #-

feF
process with F C L2(X,B,u). It turns out that there are proper extensions of
the spaces So = Ub(C,du) and S = DO(C,u) considered at the beginning of Section
4 (corresponding to the special situation & = lC 1= {1c: C € C}) to the present
case with du on C being replaced by

2

- e 02, 41/
e (£1,5,) := ()I((fl £,)°a07 7, £,£, €F,

/2, £

_ _ _ _ 2 1
(or better pp(fl’f2) = ()J;(fl f2 )f((fl f2)du) du) l,f2 €f),

leading to certain spaces So = So(f,eu) and S = S(#,u) of functions ¢: F -+ R
which can be chosen in such a way that under certain conditions on & SOQF,eu)
becomes a separable subspace of (S(f,u),p) and such that (Bn(f))feﬂ:has all

its sample paths in S(f,p); here as before p denotes the supremum metric, i.e.,

0(0,,0,) := ?éic lo,(£) - 0 (£)] for ¢ ,0, € S(F,u).

Now, again under certain measurability assumptions (like (M) or (MO) im-
posed in the case of empirical C-processes) the setting of a functional limit
theorem for empirical ¥-processes B = (Bn(f))f'ei: in the sense of Lb-conver—
gence for random elements in (S(f,u), Bb(SGF,u),p)) applies, i.e.,one can

speak of

(80) B —> & , where & = (G (f)) is a mean-zero Gaussian process with
n n u u f e¢f
covariance structure (cf. (78))

COV(Gu(fl)’ Gu(f2)) = i flf2du - i fldu -; f2du.
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If (80) holds true, # is called a u-DONSKER CLASS OF FUNCTIONS,

Generalizing Theorem A from classes
main result of R.M, Dudley (198la) is:
(81) Suppose (Mo) (which means here that

the measure-theoretic completion of

(s(F,u), B, (S@&,u),p))) and suppose
for some p > 2; assume further that
M<

(EQ) NI(e,f,u) < exp (M e ') for e small

Then ¥ is a u-Donsker class.

In this connection, NI(eJF,u), a natural
as the smallest m € N such that for some
in ¥), for every f € # there exist j,k =

x € X and such that [ (f, - £.)du < €.
x < 3

Note that for ¥ = 1

(82)

In fact, as to the first inequality, suppose that n := NI(e,C,u) < ®y

there exist Al”'

A, €CCCA. and u(A.\A.) < e. Take f, := 1
i j joi i

fi € L2(X,B,u) so that for every f = lC

of sets to classes of functions the

B xN S S@,u) is measurable from
&M, By, x W) to

N
that F := sup{|f|: £ €F} € LP(x,B,u)

for vy with 0 <y < 1 - 2/p and some

enough.

extension of NI(E,C,u), is defined

fl""’fm € L2(X,B,u) (not necessarily

m with fj(x) < f(x) s fk(X) for all

with C C B one has for any u

NI(e,lc,u) < NI(e,C,u) <2 NI(e,lC,u).

then

A € B such that for every C € C there exist i,j with

AL i=1,.,.,n, to obtain
i

f. s f

< f.
1 J

and I(fj - fi)du

= u(Aj‘\Ai) < g. To verify the second inequality, let m := NI(e,lc,u) NH

then there exist fl,...,fm S L2(X,B,u) such that for every f = lC € lC there

<
c fk

all sets of the form {fi > 0} and {fi 2

exist j,k £ m with fj £1

every C € C there exist Jj,k €

{£

fact, Aj = {fj > 0} and A := {f 2

(83) (R.M. Dudley (198la)): as p > « the

and f(fk - fj)du < g. Taking as A

1}, i=1,..

A

JEERRELY

.,m, we obtain that for

C s i
2m such that Aj cc Ak and u(Ak'\Aj) < €3 in

2 1} serves for this.

condition on y in (81) approaches

Yy < 1; ifF is a collection of indicator functions of sets, i,e.,
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F

1o for some C C B, then (B2) does imply (El) for C (cf, (82)). For

Y = 1 it appears that (81) fails, specifically it fails when & is the
collection of indicator functions of convex sets in R? and u is Lebesgue

measure on the unit cube (cf. (63) and its consequences).

Now, if one would try to infer (79) from (81), there is the problem of
verifying (E2); on the other hand the condition on the envelope function F im-
posed in (81) is rather restrictive since this forces q_l to be in LP(X,B,u)
for some p > 2 (cf. instead the condition (iiiq) imposed in the definition of

QQ). But, from another point of view, the class

Fo = {q—l(t) 1[0 ] t € [0,1]} considered in (79) is of the following
2
special form:
- . ; = g1 .= als) -
Eo = {fo g t € [0,1]} with f,=4q " and gt(s) =900 l[O,t](S)’ s€x=[0,1],

where %%%% +>0 as s > 0.

Thus, restricting our attention at this place to weight functions q for
which q_l is continuous, monotone decreasing on (0,1/2), symmetric around
s = 1/2 and such that q—l(s) 26 >0 for all s € [0,1], then there exists some

M < » such that for each t € [0,1] sup lgt(s)l < M and such that
s€[0,1]

{g;l((a,b]): a < b} forms a Vapnik-Chervonenkis class,

since for each a < b g;l((a,bl) consists of one or at most two disjoint

intervals (c,d] in [0,1] (cf. FIGURE 5),

Thus, the following result of R.M. Dudley (1981b) gives another way to
obtain (79) (for proper weight functions q):
(84) Suppose ¥ = {fo-g: g €9} where for some constant M<® and some (suitably
measurable) Vapnik-Chervonenkis class C
a) 9= {g: X~ [-M,M], g_l((a,b]) € C Va <b} and
b) f0213, f0 is measurable and u({fo?>t}) =e(t_2(log t)—B) as trw
for some B >Uu,

then # is a uy-Donsker class.
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FIGURE 5

Note that b), even for B > 1, implies f0 € L2(X,B,u). Conversely, the condition

on u({fo > t}) is implied by fo S LP(X,B,u) for some p > 2.

Note also that by taking fo = 1 one obtains Theorem D as a corollary of (84).
In this context the following result of D, Pollard (198la) extends a special
case of (84) to the case where only fo € LQ(X,B,u) is assumed:
(85) If £ € L2(X,B,u) and if C is a Vapnik-Chervonenkis class of sets,

then (for a separable version of Bn = (Bn(f))féif)’ F := {fo- 1C: c € C}

is a p-Donsker class.

(c) STRONG APPROXIMATIONS (cf. Gaenssler-Stute (1979), Section 3,

concerning results for the uniform empirical process an).
In a recent paper by R.M. Dudley and W. Philipp (1983) almost sure and
probability invariance principles are established for sums of independent not

necessarily (Borel-)measurable random elements with values in a not necessarily
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separable Banach space like the closure of DO(C,u) in (lm(C),p) fitting readi-
ly into the theory of empirical C-processes BnE (Bn(C))Cec being now viewed as

partial sum processes

n
= nvl/2 L.

j=1 %
with ¢, = (ci(c))Cec defined by Ci(C) = 1C(£i) - u(C)

(for a given sequence (Ei)ie of random elements in (X,B) with distribution u

N
on B) having its values in DO(C,u).

In an analogous way the same viewpoint applies for empirical #F-processes.

This approach of getting strong resp. weak invariance principles has the
advantage that one can bypass most of the problems of measurability and topo-

logical characteristics which occurred in our theory of L. -convergence where

b
it was essential to choose proper sample spaces S and So for the processes

Bn and Gu, respectively, together with suitable g-algebras in S and SO on which

the laws of Bn and Gu could be defined.

On the other hand, we think that the availability of the presented theory
of weak convergence of empirical processes is at the least necessary to support
Dudley's and Philipp's claim that strong approximation results are strengthened

versions of functional central limit theorems.





