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HANKEL OPERATORS ON THE PALEY-WIENER SPACE IN DISK 

Peng Lizhong 

1. INTRODUCTION 

In [12], Rochberg has studied the Toeplitz and Hankel operators on the Paley

Wiener space in one dimension, and has got the characterizations for the Schatten

von Neumann class Sp criteria. In the end of [12], Rochberg proposed what are 

analogs of the results in several dimensions. In [11], Peng has studied the case of 

cube Id = {e E IRd : -7r < ei < 7r, j = 1, ... , d}. In this paper, we study the case of 

disk D = {e E IR2 : lei < I}. 

Let D denote the unit disk in 1R?, and let XD denote the characteristic function 

of D. The Paley-Wiener space on the unit disk, PW(D), is defined to be the image 

of L2(D) under inverse Fourier transformations F-l , i.e. 

(1.1) PWCD) = {F-l(XD!): f E L2(D)} . 

Let PI, P2 denote the projections defined by (PIg)· = XDY and (P2gt = X2DY, 

separately. 

The Toeplitz operator on PW(D) with symbol b is defined by 

(1.2) Tb(!) = Pl(b!) , for f E PW(D) . 

And the Hankel operator on PW(D) with symbol b is defined by 

(1.3) Hb(J) = Pl(bI) , for f E PW(D) . 

Because PW(D) is preserved when taking complex conjugates, these two operators 

on PW(D) are unitary equivalent. But as they have properties similar to those of 

classical Hankel operators (see below), we prefer the name Hankel operators in both 

cases. 
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Note that Tb = Tp2b, so we assume that supp b c 2D throughout this paper. 

Taking Fourier transform, we get 

iJ})(e) = r bce -71)xD(ehD(ry)j(T/) dry . 1m? 
This turns out to be a paracommutator. But as in the case of cube, it can not be 

dealt with in the framework of Janson and Peetre [4]. 

Our idea is the same as that in [11J, that is to give a decomposition ofD, then to 

define a kind ofthe Besov spaces B;,q(D) so that they characterize the Schatten-von 

Neumann class Sp of 

As is well known, the disk multiplier is bounded only on L2(]R2). It is quite 

different from the cube multiplier. Our results on the Schatten-von Neumann class 

criteria of Hankel operators on PW(D) are also different from either classical case 

or the case of cube. In fact we get the necessary and sufficient condition of Tb E Sp 

for 1 :s;: p :s;: 2, that is E S1' if and only if b E B?'P (2D). For 2 < p :s;: 00, we 

get only the necessary condition. (See below Theorems 3.1 and 4.1.) 

Note that 

(1.5) 
eiixl e-iixi 

x:;; (x) = alxl3/2 + blxl3/2 + O(lxl-5 / 2 ), Ixl--+ 00, 

it is i:p.teresting to point out the index ~ is different from either that of classical case 

or of the case of cube, but is same to the degree of principal part of x:;; (x). 

The sufficient conditions of 2 < p :s;: 00 are still open, 

In we a decomposition of D, define a kind of Besov spaces of Paley-

'i.iViencr B;,q(D), and discuss their elementary functional properties, In we 

prove the sufficient conditions for 1 :s;: p :s;: 2. In §4, we prove the necessary conditions 

for 1 :s;: p:S;: 00. 

2. BESOV SPACES 

Let S'D = E S(IR2) : supp j C D}, = {f E SI(JR2 ) : supp j C D}, and 

let J'Y denote a kind of fractional integration operators defined by 

(I'""frw = (1 ~ IW"jee), for 17 E IR, f E 
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Definition (2.1). For 1 ~ P ~ 00, S E JR, 

H;(D) = {J E Sb: IIfIlH;(D) = IW fllLP < oo} . 
It is obvious that [17 maps H;(D) isomorphically onto H;-tr(D), and that 

Hg(D) = PW(D). 

To define a kind of Besov spaces of Paley-Wiener type on D, we give a decom-

position of D as follows. 

Let Qj,kj = {re i8 ED: .v-I ~ 1 - r ~ .v, (k j - 1)2j 1l" ~ 9 ~ kj2j1l"}, for 

j = -1,-2, ... , kj E {1,2, ... ,2-i+l}, QO,ko = {re i8 ED: 0 ~ r ~ i, (ko -1)11" ~ 

9 ~ ko1l"}, ko = 1,2, thus 

(2.1) D= u Qi,kj' where 'Zl_ = {0,-1,-2, ... }. 
jE7i:_ 

kj E{1 •...• 2-j+l} 

Each Qj,kj has its height 3 X 4j- 1 which is comparable to the distance from the 

boundary, and has its length r2i 11" which is comparable to the square root of the 

distance from the boundary. 

Definition (2.2). Let ~(D) be the collection of all test function systems {<pj,kj} 

such that 

(i) sUPPc,Oj,kj C Qj,kj = {re i8 ED: i X 4j- 1 ~ 1 - r ~ ! X 4j, (k j - !)2i 1l" ~ 9 ~ 

(kj + t)2i 1l"}, 

(ii) c,Oi,kj ;::: 0, c,Oj,kj(e);::: C > 0 for e E Qj,kj' c,Oj,k E Co, 

(iii) C1 ~ E c,Oj,kj (e) ~ C2 for e E D. 

Moreover, we can also require that E c,Oj,kj (e) == 1 for e E D. 

Definition (2.3). Let s E JR, 0 < p, q ~ 00, {<pj,k;} E ~(D). 

B;,q(D) = {f E Sb : IIfIlB;·Q(D) = [ L 
l. 

(48j llf * <pj,kjllp)q] Q < oo}. 
jE7i:_ 

kj E{1 •...• 2- j +1 } 

The following Theorem contains some of the elementary functional properties of 

B;,q(D). 
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THEOREM (2.1). 

(i) B;,q(D) is a quasi-Banach space if 8 E lR, 0 < p,q :::; 00 (Banacb space if 

1:::; p, q :::; 00), and tbe quasi-norms Ilfll~;"(D) with <p E weD) are equivalent. 

(ii) B~,2(D) = H~(D). 

(iii) 8 D c B;,q(D) C Sh. 

(iv) If p, q < 00, SD is dense in B;''1(D). 

(v) Va E lR, J<' maps B;,q(D) isomorphic ally onto B;-q,q(D). 

(vi) (B;,q(D»)/ = B;;'S,ql (D), for S E IR, 1:::; p, q < 00, t + ? = 1, ~ + ? = 1. 

(vii) (B;~,qO(D), B;;,Q, (D)) [11] = B;>q" (D), for 80,81 E IR, 1:::; po,p!, qo, ql :::; 00, 

0< e < 1 s* = (1 - 8)s + 88 .l = 1-8 + L .l = I-Ii + 
, 0 1, p' Po' Pl' q* go '11 

P 1.'0 of. All of the conclusions can be proved similady to the ones of classical case. 

(See, e.g. Peetre [7], Triebel [15], also d. Peng [l1J for (vi) and (vii)). [] 
We can also define B;,Q(2D) 

2D= 

according to the decomposition of 2D: 

L 
iE2Z_ 

kjE{1,2, .. ,,2-i+1 } 

where = {re i8 E 2D: 2 x 4j - 1 :::; '2 ,- T :::; 2 :::; e:::; k j 2i 1f} for 

j = --1, "'j k j E 2, ... , }, Q~,ko = {reie E 2.0 : 0 :::; r :::; ~ , < 

():::; k01f}. And B~,q(2D) have the properties in Theorem 

3. SlJFFICIENT CONDITIONS FOR 1 :::; p :::; 2. 

VVe adopt the notation of Janson and Peetre [4] :tor 

the definition of Tb , we consider defined by 

bce -1])(1-\WB(1-

for s, t E lR" 

THEOREM (3.1). Suppose that 1 :::; p:::; 2, bE BP·P (2D), Then To E S~ and 

IITbiisp :::; Gllbll B/P'P (2D) . 

\fiTe need two lemmas" 
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il 2 
I,EMMA (3.l). FOI' bE S'v, Tb E S2 if and only if bE B{ (2D) and that 

(3.3) IITblls, ~ Ilb I1 8 :,2(2O) . 

Proof. According to Janson and Peetre [4], we have 

Ilnll~2 = (f Ib(E -1])XD(OXn(1])1 2 de 
oJ v 

= iD Ib(OI2(2arcSinh/4-1~12 - ~LJ4-leI2) d~ 

~ f Ib(E)1 2 (4 -IW~ de J20 
= 11011 2 a 

H:(2D) 

~ 11 011 2 .a 2 • Bl' (2D) 

s+t+*,l 1 3 t LEMMA (3.2). If 0 E Bl 2 (2D), s, t > -2"' Then Tb' E S1 and that 

(3.4) IIT;,tll s1 :::; CIIbIIB:+'+~"(2D) . 

D 

Proof. Let {~j,ki} E <if>(2D) such that:E iezz_. <{)j,kj(~) = 1 on 2D. Then 
kjE{l,2, ... ,2-;-f-'} 

IIT:,tlls , :::; L Ilb(~ -1])<{)j,kj «( - 1])(1 --lws(1-lryl)tII S1 (DXD) 
iE>Z_ 

kj E{1,2, ... ,2-j+l} 

'" I· L..." },k; 
iEZl_ 

hi E{l,2, ... ,2-j+l} 

If j < -10, let us estimate as follows. Note that 

-I 

supp <{)j,kj C Q j,k; 

'e 3· 5· 3· . } = {'{'e' E 2D : - X 4.1-- 1 < 2 - ,.., < - X 4J (k· - -)2J 11" < e < (k· + 1)2111" 2 - '-2 ' J 2' - - J 2 ' 

if ~ (j. {'{'le i1h : 1-1"1 :::; 4HZ , (k j -4)2j 1l" :::; 81 :::; (kj +3)2j1l"} or 1] (j. {rze i82 : 1-1"2 :::; 

4j +2 , (k j - 4)2j 1l" + 11" :::; 82 :::; (k j + 3)2j1l" + 11"} then, - 'I] (j. Q~,kj' 

Thus we have, by Lemmas 3.1 and 3.3 of Janson and Peetre [4], 

H2 H2 

Ij,kj :::; CIIb * <pj,kj IiI L L 11(1-IW8(1-111I)tll s1 (QI k. xQ I) 
1,) 12,k. 

h=-oo 12 =-00 J 

(where Q/,kj = {re i8 : 41- 1 :::; 1- r:::; 41 , (lCj - 4)2j 1r:::; e:::; (kj + 3)2j1r}, l(;j = 2- j + kj ) 
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;+2 ;+2 

~ Glib * CPj,kj lit L L 4'1 8 • 4'·t . (4'1 . 2j )1/2 . (4" . 2j )1/2 

h=-oo '2=-00 

= G4j(s+t+~) lib * CPj,kj III . 

If j 2: -10, 

o o 

Ij,kj ~ Glib * CPj,kj lit L L 4lts . 4'2t . (21l' . 4h )1/2 . (21l' .4'2)1/2 

h=-oo '2=-00 

~ GlIb * CPj,kj lit 

~ G4 j (s+t+t) lib * CPj,kj iII . 

This completes the proof. D 
The proof of Theorem (3.1). Theorem (2.1)-(vii), Lemma (3.1) and Lemma (3.2) 

give the proof of Theorem (3.1) by complex interpolation. D 
4. NECESSARY CONDITIONS FOR 1 ~ p ~ 00. 

The necessary conditions can be treated in more generality. 

THEOREM (4.1). If 1 ~ p ~ 00, b E S~D such that T:,t ESp, then b E 

B;+t+f,;,P(2D), and 

(4.1) IIbIlB.+.+/p-,P ~ GIIT:,tll sp . 
p (2D) 

Proof. Suppose that {cpj,d E cI>(D). Let Pj,kj denote the projection defined by 

(Pj,kjgt = XQ:,. k. g. 
, J 

Since {Pj,kj} are joint at most 9 times we have 

(4.2) IIT:,tll~p 2: G L IIPj,kjT:,tpj,kj lI~p , (kj = kj + Tj). 
jE:lJl_ 

kj E {l,', ... ,.-j +1} 

Let 

;jJj,kj (e) = 4 -j(s+t+i) J c,Oj,kj (e + 1])(1 - Ie + 1]IY(l - 11] Dtc,Oj,kj (1] )d1] . 

It is easy to show that 



179 

(i) supp -¢j,k; C {re ilJ : ~ x 4 j - 1 ~ 2 - r ~ ! x 4j, (k j - ! )2j 7r ~ () ~ (kj + ! )2i 7r}, 

(ii) -¢j,kj E Co, -¢j,k; ~ 0 and 

-¢j,kj (~) ~ C > 0 for ~ E {re i8 : 2 x 4j - 1 ~2 - r ~ 2 x 4i, 

(k j - ~)2j7r ~ e ~ (kj + t)2 j 7r} , 

(iii) C1 ~ :E ;ezz_ -¢j,kj (~) ~ C2 for ~ E 2D, 
kj E{1, ... ,2-i+1 } 

therefore {vyj,kj} can be used to define B;,Q(2D). 

Now we claim that 

(4.3) IIP·k.Ts,tp·k.lls >4j(B+t+f,;)llb*,I'·k·11 . J, J b ), J P - "f"], J P 

In fact, for p = 1, it is true by Lemma 3 of Timotin [16]. For p = 00, 

4j (8+t) Ib * 1/;j,k; (x)1 

3 . s t ) I = 4-"2J I('Pj,kj , Tb' 'Pj,k; 

~ CIIPj,kj Tt,t Pj,k; IIs= 

So by interpolation, (4.3) holds. 

Finally, (4.2) and (4.3) imply (4.1). D 
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