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COMPENSATED COIV!:PACTNESS AND THE BITING LEMMA 

KEWEIZHANG 

In this talk I want to discuss some recent developments in the theory of compensated 
compactness, especially weak continuity of Jacobians of vector-valued functions and weak 
lower semicontinuity of variational integrals with quasiconvex integrands in the sense of 
Chacon's Biting Lemma. The characterization of weak continuous functionals has been 
an important tool for studying nonlinear partial differential equations and the calculus of 
variations. In particular, the "div-curl" lemma was instrumental in the work of Tartar [22] 
and DiPerna [14] on conservation laws, and the study of null I,agrangians was central to 
the work of Ball [4,5] on polyconvex functions and nonlinear elasticity. 

The following result, known as Chacon's Biting Lemma, will be used to study weak 
continuity and weak lower semicontinuity of functionals. For proofs and more general 
statements of the lemma, see Brooks and Chacon [13], Balder [3], Slaby [24], Ball and 
Murat [10]. 

Theorem A. (Biting Lemma.) Let n C Rn be bounded and measurable and let JU) be a 
bounded sequence in L 1(0). Then there exist a function f E L 1 (0), a subsequence JC") of 
JW and a non-increasing sequence of measurable subsets Ek C 0 with 

lim meas(Ek) = 0, 
k->oo 

such that 

as v ---' oo, for each fixed k. 

The results Ek, which are removed ("bitten from") n, are associated with possible 

concentrations of the sequence JW. Here and in the rest of the talk, ~ and ~ denote 
weak convergence and weak-* convergence. 

The following is the main weak continuity result of this talk. 

Theorem 1. Let n 2:: 2, 0 c Rn be open and bounded and u(j) ~ u in W 1 ,n(n,Rn). 
Then there exists a subsequence u<") of uW such that 

in the sense of the biting lemma in n. 

Theorem 1 is almost optimal, since in general we can not expect that det Duv ~ det Du 
in L1(D) (see Ball and Murat [8, Counterexample 7.3]). 
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The weak continuity of Jacobians was studied by Reshetnyak [19] (also see Ball, Currie 
and Olver [7]), who showed that under the same assumptions as Theorem 1, 

det Du; ...:':. det Du in the sense of measures. 

In a more general framework of compensated compactness, Murat (18] and Tartar [21] 
have proved the "div-curl" lemma, that if Uj ~ u, Vj ~ v in L 2 (0; Rn), and div Uj, curl Vj 

belong to compact sets of Hi:,!. Then 

in the sense of measures. 

An advantage of the weak continuity results for Jacobians and those in the theory of 
compensated compactness in the sense of the biting lemma, is that they can be used 
to study systems with measurable coefficients. For example, to prove existence results 
in nonlinear elasticity when the stored energy function is a Caratheodory function (see 
[17,20]). 

The biting lemma can also be used to study lower semicontinuity problems for variational 
integrals. To state the result, we need the following well-known weak lower semicontinuity 
theorem in the multi-dimensional calculus of variations: 

Theorem B. (Acerbi and Fusco {1}) Let 0 c Rn be bounded and open, and let 

I(u) =in f(x,u,Du)dx, 

where 1 :::; p < oo, and wl!e:re f : n X RN X RNn --0 R satisfies 

(i) f is a. Caratheodory function, 

(ii) 0 S f(x,u, S a(x) + C(l u lP +I PIP) 
for every x ERn, u ERN and P E RNn, where C > 0 and a(·) E L 1 (0), 

(iii) f is quasiconvex in P. 

Let u(j) ___,. u in W 1•P(ft; RN). Then 

A function f: RNn --0 R is quasiconvex (see Morrey [16], Ball [4, 5], Ball, Currie and 
Olver [7]) if 

Lf(P + D<P(x))dx;::: f(P)meas(U) 

for every P E RNn, <P E CJ(U; RN), and every open bounded subset U C Rn. A 
Caratheodory function f : n X RN X RNn --0 R is quasiconvex in p if there exists 
a subset I c n with meas(I) = 0 such that f(x,u,·) is quasiconve:x for all X E n \I, 
uERN. 
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A function f : n X RN X R" --> R is a Caratheodory function if 

(i) f(·,u,a) is measurable for every u ERN, a E R•, 

(ii) f(x,·,·) is continuous for a.e. X En. 
We also use the following theorem concerning the existence and properties of Young 

measures. For results in a more general context and proofs the reader is referred to 
Berliocchi and Lasry [12], Balder [2] and Ball [6]. 

Theorem C. Let z(j) be a bounded sequence in L 1(0; R•). Then there exist a subse
quence z(v) of zU) and a family (v.,).,En of probability measures on R", depending mea
surably on X E n, such that for any measurable subset A c n, 

for every Caratheodory function f: n x R•--> R such. that J(·, :;/"))is sequentially weakly 
relatively compact in L 1(A). 

The following is the main lower semicontinuity result of this talk. 

Theorem 2. Let 1 :::; p < oo and let f : RnN -> R be a continuous quasiconvex function 
satisfing 

I f(P) I~ C(l+ I p IP) 
where C is a nonnegative constant. Then given any sequence u,Ci) ~ u in W1•P(fl; RN), 
there exist a subsequence u(v) and a family (v.,),En of probability measures on RN", 

depending measurably on x, such that 

J(,Du(")) ~ l(x) := (v.,,f(·)} in the sense of the biting lemma in n (1) 

and 
(v.,,J(·)) ~ f(Du(x)) a.e. inn. (2) 

Moreover, if E1c denotes the sequence of measurable subsets of n in the biting lemma 
corresponding to (1) and satisfying lim~c-.co meas(E.~:) = 0, then for each fixed k, 

(3) 

The proofs given in this talk are essentially the ones given in [10]. Although the result 
here can be extended to the case in which f is a function depending on ( :~:, u, P), for 
simplicity we shall restrict to the case in which f does not depend on ( z, u ). 

Proof Theorem 2. Form= 1,2, ... , let 9m(t) = max(t, -m), t E R. Then Ym is convex 
and monotone, so that 9m of is still quasiconvex in P. Also 

(4) 
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for all P E RNn. Therefore by Theorem A applied to /, I f I and 9m o j, there exists a 
subsequence u<v) of uCi) such that 

f(Du(v)) ~ (v.,,f(·)) in 0, (5) 

I f(Du<v>) I~ (v.,, I !0 I} in n, (6) 

gm(f(Du(v))) ~ (v.,,gm(f(·))} in 0, (7) 

in the sense of the biting lemma, as v ~ oo, for each fixed m. Let E~o, Em,k be the sequences 
of measurable subsets of 0 in the biting lemma corresponding to (5), (7) respectively, and 
denote by Xm,k the characteristic function of 0\ Em,k· Let <foE L""(O), 0:::; <fo(:£):::; 1 a.e. 
X En. Let 

9m,k(x,P) = <fo(x)xm,k(x)gm(f(P)). 

Then 9m,k + m is quasiconvex in P and so by (4) and Theorem B we have 

liminf { 9m,k(Du(v))dx~ { 9m,k(Du)dx, 
v--+oo Jo Jo 

that is 

liminf l <fo(x)gm(f(Du(")))dx ~ l <fo(:£)gm(f(Du))dx. (8) 
v--+oo 0\Em,k 0\E,.,k 

By (7) the left-hand side of (8) equals 

l <fo(x)(v.,,gm(f(·)} dx. (9) 
0\Em,k 

Since <P is arbitrary with 0 :::; <fo :::; 1, and since limk--+oo meas(Em,k) = 0, it follows from 
(8), (9) that 

(v.,,gm(f(·))) ~ 9m(f(Du(x)) a.e. inn. 

But by (6), 
(v.,, If(·) I}< oo 

and since I 9m(t) I:::; It I for all t, 

I Ym(f(P)) I 

a.e. inn, 

< I f(P) I 

(10) 

for all X E n, p E RNn_ Passing to the limit m ~ 00 in (10) using Lebesgue's dominated 
convergence theorem we therefore obtain (2), from which (3) follows immediately. 

D 
Proof of Theorem 1. Since det P is a null Lagrangian ( cf. Ball [4, 5]), ± det P are quasi
convex, so that the hypotheses of Theorem 2.1 are satisfied with p = n. Hence 

(v.,, det P) = det Du(x) a.e. X En. 

D 
Theorem 1 can be used to study the existence problem in nonlinear elasticity to obtain 

an improved version of an existence result due to Ball and Murat [8], when the stored 
energy density is a Caratheodory function (see [23]). 
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Using the maximal function method, a "div-curl" lemma in the sense of the biting can 
be obtained (see [23]). Partly motivated by Theorem 1, Muller [17] proved the following 
result in the case the Jacobian of the mapping is non-negative: 

Theorem D. (Muller). Let 0 c lRn, n ?: 2, be bounded and open, let u : 0 -ry JRn be 
.in W 1•"'(D; JRn) and assume that det Du ?: 0 a.e.. then for every compact set K C D, 
I det Du !Iog(2+ I det Du I) E L 1(K) and 

Ill det Du llog(2+ I det Du I)IIL'(K) ::; C(K, n, !lullw'·n ). 

One implication of Muller's result is that ifu; ~ uweakly in W 1 •n(D;lRn) and detDuj?: 
O, a.e. in D, then up to a subsequence, det Du; ~ det Du in L},.,(D). Therefore, in this 
case the sets E~o to be removed in the biting lemma are dose to the boundary of D. 

Motivated by Muller's result, Coifman, Lions, Meyer and Semmes (13] proved that in 
fact, if u E W 1•"(R", Rn), then det Du E 71.1 (Rn), the Hardy space 11.1 , based entirely on 
"hard" harmonic analysis. A recent result of Jones and Journe [15] compares the weak 
convergence in the sense of the biting lemma and the weak-* convergence in 71.1 , i.e. if 
/j ..:':.. j' in ;~[1 and fi ~ j in the sense of the biting lemma, then f = j a,e .. 
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