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UNLINKING THEOREM FOR SYMMETRIC CONVEX FUNCTIONSt

By S. K. BEANDARI AND S. DAsGuprTA

Indian Statistical Institute, Calcutta, India

In this paper the authors have proved the following result: Suppose U and
V are two centrally symmetric convex functions of X, when X is an 7 X 1 random
vector distributed as N(O, In) such that Cov( U(X), V(X)) = 0. Then, under
certain conditions, there exists an orthogonal transformation Y = L X such that
U and V can be expressed as functions of two different sets of components of
Y. This provides a partial answer to Linnik’s question on unlinking two given

functions of X.

1. Introduction. Kagan et al. [1] have considered the following
problem. let X be an n X 1 random vector distributed as N(0,I,). Suppose
P(X) and Q(X) are two independently distributed polynomial functions. Is
it possible to find an orthogonal transformation ¥ = LX such that P and @
could be expressed as functions of different sets of components of Y7 If the
answer to this question is in the affirmative, then the functions P and @ are
said to be unlinked. Partial answers to this question are given in Chapter II
of [1].

We have shown in this paper that two statistics U(X) and V(X) could
be unlinked when both U and V are centrally symmetric convex functions
and Cov(U(X),V(X)) = 0 under certain conditions on U and V. Our result
depends on the validity of a probability inequality given in lemma 3.

2. Preliminary Results.

LEMMA 1. Let g be a convex function on IR to IR. Suppose there exists
A1, Az in IR such that g(A1) # g(A2) . Then at least one of the following holds.

(a) There exists Ay such that g(u) < g(v) for Ao < u < v and g(A) — oo
as A — oo.

(b) There exists Ag such that g(u) < g(v) for v < u < Ag and g(A) — +oo
as A — —oo.

1 Research supported by Australian Research Council Grant A6 8931380
AMS 1980 Subject Classifications: Primary 62H10, Secondary 52A20.
Key words and phrases: Convex symmetric functions and Linnik’s unlinking propo-

sition.



138 UNLINKING THEOREM FOR SYMMETRIC CONVEX

PROOF.  Suppose A; < A2 and g(A1) < g(A2). Define h(X) = g(}) —
g(A1). Then for Ay < A

A= Ay —
h(Ag) < 2h(M) + 22
X — )\

_/\2—-)\1
=3 n h(X).

A
h(A
Yoy MY

Thus
A=\

Az — A1
The above shows that h()), as well as g(A), strictly increases on (A, 00) and

tends to co as A — co. Now take Ao > Ay to satisfy (a).
If (A1) > g(A2), then the above method of proof yields (b).

h(X) 2 h(A2) > h(As)-

COROLLARY 1.1. Let g be a convex function on IR to IR. If g is
bounded above, then g must be a constant function.

COROLLARY 1.2. Let U be a convex function on IR™ to IR. Suppose
that for some fixed vector a € IR",U() - o) is a constant function of A. Then
for any fixed vector b € IR™,U(b+ Ae) is a constant function of A.

PROOF. Note that
1 1
U(b+ Aa) < §U(2b) + §U(2/\a).
Thus g(A) = U(b+ Aa) is bounded above. Now Corollary 1.1 yields the result.

LEMMA 2. Let U be a convex function on IR™ — IR with U(0) = 0.
Let
Su ={a:U(Aa) =0 for all A € IR}.

Then Sy is a vector subspace of IR™.
PROOF. Suppose a;,as are in Sy. For ¢1,¢; in IR,
U(crog + c2a2) = U(er1) =0
by Corollary 1.2. Thus ¢y + caas is in Sy.

LEMMA 3. Let X be an r X 1 random vector distributed as N (0, [,.).
Let A and B be centrally symmetric (i.e., A = —A, B = —B) convex sets in
IR". Then, for r < 2,

P[X € ANB] > P[X € A],P[X € B].
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The above lemma is trivially true for » = 1. Pitt has proved it when r = 2
(Theorem 2 in [3]).

3. The Main Result. Suppose U and V are two convex functions on
IR™ — IR such that U(0) = V(0) = 0. Define Sy and Sy as in Lemma 2.

DEFINITION. U and V are said to be concordant of order r, if
dim(Sz) — dim(S¢ N Sy) = r.
Note that this definition is symmetric in U and V, since
r =dim(Sg) — dim(Sg N Sv')
=n — dim(Sy) — n + dim(Sy + Si)
=dim(Sy + Si) — dim(Sy)
=dim(S5) — dim(Sy N S§).

We now state the main result.

THEOREM. Let X beannx1 random vector distributed as N(0, I,). Let
U and V be two centrally symmetric (i.e., U(X) = U(-X),V(X) =V (-X))
convex functions of X such that Cov(U(X),V(X)) = 0. Furthermore, assume
that U(0) = 0 = V(0), and U and V are concordant of order r < 2. Then
there exists an orthogonal transformation Y = LX such that U and V can be
expressed as functions of two different sets of components of Y .

PROOF. Let {Oll, Tt ar+t}a {ar+l7 tee ’ar+t}7 {ala Tt ar+t+m}7 and
{a1,- -+ ,an} be orthonormal bases of Sir, Siz N Sv, Sir + S, and IR™, respec-
tively. We shall show that Cov(U(X),V(X)) > 0 if r # 0; otherwise U(X)
and V(X) could be unlinked. Note that ¥;’s defined by X = > 7 Y;e; are i.i.d.
as N(0,1). By Corollary 1.2,

U(X)=U (2": Y,-a,-) = (ZYa, + ifYa,) (3.1)
1

41
n r+t4+m
V(X)=V <ZY,-a,~) = (ZYa,+ > Ya,>. (3.2)
1 r4t+1

If » = 0, we are done. In the following we shall assume r > 0. Let y* =
(yla Tty yr),- Define

r4+t
U(y") =E ( <Z yic + ZYa,>) : (3.3)

r+1

r+t+m
V*(y) =E( (Zy,aﬁ > Ym)), (3.4)

r+t+1
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Note that both U* and V* are centrally symmetric convex functions of y*.
Since U (A Y] yie;) is not identically 0 as a function of A, U (A 327 yicvi +
Z:ii y,-ai) is a non-constant function of A (use Corollary 1.2). By Lemma 1

T r+t T r+t
U ()\Zyiai + Eyiai) +U (—A Zyiai + Zyiai) (3.5)
1 r+1 1 r+1

tends to co as A — oo. Taking the expectation of (3.5) with respect to
Yr41, ++ ,Yr4: and using Egoroff’s theorem [2], we get

U*(Ay*) — o0 as A — oo. (3.6)

Similarly
V*(Ay*) — 00 as A — 0. (3.7)

Note that

Cov(U(X), V(X)) =EU(X)V(X) - E[U(X)|E[V(X)]
—EU*(Y*)V*(Y*) - E[U*(Y")E[V*(Y"))

= /0 /0 [P(Ag, N Bg,) — P(Ag,)P(Bg,)]dk: dks

_ /0 - /0 CIP(Ag, 0 By,) — P(Ag, )P(By,)]dk:dks

(3.8)

where
Akl :{y* : U*(y*) < kl}) (39)
B, ={y* : V*(y*) < k2 }. (3.10)

From (3.6),(3.7) and Lemma 1 we can assert that there exist k;, ks sufficiently
large, such that
A, C Bkz,P(Bf:Q) >0, P(Ag,) > 0. (3.11)

Now Lemma 3 and (3.11) yield
Cov(U(X),V(X)) >0, (3.12)

since there would exist a set of values of ki, k; with positive Lebesgue measure
for which the integrand in (3.8) is strictly positive. Since (3.12) contradicts
the assumption we must have r = 0.

NOTE 1. In the above theorem we have assumed that U(0) = V(0) = 0.
In general, U(X) > U(0) and V(X) > V(0). So the above assumption can be
made without any loss of generality.
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NOTE 2. The above theorem also holds for any r > 2, provided Lemma
3 holds for that r. There will be no change in the proof for general r. However,
it is not known whether Lemma 3 holds for » > 2. It may be noted that the
theorem is always true when n = 2.
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