CHAPTERG6

Topological Groups
and Invariant Measures

The language of vector spaces has been used in the previous chapters to
describe a variety of properties of random vectors and their distributions.
Apart from the discussion in Chapter 4, not much has been said concerning
the structure of parametric probability models for distributions of random
vectors. Groups of transformations acting on spaces provide a very useful
framework in which to generate and describe many parametric statistical
models. Furthermore, the derivation of induced distributions of a variety of
functions of random vectors is often simplified and clarified using the
existence and uniqueness of invariant measures on locally compact topologi-
cal groups. The ideas and techniques presented in this chapter permeate the
remainder of this book.

Most of the groups occurring in multivariate analysis are groups of
nonsingular linear transformations or related groups of affine transforma-
tions. Examples of matrix groups are given in to illustrate the
definition of a group. Also, examples of quotient spaces that arise naturally
in multivariate analysis are discussed.

In locally compact topological groups are defined. The
existence and uniqueness theorem concerning invariant measures (integrals)
on these groups is stated and the matrix groups introduced in
are used as examples. Continuous homomorphisms and their relation to
relatively invariant measures are described with matrix groups again serving
as examples. Some of the material in this section and the next is modeled
after Nachbin (1965). Rather than repeat the proofs given in Nachbin
(1965), we have chosen to illustrate the theory with numerous examples.

is concerned with the existence and uniqueness of relatively
invariant measures on spaces that are acted on transitively by groups of
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transformations. In fact, this situation is probably more relevant to statisti-
cal problems than that discussed in Of course, the examples are
selected with statistical applications in mind.

6.1. GROUPS

We begin with the definition of a group and then give examples of matrix
groups.

Definition 6.1. A group (G, °) is a set G together with a binary operation
o such that the following properties hold for all elements in G:

®) (81°8)°8 =28 °(8° 8)
(ii) There is a unique element of G, denoted by e, such that go e =
eo g = gfor all g € G. The element e is the identity in G.

(iii) For each g € G, there is a unique element in G, denoted by g~ !,
such that g o g7! = g71 o g = ¢. The element g~ ! is the inverse
of g.

Henceforth, the binary operation is ordinarily deleted and we write g, g, for
8, ° 8,. Also, parentheses are usually not used in expressions involving
more than two group elements as these expressions are unambiguously
defined in (i). A group G is called commutative if g,g, = g,g, for all
g1, 8, € G. It is clear that a vector space V is a commutative group where
the group operation is addition, the identity element is 0 € ¥, and the
inverse of x is —x.

¢ Example 6.1. If (V,(-,-)) is a finite dimensional inner product
space, it has been shown that the set of all orthogonal transforma-
tions O(¥') is a group. The group operation is the composition of
linear transformations, the identity element is the identity linear
transformation, and if I' € O(V), the inverse of I" is I'’. When V is
the coordinate space R", O(V') is denoted by 0,, which is just the
group of n X n orthogonal matrices. *

¢ Example 6.2. Consider the coordinate space R” and let G5 be the
set of all p X p lower triangular matrices with positive diagonal
elements. The group operation in Gy is taken to be matrix multipli-
cation. It has been verified in Chapter 5 that G; is a group, the
identity in G7 is the p X p identity matrix, and if T € G;, T~ ' is
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just the matrix inverse of 7. Similarly, the set of p X p upper
triangular matrices with positive diagonal elements G, is a group
with the group operation of matrix multiplication. ¢

¢ Example 63. Let V be an n-dimensional vector space and let
GI(V) be the set of all nonsingular linear transformations of ¥ onto
V. The group operation in GI(V') is defined to be composition of
linear transformations. With this operation, it is easy to verify that
GlI(V) is a group, the identity in GI(V') is the identity linear
transformation, and if g € GI(V), g~ ! is the inverse linear transfor-
mation of g. The group GI(V') is often called the general linear
group of V. When V is the coordinate space R", GI(V') is denoted by
Gl,. Clearly, Gi, is just the set of n X n nonsingular matrices and
the group operation is matrix multiplication. S

It should be noted that O(V) is a subset of GI(V) and the group
operation in O(V) is that of GI/(V). Further, G; and G}, are subsets of G/,
with the inherited group operations. This observation leads to the definition
of a subgroup.

Definition 6.2. If (G, °) is a group and H is a subset of G such that (H, °)
is also a group, then (H, ©) is a subgroup of (G, °).

In all of the above examples, each element of the group is also a
one-to-one function defined on a set. Further, the group operation is in fact
function composition. To isolate the essential features of this situation, we
define the following.

Definition 6.3. Let (G, °) be a group and let % be a set. The group (G, °)
acts on the left of %X if to each pair (g, x) € G X X, there corresponds a
unique element of X, denoted by gx, such that

(i) g(8x)=1(8° 8)x.
(i) ex = x.

The content of is that there is a function on G X % to X
whose value at (g, x) is denoted by gx and under this mapping, (g, g8,%)
and (g, ° g,, x) are sent into the same element. Furthermore, (e, x) is
mapped to x. Thus each g € G can be thought of as a one-to-one onto
function from % to % and the group operation in G is function composition.
To make this claim precise, for each g € G, define z, on X to X by
1,(x) = gx.
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Proposition 6.1. Suppose G acts on the left of . Then each ¢, is a
one-to-one onto function from % to %X and:

(1) tgltgz = tgl ° 82

PN
(i) 1, =t

Proof. To show t, is onto, consider x € %. Then ti “x) =g(g x)=
(g° g Hx = ex = x where (i) and (ii) of have been used.

Thus 7, is onto. If #,(x,) = 1,(x,), then gx, = gx, so
xp=ex;=(g "o g)x, =g "(gx,) =2 "(gx,)
= (g 'og)x,=ex, = x,.

Thus 7, is one-to-one. Assertion (i) follows immediately from (i) of
tion 6.3 Since t, is the identity function on X and (i) implies that

tgtg—l = lgﬂtg =1,
— ¢—1
we have Le-r =1, . O

Henceforth, we dispense with 7, and simply regard each g as a function
on % to X where function composition is group composition and e is the
identity function on . All of the examples considered thus far are groups
of functions on a vector space to itself and the group operation is defined to
be function composition. In particular, GI(V') is the set of all one-to-one
onto linear transformations of ¥ to ¥ and the group operation is function
composition. In the next example, the motivation for the definition of the

group operation is provided by thinking of each group element as a
function.

¢ Example 6.4. Let V' be an n-dimensional vector space and consider
the set 4/(V') that is the collection of all pairs (4, x) with4 € GI(V)
and x € V. Each pair (4, x) defines a one-to-one onto function
from V to V by

(4, x)v=Av+x, wveETV.
The composition of (4,, x,) and (4,, x,) is
(4, x,)(4a, x2) 0 = (4y, x,)(A0 + Xx;) = A Ao + Ayx, + x,

= (A4,4,, A;x, + x;)v.



188 TOPOLOGICAL GROUPS AND INVARIANT MEASURES

Also, (1,0) € AI(V) is the identity function on ¥ and the inverse of
(4,x)is (A™!, =A7'x). It is now an easy matter to verify that
Al(V') is a group where the group operation in AI/(V) is

(AI’ xl)(AZ’ xz) = (AIAZ’ Ax; + xl)'

This group AI/(V) is called the affine group of V. When V is the
coordinate space R", AI(V') is denoted by A4/,. ¢

An interesting and useful subgroup of A/(V) is given in the next
example.

¢ Example 6.5. Suppose V is a finite dimensional vector space and
let M be a subspace of V. Let H be the collection of all pairs (4, x)
where x € M, A(M) C M, and (A4, x) € AI(V'). The group opera-
tion in H is that inherited from A/(V). It is a routine calculation to
show that H is a subgroup of A/(V'). As a particular case, suppose
that V' is R” and M is the m-dimensional subspace of R" consisting
of those vectors x € R" whose last n — m coordinates are zero. An
n X n matrix A € GI, satisfies AM C M iff

A, A
4=|“n 12
0 A,
where A,, is m X m and nonsingular, 4,, is m X (n — m), and 4,,
is (n — m) X (n — m) and nonsingular. Thus H consists of all pairs

(A, x) where A € GI, has the above form and x has its last n — m
coordinates zero. ¢

¢ Example 6.6. In this example, we consider two finite groups that
arise naturally in statistical problems. Consider the space R" and let
P be an n X n matrix that permutes the coordinates of a vector
x € R". Thus in each row and in each column of P, there is a single
element that is one and the remaining elements are zero. Con-
versely, any such matrix permutes the coordinates of vectors in R”.
The set ¥, of all such matrices is called the group of permutation
matrices. It is clear that &, is a group under matrix multiplication
and @, has n! elements. Also, let %), be the set of all n X n diagonal
matrices whose diagonal elements are plus or minus one. Obviously,
¢)_is a group under matrix multiplication and %), has 2" elements.
The group 9, is called the group of sign changes on R". A bit of
reflection shows that both &, and 9, are subgroups of 0,. Now, let
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H be the set

H={PDPe9, D).

The claim is that H is a group under matrix multiplication. To see
this, first note that for P € 9, and D € 9,, PDP’ is an element of
¢, . Thus if P, D, and P, D, are in H, then

P,D,P,D, = P,P,P,D,P,D, = P,D, € H
where P; = P,P, and D; = P;D,P,D,. Also,
(PD)”' = DP’' = P’PDP’ € H.

Therefore H is a group and clearly has 2"n! elements. .

Suppose that G is a group and H is a subgroup of G. The quotient space
G/H, to be defined next, is often a useful representation of spaces that arise
in later considerations. The subgroup H of G defines an equivalence relation
in G by g, = g, iff g;'g, € H. That = is an equivalence relation is easily
verified using the assumption that H is a subgroup of G. Also, it is not
difficult to show that g, = g, iff the set g, H = {g,h|h € H) is equal to the
set g, H. Thus the set of points in G equivalent to g, is the set g, H.

Definition 6.4. If H is a subgroup of G, the quotient space G/H is defined
to be the set whose elements are gH for g € G.

The quotient space G/H is obviously the set of equivalence classes
(defined by H) of elements of G. Under certain conditions on H, the
quotient space G/H is in fact a group under a natural definition of a group
operation.

Definition 6.5. A subgroup H of G is called a normal subgroup if g~ 'Hg = H
forallg € G.

When H is a normal subgroup of G, and g;H € G/H for i = 1,2, then
giHg, H = (g|g = g\h,8:hy; by, hy € H)

= 8,8,8, 'Hg,H = g,8,HH = g, g, H
since HH = H.
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Proposition 6.2. When H is a normal subgroup of G, the quotient space
G/H is a group under the operation

(g:H)(g,H) = g,8,H.

Proof. This is a routine calculation and is left to the reader. O

¢ Example 6.7. Let AI(V') be the affine group of the vector space V.
Then

H={(Ix)xeV)
is easily shown to be a subgroup of G, since (I, x,)(1, x,) = (I, x,

+ x,). To show H is normal in AI(V'), consider (4, x) € AI(V)
and (I, x;) € H. Then

(4, %) (I, x0)(4, x) = (47", =47 %)(4, x + x,)
=(I,A x4+ 47 'xy— 47 x)
= (1’ A_lxo)’

which is an element of H. Thus g~ 'Hg C H for all g € AI(V). But
if (I, x,) € H and (4, x) € AI(V), then

(4, )7 (1, 4x,)(4, x) = (1, xo)
so g 'Hg = H, for g € AI(V'). Therefore, H is normal in 4/(V'). To

describe the group AI/(V')/H, we characterize the equivalence rela-
tion defined by H. For (4, x;) € AI(V),i= 1,2,

-1 — —
(41, %) (4y, x3) = (Al L =4, lxl)(Az, x;)
= (Al_lAz’ A7 'x, - Al_lxl)
is an element of H iff A7'A, =1 or A, = A,. Thus (4,, x,) is
equivalent to (4,, x,) iff A, = A,. From each equivalence class,
select the element (A,0). Then it is clear that the quotient group
Al(V)/H can be identified with the group

K ={(4,0)4 € GI(V))
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where the group operation is

(AI,O)(AZ’O) = (AIAZ’O)' *

Now, suppose the group G acts on the left of the set X. We say G acts
transitively on X if, for each x, and x, in %, there exists a g € G such that
gx, = x,. When G acts transitively on X, we want to show that there is a
natural one-to-one correspondence between %X and a certain quotient space.
Fix an element x, € X and let

H = {h|hxy = x4, h € G}.

The subgroup H of G is called the isotropy subgroup of x,. Now, define the
function 7 on G/H to X by 7(gH) = gx,.

Proposition 6.3. The function 7 is one-to-one and onto. Further,

7(g.gH) = g,7(gH).

Proof. The definition of 7 clearly makes sense as ghx, = gx, for all h € H.
Also, 7 is an onto function since G acts transitively on X. If 7(g,H) =
(g, H), then g,x, = g,x, so g 'g, € H. Therefore, g, H = g,H so 7 is
one-to-one. The rest is obvious. O

If H is any subgroup of G, then the group G acts transitively on
X = G/H where the group action is

g (gH) =g gH.

Thus we have a complete description of the spaces %X that are acted on
transitively by G. Namely, these spaces are simply relabelings of the
quotient spaces G/H where H is a subgroup of G. Further, the action of g
on % corresponds to the action of G on the quotient space described in

Proposition 6.3l A few examples illustrate these ideas.

¢ Example 6.8. Take the set X to be F, ,—the set of n X p real
matrices ¥ that satisfy ¥'¥ = I, 1 < p < n. The group G = 0, of
all n X n orthogonal matrices acts on 651,, ,» by matrix multiplication.
Thatis,if ' € 0,and ¥ € §, , then T'¥ is the matrix product of T
and V. To show that this group action is transitive, consider ¥, and
¥, in & . Then, the columns of ¥, form a set of p orthonormal
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vectors in R" as do the columns of ¥,. By Proposition 1.30, there
exists an n X n orthogonal matrix I' that maps the columns of ¥,
into the columns of ¥,. Thus I'¥; = ¥, so 0, is transitive on &, .
A convenient choice of x, € §, , to define the map 7 is

I
o (0,,)
where 0 is a block of (n — p) X p zeroes. It is not difficult to show
that the subgroup H = (I'|I'x, = x,, ' € 0,} is

I, 0
H=(IIl= 0 T, T €0, py1-

The function 7 is
I
7(TH) = T'x, = F(O"),

which is the n X p matrix consisting of the first p columns of T
This gives an obvious representation of %'p, n S

¢ Example 69. Let X be the set of all p X p positive definite
matrices and let G = Gl,. The transitive group action is given by
A(x) = AxA’ where 4 is a p X p nonsingular matrix, x € %X, and 4’
is the transpose of 4. Choose x, € X to be I,. Obviously, H = 0,
and the map 7 is given by

T(AH) = A(x,) = AA4'.

The reader should compare this example with the assertion of
Proposition 1.31. *

¢ Example 6.10. In this example, take X to be the set of all n X p
real matrices of rank p, p < n. Consider the group G defined by

G={glg=Te®TTe€l,TeG;)

where G; is the group of all p X p lower triangular matrices with
positive diagonal elements. Of course, ® denotes the Kronecker
product and group composition is

(T, ® T\)(T, ® T,) = (T\T;,) ® (T\T,).
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The action of G on X is
(TeT)x=TXxT, Xxe%.
To show G acts transitiﬁyely on %, cons+ide.r X, X, € %X and Yvrite
55, Froms Exampl 68)therc s a T , uch ot 1, ~ . Lo
T =U; 'Y, so

TX,T' = TV UU'U, = WU, = X,.

()

as in Then the equation (I' ® T) X, = X, implies that

Choose X, € X to be

L=XX,=((I®T)X,) (T ®T)X, = TX;I'TX,T' = TT'

so T = I, by Proposition 5.4. Then the equation (I' ® 1,) X, = X,
is exactly the equation occurring in for elements of the

subgroup H. Thus for this example,

1, 0
H={Tell=| L, T,e€0, 1.

Therefore,
I
T(T®T)H)=(T®T)X, = I‘(O")T’
is the representation for elements of .. Obviously,

I‘(g’)s\l'e%;m

and the representation of elements of X via the map 7 is precisely
the representation established in Proposition 5.2. This representa-
tion of % is used on a number of occasions. ¢
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6.2. INVARIANT MEASURES AND INTEGRALS

Before beginning a discussion of invariant integrals on locally compact
topological groups, we first outline the basic results of integration theory on
locally compact topological spaces. Consider a set X and let § be a
Hausdorff topology for °X.

Definition 6.6. The topological space (X, ¢) is a locally compact space if
for each x € %, there exists a compact neighborhood of x.

Most of the groups introduced in the examples of the previous section are
subsets of the space R™, for some m, and when these groups are given the
topology of R™, they are locally compact spaces. The verification of this is
not difficult and is left to the reader. If (X, ¢) is a locally compact space,
H(%X) denotes the set of all continuous real-valued functions that have
compact support. Thus f€ K(X) if f is a continuous and there is a
compact set K such that f(x) = 0 if x & K. It is clear that H(%X) is a real
vector space with addition and scalar multiplication being defined in the
obvious way.

Definition 6.7. A real-valued function J defined on ¥ (%X) is called an
integral if:

W) J(oyf; + ayf,) = aJ(f)) + a,J(f,) for a,a, €R and f}, f, €
H(X).

(i) J(f)=0iff>0,fe H(X).
An integral J is simply a linear function on ¥ (%) that has the additional
property that J(f) is nonnegative when f > 0. Let B(°X) be the o-algebra

generated by the compact subsets of . If p is a measure on B(X) such
that p(K) < + oo for each compact set X, it is clear that

J(f) = [ f(x)n(dx)
X
defines an integral on K (%X). Such measures p are called Radon measures.

Conversely, given an integral J, there is a measure p on B (X) such that
p(K) < + oo for all compact sets K and

I(f) = [ £(x)m(ax)

for f€ H(X). For a proof of this result, see Segal and Kunze (1978,
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Chapter 5). In the special case when (X, ) is a o-compact space—that is,
X = UK, where K, is compact—then the correspondence between in-
tegrals J and measures p that satisfy u(K) < +oo for K compact is
one-to-one (see Segal and Kunze, 1978). All of the examples considered here
are o-compact spaces and we freely identify integrals with Radon measures
and vice versa.

Now, assume (X, ¢) is a o-compact space. If an integral J on H(X)
corresponds to a Radon measure p on % (%), then J has a natural extension
to the class of all % (%X )-measurable and p-integrable functions. Namely, J
is extended by the equation

I = [ fm(ax)

for all f for which the right-hand side is defined. Obviously, the extension of
J is unique and is determined by the values of J on K (%X). In many of the
examples in this chapter, we use J to denote both an integral on K (%X ) and
its extension. With this convention, J is defined for any % () measurable
function that is p-integrable where p corresponds to J.

Suppose G is a group and ¢ is a topology on G.

Definition 6.8. Given the topology ¢ on G, (G, ¢) is a topological group if
the mapping (x, y) = xy~' is continuous from G X G to G. If (G, ) is a
topological group and (G, §) is a locally compact topological space, (G, ¢)
is called a locally compact topological group

In what follows, all groups under consideration are locally compact
topological groups. Examples of such groups include the vector space R”,
the general linear group G/, the affine group A/,, and G;.. The verification
that these groups are locally compact topological groups with the Euclidean
space topology is left to the reader.

If (G, $) is a locally compact topological group, K (G) denotes the real
vector space of all continuous functions on G that have compact support.
For s € G and f € H(G), the left translate of f by s, denoted by sf, is
defined by (sf)(x) = f(s”'x), x € G. Clearly, sf € H(G) for all s € G.
Similarly, the right translate of f € K (G), denoted by fs, is (fs)(x) = f(xs™ 1)
and fs € H(G).

Definition 6.9. An integral J = 0 on K (G) is left invariant if J(sf) = J(f)
for all f € H(G) and s € G. An integral J = 0 on K (G) is right invariant if
J(fs)=J(f)forallf€ H(G)and s € G.
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The basic properties of left and right invariant integrals are summarized
in the following two results.

Theorem 6.1. If G is a locally compact topological group, then there exist
left and right invariant integrals on K (G). If J; and J, are left (right)
invariant integrals on K (G), then J, = ¢J; for some positive constant c.

Proof. See Nachbin (1965, Section 4, Chapter 2).

Theorem 6.2. Suppose that

J(f) = [f(x)n(dx)

is a left invariant integral on J(G). Then there exists a unique continuous
function A, mapping G into (0, co) such that

J1Gs™)n(dx) = A,(5) [ 7(x)m(ax)

foralls € G and f € H(G). The function A, called the right-hand modulus
of G, also satisfies:

1) A(st)=A,(s)A,(),s5tEG.
@) [fCe™Dpdx) = [f(x)A,(x~Hp(dx).

Further, the integral

L) = [1(x)A,(x)p(dx)
is right invariant.

Proof. See Nachbin (1965, Section 5, Chapter 2).

The two results above establish the existence and uniqueness of right and
left invariant integrals and show how to construct right invariant integrals
from left invariant integrals via the right-hand modulus A,. The right-hand
modulus is a continuous homomorphism from G into (0, co)—that is, A, is
continuous and satisfies A,(st) = A,(s)A,(¢), for s, € G. (The definition
of a homomorphism from one group to another group is given shortly.)

Before presenting examples of invariant integrals, it is convenient to

introduce relatively left (and right) invariant integrals. given
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below, provides a useful method for constructing invariant integrals from
relatively invariant integrals.

Definition 6.10. A nonzero integral J on K (G) given by

J(f) = [f(x)m(dx),  feH(G),

is called relatively left invariant if there exists a function x on G to (0, o0)
such that

J1(s7%)m(dx) = x(s) [f(x)m(dx)

for all s € G and f € K (G). The function x is the multiplier for J.

It can be shown that any multiplier x is continuous (see Nachbin, 1965).
Further, if J is relatively left invariant with multiplier x, then for s, € G

and f € K(G),

x(st) [f(x)m(dx) = [£((st)™"x)m(dx) = [(ef )(s™"x)m(dx)
= x(s) [ () (x)m(dx) = x(5) [ £ (¢~ "x)m(dx)

= X()x(0) [£(x)m(dx).

Thus x(st) = x(s)x(¢). Hence all multipliers are continuous and are homo-
morphisms from G into (0, o). For any such homomorphism ¥, it is clear
that x(e) = 1 and x(s™") = 1/x(s). Also, x(G) = {x(s)|s € G} is a sub-
group of the group (0, co) with multiplication as the group operation.
Proposition 6.4. Let x be a continuous homomorphism on G to (0, o).

(1) IfJ(f)= [f(x)r(dx) is left invariant on K (G), then

5(f) = [£(x)x(x)n(dx)

is a relatively left invariant integral on K (G) with multiplier x.
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(i) If J,(f) = [f(x)m(dx) is relatively left invariant with multiplier x,
then

J(f) = [£()x(x~")m(dx)
is a left invariant integral.

Proof. The proof is a calculation. For (i),

J(sf) = [(sF)()x(x)m(dx) = [£(s™"x)x(ss™ x)m(dx)

= x(5) [7(s ) x (s~ %) (dx) = x(5) [ £(x) x (x)n ()
= x(s) 1, (f)-

Thus J; is relatively left invariant with multiplier x. For (ii),

J(sf) = [£(s7%)x(x")m(dx) = [£(s™ ') x (s sx™)m(dx)
= x(s7) [£(s7%)x((s7 %) ") m(dx)
= x(s7)x(5) [£(x)x(x~")m(dx)

= [1(x)x(x"")m(dx) = J(1).
Thus J is a left invariant integral and the proof is complete. 0O

If J is a relatively left invariant integral with multiplier x, say

J(x) = [f(x)m(dx),

the measure m is also called relatively left invariant with multiplier x. A
nonzero integral J; on K (G) is relatively right invariant with multiplier x if
Ji(fs) = x(s)J,(f). Using the results given above, if J; is relatively right
invariant with multiplier x, then J; is relatively left invariant with multiplier
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x/A, where A, is the right-hand modulus of G. Thus all relatively right and
left invariant integrals can be constructed from a given relatively left (or
right) invariant integral once all the continuous homomorphisms are known.
Also, if a relatively left invariant measure m can be found and its multiplier

x_calculated, then a left invariant measure is given by m/x according to

This observation is used in the examples below.

¢ Example 6.11. Consider the group G/, of all nonsingular n X n
matrices. Let ds denote Lebesgue measure on Gl,. Since G, =
{s|det(s) = 0), GI, is a nonempty open subset of n’>-dimensional

Euclidean space and hence has positive Lebesgue measure. For
f € H(Gl), let

J(f) = [1(2) .

To find a left invariant measure on G/, it is now shown that
J(sf) = |det(s)|"J(f) so J is relatively left invariant with multiplier
x(s) = |det(s)|". From Proposition 5.10, the Jacobian of the trans-
formation g(¢) = st, s € Gl,, is |det(s)|". Thus

J(sf) = [£(s7'e) dt = idet(s)" [ £(2) dt = (det(s)"I( 1)
From , it follows that the measure

dt
k() = Gator

is a left invariant measure on GI/,. A similar Jacobian argument
shows that p is also right invariant, so the right-hand modulus of
Gl, is A, = 1. To construct all of the relatively invariant measures
on Gl,, it is necessary that the continuous homomorphisms x be
characterized. For each a € R, let

Xals) = |det(s)*, s € Gl,.

Obviously, each x, is a continuous homomorphism. However, it can

be shown (see the problems at the end of this chapter) that if x is a

continuous homomorphism of G/, into (0, o0), then x = x,, for some

a € R. Hence every relatively invariant measure on G/, is given by
dt

Xa(t)

where c is a positive constant and a € R. *

m(dt) = cx,(t)
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A group G for which A, = 1 is called unimodular. Clearly, all commuta-
tive groups are unimodular as a left invariant integral is also right invariant.
In the following example, we consider the group G;, which is not unimodu-
lar, but G is a subgroup of the unimodular group GI,.

¢ Example 6.12. Let G; be the group of all n X n lower triangular
matrices with positive diagonal elements. Thus G5 is a nonempty
open subset of [n(n + 1)/2]-dimensional Euclidean space so G7
has positive Lebesgue measure. Let dr denote [n(n + 1)/2]-
dimensional Lebesgue measure restricted to G;. Consider the in-
tegral

J(f) = [f(2) i

defined on ¥ (G7). The Jacobian of the transformation g(¢) = st,
s € G7, is equal to

n
Xo(s) = l—[lsiii
i=

where s has diagonal elements s,,,..., 5,, (see Proposition 5.13).
Thus

J(sf) = [£(s70) di = xo(s) [£(2) dt = xo() I ().

Hence J is relatively left invariant with multiplier x, so the measure

is left invariant. To compute the right-hand modulus A, for G5, let

J(f) = [£(e)n(ar)

s0 J, is left invariant. Then

L(fs) = [£lis™)p(ar) = ff(ts“)n,.,-ff(“ x(,d(tz)

- [t 2 oo [ L
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By Proposition 5.14, the Jacobian of the transform g(z) = ts is

xi(s) = l_IS" L

Therefore,

R(e) = xals ) [ LEp e = o0 [10 G5

By [Theorem 63

n

A()_Xl()=nn2,+|

Xo(s) =1
is the right-hand modulus for G7. Therefore, the measure

p(dr) _ dt _ dt
Ar(t) XO(I)Ar(t) i= lttr: o

is right invariant. As in the previous example, a description of the
relatively left invariant measures is simply a matter of describing all
the continuous homomorphisms on G7. For each vector ¢ € R"
with coordinates c,..., c,, let

v(dt) =

x.(1) = 1:[(1,,

where 1 € G has diagonal elements ¢,,,..., t,,. It is easy to verify
that x . is a continuous homomorphism on G7.. It is known that if x
is a continuous homomorphism on Gi then X is given by x, for

some ¢ € R" (see P and [6.9). Thus every relatively left

invariant measure on G5 has the form

m(dt) = kx (1) O(t)

for some positive constant k and some vector ¢ € R”. *

The following two examples deal with the affine group and a subgroup of
Gl, related to the group introduced in
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¢ Example 6.13. Consider the group A4/, of all affine transformations
on R". An element of Al, is a pair (s, x) where s € GI,and x € R".
Recall that the group operation in A/, is

(S]’ xl)(sz, xz) = (5,55, 1%, + x,)

$0
(s,x) ' =(s7", =5 '%).

Let ds dx denote Lebesgue measure restricted to A/,. In order to
construct a left invariant measure on A/,, it is shown that the
integral

J(f) = [t y) drdy

is relatively left invariant with multiplier

Xo(s, x) = |det(s)|"*!.
For (s, x) € Al,,

I((s,x)f) = [£((s5,x)7'(t, »)) dr dy
= [#((s7" =s7"%)(1, y)) de dy
=ff(s”1t, sy —s7'x) dtdy
- |det(s)|ff(s"t, u) dt du.
The last equality follows from the change of variable u = s~ 'y — sx,
which has a Jacobian |det(s)|. As in [Example 6.11
f f(s~Y, u) dt = |det(s)|"f £(t, u) dt
Gl, Gl,
for each fixed u € R". Thus

J((5, x)f) = det(s)"*" [£(2, u) di du = |det(s)"* V()
= Xo(s’ x)J(f)



PROPOSITION 6.4 203

so J is relatively left invariant with multiplier x,. Hence the
measure
dsdu  dsdu

Xo(s,u)  |det(s)|"*!

p(ds, du) =

is left invariant. To find the right-hand modulus of 4/,, let

dt du
Xo(t, u)

J(f) = [£(t,u)

be a left invariant integral. Then using an argument similar to that
above, we have

5(fGsx)) = [1((1 )0 ) )
= [ (s, )
= 15~ u - ts“‘x)ld:ﬁ:
= [rts 0
= e~ s )t
= e e o, )

= [det(s)|” Y, (f).
Thus A, (s, x) = |det(s)| ' so a right invariant measure on A/, is

ds du

1
v(ds, du) = mu(ds, du) = W

Now, suppose that x is a continuous homomorphism on 4/,. Since

(s, x) = (5,0)(e, s7'x) = (e, x)(s,0)
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where e is the n X n identity matrix, x must satisfy the equation

x(s,x) =x(s,0)x(e, s 'x) = x(s5,0)x (e, x)
Thus for all s € G/,

x(e, x) =x(e, s x).

Letting s~ ' converge to the zero matrix, the continuity of x implies
that

x(e, x) = x(e,0) =1
since (e, 0) is the identity in A/,. Therefore,
x(s,x) =x(s,0), se€Gl,.

However,

x((sl,O)(sz,O)) = X((Slsz),o) = x(sl,O)x(sz,O)

so x is a continuous homomorphism on GI/,. But every continuous
homomorphism on GI, is given by s — |det(s)|* for some real a. In
summary, x is a continuous homomorphism on A4/, iff

x(s, x) = |det(s)|"

for some real number a. Thus we have a complete description of all
the relatively invariant integrals on A/,. .

¢ Example 6.14. In this example, the group G consists of all the
n X n nonsingular matrices s that have the form

AT € Gl € Gl
S=1o0 R Sn P> S22 q

where p + g = n. Let M be the subspace of R” consisting of those
vectors whose last ¢ coordinates are zero. Then G is the subgroup of
Gl, consisting of those elements s that satisfy s(M)c M. Let
ds,, ds,, ds,, denote Lebesgue measure restricted to G when G is
regarded as a subset of (p? + g2 + pq)-dimensional Euclidean
space. Since G is a nonempty open subset of this space, G has
positive Lebesgue measure. As in previous examples, it is shown
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that the integral

J(f)= /f(t) dty, dtyy dty,

is relatively left invariant. For s € G,

J(sf) = [£(s7) dtyy dtyy diy.

A bit of calculation shows that
Sn 312)_l st —shisiesy!
0 sy 0 sz—zl

-1 e DS P
s_lt__(sntn St 5115125"22’22)

~1
0 S ln

and

Let

Uy = sp't, Uy = Sp'ty
Uy = ST, — 87118,,55,1
12 n e 11 512522 {22+
The Jacobian of this transformation is
Xo(s) = |det(s”)Ipldet(szz)l"[det(sn)|q = |det(s|1)|"|det(s22)|".
Therefore,

J(sf) = xo(s)J(£)

so the measure

dt, dt), dty,
det(z,,)|"Idet(z,,)|?

pldtyy, dtyy, dty,) =
is left invariant. Setting

Ji(f) = ff(t)P«(dtn’ dtj, dt,,),
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a calculation similar to that above yields

Ji(fs) = A,(s)5,(f)

where

A,(s) = |det sy)|~7|det 55,|”.
Thus A, is the right-hand modulus of G and the measure

p(dty,, dt,, dty,) _ dr), dty, dty,

dt,,dt,,,dt,,) = =
v(dh, diy, di) A,(1) det(z,,)|7|det(z,,)|"

is right invariant. For a, 8 € R, let
Xap(s) = \det(s,,)|*/det(s5, )5

Clearly, x,p is a continuous homomorphism of G into (0, o).
Conversely, it is not too difficult to show that every continuous
homomorphism of G into (0, o) is equal to x .4 for some a, B € R.
Again, this gives a complete description of all the relatively in-
variant integrals on G. ¢

In the four examples above, the same argument was used to derive the
left and right invariant measures, the modular function, and all of the
relatively invariant measures. Namely, the group G had positive Lebesgue
measure when regarded as a subset of an obvious Euclidean space. The
integral on K (G) defined by Lebesgue measure was relatively left invariant
with a multiplier that we calculated. Thus a left invariant measure on G was
simply Lebesgue measure divided by the multiplier. From this, the right-hand
modulus and a right invariant measure were easily derived. The characteri-
zation of the relatively invariant integrals amounted to finding all the
solutions to the functional equation x(st) = x(s)x(¢) where x is a continu-
ous function on G to (0, o0). Of course, the above technique can be applied
to many other matrix groups— for example, the matrix group considered in
However, there are important matrix groups for which this
argument is not available because the group has Lebesgue measure zero in
the “natural” Euclidean space of which the group is a subset. For example,
consider the group of n X n orthogonal matrices O,. When regarded as a
subset of n?-dimensional Euclidean space, 0, has Lebesgue measure zero.
But, without a fairly complicated parameterization of 0,, it is not possible to
regard O, as a set of positive Lebesgue measure of some Euclidean space.
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For this reason, we do not demonstrate directly the existence of an invariant
measure on O, in this chapter. In the following chapter, a probabilistic proof
of the existence of an invariant measure on 0, is given.

The group 0,, as well as other groups to be considered later, are in fact
compact topological groups. A basic property of such groups is given next.

Proposition 6.5. Suppose G is a locally compact topological group. Then G
is compact iff there exists a left invariant probability measure on G.

Proof. See Nachbin (1965, Section 5, Chapter 2). ]

The following result shows that when G is compact, left invariant
measures are right invariant measures and all relatively invariant measures
are in fact invariant.

Proposition 6.6. If G is compact and x is a continuous homomorphism on
G to (0, 0), then x(s) =1 for all s € G.

Proof. Since x is continuous and G is compact, x(G) = {x(s)|s € G} is a
compact subset of (0, 00). Since x is a homomorphism, x(G) is a subgroup
of (0, 00). However, the only compact subgroup of (0,0) is {1}. Thus
x(s)=1foralls € G. O

The nonexistence of nontrivial continuous homomorphisms on compact
groups shows that all compact groups are unimodular. Further, all relatively
invariant measures are invariant. Whenever G is compact, the invariant
measure on G is always taken to be a probability measure.

6.3. INVARIANT MEASURES ON QUOTIENT SPACES

In this section, we consider the existence and uniqueness of invariant
integrals on spaces that are acted on transitively by a group. Throughout
this section, %X is a locally compact Hausdorff space and ¥ (%) denotes the
set of continuous functions on X that have compact support. Also, G is a
locally compact topological group that acts on the left of %X.

Definition 6.11. The group G acts topologically on %X if the function from
G X % to X given by (g, x) — gx is continuous. When G acts topologically
on X, X is a left homogeneous space if for each x € %, the function 7, on G
to X defined by 7,(g) = gx is continuous, open, and onto %..



208 TOPOLOGICAL GROUPS AND INVARIANT MEASURES

The assumption that each «, is an onto function is just another way to
say that G acts transitively on %X. Also, it is not difficult to show that if, for
one x € X, m, is continuous, open, and onto %, then for all x, = _ is
continuous, open, and onto . To describe the structure of left homoge-
neous spaces X, fix an element x, € %X and let

H, = {glgx, = xo, g € G).

That H, is a closed subgroup of G is easily verified. Further, the function 7
considered in is now one-to-one, onto, and 7 and 7~ ! are
both continuous. Thus we have a one-to-one, onto, bicontinuous mapping
between X and the quotient space G/H, endowed with the quotient
topology. Conversely, let H be a closed subgroup of G and take X = G/H
with the quotient topology. The group G acts on G/H in the obvious way
(g(g,H) = gg,H) and it is easily verified that G/H is a left homogeneous
space (see Nachbin 1965, Section 3, Chapter 3). Thus we have a complete
description of the left homogeneous spaces (up to relabelings by 7) as
quotient spaces G/H where H is a closed subgroup of G.
In the notation above, let X be a left homogeneous space.

Definition 6.12. A nonzero integral J on H(%X)

J(f) = [fx)m(dx),  feH(X)

is relatively invariant with multiplier x if, for each s € G,

[£(s7x)m(dx) = x(s) [£(x)m(dx)

for all f € H(%X).

For f € (%), the function sf given by (sf)(x) = f(s™'x) is the left
translate of f by s € G. Thus an integral J on H(%X) is relatively invariant
with multiplier x if J(sf) = x(s)J(f). For such an integral,

x(s0)J(f) = J((s1)f) = I(s(rf)) = x(s)J(¢f ) = x(s)x (1) J(f)

so x(st) = x(s)x(2). Also, any multiplier x is continuous, which implies
that a multiplier is a continuous homomorphism of G into the multiplicative
group (0, c0).
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¢ Example 6.15. Let X be the set of all p X p positive definite
matrices. The group G = G, acts transitively on % as shown in

Example 6.9. That % is a left homogeneous space is easily verified.

For a € R, define the measure m, by

dx

= (det( x v
m,(dx) = (det(x)) (det(x)) " 72

where dx is Lebesgue measure on X. Let J,(f) = [f(x)m (dx).
For s € Gl,, s(x) = sxs’ is the group action on . Therefore,

J(sf) = ff(s"(x))m,,(a’x)

dx
(det(x))?* 7

= [1(s™ 5 ) der(x))

dx

- |det(s)|"/f(s‘ xs'~V)det(s™ 'xs'_')a/ZW

dx
(det(x))(p+ H/2°

a a/2

= idet(s)|” [ £(x)(det(x))

The last equality follows from the change of variable x = sys’,

which has a Jacobian equal to |det(s)|”*' (see Proposition 5.11).
Hence

Jo(sf ) = \det(s)|V(f)

for all s € Gl,, f€ H(X), and J, is relatively invariant with
multiplier x,(s) = |det(s)|*. For this example, it has been shown
that for every continuous homomorphism x on G, there is a
relatively invariant integral with multiplier x. That this is not the
case in general is demonstrated in future examples. ¢

The problem of the existence and uniqueness of relatively invariant
integrals on left homogeneous spaces X is completely solved in the follow-
ing result due to Weil (see Nachbin, 1965, Section 4, Chapter 3). Recall that
X, is a fixed element of %X and

H, = {glgxo = xy, g € G)

is a closed subgroup of G. Let A, denote the right-hand modulus of G and
let A} denote the right-hand modulus of H,.
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Theorem 6.3. In the notation above:

(1) IfJ(f)= [f(x)m(dx) is relatively invariant with multiplier x, then
A°(h) = x(h)A,(h) forallh € H,.

(ii)) If x is a continuous homomorphism of G to (0, o) that satisfies
A°(h) = x(h)A,(h), h € H,, then a relatively invariant integral
with multiplier x exists.

(iii) If J, and J, are relatively invariant with the same multiplier, then
there exists a constant ¢ > 0 such that J, = ¢J,.

Before turning to applications of [Theorem 6.3} a few general comments
are in order. If the subgroup H, is compact, then A%(4) = 1 for all 2 € H,,.

Since the restrictions of x and of A, to H, are both continuous homomor-
phisms on H,, A,(h) = x(h)=1 for all h € H, as H, is compact. Thus
when H,, is compact, any continuous homomorphism x is a multiplier for a
relatively invariant integral and the description of all the relatively invariant
integrals reduces to finding all the continuous homomorphisms of G.
Further, when G is compact, then only an invariant integral on ¥ (X) can
exist as x = 1 is the only continuous homomorphism. When G and H are
not compact, the situation is a bit more complicated. Both A, and A° must
be calculated and then, the continuous homomorphisms x on G to (0, o)
that satisfy (ii) of must be found. Only then do we have a
description of the relatively invariant integrals on K (X). Of course, the
condition for the existence of an invariant integral (x = 1) is that A%(h) =
A,(h) for all h € H,.
If J is a relatively invariant integral (with multiplier x) given by

J(f) = [f()m(dx),  feH(X),

then the measure m is called relatively invariant with multiplier x. In

Example 6.15, it was shown that for each « € R, the measure m, was

relatively invariant under G/, with multiplier x,. implies that
any relatively invariant measure on the space of p X p positive definite

matrices is equal to a positive constant times an m, for some a € R. We
now proceed with further examples.

¢ Example 6.16. Let X =, , and let G=0,. It was shown in
that O, acts transitively on ¥, ,. The verification that
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9, . is a left homogeneous space is left to the reader. Since 0, is
compact, implies that there is a unique probability
measure g on 3 that is invariant under the action of 0, on Jp

Also, any relatlvely invariant measure on GJ; will be equal to a

positive constant times p. The distribution p is sometimes called the
uniform distribution on % . When p = 1, then

F1,n = {xIx € R", |Ix|| = 1},

which is the rim of the unit sphere in R”. The uniform distribution
on ¥, , is just surface Lebesgue measure normalized so that it is a
probablllty measure. When p = n, then %, , =0, and u is the
uniform distribution on the orthogonal group. A different argu-
ment, probabilistic in nature, is given in the next chapter, which

also establishes the existence of the uniform distribution on %, . *

o Example 6.17. Take X = R? — {0} and let G = GI/,. The action of
Gl, on X is that of a matrix acting on a vector and this action is
obv1ously transitive. The verification that X is a left homogeneous
space is routine. Consider the integral

J(f) = [1(x)dx,  feFH(%)

where dx is Lebesgue measure on %. For s € Gl,, it is clear that
J(sf) = |det(s)|J(f) so J is relatively mvanant w1th multiplier
X,(s) = |det(s). We now show that J is the only relatively invariant
integral on J(%X). This is done by proving that x, is the only
possible multiplier for relatively invariant integrals on ¥ (X). A
convenient choice of x, € X is x, = ¢ where & = (1,0,..., 0).
Then

Hy = {hlhe, = ¢,,h € Gl,}.

A bit of reflection shows that h € H,, iff

L1 e

where hy, € Gl(,_;yand hy,is 1 X (p — 1). A calculation similar to
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that in [Example 6.14|yields

dh\, dh,,

dhy,,dh,,) = ——=—
p( 12 22) |det(h22)|1’_1

as a left invariant measure on H,,. Then the integral

L(f) = ff(h)”(dhlz’ dhy,)
is left invariant on % ( H,) and a standard Jacobian argument yields

Jl(fh)=A0r(h)"l(f)’ fe%(Ho)

where
AY () = |det(hy,), h € H,.

Every continuous homomorphism on Gl, has the form x,(s) =
|det(s)|* for some a € R. Since A, =1 for GI,, x, can be a
multiplier for an invariant integral iff

AL (h) = xa(h),  h € H,.

But A%(h) = |det(h,,)| and for h € H,, x,(h) = |det(h,,)|* so the
only value for a for which x, can be a multiplier is « = 1. Further,
the integral J is relatively invariant with multiplier x,. Thus Lebesgue
measure on %X is the only (up to a positive constant) relatively
invariant measure on % under the action of G/ - .

Before turning to the next example, it is convenient to introduce the
direct product of two groups. If G, and G, are groups, the direct product of
G, and G,, denoted by G = G, X G,, is the group consisting of all pairs
(g, 8,) with g; € G, i = 1,2, and group operation

(81, 8)(hy, hy) = (ghy, gh,).

If e, is the identity in G;, i = 1,2, then (e,, e,) is the identity in G and
(81,8) "' =(gr", g"). When G, and G, are locally compact topological
groups, then G, X G, is a locally compact topological group when endowed
with the product topology. The next two results describe all the continuous
homomorphisms and relatively left invariant measures on G, X G, in terms
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of continuous homomorphisms and relatively left invariant measures on G,
and G,.

Proposition 6.7. Suppose G, and G, are locally compact topological groups.
Then x is a continuous homomorphism on G, X G, iff x((g;, 8,)) =
x1(81)x2(82), (81, 8,) € G, X G,, where x; is a continuous homomor-
phismon G, i = 1,2.

Proof. If x((g;, 82)) = X:1(81)x2(8,), clearly x is a continuous homomor-
phism on G, X G,. Conversely, since (g, 8,) = (81, €;)(e}, 8,), if x is a
continuous homomorphism on G, X G,, then

X((gl’ 82)) = x(& e;)x (e 8)-

Setting x,(g,) = x(8), e;) and x,(g8,) = x(e,, g,), the desired result fol-
lows. =

Proposition 6.8. Suppose x is a continuous homomorphism on G, X G,
with x(g), &) = x1(81)x2(8,) where ¥, is a continuous homomorphism on
G;, i = 1,2. If mis a relatively left invariant measure with multiplier x, then
there exist relatively left invariant measures m; on G; with multipliers x;,
i = 1,2, and m is product measure m, X m,. Conversely, if m, is a relatively
left invariant measure on G; with multiplier x,, i = 1,2, then m, X m, is a
relatively left invariant measure on G, X G, with multiplier x, which
satisfies x (g}, 8,) = X1(81)X2(8>)-

Proof. This result is a direct consequence of Fubini’s Theorem and the
existence and uniqueness of relatively left invariant integrals. O

The following example illustrates many of the results presented in this
chapter and has a number of applications in multivariate analysis. For
example, one of the derivations of the Wishart distribution is quite easy
given the results of this example.

¢ Example 6.18. As in [Example 6.10, X is the set of all n X p

matrices with rank p and G is the direct product group O, X G;.
The action of (T, T) € 0, X G5 on X is
(I, T)X=(T®T)X=TXT, XeX%.

Since X = (X|X € £, n»det(X'X) > 0), X is a nonempty open
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subset of £, . Let dX be Lebesgue measure on X and define a
measure on X by

dX

m(dX) = ———.

(det( X' X))"?
Using Proposition 5.10, it is an easy calculation to show that the
integral

J(f) = [f(X)m(dx)

is invariant—that is, J(I', T')f) = J(f) for (I, T) € O, X Gy and
f € H(%X). However, it takes a bit more work to characterize all the
relatively invariant measures on . First, it was shown in

that, if X, is

X, = (I”) e X,
0

then H, = {(T, T)(T, T) X, = X,) is a closed subgroup of O, and

hence is compact. By every continuous homomor-

phism on O, X G; is the multiplier for a relatively invariant in-

tegral. But every continuous homomorphism x on O, X G7 has the

form x(T', T) = x,(I')x,(T) where x, and x, are continuous ho-

momorphisms on O, and G7. Since 0, is compact, x; = 1. From
Example 6.12]
P C
x2(T) = l_ll (t:)" = x(T)
j=

where ¢ € R” has coordinates c,..., c,. Now that all the possible
multipliers have been described, we want to exhibit the relatively
invariant integrals on H(%). To this end, consider the space
Y =9, ,X Gy so points in Y are (¥,U) where ¥ is an n X p
linear isometry and U is a p X p upper triangular matrix in G,. The
group O, X G7 acts transitively on % under the group action

(T, T)(¥,U) = (I'¥,UT).

Let p be the unique probability measure on %, , that is 0, -invariant
and let », be the particular right invariant measure on the group G,
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given by

du
Hx U fr

V,( au ) =
Obviously, the integral

I(f) = [[1(,U)ne(d¥)s,(dU)

is invariant under the action of O, X G; on %, , X G}, f € H(5,
X G¢). Consider the integral

L) = [[1(¥,0)x(U)ne(d¥)r,(dU)

defined on H (%, Iy, n X G{,) where X, is a continuous homomorphism
on Gy. The clalm is that J,((T, T)f) = x (T)J,(f) so J, is rela-
tlvely invariant with multiplier x .. To see this, compute as follows:

LD, 1)) = [[1((T, )7 (2, 0)) x(U)no(d¥),(dU)
= [[#(T%, U)X (TT'U") o (d¥),(dU)

= x(T) [[ 1T 2, UT ) x((UT~"))po(d¥)5,(dU))

= x(T)L(f)-

The last equality follows from the invariance of p, and »,. Thus all
the relatively invariant integrals on ("' X G{) have been ex-
plicitly described. To do the same for 3{(6)6), the basic idea is to
move the integral J, over to H(%X). It was mentioned earlier that
the map ¢, on F, , X G, to % given by

o(T,U)=PU e X
is one-to-one, onto, and satisfies

$o((T, T)(¥,U)) = (T, T) (¥, U),
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for group elements (T, T). For f € H (%), consider the integral

5(1) = [[1(90(%, U)o (d¥), (V).

Then for (T, T) € 0, X G5,

KT, 1)) = [[H((T,T) " 96(¥,U))mo(d¥),(dU)
= [, =) 4 (1, U))o(d¥),(aU)

= [[#(4o(T%,UT)o(a¥)2,(4V) = 5 ()

since p, and », are invariant. Therefore, J; is an invariant integral on
H (%X). Since J is also an invariant integral on (%),
shows that there is a positive constant k such that

J(f)=ki(f), feH(X).

More explicitly, we have the equation
dX
ff(X)W = k[ [f(¥U)po(d¥)s,(aU)

for all f € H(%X). This equation is a formal way to state the very
nontrivial fact that the measure m on X gets transformed into the
measure k(po X #,) on ¥, , X G{, under the mapping ¢, '. To
evaluate the constant k, it is sufficient to find one particular
function so that both sides of the above equality can be evaluated.
Consider

fo(X) = XX (27) " exp[ -} tr(X'X)].
Clearly,

_ax
lX/Xln/Z

[f(x)
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SO

%:/ffo(\I’U)l"o(d‘I')Vr(dU)

= (277)_"”/2/|U’U|"/zcxp[-— %tr U’U]v,(dU)

= (2,”)—n11/2f1f[u exp[— = Zu,]

I<J

= (27) ""*272¢(n, p).

The last equality follows from the result in Example 5.1, where
c(n, p) is defined. Therefore,

ax__ _ (2m)"r
1x'x"2 c(n, p)

61 [f(x) J[1(20)no(a¥)s,(dv).

It is now an easy matter to derive all the relatively invariant
integrals on H(%X). Let x, be a given continuous homomorphism
on Gr. For each X € X, let U(X) be the unique element in G
such that X = YU(X) for some ¥ € Gfp (see Proposition 5.2). It is
clear that U(TXT") = U(X)T’ for T € @ and T € G;. We have
shown that

K1) = [[H(2,0)x(U)o(d¥)s,(aU)

is relatively invariant with multiplier x, on ‘JC( . X Gf;). For
h € H(X), define an integral J, by

L) = [[H(FV)x(V)no(d¥)r,(dU).

Clearly, Jy is relatively invariant with multiplier x_ since J,(h) =

h) where h ‘I’ U) = h(¥U). Now, we move J, over to X by
In (6.1), take f(X)= h(X)x(U(X)) so f(¥U) =
h(\I'U)xc(U’). Thus the integral

Js(h) = [r(X)x(U(X ))|X, X7
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is relatively invariant with multiplier x.. Of course, any relatively
invariant integral with multiplier x, on H(%X) is equal to a positive
constant times Js. ¢

6.4. TRANSFORMATIONS AND FACTORIZATIONS OF
MEASURES

The results of describe how an invariant measure on the set of
n X p matrices is transformed into an invariant measure on %, X Gj
under a particular mapping. The first problem to be discussed in this section
is an abstraction of this situation. The notion of a group homomorphism
plays a role in what follows.

Definition 6.13. Let G and H be groups. A function 5 from G onto H is a
homomorphism if:

1 n(g182) =n(g)n(82) 81> 8 €G-
i) n(g)=M(g) ' geq.

When there is a homomorphism from G to H, H is called a homomorphic
image of G.

For notational convenience, a homomorphic image of G is often denoted
by G and the value of the homomorphism at g is g. In this case, g,8, = 8,
and g~!' = g~'. Also, if e is the identity in G, then & is the identity in G.

Suppose %X and % are locally compact spaces, and G and G are locally
compact topological groups that act topologically on X and %, respectively.
It is assumed that G is a homomorphic image of G.

Definition 6.14. A measurable function ¢ from X onto % is called equi-
variant if $(gx) = go(x) for all g € G and x € ¥X.

Now, consider an integral

J(f) = [f(x)m(dx),  feH(X),

which is invariant under the action of G on X, that is

J(gf) = [f(gx)nldx) = [f(x)n(dx) =I(f)
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for g € G and f € H(%X). Given an equivariant function ¢ from %X to Y,
there is a natural measure » induced on %Y. Namely, if B is a measurable
subset of %, »(B) = u(¢ !(B)). The result below shows that under a
regularity condition on ¢, the measure » defines an invariant (under G)
integral on K (%).

Proposition 6.9. If ¢ is an equivariant function from %X onto % that
satisfies (¢~ '(K)) < + oo for all compact sets K C %, then the integral

L) = [f)(dy),  feFH (D)
is invariant under G.

Proof. First note that J, is well defined and finite since u(¢~'(K)) < + o0
for all compact sets K C %Y. From the definition of the measure », it follows
immediately that

(1) = [1w(d) = [F(s(x)n(dx),  fe K (D).

Using the equivariance of ¢ and the invariance of p, we have

1(8f) = [1(& y)v(dy) = [£(7 6 (x))n(dx)

= [1(e(g7x))n(dx) = [£(o(x)n(dx) = J(f)

s0 J is invariant under G. O

Before presenting some applications of a few remarks are
in order. The groups G and G are not assumed to act transitively on % and
%, respectively. However, if G does act transitively on ¥ and if % is a left
homogeneous space, then the measure » is uniquely determined up to a

positive constant. Thus if we happen to know an invariant measure on %,
the identity

JIOw(@y) = [1(e(x)u(ax),  fe H (D)

relates the G-invariant measure p to the G-invariant measure ». It was this
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line of reasoning that led to [(6.1) in Example 6.18] We now consider some
further examples.

¢ Example 6.19. As in Example 6.18] let X be the set of all n X p
matrices of rank p, and let Y be the space 5 of p X p positive
definite matrices. Consider the map ¢ on %X to S; defined by

o(X)=XX, Xe¥X.
The group 0, X G, acts on X by
(T,A) X=(T®A)X=TXxA
and the measure

dX
dx) = ——
p(dX) XX
is invariant under O, X Gl,. Further,

o((T, A)X) = AX'XA' = Ap(X) A,

and this defines an action of Glp on S; . It is routine to check that
the mapping

(F,4) > 4= (T, A4)

is a2 homomorphism. Obviously,

¢((T, 4)X) = (T, 4) ¢(X)
since the action of G/, on 5 is
A(S) = AS4’; S e S;, A€ Glp.
Since GI, acts transitively on S, the invariant measure

ds

v](dS) - |S|(p+l)/2

is unique up to a positive constant. The remaining assumption to

verify in order to apply is that ¢~ '(K) has finite p

measure for compact sets K C 8;. To do this, we show that
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¢~ '(K) is compact in . Recall that the mapping # on &, , X S
onto X given by

h(¥,S)=¥SeX

is one-to-one and is obviously continuous. Given the compact set
KcC 8;, let

K, =(S|5€s}, s € K).

Then K, is compact so %, , X K| is a compact subset of J, , X &,
It is now routine to show that

¢ '(K)={(X|X'Xe K}=h(3, ,xK,),

which is compact since 4 is continuous and the continuous image of
a compact set is compact. By [Proposition 6.9} we conclude that the

measure » = p. o ¢~ ! is invariant under G/ ,» and satisfies

_ax  _

J e

L[.r(s)»(as),

forall f € %(S;). Since » is invariant under G/, » = cv, where c is
a positive constant. Thus we have the identity

) dx ds
(6.2) ff(XX)W - cff(S)W.

To find the constant c, it is sufficient to evaluate both sides of
for a particular function f;. For f;,, take the function

fo(8) = (V27 ) "*|S|"%exp[ - }tr §],
SO
fo(X'X) = (V2m ) " | X' X|" %exp[ — $tr X' X].

Clearly, the left-hand side of integrates to one and this yields
the equation

cf(\/2—7r)—"p|S[("“"erxp[—% trS]ds =1.
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The result of Example 5.1 gives
c(V2m) e(n, p)=1

= @ = 7)"?w(n
= c(n,p) (‘/2_) (n,p).

In conclusion, the identity

(6.3) ff(X’X) = (V2m)"w(n, p)f ()~

‘X’XI"/Z |S|(P+1)/2
has been established for all f € H(S,"), and thus for all measurable
f for which either side exists. ¢

¢ Example 6.20. Again let X be the set of n X p matrices of rank p
so the group 0, X G7 acts on X by

(T,T)X=(T'® T)X = TXT".

Each element X € %X has a unique representation X = YU where
¥ €9, ,and U € G). Define ¢ on X onto G, by defining ¢(X)
to be the unique element U € G}, such that X = YU for some
¥ e j . If ¢(X) = U, then ¢((I', T)X) = UT’, since when X =
YU, (I‘ T)X I'YUT'. This implies that UT’ 1s the unique ele-
ment in Gy, such that X = (I'Y)UT" as T'¥Y € §, . The mapping
(I,T)—> T= (T, T) is clearly a homomorphism "of (T, T) onto
G; and the action of G} on G is

T(U)=UT; UeG},TeGi.

Therefore, ¢((T', T) X) = (T, T)$( X) so ¢ is equivariant. The mea-
sure

dx
dX)= ————
u(dx) XX
is O, X G7 invariant. To show that ¢~ '(K) has finite p measure
when K C G} is compact, note that h(¥, U) = ¥U is a continuous

function on %, , X G, onto X. It is easily verified that
¢~ '(K)=h(9,

p,n

X K).
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But & , X K is compact, which shows that ¢ (K) is compact
since h is continuous. Thus p(¢ '(K)) < + co. |Proposition 6.9
shows that » = po ¢~ ' is a Gj-invariant measure on G, and we

have the identity

[0 = [ sw)rav)
for all f € H(G},). However, the measure
_du
nav) = T2 yuj;

is a right invariant measure on Gj;, and therefore, », is invariant
under the transitive action of G7 on G;,. The uniqueness of
invariant measures implies that » = c», for some positive constant ¢
and

[f(e(x))

|X' |"/2
The constant ¢ is evaluated by choosing f to be
f(U) = (V2m ) """ {UU " Pexp[ -} r UU].
Since (¢(X))p(X) = XX,
f(e(X)) = (V27 ) "1 X' X|"%exp[ — § tr X'X]

and

Jre(x))—=—r =1

[X/X|n/2

Therefore,

. 1 du
=c(V27) | UU|" %ex [— —tr U’U] -
(V2m)™" [ U exp| - 3 el

p

= c(\/ﬁ)_"pf I—Iu{’,“‘exp[— % tr U’U] dUu
G

51

= c(V2m) ""277¢(n, p)
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where c(n, p) is defined in Example 5.1. This yields the identity

JreC0) l,,/z—zp(m Po(n. p) [1(U) 2

Xx 1'1" uj;

for all f € H(G{)). In particular, when f(U) = f,(U'U), we have

)X _
|X/X|n/2

(64) [r(x'X) 20(y2m) " a(n, p) [ £,(UV) 20

My

whenever either integral exists. Combining this with yields the
identity

ds )
(6.5) fg;f(s)|5|<p+w2 -2 f(UU)H,, n

for all measurable f for which either integral exists. Setting 7' = U’
in yields the assertion of Proposition 5.18. *

The final topic in this chapter has to do with the factorization of a Radon
measure on a product space. Suppose X and % are locally compact and
o-compact Hausdorff spaces and assume that G is a locally compact
topological group that acts on %X in such a way that X is a homogeneous
space. It is also assumed that p, is a G-invariant Radon measure on X so
the integral

‘Il(fl)E/fl(x)y'l(dx)’ fi € H(X)

is G-invariant, and is unique up to a positive constant.

Proposition 6.10. Assume the conditions above on X, %, G, and J,. Define
G acting on the locally compact and o-compact space X X ¥ by g(x, y) =
(gx, y). If m is a G-invariant Radon measure on X X %, then m = pu, X »
for some Radon measure » on %.

Proof. By assumption, the integral

11 = [[ £(x, yym(ax, dy),  feH(Xx D)
YX
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satisfies

1gf) = [[ (g 'x, y)m(dx, dy) = J(f).
YX

For f, € H(%) and f, € H(X), the product f, f,, defined by (f,£,)(x, )
= [i(x)fo(y), is in H(X X V) and

I(5) = [ K f(y)m(dx, dy).
YX
Fix f, € H(%¥) such that f, > 0 and let
H(f) = [[ 1) A)mdx, dy),  f € K(X).
YX

Since J(gf) = J(f), it follows that
H(gf,) = H(f,) forge Gandf, € H(X).

Therefore H is a G-invariant integral on J (). Hence there exists a
non-negative constant c( f,) depending on f, such that

H(f,) = c(£)(f)

and c(f,) = 0iff H(f,) = 0 for all f; € H(%X). For an arbitrary f, € H(%¥),
write f, = f; — f; where f; = max(f,,0) and f; = max(—f,,0) are in
H(%). For such an f,, it is easy to show

J(Hf) = C(f;)Jl(fl) - C(f{)Jl(fl) = (c(f2+) - C(f;))Jl(fl)'

Thus defining ¢ on H(%Y) by c(f,) = c(fy) — c(fy), it is easy to show that
¢ is an integral on ¥ (%). Hence

c(f) = [H(»)v(dy)
Y
for some Radon measure ». Therefore,

J 1 RImdx, dy) = [[ £,(x)f(p)wi(dx)v(d).
YX YxX

A standard approximation argument now implies that m is the product
measure p; X ». O
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Proposition 6.10| provides one technique for establishing the stochastic
independence of two random vectors. This technique is used in the next

chapter. The one application of Proposition 6.10| given here concerns the

space of positive definite matrices.

¢ Example 6.21. Let Z be the set of all p X p positive definite
matrices that have distinct eigenvalues. That & is an open subset of
8; follows from the fact that the eigenvalues of S € 5; are
continuous functions of the elements of the matrix §. Thus Z has
nonzero Lebesgue measure in S;. Also, let ¥ be the set of p X p
diagonal matrices Y with diagonal elements y,,..., y, that satisfy
Yy >y, > -+ >y, Further, let X be the quotient space O /D
where 9, is the group of sign changes introduced in ﬂ
We now construct a natural one-to-one onto map from X X Y to Z.
ForXe¥%, X= I‘GDp for some I € (‘)p. Define ¢ by

$(X,Y)=TYI", X=T9,Ye.

To verify that ¢ is well defined, suppose that X = I‘IGDP = I‘ZGDP.
Then

¢(X,Y)=TIYT] = ,T,YT|T,I} = I, YT

since I3T} € ), and every element D € ), satisfies DYD =Y for
all Y € 9. It is clear that ¢( X, Y) has ordered eigenvalues y, > y,
> .-+ >y, >0, the diagonal elements of Y. Clearly, the function ¢
is onto and continuous. To show ¢ is one-to-one, first note that, if Y
is any element of %, then the equation

rrrr=yv, reg,

implies that I' € 9 (I'YT’ = Y implies that I'Y = YT and equat-

ing the elements of these two matrices shows that T must be
diagonal so I' € 9 ). If

(X, 1)) =¢(X,, Yy),

then Y, = Y, by the uniqueness of eigenvalues and the ordering of
the diagonal elements of Y € %U. Thus

Ly I =Lyl
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when
¢(X,,Y)) = ¢(X,, 1)).
Therefore,
LIy =Y,

which implies that IT, € ©),. Since X; = I}, for i = 1,2, this
shows that X, = X, and that ¢ is one-to-one. Therefore, ¢ has an
inverse and the spectral theorem for matrices specifies just what ¢~ !

is. Namely, for Z € Z, lety, > --- > ¥, > 0 be the ordered eigen-
values of Z and write Z as

Z=TYI', Teg,

where Y € % has diagonal elements y, > --- > ¥, > 0. The prob-
lem is that I' € 0, is not unique since

TYT' = TDYDI" forD € 9),.

To obtain uniqueness, we simply have “quotiented out” the sub-
group GDP in order that ¢! be well defined. Now, let

w(dz)=dz
be Lebesgue measure on Z and consider » = p o ¢—the induced
measure on X X %Y. The problem is to obtain some information

about the measure ». Since ¢ is continuous, » is a Radon measure
on %X X %, and » satisfies

J[1(x. Y)v(ax, av) = [1(7'(2)) az

for f € H(X X %). The claim is that the measure » is invariant
under the action of 0, on X X ¥ defined by

I(X,Y)=(TX,Y).

To see this, we have

fff(F’(X, Y))v(dX, dy) = [f(I'$\(2)) dz.
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But a bit of reflection shows that I'¢~!(Z) = ¢~ (I"ZT). Since the
Jacobian of the transformation I'"ZT is equal to one, it follows that

v is (‘)p-invariant. By [Proposition 6.10, the measure v is a product

measure »; X », where », is an 0 -invariant measure on . Since 0
is compact and % is compact, the measure », is finite and we take
»,(X) = 1 as a normalization. Therefore,

[1(671(2)) dz = [[£(X, Y)»,(dX)n,(dY)

for all f € H (X X ¥). Setting h = fo~! yields

fh(z) dZ=ffh(¢(X,Y))v1(dX)v2(dY)

for h € H(Z). In particular, if » € H(Z) satisfies h(Z) = h(T'ZT")
foral T € 0, and Z € £, then h(¢(X,Y))= h(Y) and we have
the identity

/h(z) dZ =fh(Y)v2(dY).

It is quite difficult to give a rigorous derivation of the measure »,
without the theory of differential forms. In fact, it is not obvious
that », is absolutely continuous with respect to Lebesgue measure
on %Y. The subject of this example is considered again in later
chapters. *

PROBLEMS
1. Let M be a proper subspace for ¥ and set
G(M)={glg€ GI(V), g(M) = M}

where g(M) = {x|x = gv for some v € M}.
(i) Show that g(M) = M iff g(M) € M for g € GI(V') and show
that G(M) is a group.
Now, assume ¥V = R? and, for x € R?, write x = (}) withy € R? and
zER,q+r=p. Let M ={x|x=(}), y € R%).
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(i) For g € Gl,, partition g as

_ gn 82 isa %
g g EnBI*Y

Show that g € G(M) iff g}, € Gl,, g5, € Gl,, and g,, = 0. For
such g show that

g ' =

gn' —8n'gngn
0 gz_zl

(ii)) Verify that G, ={g € G(M)|g,; =1, 8, =0} and G, ={g €
G(M)|gy, = 1,} are subgroups of G(M) and G, is a normal
subgroup of G(M).

(iv) Show that G, N G, = (I} and show that each g can be written
uniquely as g = hk with h € G, and k € G,. Conclude that, if
g =h;k;,i=1,2, then g,8, = h;k;, where h, = h\h, and k; =
h3 'k h,k,, is the unique representation of g,g, with h; € G,
and k; € G,.

2. Let G(M) be as in [Problem 1{ Does G(M) act transitively on ¥V — {0)?
Does G(M) act transitively on ¥ N M¢ where M€ is the complement

of the set M in V?

3. Show that 0, is a compact subset of R™ with m = n?. Show that 0, is a
topological group when 0, has the topology inherited from R™. If x is a
continuous homomorphism from 0, to the multiplicative group (0, ),
show that x(I') =1 forallT € 0,.

4. Suppose x is a continuous homomorphism on (0, ) to (0, o). Show
that x(x) = x* for some real number a.

5. Show that O, is a compact subgroup of G/, and show that G, (of
dimension n X n) is a closed subgroup of G/,. Show that the unique-
ness of the representation 4 =TU (4 € Gl,, T €0,, Ue Gy) is
equivalent to 0, N G}, = (I,). Show that neither O, nor G, is a normal
subgroup of GI,,.

6. Let (V,(-,-)) be an inner product space.

(i) For fixed v € V, show that x defined by x(x) = exp[(v, x)] is a
continuous homomorphism on ¥ to (0, ). Here V is a group
under addition.
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(i) If x is a continuous homomorphism on ¥V, show that x(x)=
log x(x) is a linear function on V. Conclude that x(x)=
exp[(v, x)] for some v € V.

Suppose x is a continuous homomorphism defined on G/, to (0, o).
Using the steps outlined below, show that x(A4) = |det 4|* for some
real a.
(1) First show that x(I')=1forT €0,.
(i) Write 4 = I'DA with I, A € O, and D diagonal with positive
diagonals A|,..., A,. Show that x(4) = x(D).

(iii) Next, write D = [1D,(A;) where D,(c¢) is diagonal with all diago-
nal elements equal to one except the ith diagonal element, which
is ¢. Conclude that x(D) = I[Ix(D,(A))).

(iv) Show that D,(c) = PD,(c)P’ for some permutation matrix P €
0,. Using this, show that x(D) = x(D,(\)) where A = T1A..

(v) For A €(0,00), set £&(A) = x(D,(A)) and show that £ is a
continuous homomorphism on (0, ©©) to (0, ) so £(A) = A? for
some real 8. Now, complete the proof of x(A4) = |det 4|

Let %X be the set of all rank r orthogonal projections on R"” to R”

(l<sr<sn-1).

(i) Show that O, acts transitively on %X via the action x — I'xI",
I'e0,. For

Xo = ((I)’ g) e X.

what is the isotropy subgroup? Show that the representation of x
in this case is x = ' where y: n X r consists of the first r
columns of ' € O,.

(ii) The group O, acts on G, , by ¢ - ¢4, A € 0,. This induces an
equivalence relation on &, | (¢, = ¢, iff ¢, = ¢,A’ for some
A € 0,), and hence defines a quotient space. Show that the map
[¢]— ¢y’ defines a one-to-one onto map from this quotient
space to X.. Here [{] is the equivalence class of .

Following the steps outlined below, show that every continuous homo-
morphism on G; to (0,0) has the form x(T) = ITf(z;,)* where

.T: p X p has diagonal elements ¢,,,...,¢,, and cy,..., ¢, are real

> “pp
numbers.
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10.

11.

12.

(i) Let

Gl={T|T=(](;“ ?),Tl,:(p— 1) x (p - 1)}

I, ©
T, tpp '

Show that G, and G, are subgroups of G; and G, is normal.
Show that every T has a unique representation as 7 = hk with
he G, kea,.

(i) An induction assumption yields x(h)=TIP~'(z;)". Also for
T = hk, x(T) = x(h)x (k).

(iii) Show that x(k) = (z,,)* for some real c,.

Evaluate the integral I, = [|X’X|%exp[— 3 tr X’X] dX where X ranges
over all n X p matrices of rank p. In particular, for what values of y is
this integral finite?

In the notation of and [ find all of the relatively invariant
integrals on R” N M under the action of G(M).

In R”, let X = {x|x € R", x & span{e}}. Also, let S,_,(e) = {x|||x|| =
1, x € R", x’e = 0) and let ¥ = R' X (0,0) X S,_,(e). For x € X,
set X = n” 'e’x and set s*(x) = =(x; — X)2. Define a mapping 7 on %
to Y by 7(x) = (X, 5,(x — Xe)/s).

(i) Show that 7 is one-to-one, onto and find 7~ '. Let O,(e) = (T|T
€0, Te=e) and consider a group G defined by G =
{(a,b,T)a € (0,0), b€ R', T € 0,(e)) with group composi-
tion given by (ay, b, I'))(a,, b,, I,) = (a,a,, a\b, + b, T'\T}).
Define G acting on %X and ¥ by (a, b, T)x = al'x + be, x € %X,
(a, b, T')(u, v,w) = (au + b, av, T'w) for (u, v,w) € U.

(ii)) Show that 7(gx) = g7(x), g € G.

(iii) Show that the measure p(dx) = dx/s" is an invariant measure

on %.

(iv) Let y(dw) be the unique O,(e) invariant probability measure on
S, _1(e). Show that the measure

and

v(d(u,v,w)) =du -i—gy(dw)

is an invariant measure on %Y.
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(v) Prove that [y f(x)p(dx) = kfof(77'(»))»(dy) for all integrable
f where k is a fixed constant. Find k.

(vi) Suppose a random vector X € X has a density (with respect to
dx) given by

f(x)=;1-,;h(ﬂx—_ézﬁgﬁ), xe%X

where 8 € R! and o > 0 are parameters. Find the joint density
of X and s.

Let X = R” —{0) and consider X € %X with an O, -invariant distri-
bution. Define ¢ on X to (0, 0) X &, , by ¢(x) = (||x||, x/||x]]). The
group O, acts on (0, c0) X ¥, , by T'(u, v) = (u, I'v). Show that ¢(I'x)
= I'¢(x) and use this to prove that:

(i) ||X]|| and X/|| X|| are independent.

(i) X/||X| has a uniform distribution on ¥, .

Let X = (x € R"|x; = x; for all i = j} and let Y = (y € R"|y, <,

< -+ <y} Also, let @ be the group of n X n permutation matrices

so P c 0,and ¥, acts on X by x — gx.

(i) Show that the map ¢(g, y) = gy is one-to-one and onto from
P X %Y to X. Describe ¢~ .

(i) Let X € %X be a random vector such that £(X) = £(gX) for
g€ 9. Write $~'(X) = (P(X), Y(X)) where P(X) € 9, and
Y(X) € %. Show that P(X) and Y(X) are independent and that
P(X) has a uniform distribution on %,.

NOTES AND REFERENCES

1. For an alternative to Nachbin’s treatment of invariant integrals, see
Segal and Kunze (1978).

2. is the Radon measure version of a result due to Farrell
(see Farrell, 1976). The extension of Proposition 6.10 to relatively
invariant integrals that are unique up to constant is immediate—the
proof of is valid.

3. For the form of the measure », in Example 6.21} see Deemer and Olkin

(1951), Farrell (1976), or Muirhead (1982).
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