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Abstract

Consider a regression model for discrete-time stochastic processes,
with a (partially specified) model for the conditional distribution of the
response given the covariate and the past observations. Suppose we also
have some knowledge about how the parameter of interest affects the
conditional distribution of the covariate given the past. We assume that
these two model assumptions give rise to two martingale estimating
functions, and determine an optimal combination. We indicate for the
case of jump processes how our result carries over to continuous time.
The resulting estimators are efficient.

1 Introduction

Suppose we know something about how the parameter of interest in a regres-
sion model appears both in the conditional distribution of the response given
the covariate, and in the distribution of the covariate. How can we exploit
this knowledge? Let us illustrate our approach in the case of independent
and identically distributed observations (Xj;,Y;), with X; the covariate and
Y; the response. In a regression model one usually specifies the conditional
distribution of Y given X, either fully, by a parametric model, or partially.
An example of a partial specification is a model for the conditional mean of Y’
given X, say E(Y|X) = 9X. More generally, we specify a function gy(X,Y’)
such that E(g4(X,Y)|X) = 0. In the example, gy(X,Y) =Y —9X. We
assume a similar partial specification of the distribution of the covariate X,
say Eg,9(X) = 0. The two functions gy and g.y give rise to two estimating
equations

n n
Z—g_ﬂ(XhY't) = Oa Zg*ﬂ(Xi) =0.
i=1 i=1
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By the usual Taylor expansion argument, their solutions ¥ = J,, are asymp-
totically normal with variances I~! and I}, respectively, where

B2 (Bdy)
Eg? ’ Eg?

Since 4(X;, Y;) and g.9(X;) are uncorrelated, the combined estimating equa-
tion

2 (wgs (X, Vi) + wiguo(X;)) = 0
leads to an estimator with asymptotic variance

w’Eg5 + wiEg
(wEgy + w,Eg),)?

Applying the Schwarz inequality to the denominator, one sees that this vari-
ance is minimized for

,wopt — % wopt — Eg_’n?

Egi’ " Egk
The minimal asymptotic variance is (I + I,)~!. The weights w°P* and w$P*
depend on ¥ and, in general, also on other features of the distribution of
(X,Y). In the estimating function, they must be replaced by estimators w3P*
and B, say by using empirical estimators for the distributions involved.

This does not change the asymptotic variance (I + I,)~!.

Can we do better than using the combined estimating equation? Note

that we can multiply G4(X,Y) by a function @W(X) of X and still have
conditional expectation zero,

E(@(X)gy(X, Y)IX) = 0.
This leads to new estimating equations

> (@(Xi)Fg(Xi, Yi) + wigeo (Xi)) = 0 (1.1)
with asymptotic variance (Iz + I,) ™!, where

- Ewg)? _ (E@(X)E@gy(X,Y)|X))®
" Ew'g;  E@(X)’E(g(X,Y)*|X))

Applying again the Schwarz inequality, one sees that [ is maximized by

e o E@XY)X)
D) = By (X, VPR

The weight again depends on ¥ and, in general, also on other features of
the distribution of (X,Y’) and must be estimated, say by using appropriate
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nonParametric estimators for the conditional expectations involved. With
ﬁﬁp (X) denoting such an estimator, we arrive at the estimating equation

> (B0 (Xa)ga (Xi, Vi) + B35 gup (X)) = 0. (12)

The asymptotic variance of the estimator corresponding to this equation is
(T+ 1,)7! with
7 _ pBE(X, V)| X))’
I=E—= 3 .
E(g5(X,Y)?|X)

By the Schwarz inequality (2.10) below, I is strictly larger than I unless
both conditional expectations do not depend on X.

For the example given above, gy(X,Y) = Y —9X, we have E(g}(X,Y)|X)
= —X and E(gy3(X,Y)?X) = E((Y — 9X)2|X), the conditional variance of
Y given X.

The estimating equation (1.2) is not only optimal among estimating equa-
tions (1.1) but even efficient among all (regular) estimators as long as we
do not impose additional restrictions on the distribution of (X,Y’) which in-
volve 9. Let us give a sketch of the argument, referring to Bickel, Klaassen,
Ritov and Wellner (1993) for an account of the concepts involved.

The model is described by all distributions p(dz, dy) = p.(dz)p(z, dy) of
(X,Y) such that

[7@.d9)3s@9) =E@s(@V)le) = 0 foralls,  (13)
[ p(d2)gu0(2) =Bgeo = 0 (19)
if 9 is true. Introduce a local model by perturbing p and p. as p(z,dy)(1 +

n~Y/2uh(z,y)) and p.(dz)(1 + n~/2uh,(z)) such that the two conditions
(1.3) and (1.4) hold (approximately) with 9 replaced by ¥ + n=1/2u:

/ﬁ(m,dy) (1 + n"1/2u71_(x,y)) Toin-1/24(z,y) = 0 forallz,
[ pe(d) (1457 2uhe (@) g, gyeiina(a) = 0.
Then h and h, must fulfill

[ #@.dy) (Bo,v)ga(o,0) +5@p)) = 0 foralls,  (15)

[ p+(d0) (he(@)gu0(2) + guoe)) = 0. (16)
The perturbed p is approximately

p(dz, dy) (1 +n 2y (ﬁ(m,y) + h*(a:))) .
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This means that the tangent space in the sense of Bickel et al. (1993, p.
50, Definition 2) consists of the functions u(h + h,) with k and h, fulfilling
(1.5) and (1.6). We view the parameter ¥ as a function of p and determine
its canonical gradient in the sense of Bickel et al. (1993, p. 58). This is a
function # in the tangent space such that

129 +n?y —9) =u=uEp(h + hy) for all k, h, fulfilling (1.5), (1.6).

According to Bickel et al. (1993, p. 63, Theorem 2B, and p. 65, Theorem
1A), an estimator 9, is regular and efficient if and only if

2, —9) =n 1/22 (X;,Y;) +op(1). (L.7)

In particular, a lower bound for the asymptotic variance of regular estimators
of 9 is Ev2.

Since the tangent space is generated by the affine space of functions
h + h. with h and h, fulfilling (1.5) and (1.6), we can write the canonical
gradient as v = (E(3+ 3,,)2)_1 (8 + s«), where 5 + s, is the optimal score
function, minimizing E(h+ h,)? over all & and h, fulfilling (1.5) and (1.6). In
particular, the lower bound for the asymptotic variance of regular estimators
can be written 1/E(3 + s.)2. The function 5 + s, is characterized by

EG + s.)(h + hy) = E(5+s,)?  for all h, h, fulfilling (1.5), (1.6).
Since h and h, are orthogonal, this is equivalent to
Esh = Es® for all A fulfilling (1.5), Es,h, =Es? for all h, fulfilling (1.6).

One easily checks that the solution is

5(z,y) = —0P(2)gs(2,y), s:(z) = —wiP'gug(z).

By the usual Taylor series argument, the solution ¥ = J, of the optimal
estimating equation (1.2) is seen to fulfill

n'2(d, — 9) = (B(5 +5.) ) -1/22 (3(X;, Yi) + s(X:)) + op(1).

By the characterization (1.7), this means that this estimator is efficient.

In Sections 2 and 3 we show how the calculation of the optimal estimating
function carries over to ergodic discrete-time stochastic processes and jump
processes, respectively. Efficiency also carries over, but we will not give
the details. All results extend immediately to vectors ¥ and vector-valued
functions gy and g.9. We do not give precise regularity conditions for our
results.



PARTIAL LIKELIHOOD 23

2 Discrete-time stochastic processes

Suppose we observe a stochastic process (X;,Y;) at times s = 1,...,n. The
law of the process is determined by the conditional distributions p;(dz, dy)
of (X;,Y;) given the past observations. Here and in the following, we suppress
the dependence of p; and similar objects on the past, (X1, Y1),..., (Xi-1,Yi—1).
As in the i.i.d. case considered in Section 1, we describe a regression model
by (partial) specifications of (1) the conditional distribution of the response
given the present value of the covariate and now also the past observations,
and of (2) the conditional distribution of the covariate, now also given the
past. We factor p; into marginal and conditional,

pi(dil:, dy) = p*z(dm)ﬁz ("D’ dy)a (21)

and specify two functions g;y(z,y) and g.is(z), possibly depending on the
past, such that

E’gi =/@(-’D,dy)§w($,y) = 0 forall z,

Esigsin = / Dvi(dz)guin(z) = 0.

They give rise to estimating equations

Zgw Xi,Yi) = Zy*w

=1

How can we combine them in an optimal way? Our result holds for geomet-
rically ergodic processes and under appropriate smoothness and moment
conditions which can be seen from the sketch of the proof.

Result 1. From estimating equations of the form

n

> (@i(X:)Fi9(Xi, Vi) + waiguin(X:)) = 0, (2:2)
=1

an estimator with minimal asymptotic variance is obtained using weights
which are consistent estimators of

— +Xi =X
wi(X:) = E; Gia/Ei T (2.3)
Wi = Buigli/Buiglio- (2.4)
The estimator is asymptotically normal. Its asymptotic variance is the limit
of
-1
(Bia) & (Bidl)
] g*u?
E.i-— + Z x5 . (2.5)
Z ’ Xl_z E g*zﬂ

1, gw i=1
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Sketch of proof. To simplify the notation, we introduce w = (W, w) and
g9 = (gg,9+9), and write the estimating equation (2.2) as

D wigio = Y WiGsg + Y Weiguin = 0.
Let 9 be a solution. Under appropriate differentiability conditions, a Taylor
expansion gives
0="> wigyy;~ > wigip + (D —9) ) wigly. (2.6)
Then

) ) 1
n2( —9) ~ —n72Y" wigio/ ~ > wighy (2.7)

Conditionally on the past, the martingale increments w;(X;)g;s(X;,Y:) and
Waigwiv (X;) are orthogonal:

EiW0igiywsigsiv = Wxi / Pxi(dT)guin (7)Wi() / pi(z, dy)gig(z,y) = 0. (2.8)
Introduce an inner product
('U, w) = Z E..v;w; + Z Vi Wsi

with corresponding norm ||w||? = (w,w). Interpret products vw of vectors
componentwise,

vw = (D1W1,- - - , UnWny Vsl Wils - - - 5 VanWin)-

Consider first the numerator in (2.7). With (2.8), the predictable quadratic

variation of 3" w;giy is (w?,v) = ||wv'/?||?, where

_ L2 2
Ti(z) = B Gy, Vs = Buigisy-

Consider now the denominator in (2.7). The compensator of ) w;gj, is
(w, m), where
Mi(z) = E; 99, Mai = EuiGlip-

Since Y- w;gly — (w,m) is a martingale, % (> wigly — (w,m)) is asymptoti-
cally negligible, and we may replace %Z w;igiy by %(w, m). If the process is
ergodic, %(w, m) is asymptotically constant. Hence the predictable quadratic
variation of n/2(—19) is approximately n|lwv/2||2/(w,m)2. By the Schwarz
inequality,

|(w,m)] = |(wo'/?,mo™2)] < [lwo!/?|| mv~ 2], (2.9)
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In other words,

o2 1m0t
w,mPe = o PP~ o, m)?

Hence ||wv'/2||2/(w,m)? is minimized by w = mv~!, and the minimum is

2172 = (LB 4+ 30 )

("

By an appropriate martingale central limit theorem, n'/2(9 — 9) is asymp-
totically normal with variance equal to the limit of n|mv=1/2||=2, and the
assertion follows. O

Efficiency of the estimator based on the optimal estimating equation can
be proved by an approach similar to that outlined in Section 1 for the i.i.d.
case.

If we use predictors to estimate W;(z) and w,;, i.e. estimators involv-
ing only the past observations (X3,Y3),...,(X;-1,Yi—1), then the optimal
estimating function is a martingale.

We may allow weights w;, ws; to depend on ¥. Then the derivative of
Y- wigip in the expansion (2.6) has a second term Y wjg;s. It is asymptoti-
cally negligible since the g;y are martingale increments.

Remark 1. Usually one takes predictable weights to combine two martin-
gale estimating functions; e.g. Heyde (1987). For the estimating functions
> 0:9(Xi,Y;) and Y guin(X;) this would mean using weights w; rather than
w;(X;). Then the best weights would be

W; = Eigiy/EiTo

and ws; as above, and the minimal asymptotic variance would be the limit
of an expression of the form (2.5) with E,; ((Ex*g;,,) /Ff‘gfl,) replaced by

the simpler (E;g’s)?/Eig%. The resulting variance is, in general, larger than
our minimum variance (2.5) because

(Ef)2< (EX £)?
Eg?2 —  EXg2°

This inequality follows from the Schwarz inequality:

(2.10)

2 _ X 2 _ ___EL X 2\1/2 ’
B = BB/ = Bz Es)

E(EXf) EEXg 2__E(Exf)2 Eg?.
EX g2 EX

IA
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Remark 2. The weight w; depends only on p; and g, and w.; depends only
on p; and g,;y. This is due to orthogonality (2.8). Indeed, the weights (2.3)
are optimal for estimating functions of the form ) w;(X;)g;3(X;, Y;), and the
weights (2.4) are optimal for estimating functions of the form 3~ wy;guig(X:).

Remark 3. Suppose we have a parametric model p,4(X;, dy) for the condi-
tional distribution of the response Y; given the present covariate X; and the
past observations. Differentiating under the integral, we obtain

= — ' 5
0= (Ewgw) = BT + EiplisTis,

where

ly(z,y) = 51:19%%%(9)-

Hence, by the Schwarz inequality, (_Ef,ﬁ;‘,)z /Ei43% is maximal for g,y =
Z,5, and the optimal weight (2.3) for g;y = Ly is Wi(X;) = —1.

In particular, the estimating function Zzlw(X,-,Yi) is optimal among
estimating functions Y w;(X;)g;9(Xi,Y;). The optimal estimating function
is the partial score function, i.e., the derivative of the partial likelihood ratio
of Cox (1975),

dl-)iT (Xi, )

dp;s(Xi, )
Hence the optimal estimating function gives the mazimum partial likelihood
estimator. If the observations (X;, Y;) are independent, the partial likelihood
ratio is the conditional likelihood ratio for Yi,...,Y, given the covariates
X1,...,Xn.

Similarly, if there is a parametric model p.;y for the distribution of the
covariate X; given the past, the optimal g.;y is

(Ya).

dp* 3
g*w(z) = O0r=y dp*:; (fl)) = ;w(m)’

and the optimal weight (2.4) is —1.
Moreover, if there is a fully specified parametric model

Pio(dz, dy) = puiv(dz)Diy(z, dy),

then the likelihood ratio can be written

Il e 060 T g0 )
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and the optimal estimating function is the score function ¥ €.4(X;,Y;) with

dp; =
é;,,(:z:, y) = T=ﬂﬁ(w’y) = K1'19(‘7:’?:/) + e::u?(x)
Div
Hence the optimal estimator is the maximum likelihood estimator, and its
asymptotic variance is the limit of

(X By + Y Euill) o

Remark 4. For discrete-time processes, it is common to model the condi-
tional distribution of the response given the past and the present value of
the covariate. In the continuous-time setting of Section 3 one usually models
the conditional distribution of the response given only the past. This is just
a convention: We may consider X;_; rather than X; the ‘present’ covariate
of the response.

3 Jump processes

Suppose we observe a jump process (X,Y) = (X;,Y)s>0 on a finite time
interval [0,¢]. The corresponding multivariate point process is given by the
jump measure

ll'(ds’ dz, dy) = Z €(s,AXs,AYs) (dsa dz, dy)
s:(AXs,AYs)#0

The law of the process is determined by the compensator of the jump mea-
sure. Assume, for simplicity, that the compensator has the form K (dz, dy)ds,
so that there are no time points at which the process has a positive probabil-
ity of jumping. We can write K;(dz,dy) = asps(dz, dy) with ps a probability
measure, the jump size distribution at time s given the past, and a, the jump
intensity. For the theory of continuous-time processes and limit theorems
we refer to Jacod and Shiryaev (1987).

The multivariate point process corresponding to the response process Y
is

p¥(ds,dy) = > e(av,)(ds,dy).
5:AY#0

A regression model is given by a (partial) specification of the compensator
of nY¥, say K(dy)ds. As noted in Remark 4, this is not exactly analogous
to the discrete-time case. We specify a predictable function g,4(y) such that

Kgs = / K (dy)gss(y) =0
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and obtain a martingale estimating equation

Z 959(AY;) = 0.
s<t:AY,#0
We want to assume a similar partial specification of the distribution of
the covariate process X. It will be based on a factorization of K ¢(dz, dy)
analogous to the factorization (2.1) of the distribution p;(dz, dy). We must
take into account the possibility that X jumps while Y does not. Following
Arjas and Haara (1984) and Greenwood and Wefelmeyer (1996), we write

Ks(d.’L‘, dy) = K—Os(dxvdy) + K*s(da:)eo(dy),

where K_y4(dz,dy) does not charge the subspace described by y = 0. Then
K, governs those jumps of X that do not occur simultaneously with jumps
of Y. As in (2.1), but with the roles of X and Y interchanged, we factor

K_os(dz,dy) = K 4(dy) K_.s(dz, y). (3.1)

We note that K_,;(dz,y) is a probability measure, the conditional distribu-
tion of the jump size of the covariate given a jump of size y of the response,
and given the past. Additional specifications of the model may now be given
by predictable functions g.sy9(z) and g_.s9(z,y) such that

Kysgxsv =/K*s(d(l,‘)g*s19($) = 0,

KYssg-ss0 = [ Kousldz,y)g-sso(,y) = 0 forally.
They give rise to additional martingale estimating equations

Z g*sﬁ(AXs) = 0,
s<t:AX3#0,AY;=0

Z g—xs9 (AX51 AYs) = 0.
s<t:AY:#0
How can we combine the three estimating functions in an optimal way?
Again, our result holds for geometrically ergodic processes under appropriate
smoothness and moment conditions which can be seen from the sketch of the
proof.

Result 2. From estimating equations of the form

Y Wg.s(AY;) (3.2)
s<t:AY;7#0

+ Z WsGust (A X5)
s<t:AXs7#0,AY,=0

+ Z W_ys(AY5)g_ss9 (DX, AY;) =0,
s<t:AYs£0
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an estimator with minimal asymptotic variance is obtained using weights
which are consistent estimators of

Ws = KJ5y/KsT, (3.3)
Wxs = K*sg;sﬁ/K*sgzsﬁ’ (3-4)
Wous(y) = KY.0 ro0/KY 592 uso- (3.5)

The estimator is asymptotically normal. Its asymptotic variance is the limit

of

. Ky ! 2 -1
(/ (K,,gs,, (Es7w)® ;. +/( sg*sﬂ ds+/K (dy) (__—Mds) . (3.6)

Y
sgsﬂ *39*319 K

—*s9~xs0

Sketch of proof. To simplify the notation, we introduce w = (W, w., w—_)
and gy = (Gy, 9«9, 9—+v), and write the estimating equation (3.2) as

Z WsGsy = stgsﬂ + Zw*sg*sﬂ + Z W_xsg—xs9 = 0.

Let 9 be a solution. Under appropriate differentiability conditions, a Taylor
expansion gives

0= Zwsgsﬁ ~ Z WsGsy + (19 —9) Z 'wsg.lw- (3.7)
Then
] _ 1
200~ 9) = 72 Y wsgaa/ 5 3 wsgl- (3.8)

The martingale Y wysg«sy9 is orthogonal to the martingales ) w;g,y and
Y w_,sg—+sy because it lives on time points s with AY; = 0 while the two
other martingales do not jump at these time points. Because K_gs(dz,dy)
does not charge y = 0, we may and will assume that g_,s9(z,0) = 0. Then

KWgo9W—xsg—xst = K-0sWsGs9W—xsg—xs9 (3.9)

-, / R o(dy) 55 (1) w_vs (v) / K—vs(d2, 9)g—ss9 (@, ) = 0.

Hence Y W,y and ) w_,sg—«sp are also orthogonal. Introduce an inner
product

(v,w) = /Ot TsWs + /Ot VysWas + /Ot /Fs(dy)'u_*s(y)w_*s(y)ds

with corresponding norm ||w||?> = (w,w). Consider first the numerator in
(3.8). With (3.9) and orthogonality of Ew*sg*sg and ) W.g,y, the pre-
dictable quadratic variation of ¥ wsgsg is (w?,v) = ||wv'/?||?, where

— T = 2 Y
=ng§197 Vxs = KusGis9s 'U—*s( ) K~ *sg-*sﬂ
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Consider now the denominator in (3.8). The compensator of ) wsgsy is
(w,m), where

__ = _ '
ms = ng’sﬂ’ Mys = K*sgisﬂa m_ys(y) = Kz*sg—*sﬂ'

Since Y wsgly — (w,m) is a martlngale, i (Z wsgs,, (w,m)) is asymptoti-
cally neghglble, and we may replace 1 7 2L WwsGyy by t(w m). If the process is
ergodic, ; L(w, m) is asymptotically constant. Hence the predictable quadratic
variation of t1/2(d — ) is approximately ¢||wv'/2||?/(w,m)?. By the inequal-
ity (2.9), this is minimized by w = mv~!, and the minimum is

-1
t.—
t||mv~1/2|| 2 =t</ T—g—s-ds-l- U*sds+/ /K (dy) m_*s § ds) .
0 s *8 —-*s

By an appropriate martingale central limit theorem, ¢1/2(d — ) is asymp-
totically normal with variance equal to the limit of ¢||mv~1/2||=2, and the
assertion follows. O

As in Remark 2, the weight (3.3) is optimal for estimating equations

Y Wg(AY;) =0,
s<t:AY,#0

and the weights (3.4) and (3.5) have analogous optimality properties on their
own.

Remark 5. Suppose we have a parametric model K z3(dy) for the compen-
sator of the jump measure uY of the response. Write

— dK —
Vsi?‘r = d—?:i’ esﬂ = 8T=19VS19T‘

When the intensity K ,9(R) of the response depends on ¥, then _I?S,le will
not be zero in general. This differs from the discrete-time case. Differenti-
ating under the integral, we obtain

— —- c— —— p— - —— c— —, an— - -
0 = (Ks9959) = Ks9G5p + Ks9lssTs9 = K590 + Kso(lsp — Ks9€5)Fs5p-

Using the Schwarz inequality, we see that

— - - 2
(K57.9)° (Ksﬂ(f;ﬂ - Ksp sﬂ)gsﬂ)

fsﬂggﬁ —K-sﬂggﬁ

is maximal for g,y = £y — K s9€,9, and then the optimal weight is W, = —1.
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In particular,

> (Z9(aY:) ~ Kally) (3.10)
s<t:AYs#0

is optimal among estimating functions of the form

> Wge(AYy),
s<t:AY,#0

and the asymptotic variance of the optimal estimator is the limit of

t_ o -1
¢ ( /0 Ko —Ks,,e;,,)zds) .

As in Remark 3, the optimal estimating function turns out to be the partial
score function in the following sense. A partial likelihood ratio for jump
processes was introduced by Arjas and Haara (1984) as

— t__
H Vsor(AY;) exp (_/ Ksy(Vsor — l)ds) .
$<t:AY,#£0 0

See also Andersen, Borgan, Gill and Keiding (1993) and, for general semi-
martingales, Jacod (1987) and (1990). The partial score function is the
derivative of the partial likelihod ratio at 7 = 9. Using V99 = 1 we see that
the derivative equals (3.10).

Remark 6. Suppose we have a parametric model K,s9(dz)ds for the com-
pensator of the jump measure of those jumps of the covariate X that do not
occur simultaneously with jumps of the response Y. Write

dK.sr ’
Visor = dK 1’a *s9 = Or=9Vasor-
*8

As in Remark 5, the best gys9 is £, 5 — K92, .9, and then the optimal weight
(3.4) is wus = —1.
In particular,

Z ( isﬂ(AXS) - K*sﬂgisﬂ) (3-11)
s<t:AX:#0,AY;=0

is optimal among estimating functions of the form

Z w*sg*sﬂ(AXs)-
s<tAX,#0,AY,=0
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Remark 7. Suppose we have a parametric model for the compensator
K_.s3(dz,y) of the conditional jump size distribution at time s of X given
a jump Y = y and the past. Write

dK_ss7(,y)
dK—*sz?('7 y) ’

Since K_,s9(dz,y) is a probability measure, we have KY, ¢/ o = 0. As
in Remark 5, the best g_,9 is £, 4, and then the optimal weight (3.5) is
W_ys = —1.

In particular,

V—*S’lsf(m7 y) = e,—*sﬂ = 67'=19V—*519'r-

Y. a(BX,, AY) (3.12)
s<t:AY,#0

is optimal among estimating functions of the form

Z w—*sg—*sﬁ(AXSa A},s)
S<tAYs#0

Remark 8. Suppose we have a fully parametric model K z9, Kys9, K_xs9-
According to Result 2 and Remarks 5 to 7, the best estimating equation is

>, (Zﬂ?(AYs) - ?30_519)

s<EAY#0
+ Z ( isﬂ(AXS) - K*sﬂe;sﬂ)
s<BAX#0,AY,=0

+ ) lL9(AX,,AY) =0.
s<t:AY;#0

To show that this gives the maximum likelihood estimator, we recall a rep-
resentation of Greenwood and Wefelmeyer (1996) of the likelihood ratio,

— t — o
H VsﬂT(AYs) €Xp ("/ Ksﬂ(vsﬂr - 1)d3> (313)
s<t:AYs;#0 0

t
V;sﬂ‘r(AXs) €xp (_/ K*sﬂ(v*sﬂ‘r - l)ds)
$<t:AX370,AY,=0 0

H V—*sﬂ‘r(AXs,AYs)'
s<t:AY:#0

For a heuristic derivation in terms of product integrals, see Andersen et al.
(1993, p. 107). We have already noted in Remark 5 that the derivative of
the first factor, the partial likelihood ratio, equals the partial score function
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(3.10). The derivative of the second factor is obtained similarly. Finally,
Or=9V_ss9r = £,y by definition.

The representation (3.13) of the likelihood can be used in the partially
specified model of Result 2 to prove that the optimal estimating function
obtained there is efficient as long as no additional restrictions involving
are imposed on the model. The arguments are similar to those outlined
in Section 1 for the i.i.d. case. In Greenwood and Wefelmeyer (1996) a
representation analogous to (3.13) is given for general semimartingales and
can be used to generalize the results obtained here to partially specified
semimartingale regression models.

References

Andersen, P. K., Borgan, ., Gill, R. D. and Keiding, N. (1993). Statistical
Models Based on Counting Processes. Springer-Verlag, New York.

Arjas, E. and Haara, P. (1984). A marked point process approach to censored
failure data with complicated covariates. Scand. J. Statist. 11, 193-209.

Bickel, P.J., Klaassen, C.A.J., Ritov, Y. and Wellner, J.A. (1993). Efficient
and Adaptive Estimation for Semiparametric Models. Johns Hopkins
University Press, Baltimore.

Cox, D. R. (1975). Partial likelihood. Biometrika 62, 269-276.

Greenwood, P. E. and Wefelmeyer, W. (1996). Cox’s factoring of regression
model likelihoods for continuous time processes. To appear in Bernoulli.

Heyde, C.C. (1987). On combining quasi-likelihood estimating functions.
Stochastic Process. Appl. 25 281-287.

Jacod, J. (1987). Partial likelihood process and asymptotic normality. Stochas-
tic Process. Appl. 26, 47-T71.

Jacod, J. (1990). Sur le processus de vraisemblance partielle. Ann. Inst.
Henri Poincaré 26, 299-329.

Jacod, J. and Shiryaev, A. N. (1987). Limit Theorems for Stochastic Pro-
cesses. Grundlehren der mathematischen Wissenschaften 288, Springer-
Verlag, Berlin.








