








in AV by the definition (62), it follows from linearity that
vAw=-wAv forallv,weV. (64)
Consequently a basis of A*V = ®*(V) / (v ® v) is given by
vy Ao Ay, 1<4 <ig<---<ipg<n
and hence '
dim AV = (Z) = k'(Tn——_IS‘_’ k<n
and A*V = 0 for k > n. It follows by repeated application of (64) that

BAra=(-1)anp,  forae AV, Be V. (65)

We may identify A*V* as the space of alternating, or totally antisymmetric, multi-
linear forms on V in one of two ways. We shall use the dual pairing

(A B)(v,w) = a(v)B(w) - a(w)Bw) fora,Be AV, v,weV,
and more generally,

(o A ANag)(wr, ... wg) = Z (—1)"’"(")011(1110(1)) < 0 (Wok))- (66)
o€perm(1,...,k)

The other identification would insert a factor of 1/2 in the first relation, and 1/k! in
the general relation (66). The convention adopted here has the advantage that the
bases vy, I = (i1,...,0), 1 <143 < -+ < i < n and n' are dual, n’(vy) = §}. The
interior or cut product ¢, : A**1V* — AFV* is defined using the identification with
alternating forms by

(L) (wy, ..., wg) = a(v,ws, ..., w), (67)

where v € V is any vector. Note that ¢, o ¢, = 0 by the alternating property. The
exterior or wedge product €y : AFV* — AFF1V* i defined similarly,

ea=ANa, AEVH (68)
and we note the interesting iden’bity

Exty + L€y = A(v) AV veV. (69)
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As before, we may apply the exterior product construction to the tangent or cotan-
gent bundles, yielding the spaces ATM, and A T*M. The space A*(M) of sections of
the bundle A*T*M is particularly important — sections of A*(M) are called k—forms.
Note that 1-form is thus a synonym for cotangent vector field, since A'V = V.

A map ¢ : M™ — N™ of manifolds may be used to transport objects from one
manifold to the other. For example, if v : R — M is a curve through p € M then
$povy:R — N is a curve through ¢(p) € N. The push forward ¢,v, of the tangent
vector v, = 7/(0) to v at p is then the tangent vector at ¢(p) to ¢ o~y. Other notations
for push forward are

$v = (¢07)'(0) = dg(v) = Tg(v).

Note that although individual vectors may be pushed forward, the push forward of a
vector field is not a vector field — a point ¢ € N may have more than one preimage
under ¢, or none at all. One example of push forward of a vector has already been
given — the tangent vectors X, to a surface may be viewed as the push forward of the
coordinate tangent vectors in U C R2,

Xo = Xi(Oya) = X.(84).
Iface T4,V is a covector on N, then ¢*« is the covector at p € M defined by
(¢p*a)(v) = a(d.v), VoveT,M, (70)

and is called the pull back of . Unlike the push forward of a vector field, the pull back
of a covector field is always a covector field. Note that if f : N — R then we may also
define the pull back of f by ¢*f = fo¢: M — R, and then we have an interesting
relationship with the differential,

d(¢"f) = ¢*(df). (71)

We also note that ¢* respects the algebra structure of AM ie. ¢*(aAB) = ¢*(a)Ad*(B),
which follows from the linearity of ¢*, ¢, and the definition of ¢* applied to A*T*N.
In particular, ¢* : A¥(N) — A*(M).
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4 Curvature

Outline:

Covariant derivative; curvature tensor; gradient and Laplace operators;
exterior derivative; Cartan calculus; connection matrix; structure equa-
tions; Bianchi identities.

Using the directional derivative and a metric on a manifold allows us to generalise
several geometric constructions of surface theory, in particular, the covariant derivative
and curvature.

The covariant derivative on a surface is a map V : X(M) x X(M) — X(M)
satisfying the basic derivation rules,

VxfY = DxfY+ fVxY, (72)
VixV = fVxY, (73)

for any vector fields X,Y € X (M) and function f € C®°(M), and the metric compati-
bility and torsion-free conditions

Dx(9(Y,2)) = g(VxY,Z)+g(Y,VxZ), (74)

[X,Y] = VxY —-VyX. (75)

The Levi—Civita identity

9(VxY,Z) = §(Dx(g(Y,2))+ Dy(9(X, Z)) — Dz(9(X,Y))
——g(Y, [X,Z])—g(X,[Y,Z])-}—g(Z,[X,Y])) (76)

defines the covariant derivative on any Riemannian manifold, and is easily seen to
have the required properties (72), (73), (74), (75). It also follows that V is uniquely
determined by these properties.

There are two interesting special cases of (76). If we restrict attention to coordinate
tangent vector fields d;, then [9;,9;] = 0 and (76) gives the Christoffel symbol formula

Liig = 9(Ve,0;,0k)

= (8igik + 0;9ik — Okgij)- (77)
If on the other hand we restrict attention to vector fields ey,...,e, forming an or-
thonormal frame
g(ei,ej) = 0jj
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(or more generally, g(e;, e;) = const), then the first three terms in (76) drop out and
we obtain

9(Vees,er) = 5 (9(ex, [eir €5]) — g(es [ej, ex]) — glej [es ex)) - (78)

In particular, the connection 1-forms w;; defined by

wi;(X) = g(ei, Vxe;), (79)
are antisymmetric wj; = —w;; and may be computed explicitly by
wij(er) = 5 (g(less 5], ex) — g(es, [ej, ex]) + g(ej, [es, ex])) - (80)

The covariant derivative may be extended to act on tensors more general than just
vector fields, by requiring the obvious linearity and derivation rules (cf. (72)), together
with a Leibnitz or product rule property. Thus, for example, V acting on (2, 0)-tensors

satisfies
VYeZ)=(VY)®Z+Y ®(VZ),

and V acting on a cotangent field « satisfies
Dy(O&(Z)) = (VYQ)(Z) + a(VyZ)

Obvious extensions of these properties define V on all (r,s)-tensors. Note that if
we regard the direction of the covariant derivative as unspecified, then the covariant
derivative of an (r, s)-tensor is an (r, s + 1)-tensor.

An index notation is widely used for the covariant derivative. For example, if
Y =Y10; is a vector field, then the covariant derivative is the (1,1)-tensor

VY = Y0, ®ds’
= (8;(v") +Y*Ti,) 0, ® da, (81)
and the covariant derivative of a covector field is
Va = a;;ds' ® dd?
= (Bj(ai) - akl“?i) dz' ® dz’. (82)

The formula (46) for the covariant derivative of the (0,2)-tensor II is a direct general-
isation of (82). More directly exploiting the Leibnitz rule, we have a coordinate-free
description of the covariant derivative of II:

(VxI)(Y, 2) = Dx(I(Y, 2)) - W(VxY, Z) - I(Y, Vx2). (83)
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Comparing (74) with (83), we see that the metric compatibility condition is equivalent
to Vg =0.
The Riemann curvature tensor is defined as before on vector fields X,Y,Z, W €
X (M) by
R(X,Y,Z,W)=g((VxVy = VyVx = Vixy))Z,W). , (84)
That this is in fact a tensor, ie. a multilinear function in each of the four slots, follows
from the definition, the derivation property (72) and the definition of the Lie bracket.
First, it is immediately clear that R(X,Y, Z, fW) = fR(X,Y, Z, W) for any function
f e C®(M). Since
[fX,Y]=fIX,Y] - Dyf X (85)

we have
R(fX,Y,Z,W) = fR(X,Y,Z,W)+9(-=DyfVxZ—V (_pysx)Z,W) = fR(X,Y,Z, W).

This shows also that R(X, fY,Z, W) = fR(X,Y,Z,W), by the antisymmetry of R in
the first two slots. The final most remarkable cancellation is verified as follows:

RX,Y,fZ,W) = g(Vx(fVvyZ+DyfZ)-Vy(fVxZ+DxfZ), W)
- 9(fVixnZ, W) = g(Dixy1f Z,W)
= g(DxfVyZ+DxDyfZ+DyfVxZ W)
—g(DyfVxZ+DyDxfZ+DxfVyZ W)
- 9(Dixyf Z,W)+ fR(X,Y, Z,W)
= fR(X,Y,Z,W).
Thus the Riemann curvature depends only on the values of the vectors and not on the
first or second derivatives; in other words, Riem = R(-,-,-,-) is a (0,4)-tensor. By the
linearity property and expanding all vectors in a basis frame of coordinate vectors, we
may write R(X,Y, Z, W) in index form
R(X,Y,Z,W) = XYIZ*W* R,
Rijee = R(0;,0;, 0k, 0)
= 9((Va,Ve; — Vo, V5,)0k, )
= 0i(Tjre) — 0;(Tire) — IjpTitp + T Ljep. (86)
The expressions (75), (86) show that R;jx, depends polynomially on the first and second

derivatives of the metric g;;. Clearly, the curvature tensor of R" with the standard
metric g;; = 6;; vanishes, as might have been expected.
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Note that it is not essential that indices refer to a basis frame of coordinate vectors
01, ...,0, — already with the connection 1-form w;; we have seen an example where
the indices refer to an orthonormal frame of vectors ey, ...,e,. In general, the frame
used to define the indices in any formula will be either understood, or explicitly men-
tioned. Particularly in Riemannian geometry, it is often much more useful to perform
computations in an orthonormal frame rather than a coordinate frame.

The curvature tensor has a number of symmetries, the first being the obvious
R(X,Y,Z, W)= —R(Y, X, Z,W). Expanding out the identity

(DXDY —DyDx — D[X,Y]) 9(Z,W)=0

shows that
R(X,Y,Z,W)=—-R(X,Y,W, 2), (87)

whilst the first Bianchi identity
R(X,Y,Z W)+ RY,Z, X, W)+ R(Z, X, Y,W)=0 (88)
follows from the definition by a straightforward computation,

R(X,Y,Z, W)+ R(Y, Z,X,W) + R(Z,X,Y,W)

= g(VxVyZ - VyVxZ - VixyZ
+Vy VX = V VX — VX
+VVY = VxV,Y — Vigx¥, W)

= g(VxlY, Z] - Vy[X, Z] + V4[X, Y]
- VixyZ — Viyz1 X = Vizx)Y, W)

= g((X, [V, 2]+ [V, [Z, X]] + [Z,[X, Y], W)

— 0,

since the Lie bracket satisfies the easily verified Jacobi identity
X, 1Y, Z)) + 1Y, 2, X]) + [2,[X, Y]] = 0. (59)
Finally, combining (87), (88) gives a symmetry between the (12) and (34) positions,
R(X,Y,Z,W) = R(Z,W,X,Y) (90)
as follows:

9R(X,Y,Z,W) = —R(Y,Z,X,W)—R(Z,X,Y,W)

153



+R(Y,W,X,Z)+ R(W, X,Y, Z)
R(X,Y,Z, W)+ R(X,Y, Z,W)
+R(Y, Z,W,X) + R(Z,X,W,Y)
= —R(ZW)Y,X)-RW,ZX,Y)

= 2R(Z,W,X,Y).

The definition of Riem can be written in terms of a commutator of covariant deriva-
tives R(X,Y, Z, W) = g(R(X,Y)Z, W), where

R(X,Y)Z =(VxVy —VyVx — V[x,y])Z. (91)
In index notation and with a coordinate frame we have
R(X, Y)Z = XinZk R,;jkl 8¢

where Riji* = RijipgP* and (gi;) = (g;") is the inverse metric. This process of raising
and lowering of indices using the metric and its inverse, corresponds to the canonical
isomorphisms between T, M and T;M defined by the inner product g. Using the -;
notation for covariant derivative yields the so-called Ricci identity

Zl — 23 = ZPRyp". (92)

Applying the metric isomorphism to the differential df of a function f € C*(M)
gives the gradient operator,

gradf = f.,9" 8; = VIf 0; = f79;, (93)
where f; = 0;f. Another way of stating the definition of gradf is
g(gradf, X) = Dx f = df(X), for all vectors X. (94)

Taking the covariant derivative of gradf gives the Hessian, or second covariant deriva-
tive matrix of f,

Vil = fuj = 8:0;f — Ti0kf, (95)
and the trace of V2f is the Laplace-Beltrami operator of the metric g
Agf = gijf B7]

oridzs U 9xk

_ 10 i OF
- S (v L), (%)
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where /g = /det g.

Another method for describing the curvature and covariant derivatives was de-
veloped by E. Cartan, and uses orthonormal frames and forms, rather than vectors.
Because forms behave better than vectors under maps of manifolds, the Cartan calculus
is frequently better suited to actual computations.

For this we need the exterior derivative operator

d: A¥(M) — AY(M), k>0, (97)
which is a linear first order differential operator satisfying
(a) d(f) =df, for f € C=(M);
(b) d(aAB)=daA B+ (—1)*aAdB, for a € A*(M);
(c) d>=0.

These properties uniquely determine d, since they lead to an explicit expression for d
in any local coordinate system. Firstly, (a) determines d acting on A(M) = C°(M).
By (b) and (c), for any two functions f,g € C*°(M) we have

d(fdg) = df Adg+ fd(dg)
= df Ndg,

which determines d on A!(M) since all 1-forms may be written as a linear combination
of terms of the form fdg. Now

dgi A+ ANdge = d(gidga A -+~ Ndgk) — grd(dga A+ Adgk), k22,
and thus by induction it follows that
d(dgy A -+ Adgk) =0
for any functions g1, ..., gr. Hence
d(fdgi A~ Ndgk) =df Adgi A--- Adgy (98)

which shows that the conditions (a), (b), (c) determine d on A*(M). To show that
this definition is consistent, we note that any k-form may be written as o = adz™ A
... Adz* = arydz’ where the coefficients a;,..;, = a; are uniquely determined and
I = (i <--- <) is a multi-index. Then the local definition

da = a—al.—dxi Adz?, (99)
ozt
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satisfies the required properties, and (98) shows that any definition of d is unique (since
the differentials dg; are defined already), hence there exists a unique operator with the
properties (a), (b), (c). By iterating (99) we see that the property d? = 0 reflects the
commutativity of second partial derivatives.

By combining (71) and (98) we see that d behaves naturally under pullback by a
map ¢: M — N,

¢*(da) = d(¢*a), Va € A(N). (100)

By computing in local coordinates, we can easily show that for any o € A'(M) and

vector fields X,Y € X (M),

da(X,Y) = Dx(a(Y)) — Dy(a(X)) — a([X, Y]). (101)

A standard exercise relates d acting on A(R?) to the classical differential operators
div, grad and curl.

Now suppose ey, ...,e, is an orthonormal frame, and let 6y,...,0, be the dual
covector frame. From (101) we have

dbi(ej er) = —0i([ej,ex))
= - g(e’i7 Vej €k — Vekej)
= wij(ex) — wik(e;)

= —(wie A O2) (&5, ),
which gives Cartan’s first structure equation
do; + wi; A 9]' =0, (102)

where w;; = g(e;, Ve;) is the connection 1-form. A similar computation yields the
second structure equation,
dwij + wik A wij = g (103)

where (2;; is the curvature 2-form and is related to the Riemann curvature tensor by
Qij = —5Rijuelr A O, (104)

where the indices in R;ji refer to components in the basis ey, ..., €.
The first Bianchi identity (88) is equivalent to

Qi AB; =0 (105
J J
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and is derived (much more easily this time!) by taking the exterior derivative of (102).
Taking the exterior derivative of €;; using (103) gives the Cartan form of the second

Bianchi identity
d€i; + wie A Qg — Qg Awi; =0, (106)

which is equivalent to
(VxR)(Y, Z)W + (VyR)(Z, X)W + (VzR)(X, Y)W =0, (107)

a form which can be verified directly, but not so simply, from the definition of Riem
and V Riem. The index notation versions of (105) and (106) are

Riijie =0,  Rijppem) =0, (108)

where enclosing indices in square brackets indicates a total antisymmetrisation over
those indices, ie. [ijk] = §(ijk — ikj + jki — jik + kij — kji).
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5 Integration and Stokes’ Theorem
Outline:

Orientation of a manifold; volume form; integration of an n-form; man-
ifold with boundary; Stokes’ Theorem; divergence, Gaufl and Stokes’ for-
mulae; integration by parts; Green’s formulae.

As the first step in understanding the process of integration on a manifold M™,
assume w € A™(M) is supported in a single coordinate neighbourhood U C M. Let
(z*) be the local coordinates and 9; = 0,: be the coordinate tangent vectors. We define
the integral of w over M by

/szan(alA...Aan) acr, (109)

where dL? is the n-dimensional Lebesgue measure and w(o A...Ad,) = w(dy, ..., )
is the multilinear pairing between w and the infinitesimal coordinate parallelepiped
Oy A ... A Oy, normalised by (dz' A ... Adz™)(8; A ... A8,) = 1. To see that this
definition is independent of the choice of coordinate chart, suppose y = (y*) = y(z) is
some other coordinate chart covering the support of w. The alternating property and
(56) imply that

/R W@ A ... ABy)dLT

dzh dx'n n
= /;{'nw (gy-l—ale VANPA a—ynamm> d[’y

oz n
[ow (det (8yj) Ot /\...A@zn> dL;
/ (Ot A A Bu) det 22 dgn
R~ z Ay y

/ W (Bt A ... A Byn) AL, (110)

Il

by the change of variables formula for Lebesgue measure

det g?i acr, (111)

ALy = |det 2

assuming we also have the orientation condition

9y
P 112
det8x>0’ (112)
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restricting the admissible coordinate charts.

We say that M is orientable if there is u € A™(M) such that u # 0 everywhere in M;
an oriented coordinate chart then is required to satisfy u(d;A...A8,) > 0. Equivalently,
an orientable manifold is one with a covering by coordinate charts satisfying (112).

The problem of integrating a general w € A™(M) is reduced to the case of support
within a coordinate neighbourhood by the use of a partition of unity: a family of
functions A, € C®(M), a € A, satisfying 0 < Au(p) < 1 and 3, Ap(p) = 1 for all
p € M, where only a finite number of terms in the sum are non-zero. If M is separable,
then a partition of unity exists subordinate to any locally finite covering of M.

Writing w = 3, Aow and using the linearity of [, then determines f;, w. Note that
this definition of [, w depends strongly on the choice of orientation p € A™(M) of
M: denoting by —M the manifold with the reverse orientation —u, we have f(_ myw =
—Juw.

If ¢ : M™ — N™ and if & € A™(N) then the integral of o over M is defined

naturally by pull-back:
o= o*(a). 113
/¢(M) /M () (113)

This applies in particular to the situation where M is a submanifold of N and ¢ is the
inclusion map, which shows that there is a natural dual pairing between A4*(N) and
k-dimensional submanifolds of IV, given by integration along the submanifold.

On an oriented Riemannian manifold we may normalise the orientation form to
satisfy ||u|| = 1, where ||u|| denotes the metric length. This normalised n-form is called
the volume form of M. In local (oriented) coordinates we have

1= 1/det(g) dz' A ... Ada™, (114)

where det(g) = det(g;), 9i; = 9(;,9;). Under a change of coordinates y = y(z) we
have

k £
det(g(@xi,ﬁxj)) = det (ay (8yk,8yz)ai>

B_xig oxI
2

det(g(Oyr, Oye)),

Il

ay*
det =—
l ¢ or?

and thus the volume form g defined by (114) is independent of the choice of oriented
coordinate system.

If M is Riemannian but not oriented then it is still possible to define an integral for
functions (but not n-forms), by using the measure 4/det(g) dL% in coordinate patches.
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Although viable and sometimes useful, this non-oriented integral does not satisfy the
very elegant Stokes’ Theorem, a.k.a. the generalised fundamental theorem of calculus.

In order to state Stokes’ theorem, we need a definition of manifold with boundary.
This is a pair (M, 9M) where M is a smooth manifold under the induced topology from
M C MUOM, and where points in M admit boundary coordinate charts. A boundary
coordinate chart is (¢, U), U C M UM, where ¢ : U — R = {(z,...,2"),2z" > 0}
and as usual we require the boundary charts to be C'*°-compatible in the interior set M,
and such that the charts (¢|apr, UNIM) define a C* structure on M. The definitions
of tangent vector, smooth function etc, extend naturally to the case of a manifold with
boundary. Note, however, that C®°(M UdM) # C*(M).

If M is oriented by p € A"(M), then there is a natural induced orientation on OM
defined by (—1)"8; A ...0,_1, where (z!,...,z") is any oriented boundary coordinate
chart with the boundary defined by z™ > 0 (ie. 9, is inward pointing). The induced
orientation form on OM is then i = —ig, u.

Theorem 4 (Stokes) Suppose (M,0M) is an oriented manifold with boundary, and

w € AYM). Then
/M dw = faM w. (115)

Proof : By invoking a partition of unity we may distinguish two cases, with w sup-
ported in either an interior coordinate chart or a boundary chart. In the interior case,
by linearity we may assume w = f(z)dz? A ... A dz" with f € C®(R"), and then
dw = 5% fdzt A ... Adz™ By Fubini’s theorem we have

/M dw

Il

/ dw(@ A ... AB,) dLC”
Rn

of
= —— dL?
ROzl %

/ 1( * g—;dazl) dz? - - dz",
R~ —00

which vanishes by the fundamental theorem of calculus, since f has compact support.

If w is supported in a boundary chart (¢, U) with boundary defined by z” > 0, then
we distinguish two subcases,

(a) w= f(z)dz' A... Adz"1; and

(b) w= f(z)dz® A ... Adz"
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In case (a) we have
= (- k}"“ d?v A...Adz",

and thus
Afdw = jgidw(al/\...k&,)dﬁg
= (-t f _!(0 gfm ;da:}~-~dx"“r
= (7t [ dot e
= (=B" f f(a',0) dCt
Since

W((=1)"0pt A ... ABgn—r) = (=1)"f(2',0)

on OM, we see that the final expression is just §,,, w as required.

The final subcase (b) with w not involving dz™ is computed similarly, but the interior
integral is now [27 a—zT f(2',0) dz' which again vanishes by the fundamental theorem
of calculus and the compact support of f. E

If M is an oriented Riemannian manifold and y is the metric volume form, then we
can define the divergence of a vector field X € X (M) by

divX p = d(ixp)- (116)
In coordinates,
1
divX = det g )
v Vdet g ( ¢
= X’z (117

The divergence form of Stokes’s theorem is thus

/M divX p = i)M Lx I, (118)

which we may write in a more familiar form by noting that the induced oriented volume
form on OM is defined by fi = t,u, where n € T,(M UOM), p € OM, is the outward
pointing unit normal to @M. This implies that

expr = g(X,n¥ + a term involving dz®,

so that 7
f;dva u= f’m ¢( X, n)it (119)
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This reduces to the well-known Gaufl and Green’s formulae in dimensions: 3 and 2
respectively. o

A more general form of (119) is sometlmes useful, for example when integrating
along a null hypersurface in a Lorentzian manifold, where the metric volume form
vanishes and it is not possible to define a unit length normal vector If pand fi
are orientation forms on M and OM respectively, then there is a 1-form v such that
uw=v A vis called a conormal to 8M . Then ('118) gives

[ duxm=§ vxm (120)

To derive the classical Stokes” theorem for the integral of curl V' over a surface S
in R?® we need to pull back from the surface to R? with the parameterisation map
X:UCR?— SCR?. Details are left as an exercise.

Several useful identities may be obtained from the divergence form of Stokes’ the-
orem. Choosing a vector field of the form fX, where f € C®(M) and X € X(M), we
find a

/M (fdivX + Dx(f)) doas = }é F9(X,n)ds, (121)

where we use the common notation dvy = p and dS = f for the volume forms of M
and OM respectively.
Comparing (93), (96) and (117) we see that

Ay f = div(gradf); (122)
the divergence identity applied with X = gradf gives
/M A,f dv = 72 _ Dafds, (123)

where D, f is the outer normal derivative of f. Combining (121) and (123) gives the
Green’s identities for two functions ¢, ¢ € C*(M),

/M WApdy = — /M g(grads, grady) dv + jé _¥DagdS,  (124)
[ @0 —980) dv = § (WDt~ 6D) dS. (125)

These identities enable us to integrate by parts over a manifold, and turn out to be
very useful in studying the functions and operators associated with M. For example,
we have '

Corollary 5 Suppose M is a connected compact oriented manifold without bourdary.
The only harmonic functions (ie. satisfying Ag¢ = 0) on M are constants.
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Proof : Applying (124) with ¢ = 9 gives

/M PN dv + /M g(grade, grade) dv = }‘gM ¢ D,¢dS.

Since OM = @ and A ¢ = 0 this gives

/M g(grad¢, gradg) dv = 0.

Since g is positive definite, it follows that grad¢ = 0 identically, hence ¢ is constant.
]

In a similar fashion we may prove uniqueness for solutions u € C?(M) of the
Dirichlet problem

(126)
u = ¢ on OM

Agu = f in M }
where f € C°(M) and ¢ € C°(OM) are given. For, suppose u;,uy are two solutions
of (126), then the difference w = u; — us satisfies the Dirichlet problem with f = 0
and zero boundary conditions. The previous argument carries over and shows that w

is constant, hence w = 0 identically by the zero boundary conditions.
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