





84

In particular, each ultrapower [Rﬁ/ll is a real-closed, ni—field. Thus, since we
hope eventually to have examples of fields K of the form KP with |K]| = Nz and

IFKI = Nl , we should restrict ourselves to real-closed, nl—ﬁelds.

6.13. THEOREM.

(i) 3(1)(R,G) is a totally ordered, real-closed, B,-n,- field of cardinality c .

R
(i)  F(R,G) is a totally ordered, real-closed, nl—fz'eld of cardinality 2 L

Proof. All of this theorem follows easily from earlier results, save perhaps for the

R N
claim that |K| =2 1 , where K = F(R,G) : we just prove that |K| > 2 L
For o< w 0, is the sequence in Q with 1 in the o position and 0

elsewhere. Then (4, :0 < wl) is a strictly decreasing sequence in Q . Now set

o= X5 ~ X5 (o< w).
1 o+1
Then S={u,:0< wl} is a strictly increasing sequence of length w, in G . Each
RN R
feRS belongs to K, andso |K| > |[RS| =(2 0) ool

We have now obtained the example requested at the end of §5.

6.14. EXAMPLE. Set K =3FR,G) = F(R, F,.,(R,Q)) . Then K is a totally ordered,
(1)

N1 NO
real-closed, 7 -field with |K| =2 * and [T }=2".

Of course, with GCH , |K]| = N2 and [I’K[ = Nl .
Let me conclude this section by discussing the field S(l)(lR,G) . A strengthened
form of Theorem 5.5 holds; this important theorem was given by Esterle in [15], and a

detailed proof is given in [8].



85

6.15. THEOREM.
(i) The set of infinitesimals in the field 5(1)(1R,G) is normable.
(ii) Let K be any real-closed, totally ordered, ﬂl—field. Then there is an

isotonic isomorphism from K into S(l)([R,G) , and so K* is normable.

To deduce Theorem 5.5 from this theorem, we proceed as follows. Let K be
an ordered field with |K| = Nl . Then K has a real-closure : there is a real-closed,
ordered field L and an isotonic embedding of K into L such that each element
a €L isaroot of some pe K[X]. Thus |L|= Nl . This implies fairly eagily that L
is a ﬂl—ﬁeld. By 6.15(ii) , L* is normable. The importance of Esterle's theorem 6.15
is that it holds in the theory ZFC, whereas 5.5 is vacuous unless CH holds.

The following well-known result is rather straightforward (it is essentially [9,
1.13]).

Let pe GN\N. Then we set

Ag=CBN/I,,
and we write Kp for the quotient field of A_. Thus K _ has the form R“/Z, where

p p
U is a free ultrafilter on w.

6.16. PROPOSITION. Suppose that A is normable for some pe€ BN\N. Then there

p
is a discontinuous homomorphism from C(Q) into some Banach algebra for each

infinite, compact space Q .
Thus, combining 6.15 and 6.16, we obtain the following result.
6.17. THEOREM. Assume that there is a free ulirafilier U on w such that R¥/U is

a [31—fz'eld. Then there is a discontinuous homomorphism from C() into some

Banach algebra for each infinite, compact space Q .
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With CH, |[Rw/21| =X, for each ultrafilter # on w, and so [Rw/ZI is a

1
ﬂl—ﬁeld. Thus, with CH, there is discontinuous homomorphism from C() for each
infinite, compact space . But can we have [Rw/ZI as a ﬂl-ﬁeld without CH being
true ? In this direction, we have a result of Dow ([11]): if CH be false, then there
exists a free ultrafilter # on w such that R¥/Z is not a B,-field. Also, under the
hypothesis MA + —-CH , there is no free ultrafilter # on w such that IRw/ZI is a
ﬁl—ﬂeld ([9, Corollary 6.28]). (Here MA is Martin's Axiom : see [9, Chapter 5].)

It is certainly not the case that it is a theorem of ZFC that there is a
discontinuous homomorphism from C(Q) for each infinite compact space Q . Indeed
it is a theorem of Woodin from 1978 that there is a model of ZFC + MA (in which
CH is necessarily false) such that every homomorphism from C(Q2) into a Banach
algebra is automatically continuous for each compact space . This theorem is the
main result of the book [9]; the notion of a model of ZFC , and the interpretation of
the existence of models in terms of the independence of certain results, is fully
explained in that book. Thus we have known for 10 years that the existence of
discontinuous homomorphisms from the algebras C(2) is independent of the theory
ZFC.

Nevertheless, it has been an important open question for some time whether or
not CH is a necessary hypothesis for the existence of discontinuous homomorphisms
from the algebras C(Q). I am grateful to Hugh Wdodin for his permission to

announce the following recent theorem of his at this meeting.

6.18. THEOREM. (Woodin) There ezists a model of ZFC in which:
(i) CH s false;
(ii) [Rw/ZI is a ﬁl—field for some free ultrafilter U on w;

(iii)  there is an isotonic isomorphism from lRw/ZI into 3(1)([R,G) .

By combining Woodin's theorem 6.18 with Esterle's theorem 6.15, we obtain

the following theorem.
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6.19. THEOREM. There is a model of ZFC in which CH is false and in which
there is a discontinuous homomorphism from C(2) into a Banach algebra for each
infinite, compact space S .

Thus the question of existence of discontinuous homomorphisms from the
algebras C(£2) is also independent of the theory ZFC + -~CH . Whether or not there
is a model of ZFC + MA + -CH in which these discontinuous homomorphisms exist
is an interesting, and probably very deep, open problem; you will see that to find such

homomorphisms would require quite new methods.

7. EXPONENTIATION ON ORDERED FIELDS

Let P be a non-maximal, prime ideal in an algebra C(£2) . I said at the end of

§5 that the question of the normability of the algebra KP* = MP/P was resolved in

every case save (with GCH) where IKPI = N2 and |I‘K | = Nl . In §6, I exhibited a
P

totally ordered, real-closed, 7)1~ﬁeld K such that |K]| = N2 and [T | = Nl.
However, we do not know that this field has the form KP for some P . In this
section, I shall show that in fact the field K is not of the form Ky : to do this, of
course, we shall describe a property that all fields KP possess, but which K does not

have.

7.1. DEFINITION. Let K be an ordered field. A strong interval of K* is a subset
I of K™ such that

(i) if ael and beK with 0<b< a,then bel;

(ii) if ael,then 2a€l;

(iii) 1€I.

It follows that, if I is a strong interval in K* | then K#Jr € I, and that, if

a,bel, then a+bel.
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7.2. DEFINITION. Let K be an ordered field, and let I be a strong interval of
K* . Then an exponentiation on I is a map exp: I - K such that:

(i) exp(a + b) = (expa)(expb) (a,b €I);
(i) exp0=1,expl=el;
(iii) expa < expb whenever a, b€l with a< b;
(

iv) foreach c€ K with ¢ > 1, there exists a € I with expa=c.

It follows from (i) - (ili) that exp(al) =e®1  (a€R), that
exp(K#) C K#+\K* , and that exp(I\K#) C K#+\K# . The main effect of condition
(iv) is to ensure that exp(I\K#) = K+\K# and that I+ K#+ .

A function F on R*is locally Lipschitz if, for each k € N, there exists a >0

such that
lﬂs—l_ﬂaill ts,t€[0K], s#t
[s-1t |
is bounded.

Now let Q be a compact space, and let P be a non-maximal, prime ideal in
CQ). I fge c(Q)"  with f-geP and if F is locally Lipschitz, then
Fof - Fog € P . For take neN and MeR' with |F(s)- F(t)] < M|s-t|"/® for
s,t € f(2) U g(Q) . Then

|(Fof)(x) - (Fog)(x)|" < M|f(x) - g(x)| (x€Q),

and so |Fof - Fog|®" < M"|f-g| in C(Q). Since P is absolutely convex,
Fof - Fog € P . Thus, if F is locally Lipschitz, we can define F on APJr as follows:
for a€ APJr , take fe C(Q)" with 7rP(f) =a, and set F(a)= 7rP(Fof) . Then F(a)
is well defined.

¢ (t€R"). Then F is locally Lipschitz, and it is

For example, take F(t)=e
easily checked that the map ar F(a) = e®, AP+ -+ Ap, satisfies (i) - (iii) of Definition
7.2. We now wish to extend the domain of F so that (iv) also holds. We fix a

particular function G , namely



Then G is locally Lipschitz, and so G(a) is defined for a € AP+ . We set
Jo={aeA,":G(a)=0},
-1
Iy = {a €K, "\(0): a7 ¢ I} U {0}

= beK,\Itu{o}.

(The prime ideal P is a z-ideal if feP whenever fe C(2) and
f_l(O) = g_l(o) for some geP.If P isa z-ideal, then JG = {0} and IG = KPJr ,
and this is the case to bear in mind. However, there are prime ideals in C(£2) which
are not z-ideals.)

It is easy to check that I, is astrong interval of K'.

7.3. DEFINITION. Let G and IG be as above. Set

e® (a € AP+) ,

expa =
{G(a‘l)]“l (a e IG\A).

I claim that exp:a~ expa is an exponentiation on IG .

Let me check a special case of 7.2(i). Take a,b€ IG\A * . We must verify

P
that

Gla+b)y H=c@ham™). (14)

Take f,g e C(Q)" with 7rP(f)=a,"1 and T

P(g) =pb! ,set X = f_l(O) U g_l(O) , and

set,



Then he C(Q)". Set ¢ = o

in AP,a,ndso (a+b)c=1 and c=(a+b)—1. Since

(h) . Since (f+g)h=fg in C(Q), (a—1 + b—l)c =a !

exp [m_%] = exp {ﬂ_%] - exp [gf—iﬂ (xeQ),

Goh = (Gof)(Gog) , and so (14) follows.

Other cases of 7.2(i) , and 7.2(ii) and (iii) are trivial or are checked similarly.

We finally verify that 7.2(iv) holds. Take c€ KP with ¢>1.1If ce AP ,
then there exists a € AP with €* = ¢, and so we may suppose that c € KP+\AP . Set
b=cle KP*+\{0} : wWe require a € AP+\JG with G(a)=b. Take ge C(Q)" with
7rP(g) =b; we may suppose that lglg < 1. Let H: [0,1) - R* be such that
(GoH)(t) =t (t €[0,1)) . Then Hoge C(Q):set a= 7rP(Hog) . (We cannot say that
a=H(b) in AP because H is not a locally Liptschitz function.) Then
G(a) = TFP(GOHOg) = ﬂP(g) =b, as required.

We have obtained the following result.

74. THEOREM. Let  be a compact space, and let P be a non-mazimal, prime
ideal in C(Q) . Then there is an ezponentiation on a strong interval of KP+ JIf P ods

a zideal, there is an exponentiation on KP+ itself.

On the other hand we have the following theorem. The proof appeals to the
Continuum Hypothesis, but in fact the result holds as a theorem of ZFC ([10]).

7.5. THEOREM. It is not the case that there is an exponentiation on a strong interval

of 3R,G).
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Proof. (CH) Set K =F(R,G) . To obtain a contradiction, suppose that I is a strong
interval of K and that exp : I+ K 1is an exponentiation on I. Then there exists

# =
f, e INK™ . Set y, =-v(f

Take 7 < w, such that a? =0.

We define a map aHxa,Q—aG"L.Foreach p< w
{1 (e 7+p),

0 (r+p<o< wl).

) and 010=v(y),sothat y. € G"\{0} and aOEQ.
0 0

17 6 is the sequence with

epl0) =

Then, for each p < W, € € Q and o< €, and {ep 1p < wl} is a well-ordered
subset of Q .

For a=(a,) € Q, define X" Q-R by setting‘

xa(ep) =a,for p< w xa(ﬂ) =0 otherwise.

Then supp X is a countable, well ordered subset of Q , and so X € G’ . The map
arx , (Q,3) = (G,<) , is isotonic. Since y >0 in G and v(xa) b o = v(yo) , we
have X, <Y, in G foreach a€ Q.

Now define +: awr X =Y Q-G. Then  1is an isotonic map with
Q) c G\{0} . We identify Q with «(Q), and then we can regard F(R,Q) as a
subgroup of K . For each fe€ 3(R,Q)+\{0} , we have v(f) > v(fO) ,and so f< fo in
K. By the definition of a strong interval, felI, and so S(IR,Q)+ cI and
3®,Q) nK¥ = {0} .

Finally we define a map

¥:fe-viexpf) , FR,Q) ™ G.

I claim that % is an injection. For take f,g € F(R,Q)" with f<g,say g=f+h,
where h € I\K# . Since expg = (expf)(exph), we have %(g) = %(f) + ¥(h) . Since
exph € exp(I\K#) C K+\K# ,v(exph) < 0 and ¢(h) >0 in G. Thus %(f) < ¥(g),
and so % is an injection.

However @ contains a well-ordered subset of cardinality Nl , and so
R N
I3R,Q)| >2 1, whereas |G| =2 0 by 6.8. With CH (but not as a theorem of

N R
ZFCl) , 2 1590 , and so we have reached a contradiction.
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Thus, from 7.4 and 7.5, we obtain the following result, proved in ZFC + CH ,

but true as a theorem of ZFC .

7.6. THEOREM. The real-closed, nl—fz'eld 3(R,G) is not of the form K, for any

prime ideal P in an algebra C(Q) .

8. A SECOND EXAMPLE

So far we have not found a field K of the form KP such that K| = N2 and
IFKI = Nl . In this final section, I shall give an example of such a field which is an
ultrapower, and so, in particular, is a field of the form KP‘ First we have a result

which enables us to calculate some cardinalities.

8.1. THEOREM. Let &k be a cardinal, let U be a free ultrafilter on x, and set
K =R"/2 . Then

Tyl = w(K) = Q%] .

Proof. Certainly w(K) > IPKI .

We show that w(K) < [Q®/#| by showing that QH/ZI is order-dense in K .
Take [f], [g]€e K with [f] < [g], and set S={o< k:1f(0) < g(o)}. Then SeZ.
For each ¢ €8S, choose h(s) € Qn (f{o),g(o)). Then he QH/ZI and [f] < [h] < [g]
in K. Thus Q®/U is order-densein K .

Finally we show that IQﬁ/le < |T| by giving an injection 9 01y — Iy
Let ¢:@~-N be a fixed injection, and let fo be a fixed infinitely large element of K .

For feRF , set

of : UHfO(U)L(f(U)) , k—R,
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and set  Y([f]) = v, ([6f]) , where v, is the archimedean valuation on K. Then
¥([f]) is well-defined on I, . Take [f], [g]e K with [f] #[g], and set
S={o< k:uf(0)) < glo))} and T={o< k:f/o)) >¢(glo))}.Then SUT e

because + is an injection, and so either Se# or T e ,say Se€l .Foreach oc€S,

(Of)(o) =1

()18l 0g)(0) > 1 (0)(0g)(0)

because «(f(o) - g(o)) =1, and so [Of] > n[Og] for each n eN. Thus ¥(f) < ¢(g),

and ¢ is an injection, as required.

8.2. DEFINITION. Let x be a cardinal, and let Z be an ultrafilter on K . Then #

is uniform if |S| =k foreach Se .

Thus, if # is a uniform ultrafilter on W, the complement of every countable

subset of w, isin U . The following proposition is a special case of a standard result.

w
8.3. PROPOSITION. Let U be a uniform ultrafilter on w, Then |R 1/ZI | > NQ.

Proof. To obtain a contradiction, suppose that {[f 5] 1§ < w} is an enumeration of

w
R 1/ZI. For each ¢ < w {fn(g) :n< €} is a countable subset of R, and so there
exists f(&) e R with f(&) # fn(ﬁ) foreach n< £.

For each 7 < w, , we have

17
{6<wse<mci{e<w MO+,

and the set on the left has a countable complement. Hence the set on the right

belongs to 4, and so [f] # [fﬂ] . Thus [f] ¢ {[fn] :n< w}, the required contradiction.
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w
8.4. THEOREM. (GCH) Let U be a uniform ultrafilter on w, , and set K =R 1/Zl.
Then

Wy
K| =8y, and [Tyl =10 /2.

w I\§
Proof. This follows from 8.1 and 8.3, noting that |K| < |R 1| =2 Lo . with

2 7
GCH.

Thus we would achieve an ultrapower of the form we are considering if we

could show that there is a uniform ultrafilter # on w; such that Ile JU| = Nl .

It has been proved by Hugh Woodin that such an ultrafilter exists (using deep
results that appear in the paper [16], and which in turn are based on earlier results of
Woodin) but only under a certain "large cardinal" axiom. A large cardinal axiom is a
statement that a cardinal with certain properties exists; for example, analysts are
familiar with the axiom that measurable cardinals exist (see [18, Chapter 12]). The
large cardinal required for Woodin's theorem is a "huge" cardinal, although he allowed
himself the remark that "a super-compact cardinal would probably suffice". These
large cardinal axioms are known to be independent of the theory ZFC + GCH. Thus
we finally obtain the following result. The theorem is in fact a "relative consistency"

result, as before (see [9]).

8.5. THEOREM. Assume that the theory "ZFC + GCH + 'there is a huge cardinal'"
is consistent. Then the theory "ZFC + GCH + 'there is a uniform ultrafilter U on

w; such that

| K| =N2 and [I‘I | =N

K 1’
@y
where K =R “/U'" is also consistent.
On the other hand, we also know that we cannot prove in ZFC + GCH that

there is a uniform ultrafilter # on w; with the properties stated in the theorem: the
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consistency of such a theory implies the consistency of a theory with some large
cardinal axiom.

Also, in this talk I have not given a construction in ZFC+ GCH of a
non-maximal, prime ideal P in an algebra C(Q) such that IKPI = N2, and

II‘K | = Nl . At the time of writing I do not have such a construction, but one will
P

probably emerge soon.
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