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Abstract. We first formulate several “combinatorial principles” con-
cerning £ X w matrices of subsets of w and prove that they are valid in
the generic extension obtained by adding any number of Cohen reals to
any ground model V, provided that the parameter x is an w-inaccessible
regular cardinal in V.

Then in section 4 we present a large number of applications of these
principles, mainly to topology. Some of these consequences had been
established earlier in gencric extensions obtained by adding w2 Cohen
reals to ground models satisfying C' H, mostly for the case k = ws.

1 Introduction

The last 25 years have seen a furious activity in proving results that are inde-
pendent of the usual axioms of set theory, that is ZFC. As the methods of these
independence proofs (e.g. forcing or the fine structure theory of the constructible
universe) are often rather sophisticated, while the results themselves are usually
of interest to “ordinary” mathematicians (e.g. topologists or analysts), it has
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been natural to try lo isolate a relatively small number of principles, i.e. in-
dependent statements that a) are simple to formulate and b) are useful in the
sense that they have imany interesting consequences. Most of these statements,
we think by necessity. are of combinatorial nature, hence they have been called
combinatorial principles.

In this paper we propose to present several new combinatorial principles that
are all statements about P(w), the power set of the natural numbers. In fact, they
all concern matrices of the form (A(a,n) : (a,n) € £ x w), where A(a,n) C w
for each (@, n) € kK X w. and, in the interesting cases, & is a regular cardinal with
c=22>K>uw.

We show that these statements are valid in the generic extensions obtained
by adding any number of Cohen reals to any ground model V', assuming that
the parameter x is a regular and w-inaccessible cardinal in V' ( i.e. A < & implies
AY < K).

Then we present a large number of consequences of these principles, some of
them combinatorial but most of them topological, mainly concerning separable
and/or countably tight topological spaces. (This, of course, is not surprising
because these are objccts whose structure depends basically on P(w).)

The above formulated criteria a) and b) as to what constitutes a combina-
torial principle are often contrary to each other: for more usefulness one often
has to sacrifice some simplicity. It is not clear whether an ideal balance exists
between them. It is up to the reader to judge if we have come close to this
balance.

We would like to express our thanks to the referees for the careful reading of
the manuscript and fot the numerous valuable suggestions.

2 The combinatorial principles

The principles we formulate here are all statements on k x w matrices of sub-
sets of w claiming - roughly speaking - that all these matrices contain large
“submatrices” satislying certain homogeneity properties.

To simplify the formulation of our results we introduce the following pieces
of notation. If S is an arbitrary set and % is a natural number then let

(S)* = {s € S* : |rans| = k}

and

For Dy,...,Dx_1 C S we let
(Do, ..., Di-1) = {s € (S)* : Vi €k (s(4) € Dy)}.

Definition1. If S is a set of ordinals denote by M(S) the family of all § x w-
matrices of subsets of w, that is, 4 € M(S) if and only if

A= (Ala,i):a € 5,1 < w),
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where A(a,7) C w for each o € S and ¢ < w. If
A= (A(n, 1) a €S i<w)e M(S)

and R C S we define the restriction of A to R, A[ R in the straightforward way:
Al R=(A(a,t)ta€ Ri<w). If

A= (A(a.i) ra €51 <w) € M(S),

t €w<¥ and s € (S)* then we let

A(s ) = ) Als(d), (3)).

i<|t]

Now we formulate our first and probably most important principle that we
call C*(k). We also specify a weaker version of C*(k) denoted by C(k) because
in most of the applications (28. 30, 38, 41, 45, 51 ) we don’t need the full power
of C*().

Definition2. For T C w<“ a matrix A = (A(e,?) :a € S,i €Ew) € M(S) is
called T-adic if for each t € T and s € (S)!*! we have A(s,t) # 0.

Definition3. For « = cf(x) > w principle C*(k) (C(k)) is the following state-
ment:
For every T'C w<“ and A € M(r) we have (1) or (2) below:

(1) there is a stationary (cofinal) set S C s such that A S is T-adic,
(2) there are t € T and stationary (cofinal) subsets Do, Dy, ..., D}y of k such
that for every s € (Do, .... Dj;j—1) we have

A(s,t) = 0.

Next we formulate a dual version of principles C*(k) and C(k). Although
we don’t yet know any application of principles C*(k) and C(k), for the sake
of completeness we include their definitions here. Let us remark that we don’t
know whether C*(k) (C(x)) implies C*(x) (C(x)) or vice versa.

Definition4. If k = cf(x) > w, then principle C*(k) (C(k)) is the following
statement:
For every T'C w<* and A € M(k) we have (1) or (2) below:

(1) there is a stationary (cofinal) set S C  such that for each t € T and s € (S)!!
|A(s, )] <w,

(2) there are t € T' and stationary (cofinal) subsets Do, D1, ..., Djy-1 of & such
that for every s € (Do, .... Dj|—1) we have

|A(s,)] = w.
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Let us remark that in the “plain” dual of principle C*(x) we should have
|A(s,t)] = @ in 4(1) and |A(s,t)| # @ in 4(2), but this “principle” is easily
provable in ZFC.

The principles D(r) and D?*(x) that we introduce next easily follow from C (k)
and C*(k), respectively, but as their formulation is much simpler, we thought it
to be worth while to have them as separate principles. We first give two auxiliary
definitions.

Definition5. If A= (4(a,?): a < k,1 < w) € M(k), then we set
A={Y cuw:l{a<k:3i<w A(a,i) CY}| =&}
and
A? ={Y Cw:{a < k:3i<w A(a,i) C Y} is stationary in x}.
Now we can formulate D® (k) (D(k)) as follows.

Definition6. For » = cf(k) > w principle D*(x) (D(k)) is the following state-
ment:

If A€ M(x) and A” (A) is centered then there is a stationary (cofinal) set
S C & such that Al S is w<“-adic.

Theorem 7. C*(x) (('(x)) implies D*(k) (D(k)).

Proof. We give the proof only for D*(k) because the same argument works for
D(k).

Let A € M(k) so that A2 is centered and put T = w<¥. By C*(k) either
3(1) or 3(2) holds.

If S C & witnesses 3(1) for our T then A[ S is clearly w<*¥-adic. So it is
enough to show that 3(2) can not hold.

Assume, on the contrary, that there are t € T'= w<“ and stationary subsets
Dy, Dy, ..., Dyj-1 of & such that for each s € (Dy,..., Dj;j—1) we have

A(s,t) = 0. (+)

We can obviously assume that the sets D; are pairwise disjoint. Let
Xi = J{A(3.1(i)) : 6 € Dy}

for every i < [t|. Then clearly X; € A2 for every i < |t|, while (+) implies

N X; = 0, contradicting that A2 is centered.
i<k

Definition8. If « = cf(k) > w, then principle F*(k) (F(k)) is the following
statement:

For every T' C w<* and A € M(k) (1) or (2) below holds:
(1) there is a stationary (cofinal) set S C & such that
{A(s,t) :t € T and s € ()} < w.
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(2) there aret € T' and stationary (cofinal) subsets Dy, Dy, ..., Dyyj-1 of k such
that if so,51 € (Do, ..., D)j-1) with sq(i) # s1(7) for each 7 < [t| then we
have

,‘1(30, t) ;é 14(51 y t)
Clearly, if t, Dg, ... Dy -, satisfy (2) then

I{A(S,/) s € (Do, ey D|t|-—1)}| = K.

There is a surprising connection between these principles and the dual ver-
sions C*(k) (C(k)) of C*(k) (('(x)), respectively.

Theorem 9. F*(k) (F(k)) implies C* (k) (C(x)).

Proof. Let A € M(k) and T' C w<* and apply F*(x) to A and T. Assume first
that there is a stationary set S C &k such that the family

Z={A(s.t):t€T and s € (S)}

is countable.
Now for t € T, i < [t| and / € TN [w]” set

D(I,t,i)={a €S : A(a,t(i)) D I}.

If for some ¢ € T and I € TN [w]” the set D(I,t,4) is stationary for each i < |¢|
then this ¢ and the sets D(/,1.0), ..., D(I,t,[t| — 1) witness 4(2).
So we can assume that for allt € T'and 7 €Z N [w]w the set

b(1,t) = {i < |t] : D(,t,7) is non-stationary in k}
is not empty. Then the set
D:U{D(I.f,i) TeIn(w]“,teT,ieb(l,t)

is not stationary and so S’ = S\ D is stationary. We claim that S’ witnesses
4(1). Assume on the contrary that t € T, s € (S')/!l and I = A(s, 1) is infinite.
Then I € TN [w]w and s(i) € D(I,t,i) for each 7 < [t|. Since s(i) ¢ D it
follows that D([,t,17) is stationary for each 7 < |t], that is, b(7,¢) = @, which is
a contradiction.

Assume now that there are ¢ € T' and stationary subsets Dg, Dy, ..., Djj—1
of & such that if sg,s1 € (Do. ..., Djyj—1) with so(2) # s1(2) for each i < |t| then

.'1(80,15) # A(Sl,t).
We show that in this case again 4(2) holds. Indeed, for each I € [w] < pick
sy € (Do, ..., Dys=1) such that A(sy,t) = I provided that there is such an s.
Let R = J{s1(s) : I € [w]™".i < |t|} and D} = D; \ R for i < |t|. Now if
s € (Dg, ..., Dy, _,) then for any I € [w] = we have s7(4) # s(i) for each i < [t],

hence I = A(sr,t) # A(s,t). As | was an arbitrary element of [w] <“ we conclude
that |A(s, )| = w.
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The following observation is almost trivial.
Proposition10. If n = cf(k) > ¢ then C*(k) and F*(k) are valid.

Proof. Indeed, given A € M(k) and T' C w<“ there is a stationary set S C &
such that for any o, 3 € S and n € w we have A(a,n) = A(B,n). Then S
witnesses 8(1) and so principle F*(x) holds. If S does not witness 3(1) then for

some t = (ng,...,ni—) € T we have (| Ap, =0. Thust and Dy =Dy =--- =
1<k
D1 = S witness 3(2).

As was mentioned in section 1, our principles are of interest only for k > w;.
In fact, for K = wq, they are all false!

To see that D(w;) (so also C(w1)) is false we may recall that in [7] we have
constructed, in ZFC, a separable, first countable P, space X of size w;. (A
Hausdorff space X is called Pc,, if the intersection of finitely many uncountable
open subsets of X is always non-empty.) We can assume that the underlying set
of X is w; and w is dense in X. For each a < w; let {U(a,n) : n < w} be a
neighbourhood base of « in X. Now consider the w; X w-matrix

A=U(e,n)Nw:a<wy,n<w).

Then B € A if and only if there is an uncountable open set U C X such that
UNw C B. Since X is a Pg, space it follows that A is centered. But the space
X is Hausdorff, so there is not even a two element subset S of X such that A S
is w<¥-adic.

To show that F(w;) (and so also C(w))) is false we need the following obser-
vation.

Theorem 11. Therc is a subfamily A = {Ay : @ < w1} of [w]w such that

foranyn € w and [y,...,I,_1 € [wl]wl there are v;,0; € I; for i < n with
Ay, 11 < n} is infinite but As, N As; is finite for any i < j < n.

Proof. The proof is based on two lemmas which are probably well-known.

Lemma12. There is a function f : [M]2 — 2 such that for any n € w and
Iy,....In_1 € [wl]“" there are ~;,d; € I; for i < n such that f(vi,v;) =0 and
f(6,-,6j) =1 for each i #j < n.

Proof. We show that the Sierpienski coloring has this property. So let {ry :
a < w1} be pairwise different real numbers and for & < 8 < w; put f(a,8) =

0iff ro < rg. Given n € w and lp,...,In_1 € [wl]wl let z; be a complete
accumulation point of 4; = {r, : o € I} with z; # z; for i < j < n. We may
assume that zo < &y < --- < &p_;. So there are I} € [I] for i < n such that
if A} = {ro :a €1/} then A} <r A} whenever i < j < n. Now pick first 7o € Iy,
then y1 € I1\(v0+1), then v, € 12\ v1+1) and so on. Then we have f(vi,v) =0
for ea,ch i < j < n. Next we pick 6,1 € I}y, then 6,2 € I,_5 \ 6n_1, then
0n-3 € I, _3\ dn_2 and so on. Then we have f(d;,8;) = 1 for i < j<n.
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A family 7 C P(w1) is called downwards closed if P(I) C T for each I € T.
Given a family A = {4, 10 < w1} CP(w) and I,J € [w1]<w, let

AL = ({Aa:ae I\ J{4p : B € J}.

Put A[I] = A[I, 0).
Clearly, if A C P(w) then {/ € [w1]<w . |A[{]| = w} is downward closed. Our
next result is a converse of this statement.

Lemmal3. IfZ C [w1]<w s downwards closed then there is a family A =
{Aq : @ < wy} of subsets of w such that

T ={I € [w]: A[l] is infinite}. (H

Proof. For a < wy write Z, =7 N [a + 1]<w.
We will define A, C w by induction on & < w;y so as to satisfy the following
inductive hypotheses (1), which is stronger than () restricted to a:

Ty={l€[a+1]"":VJ € [a\ 1] A[I,J] is infinite.} (1)
The induction uses the following elementary fact.

Fact 14 If B and D are countable subfamilies of [w]w such that no element of B
s covered by the union of finitcly many elements of D then there is a set X C w
such that

(i) BN X is infinite for each I3 € B,
(i1) B\ X is infinite for each I3 € B,
(i) DN X is finite for each D € D.

Now, if Ag has been defined and (}4) holds for all 8 < o then let
B={A[l,J):1€TLsJe[a]ANINJ =0}
D={A[I,J]: 1€ [a]“\Ta,J € [a]*“ AINJ =0}
and apply fact 14 to get A,. It is easy to check that (},) will be satisfied.

To get a family A satisfying the requirements of theorem 11 take the function
f given by lemma 12 and apply lemma 13 to Z = {J € [w1]<w : f"I C {0}}.

Theorem 11 yields immediately the following corollary:
Corollary 15. There is a family A = {Aq : @ < wi} such that
A={Ycu:|{a<w : A4, C Y} = w1}

is centered but for no S € [w]"" is {Aq : a € S} linked.
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Let us remark that if A4 is almost disjoint then A is centered if and only if
A is a strong Luzin gap (i.e. there is no partition of w into finitely many pieces
such that each piece is almost disjoint to uncountably many elements of A). If
MA,, holds, then there is no strong Luzin gap (see [7, Theorem 3.2]), so in ZFC
one can not construct an almost disjoint family .4 satisfying the requirements of
corollary 15.

The family A of 15 can be used to give counterexamples to both D(w;) and
C(w1), in fact via the same matrix in M(wq).

Corollary 16. C(w;) (and so F(w;) too) and D(w,) are both false.

Proof. Consider the family A = {44 : @ < w1} given by 15. Put T = w<* and
A(a, i) = Aq for each o < wy and 7 < w. Then neither 4(1) nor 4(2) can hold for

A = (A(a,?) : o <w;.i < w) and T. Moreover, the matrix A clearly contradicts
D(wl )

3 Consistency of the principles in the Cohen model.

A cardinal k is w-inaceessible if A < k holds for each A < k. Given any infinite
set I we denote by Cy the poset Fn(/,2,w), i.e. the standard one adding |I|-many
Cohen reals.

In this section we prove that if k is a regular w-inaccessible cardinal in some
ground model V and we add A-many Cohen reals to V', where A is an arbitrary
cardinal, then in the extension the principles C*(k), C*(k) and F?*(k) are all
satisfied. As we remarked in section 2 above the case k > A is trivial, while the
case kK < A can be reduced to the case k = A.

Since the proof of the latter is long and technical, we first sketch the main
idea. So let us be given a matrix A € M(x) and a set T' C w<“ in V[G], where
G is Cx-generic over 1. In the first part of the proof we find a set I € [K]w and
a stationary set .S C « such that in V[G] I] the sequences (A(e,?) : ¢ < w) for
a € S have also pairwise isomorphic names with disjoint supports (contained
in & \ I). This reduction, carried out in lemma 22, will be the place where we
use that k is regular and w-inaccessible in V. In the second part of the proof,
using slightly different. arguments for C*(x) and for F*(«), we show that if some
A € M(S) has names with these properties then either S witnesses 3(1) (or 8(1),
respectively) or some stationary sets D; C S witness 3(2) (or 8(2), respectively).
In this second step we don’t use that & is w-inaccessible or regular.

In our forcing arguments we follow the notation of Kunen [11]. Let us first
recall definition 11, 5.11].

Definition17. A C;-name B of a subset of some ordinal y is called nice if for
each v < p there is an antichain B, C C; such that

B={(p.):vennpeB,) = J{B, x {9} :vep).

We let supp(B) = | J{dom(p) : p € L<J B,}.
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It is well-known (see e.g. lemma [11, 5.12]) that every set of ordinals in V[G]
has a nice name in V.

If ¢ is a bijection between two sets I and J then ¢ lifts to a natural isomor-
phism between C; and Cy, which will be also denoted by ¢, as follows: for p € C;
let dom(p(p)) = ¢” dom(p) and ©(p)(¢(€)) = p(€). Moreover ¢ also generates a
bijection between the nice C;-names and the nice Cs-names (see [11, 7.12)): if B

is a nice C;-name then let o(B) = {<go(p),£> : <p, £> € B} If I and J are sets

of ordinals with the same order type then ¢ ; is the natural order-preserving
bijection from I onto J.

Definition18. Assume /,J C &, moreover A,- and B,- are nice C.-names of

subsets of w for ¢ < w, such that supp(A4;) C I and supp(B;) C J. We say that
the structures of names <I‘ 4, < w> and <J, Bi 1< w> are twins if I and J

have the same order type and for the order preserving bijection ¢ ; we have

(1) 1,y is the identity on 1N /.
(2) ¢r1,5(A;i) = B; for each i < w.

Definition19. Assume that / C k, G i1s a Ck-generic filter over V and H =
G| I.1f B is a nice Cx-name of a subset of some ordinal y we define in V[H] the
Ce\1 name 7 (B) as follows:

o (B) = {(plw\1,0): (p,v) € BAp| I € H}.
Lemma20. ©f(B) is a nice Co\r-name in V[H] and
supp(r'" (B)) C supp(B) \ 1,

moreover

val(r# (B), Gl (x \ I)) = val(B, G).
Proof. Straightforward from the construction.

Definition 21. Assume that S C x. A matrix B = <B(a,i) ta€85,1< w> of

nice Cx-names of subsets of w is called a nice S-matriz if conditions (i) and (ii)
below hold:

(i) putting Jo = ;o supp([3(n, 7)) the sets {J, : & € S} are pairwise disjoint,

(i1) the structures of names {<J,\,, B(a,i) i< w> : o € S} are pairwise twins.
We denote by N (S) the family of nice S-matrices.

Lemma 22. (Reduction lemma) Assume that & is a regular, w-inaccessible
cardinal, G is Cy-generic over V and A € M(k) in V[G]. Then there are a
countable set I C & and a stalionary set S C & in V such that, in V[G| ],

there is B € N(S) satisfying V[(7] E “A(e, 1) = val(B(a,1),G[(k\I))” for each
a€Sandi€w.
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Proof. Assume that
le - A= <A(a,i) o< K1 < w> € M(k).”

We can assume that all the names A(4, @) are nice. Let I = U;,, supp(A(e, i)).

We need a strong version of Erdés-Rado A-system theorem saying that there
is a stationary set 7' C « such that {I, : @ € T} forms a A-system with some
kernel I, moreover sup I < minl, \ I for each a € T. Although this statement
is well-known we present a proof because we could not find any reference to it.

Erd6s-Rado Theorem If k is an w-inaccessible regular cardinal and X =
{Xo : @ < &} is a family of countable sets then there is a stationary set I C
such that {X, : a € I} forms a A-system.

Proof. Since |U A| < r we can assume that X, C &. Let J = {a < & : cf(a) =
w1 }. Define the function f : J — & by the stipulation f(a) = sup(Xq N ).
Since X, is countable and cf(a) = wi we have f(a) < a, i.e. the function f is
regressive on the stationary set J. So by the Fodor lemma, f is constant on a
stationary set K C J. Say f’K = {v}. For o € K let h(a) = X, Nv. Since
v < k it follows that the range of h is of size |v|* < k. But K is stationary, so
there is a stationary M C K such that h is constant on M, say h"M = {A}.
For a € k let g(a) = sup X4. Then the set

('={B < k:g(y) < B for each v < 8}

is club in k. Let I = A/ N C. We show that {X, : a € I} forms a A-system with
kernel A. Let a,3 € I. o < 8. Then XoNXp = (XoN(XgNB))U(XaN(Xp\0).

But (Xg N F) = 4 and so (X N (Xg N B)) = A. Since 3 € C it follows that
g(a) < B, ie. Xo C 3 and so (Xo N (Xp \ B) = 0. Putting together these two
equations we obtain .\, N X3 = A which was to be proved.

Since 2 < k = cf(x) and there are only 2“ different isomorphism types of
structures of names there is a stationary set S C T such that the structures of

names {<Ia,A(a,i) i< w> i« € S} are pairwise twins.

From now on we work in V[G] I]. Let B(a,i) = 71 I(A(a,3)) for a € S
and ¢ € w. Then supp(B(a,?)) C Jo = Io \ I and the structures of names

<Ja, B(a,i) : i <w) arc pairwise twins by lemma 20 above.

Thus B = <B(a1) ta€8,i< w> e N(9).

Definition23. Assume that S C k. A sequence B = <<Ja,Ba> T € S> 18
called a nice S-sequence if conditions (i) and (ii) below hold:

(1) Jo € [n]w, B, is a nice Cj -name, and J, for a € S are pairwise disjoint,

(i1) the structures of names <Ja, Ba> for a € S are pairwise twins.
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We denote by S(S) the family of nice S-sequences.

Lemma 24. (Homogeneity lemma)
Assume that S C k and B = <<Ja,Ba> Ta €S> 1s a nice S-sequence. If

o(zo, 21, ..., Tn-1,2) s a formula with free variables zo,x1,...,Tn_1,2z and Z
is an element of the ground maodel, then (1) or (2) below holds:

(1) le i— “ ‘P(Bs(O)Bs(l)v oo Ben ) for all s € (S)™”,
(2) for somer € Cx we have .
ri-—— “ there are subsets Dy, Dl, -++, Dn_1 of S such that
()foreachz<nandA€[] NV we have D; N A # 0,

(b) =@(Bs(0)Bs(1), - - -+ Be(n-1), Z) for all s € (Do, Dy, ..., Dx_1)".
Proof. Assume that (1) fails, that is, there are p € Cx and s € (S)¥ such that
pn—"—y’(Bs(o), . Bs(n_l), Z)”.
Let J = U Jyiy and p’ = pl.J and r = p \ p’. Since the sets J, are pairwise
disjoint v;ed::an assume that dom(r) N J, = 0 for each a € S.

For (a,8) € S? we denote by ¢, s the natural order preserving bijection
between J, and Jg. For 3 € .5 and i < k let p(8,1) = sy (P | J5i)). For i < k

define the C.-name Di of a subset of S as follows: Di = {<p \ ),ﬁ> : B e S}
Then .
VIG] & “D; = val(D;,G) = {B € S : p(B,1) € G},

where G is C-generic over V. Since the supports of p(f3,¢) for B € S are pairwise
disjoint a standard density argument gives that D; N A # @ whenever
A€ [S]w NV, hence (a) holds.

To show (b) assume that r € G and

V[G‘] }: “u € (Do, RN Dk_.l).”
Since u is finite we have u € 7. Let J* = U Ju@iy and ¢ = U Pu(i),s(i)- Then ¢

is a bijection between J* and J and so it extends to 1somorph1srns between Cj-.
and Cy, and between the families of nice Cj.-names and of nice Cj-names. Let
¥ be the natural extension of ¢' to a permutation of «:

o) ifveJe,
U(v)y=< v i) ifveld,
v ifrer\(JUJ*).

Then ¥ extends to an automorphism of C,, and also to an automorphism of nice
Cx-names. Clearly if ¢ € C;+ and B is a nice Cy--name then ¥(q) = ¥(g) and
¥(B) = ¥(B). Observe that ¥(r) = r and ¥(Z) = Z.

Let G* = ¥"G. Then G* is also a Ck-generic filter over V' and since
LT/(BU(,-)) = B, it follows that

va.l(B“(i),G) = val(Bs(i),G*). (o)
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But p(u(i),i) € G,s0 p| Jouy = ¥(p(u(i),i)) € G*. Thus p = rU Ukp[ Js(i) € G*
i<

as well. Since pi— ﬁg(}?g(o) Bs(n 1), ) and so
V[G*] E “—¢(Bs(oy, - - -+ Bs(n-1), Z)”, by (e) this implies

VIG E ““'SO(Bu(O), C Bu(n—l)a zZ)”

which was to be proved.

Theorem 25. If k is a regqular, w-inaccessible cardinal then for each cardinal A
we have

Ve k= “C* (k) and C*(k) hold.”

Proof. We deal only with C*(k) because the same argument works for C* (k).
As we observed in section 2 we can assume that x < A. First we investigate the
case A = K.

Assume that
le — “A = < \(a, 1) a0 < K31 <w> EM(k)and T C w<¥.”

Applying the reduction lemma 22 and that T is countable we can find a countable
set I C k and a stationary set S C x in V and a nice S-matrix B in V[G] I]
such that

V[G] & “val(A(a, i), G) = val(B(e, i), G | (x \ I))”

for « € S and ¢ € w, moreover T € V[G | I].

We show that for each ¢ € C,; there is a condition r < ¢ in C such that
ri— “3(1) or 3(2) holds”. Let I’ = I Udom(q).

For each t € T' let (o, ..., z|;—1) be the following formula:

(p((Bo‘k k(w <B|t| 1,k " k‘<u)> <:> ﬂth )#0

i<|t]

Applying the homogeneity lemma 24 to V[G | I'] as our ground model and to
every @, we get that either gi— “3(1) holds” or ¢ U pi— “3(2) holds”. Let us
remark that 24(2)(a) implies that as S is stationary, so is each D;.

Thus we have proved the theorem in the case Kk = A\. If A > s and A €
(M(k))VIG] where (i is Cx-generic over V, then there is J € [/\]'c such that
A € V[G] J]. The stationary sets that witness 3(1) or 3(2) in V[G| J] remain
stationary in V[G], and so we are done.

Theorem 26. If x is a regular, w-inaccessible cardinal then for each cardinal A
we have

Ve = “F*(k) holds.”
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Proof. As in 25 the important case is when A\ = k, because the case A < & is
trivial and the case kK < A can be reduced to the case kK = \.
So assume that

le — “A = <f‘l(a,i) o< K1 < w> € M(k).”

Applying lemma 22 we can find a countable set I C &, a stationary set S C &
in V and in V[G I] a nice S-matrix B such that
VIG] E “A(e, i) = val(B(a,7). (| (k \ I))” for each o € S and i € w, moreover
TeVI[G|I].

We need the following lemma that is probably well-known.

Lemma?27. If H is a Cy-genciic filter over V and I, J are disjoint subsets of
K then

VIHIE Plw)nV[H|INV[H[|J]=Pw)nV.”

Proof. Assume that A is a nice C;-name, B is a nice Cj-name, p € C, and pi—
“A = B”. We can assume that dom(p) C I U J. We show that for each n € w
we have that p| Ii— “n € A” or p[ I— “n ¢ A”. Indeed, if p[ I W~ “n € A
then there is a condition ¢ < p[ I in Cr such that gi— “n ¢ A” and so pU qi—
“h4 ¢ B”. But Bis a Cy name so (pUgq) [ J = pl J forces the same statement,

p| Ji— “a ¢ B”. But pi— A = B and so pi— i ¢ A as well. Thus p decides the
elements of A in other words. pi— “A € V”.

To conclude the proof we show that if ¢ € C then there is a condition r < ¢
in Cy such that ri— “8(1) or 8(2) holds”. Let I’ = I Udom(g).
For each t € T' let ¢¢(xq, . ... x|;j~1) be the following formula:

go((Bo,k k< w) sy <B|,|_1,k k< w)) < ﬂ B,"t(,') € (P(w))v
i<|t]

Applying the homogeneity lemma 24 to V[G | I'] as our ground model we get
that (A) or (B) below holds:

(A) le — “ B(s,t) € (P(w))" for each t € T and s € (S)!*],”

(B) for some t € T and p € C, we have
pi— “ there are subsets Dy, Dy, ..., Dj;j—1 of S such that
(a) for each A € [S]“ NV we have AN D; # 0 for each i < |t],
(b) If s € (Do, D1, ..., Dyy—1) we have

B(s,t) ¢ (PW)"””

Let Jo = Uico supp(B( i)) for a € S and denote by ¢, s the natural order
preserving bijection between J,, and Jj for (a, 8) € S%.

Assume first that (A) holds. Fix ¢ € T and s € (S)!*l. Write a; = s(i) for
i < |t|. Since Cy is c.c.c , there is in V a countable set Z; C P(w) such that

le.i— “() Blas,n;) € T,
i<k
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Assume that (8o, ....d)y-1) € (S)*.
Let J* = U Js,» / = U Ja,, and ¥ = |J s,,a,- Then 9 is a bijection
i<k i<k i<k

between J* and< J and so 1t l?fts up to an isomo<rphism between C;. and C; and
between the families of nice Cj+-names and nice Cj-names.

Let G be Cy-generic and put Gy = G| J*. Since supp(B(8;,n;)) C J* it
follows that val(B(d;.n;), G) = val(B(d;,n;), Go). Let G1 = " Go. Then G is
also a Cj-generic filter and since ¥(B ((5,, n;)) = B(a,g n;) it follows that

val(B(6;, n;), Go) = val(B(ey, ng), G1). ()
Since 1¢, — “ ) B(ai,ni) € Z,”, by (e) we have
i<k
le — “) val(B(d;,n;),G) € Z;” as well. From this it is obvious that we have

i<k
le—{B(t.s):iteTAse (S} cT=|J{T,:te T}

where T is countable as T is.
Assume now that (A) fails and so (B) holds. Let G be C,-generic with p € G
and (y0,...,7k-1), {(du. .-, ,0k-1) € (Do, ..., Dk—1) such that

VIG] = “{vi.di} € [Di]2 for i < k are pairs of distict ordinals”.

Let J* = U Jy, and J* = |J Js,. Then J* N J* = 0, hence by lemma 27 we

i<k
have 'P(w)ﬂV[ P INIVIGT J*] = P(w)NV and so V[G] | “(; ¢k B(di,ni) ¢
V?” implies that V[G] E “(; ., B(di, i) # i Blvi,mi)”
The theorem is proved.

4 Applications

We start with presenting some combinatorial applications because they are quite
simple and so they nicely illustrate the use of our principles.

Kunen [12] proved that if one adds Cohen reals to a model of C H then in the
generic extension there is no strictly C*-increasing chain of subsets of w of length

wy. The first theorem we prove easily yields a corollary which is a generalization
of Kunen’s above result.

Theorem 28. If C(x) holds then for each A C [w]w of size k either
(a) 3Be [A]"VB# B €B|B\B|=w
or

(b) IX € [w]" {A€A:AC X} =|{A€A: X C* A} = &.
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Proof. Fix a 1-1 enumeration {A¢ : £ < s} of A. Let A(,2n) = A¢ \ n and
A, 2n+ 1) = (w\A)\n. Put T={(24,2i+ 1) :iew}. If S € [.tc]'C witnesses
3(1), then B = {A; : £ € S} satisfies (a). If on the other hand D,E € [«]",
DN E =0, with (2¢,2i + 1) € T show that 3(2) holds, then let

X =U{4 : £ € D).
Then A; C X for each £ € D and X \ i C A, for each ( € E.

Theorem 28 yields immediately that if C'(k) holds then there is no strictly C*-
increasing chain 7 C [w]‘" of length . However, as the referee pointed out, this
follows already from the weaker assumption D(x) and from the dual principle

C(k).
Theorem 29. If D(k) or C(x) holds, then k is not embeddable into P(w)/fin.

Proof. Assume that {A, : o < r} is a strictly C*-increasing chain in [w]w. For
a< kand n <w let

. w \ AQ lf n = 0»
Ala,n) = {Aa \ n otherwise.

We show that A = (A(a,n): 0o < k,n <w) is a counterexample to D(k) and
C(k).

( To see that A is centered, observe that if Y € A, then there is ay < &
such that Ag C Aqy C* Y for each oy < f < k. Thus if ¥y, ..., Y1 € A
then taking @ = max{ay, : i < n} we have Aq41 C Ao C* [) Yi. On the
other hand, if @ < # < & then A, C* Ag, thus Ay N (w\ Ap) is<ﬁnite and so
A(a, k)N A(B,0) = 0 for some large enough k. Thus there is no S of size k (even
of size 2) such that A] S is w<“-adic. Thus D(k) fails.

Next, let t = (0,1) and T = {t}. Then for any S C & of size &, if s € §? is
such that s(0) < s(1), then A(s.t) is infinite. Hence 4.(1) does not hold. Likewise
if Do, D1 C k are of size &, taking s € (Do, D1)? such that s(0) > s(1), A(s,t)
is finite. This shows that 4.(2) does not hold, i.e. C (k) fails.

The next theorem can be considered as a kind of dual to 28.

Theorem 30. If C(k) holds then for each A C [w]w of size & and for each

natural number k either
(a) there is a family B € [.A]K such that for each B’ € [B]k we have |B'| =w
or

(b) there are k subfamilies By. ..., Bix_1 of B of size k such that

I UBi < w.

i<k
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Proof. Fix a 1-1 enumeration {A¢ : € < k} of A. Let A(§,n) = A¢ \ n and put
T = w*. If C € [k]" witnesses 3(1), then B = {A; : £ € C} satisfies (a). If
Dg,...,Dr_1 € [n]“’ and (no,...,nk—1) € T show that 3(2) holds, then we can
assume that the D; are pairwise disjoint and if we set B; = {A¢ : £ € D;} then

we have

ﬂ U B; C maxn;.

! i<k

i<k
Remark. In theorem 30 we can not replace (a) with the following (slightly
stronger) condition (a’):

(a’) thereis afamily B € [.A]'C such that for each B’ € [B]k+1 we have | B'| = w,
and if k > 2 then (b) can not be replaced by

(b’) there are pairwise disjoint subsets Xp, ..., Xx—1 of w such that for each ¢ < k
we have {Ae A: 4 C* X;}#0,

because for each k& € w one can construct in ZFC a family A C [w]w of size
2¢ such that (A’ is finite for every A’ € [A]k+1 but (.4’ is infinite whenever

A € [.A]k. Indeed, let 7" = 2<% be the Cantor tree, and for n < w let C,, = 2"
be the ntP-level of T'. For each f € 2¢ let

AN = J{x e[Ca)": Flne X}

n<w

and A= {A(f): f €2¢}.If B' C 2% and n < w then N{A(f) : f € B}N[Cn]* #
B iff [{f]n:f € B} <k Thus A satisfies our requirements. This example is
due to A. Hajnal and included here with his kind permission.

Next we prove a consequence of theorem 30, but first we give a definition.

Definition31. Let » be a regular cardinal and A C [w]w be an almost disjoint
family. A is called a n-Luzin gap if | A| = k and there isno X € [w]w such that
both [{A€A:|A\X|<w|}=kand {A€ A:|ANX| < w}| =K. A Luzin-gap
is an wi-Luzin gap.

An w;-Luzin gap can be constructed in ZFC and simple forcings give models
in which there are 2*-Luzin gaps while 2¢ is as large as you wish. The next
corollary of theorem 30 implies that one can not construct ws-Luzin gaps from
the assumption 2* > w+ alone .

Corollary 32. If C(x) holds then there is no k-Luzin gap.

Proof. Assume that A C [w]w is an almost disjoint family of size k. Then we
can not get a even a two element subfamily B C A satisfying 30(a). So applying
theorem 30 for this A and for k = 2 there are subfamilies B C A and D C A of
size & such that ((JB) N (UD) is finite. Hence X = J B witnesses that 4 is not
a k-Luzin gap.
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We have one more theorem of this type.

Theorem 33. If C(k) holds then for each A C [w]” of size & either

(a) there is a centered subfamily B C A of size ,

or
(b) for some k < w there are subfamilies By, ..., Bx_, of B of size k such that
| m UB,'[ <w.
i<k

Proof. We can argue as in the proof of theorem 30 using T = w<“ instead of
T = Wk,

For A C P(w) and k < w let Ag) = {nA": A’ € [A]*}}.
Put A<u) = kU Ak
<w

Theorem 34. If F(k) holds then for each family A C P(w) of size k and for
each natural number k either

(a) [Aw)l ==
or

(b) there is a subfamily B C A of size & such that |B)| < w.

Proof. Fix a 1-1 enumeration {A, : o < k} of A, let T = w* and consider
the matrix A" = (A(a,n):a < k;n <w) € M(k) defined by the stipulation
A(a,n) = Aq. Apply F (). If 8(2) holds, then |[A|=x. If S € [n]n witnesses
8(1) then subfamily B = {A, : a € S} satisfies [B)| = w.

Theorem 35. If F(k) holds then for each family A C P(w) of size & either
(a) there is a natural number k such that |Au)| =

or
(b) there is a subfamily B C A of size & such that |B<.)| < w.

Proof. We can argue as in the proof of theorem 34 using 7' = w<“ instead of
T = w*.

Now we turn to applying our principles to topology. We start with an appli-
cation of the relatively weak principle D(x).

A. Dow [2] proved that if we add wy Cohen reals to a model of GCH then
in the generic extension fw can be embedded into every separable, compact 75
space of size > ¢ = ws. Here we show that ¢ = wy = 2“1 together with D(w3)
suffice to imply this statement.
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First we need a lemma based on the observation that large separable spaces
contain many “similar” points.

Given a topological space X and a point £ € X we denote by Vx(z) the
neighbourhood filter of z in X, that is, Vx(z) = {U C X : z € intx(V)}. If
D is a dense subset of X let Vx(z)| D = {UND: D € Vx(z)}. We omit the
subscript X if it may not cause any confusion.

In section 2 we defined the operation A for A € M(k). By an abuse of
notation we define A for every family A of subsets of w as follow:

A={X Cw:|ANP(X)| = |A]}.

Lemma 36. Assume that X is a separable regular topological space of size > ¢<¢,
where c = 2%, D € [.\']w, D = X. Then there are a point £ € X and a family
A ={Ay, By : @ < ¢} CP(D) such that

(1) ZEOB—(X: D for each a < ¢,
(2) AcV(z)| D.

Proof. Fix an enumeration {Dg : € < ¢} of P(D) and let Dy = {D¢ : € < a} for
a<c Forzxe X and a < clet V(z,a) = (V(z)| D) NDy. A point £ € X is
called special if there is an a < ¢ such that V(z, @) # V(y, a) for each y € X\ {z}.
Clearly there are at most ¢<¢ special points in X. Since | X| > ¢<¢ we can pick a
point z € X which is not special. Then for each a < ¢ we can find a point z, # z
in X such that V(z4.a) = V(z,a). Since X is regular the points z and z, have
neighbourhoods U, and W, respectively, with UaNWy=0.Let Ay =U,ND
and B, = W, N D.

Now assume that £ € A and pick £ < ¢ with E = D¢. We can find o < ¢
such that £ < o and either A, C F or B, C E. Hence E € V(z,a) UV (zq,0) =
V(z,a). Therefore E € V(z) | D which was to be proved.

Let us now recall the definition of a pu-dyadic system from [5].

Definition37. If X is a topological space a family {(A(e,0), A(a, 1)) : @ € p}
of pairs of closed subsets of X is a u-dyadic system such that

1. A(e,0) N A(a, 1) = 0 for each a < p,
2. for each € € Fn(p,2.w) we have [ A(a,e(a)) #0.
a€dom(e)

Theorem 38. If D(c) holds, X is a separable compact Ty space of size > ¢<¢

then X contains a c-dyadic system, consequently X maps continuously onto
[0,1]¢ ( and so Bw can be embedded into X ).

Proof. Fix a countable dense subset D of X. By lemma 36 there is a family
A = {As,B, : @ < ¢} C P(D) such that A, N B, = @ for @ < ¢ and A is
centered. Let D(a,0) = Ay, D(a,1) = Ay and D(a,n) = D for a < & and
n > 2 and consider the x x w-matrix D = (D(a,1) : @ < &,i < w). Since A =D
we can apply D(c) to get a cofinal S C ¢ such that the family (Z—;,—B_a ta< c)
is c-dyadic. Now we can apply theorem [5, 3.18] to get the other consequences.
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A topological space X is called scattered if every subspace of X has an isolated
point. For a scattered space X denote by X(®) the o™ Cantor-Bendixon level of
X . The height of X, ht(X), is defined as the minimal o with X(®) = §. Following
[14] we call X thin if all levels of X are countable.

Since the cardinality of a locally compact, scattered separable space is at most
2¢ by [13], the height of such a space is less then (2¥)". So under CH there is
no such a space of height ws. 1. Juhdsz and W. Weiss, [9, theorem 4], proved in
ZFC that for every a < ws there is a locally compact, scattered thin space X
with ht(X) = a. M. Weese asked whether the existence of such a space of height
wo follows from —~C H. This question was answered in the negative by W. Just,
who proved, [10, theorem 2.13 ], that if one adds Cohen reals to a model of CH
then in the generic extension there are no locally compact scattered thin spaces
of height ws. On the other hand, J. Baumgartner and S. Shelah, [1], constructed
a ZFC model which contains such a space of height ws.

The next theorem is a generalization of the above mentioned result of Just.

Theorem 39. If C*(k) holds then there is no locally compact, thin scattered
space of height .

Proof. Assume on the contrary that there is such a space X. We can assume
that X(®) = {a} x w for a < ht(X). For each a < ht(X) fix compact open
neighbourhoods U(a,n) of {(a,n) for n € w such that U(a,n) C {{a,n)} U
U{X®) : 3 < a} and the sets {’(a,n) for n < w are pairwise disjoint.
Put A(e, 2n) = U(a, n)NX (") and A(a, 2n+1) = XO\J{U (e, m) : m < n}.
Let
T ={tew<¥: t(0) is even and t(7) is odd for ¢ > 0 }.
Now apply C?*(k) to the matrix (A(a,n) : a < k,n < w) € M(k) and T.
Observe that  A(8,2n)N () A(ei,2n,+ 1) =0 iff
i<k
UB,n)n X c U U(as,ni) N XO iff
i<k
UB,n) C U Ulai,ni).
i<k
Thus if t = (2n,2n0+ 1,....2nk_1 + 1) € T and (B, @0, ..., ak_1) € (k)**!
then A(B3,2n) N ) A(ai,2n; + 1) = 0 implies § < maxa;. This excludes 3(2).
i<k '
So 3(1) holds, that is we have a stationary set S C & such that if
t={(2n,2n0+1,...,2nk_1+ 1) €T and (B, 0, ..., ak-1) € (S)k+1 then

A(B,n) N () Ales, 20 + 1) # 0,
i<k
that is .
uv@,m\J U Ulei,d) #0.
i<kj<n,
But U(B,n) is compact and cach U(a,n) is open so it follows that for every
B €S and n € w the set

D(ﬁ,n):U(ﬁ,n)\U{U((a,m) ca€eS\{B}Amew}
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is not empty. For every such 8 and n let {(y(3,n), m(8,n)) € D(B,n).

Since X is dense in X \|J{X(® : o < B} for every B € k there is k(8) € w
such that (3,k(8)) € [7/(8*,0), where 8* = minS \ B8 + 1. Thus (B,k(B)) ¢
D(B,k(B)) and so y(3. k(B)) < B for each § € S. The set S is stationary so
there are a stationary set S’ C S, and ordinals ¥ < k and k,m < w such that
k(B) = k, v(B, k) = v and m(B, k) = m whenever 8 € S’. Thus (v, m) € D(B, k)
for each 8 € S, while D(8,k) N D(8',k) = 0 for any {8,0'} € [S’]2 by the
construction. This is a contradiction, hence the theorem 1s proved.

Remark. Tt is easy to see that the proof of theorem 39 goes through if, instead
of assuming that all levels of the space are countable, we only require that (i)
all levels are of size < &, (ii) there are stationary many countable levels. This
observation yields that if C*(k) holds, then there is no strong pcf structure.

In [10] W. Just also proved that if one adds at least wy Cohen reals to a
model of CH then in the generic extension there is no locally compact, scattered
topological space X such that ht(X) = w; +1, X(® is countable, | X(*)| < w; for
a < wy and |X“1)| = .. The next theorem shows how to get a generalization
of this result from our principles.

Theorem 40. If cf(\) > w; and F(A1) holds then there is no locally compact,
scattered topological space X such that ht(X) = A4+1, X is countable, | X ()| <
A foralla < X and | XM | =\t

Proof. Assume on the contrary that X is such a space.

We can assume that X(°) = w and that X(*) = {)\} x At. For each z € X
choose a compact open neighbourhood U(z) of X and let B(z) = U(x) Nw. Put
B={B(z):z€ XM} Let U = CO(X \ X)), i.e. the family of compact open
subsets of X \ X = (J{X(®) :a < A}. and F = {UNw : U € U}. Since X is
locally compact it follows that for each {z,y} € [X(’\)]2 we have U(z)NU(y) e U
and so B(z) N B(y) € F.

Since |F| < A, it follows |B(3)] < A < At. Thus, applying theorem 34 for
k = 2 we can get a cofinal set S C At such that the family

I = {B((\a)) N B((\B)) : {a, 8} € [S]*}

1s at most countable.
Then there is ¥ < A such that Z is contained in CO(U{X"") : v < 4}).

Therefore U(y)NU(y') € U{X"") : ¥ < v} for each {y,y'} € [{A} x .5']2 and so
the sets U(z) N X for 2 € {A\} x S are pairwise disjoint and non-empty which
contradicts | X (M| < \.

Following the terminology of [4] a Hausdorff space is called P, if it does not
contain two uncountable disjoint open sets. Hajnal and Juhdsz in [4] constructed
a ZFC example of a first countable, P, space of size w, as well as consistent
examples of size 2“ with 2“ as large as you wish . On the other hand, using a
result of Z. Szentmikléssy they proved that it is consistent with ZFC that 2¢
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is as large as you wish and there are no first countable P, spaces of size > ws.
However their method was unable to replace here ws with wy. Our next result
does just this because, as is shown in [4], every P space is separable.

Theorem41. If C(k) holds then every first countable, separable T, topological
space X of size k contains two disjoint open sets U and V' of cardinality k.

Proof. Let D be a countable dense subset of X. For each € X fix a neighbor-
hood base {U(z,n):n € w} of x in X. Apply C(k) to the matrix
<U(x,n)ND :z € X,n <w >and T = w? Since X is Ty, there is no
S € [X]" satisfying 3(1). So there are Sp, S; € [X]” and n,m € w such that
U(z,n)NU(y,m) N D = () whenever ¢ € Sp and y € S;. But D is dense in X,
therefore U = | J{U(z,n) : © € Sp} and V = |J{U(y,m) : y € S1} are disjoint
open sets of size k.

Definition42. Let X be a topological space and D C X. We say that D is
sequentially dense in X iff for each z € X there is a sequence S; from D which
converges to z. A space Y is said to be sequentially separable if it contains a
countable sequentially dense subset.

Definition43. Given a topological space (X, 7) and a subspace Y C X a func-
tion f is called a neighbourhood assignment on'Y in X iff f : Y — 7 and

Y€ f(y) foreach y €Y.

Our next result says that under C(k) if a sequentially separable space X
does not contain a discrete subspace of size k, (i.e. §(X) < & using the notation
of [5]) then X does not contain left or right separated subspaces of size « either.
This can be written as h(X)z(.X) < «. Since in [6] a normal, Frechet-Urysohn,
separable (hence sequentially separable) space X is forced such that z(X) < wy
but h(X) = wg, this result is not provable in ZFC. First, however, we need a
lemma.

Lemmad44. Assume that C'(x) holds. Let X be a sequentially separable space
withY C X, |Y| = &. If f is a neighbourhood assignment on'Y in X, then either
(a) or (b) below holds:

(a) there is Y’ € [Y]" such that f(y) NY' = {y} for each y € Y' (hence Y' is
discrete), ‘
(b) there are Yy, Y1 € [Y]" such that y € f(z) whenever x € Yy and y € Y.

Proof. We can assume that D = w is sequentially dense in X. For each y € Y
choose a sequence Sy C D converging to y. Let A(y, 2n) = D\ f(y), A(y, 2n+1) =
Sy\n, T = {(2n,2m+1) : n,m € w} and apply C(k). Assume first that
Y' e [Y]n witnesses 3(1) and let £ # y € Y’. Then for each n € w we have
(Sy\ f(=))\n#8,ie. Sy\ f(x) is infinite. But Sy converges to y, so y & f(z),
and so Y’ satisfies (a). Assume now that 3(2) holds. Then there are Yp,Y; € [w]w
and m € w such that (D f(z)) N (Sy \ m) =0 for each z € ¥ and y € Y. But
then Sy \ m C f(z) hence y € f(x) which was to be proved.
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Theorem 45. If C(x) holds, X is a regular, sequentially separable space with
§(X) < K then h(X)z(.Y) < k.

Proof. Assume on the contrary that Y € [X ]n and the neighbourhood assign-
ment f : Y — 7x witnesses that Y is left (right) separated. We can assume that
Y =k and Y is left (right) separated under the natural ordering of k. Since X
is regular we can find a neighbourhood assignment g : Y — 7 with g(y) C f(y)
for each y € Y. Apply lemma 44 to Y and g. Now 44(a) can not hold because
§(X) < &, hence there are Yy, Y7 € [Y]ﬂ satisfying 44(b). Since both Y; and Y;
are cofinal in Y = & under the natural ordering of the ordinals, applying left (or
right) separatedness of Y~ we can pick z € Yy and y € Y; such that y ¢ f(z). By

the choice of g this implies y ¢ g(z) which contradicts 44(b).

The Sorgenfrey line L is weakly separated and is of size ¢ with §(L) = w;.
This shows that theorem 45 does not remain valid if you put weakly separated
subspaces instead of right or left separated ones.

As an easy consequence of 45 we get the following result in which (sequential)
separability is no longer assumed. We also note that under CH the assumption
of X being Frechet-Urysohn is not necessary in this result.

Theorem 46. Assume C'(wq). If X is reqular, Frechet-Urysohn space and
8(X) = w then h(X) < w;y.

Proof. If C(w2) and .Y is separable, then by theorem 45 even s(X) < w; implies
h(X)z(X) < w;. Now, every uncountable space X which is both right and left
separated contains an uncountable discrete subspace, hence every right separated
subspace of X is (hereditarily) separable. So by the above if Y C X is right
separated then |Y| < wy, i.e. h(X) < w;.

In [8] we investigated the following question: What makes a space have weight
larger than its character? To answer this question we introduced the notion of
an irreducible base of a space and proved that any weakly separated space has
such a base, moreover the weight of a space possessing an irreducible base can
not be smaller than its cardinality. We asked [8, Problem 1] whether every first
countable space of uncountable weight contains an uncountable subspace with
an irreducible base? In theorem 50 and corollary 51 we will give a partial positive
answer to this problem, using the principle C(k). First we recall some definitions

from [8].

Definition47. Let X be a topological space. A base U of X is called irreducible
if it has an irreducible decompositiond =\ J{U, : © € X}, i.e., (¢) and (47) below
hold:

(i) Uz is a neighbourhood base of z in X for each z € X,

(ii) for each € X the family &7 = |J Uy is not a base of X (hence U, does
y#e
not contain a neighbourhood base of z in X).
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Definition48. Let X be a topological space with Y C X. Similarly as above, an
outer base Y of Y in X is called irreducible if it has an irreducible decomposition
U=U{Uy:yeY}, ie, (i) and (i) below hold:

(1) Uy is a neighbourhood base of y in X for each y €Y,
(ii) for each y € Y the family ¢/, = (J{U, : = € Y \ {y}} does not contain a
neighbourhood base of y in .X.

Note that in general, a subspace Y having an irreducible outer base in X does
not necessarily possess an irreducible base in itself. However, if Y is dense in an
open set and the irreducible outer base of Y consists of regular open sets then
clearly this is the case. Moreover, by our next result, under certain conditions
we can at least find another subspace of the same size as Y that does have an
irreducible base.

Lemmad49. If X s a regular, separable space and Y C X has an irreducible
outer base in X consisting of reqular open sets, then there is Z C X with |Z| =
|Y| such that the subspace Z has an irreducible base.

Proof. Let B =|J{By : y € Y} be an irreducible outer base of Y in X consisting
of regular open sets and D be a countable dense subset of X. We distinguish
two cases:

Case 1 |(intY)NY|=|Y].

Let Z = (intY)NY. Since Z is dense in the open set int Y, by our above remark
Z has an irreducible base.

Case 2 [(intY)NY| < |Y].

In this case the set Y; = Y \ int Y is nowhere dense, so D; = D \ 'Y is dense in
X.Let Z = D, UY1, then |Z| = |Y1| = |Y|. Write D; = {d,, : n < w} and for
each d, € D let By, be a neighbourhood base of d, in X consisting of regular
open sets, that are disjoint to ¥, U {dn, : m < n}. Then clearly |J{B, : z € Z}
is an irreducible outer base of Z in X consisting of regular open sets and Z is
dense in X, so again we are done.

Theorem 50. Assume C(k). If X is a separable, first countable, regular space
with w(X) > &, then there is subspace Y C X of cardinality x that has an
wrreducible base.

Proof. Let D C X be a countable, dense subset of X. For each ¢ € X fix a
neighbourhood base {U(z,n) : n € w} consisting of regular open sets and set
V(z,n) = U(z,n) N D. Since the U(z,n) are regular open and D is dense, we
clearly have U(z,n) C U(y,m) iff V(z,n) C V(y, m).

Since w(X) > k, by transfinite recursion on # < k we can choose points
{zq : @ < k} C X such that for any 8 < & the family {U(zq,n) : @ < 8,n < w}
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does not contain a neighbourhood base of zg, in other words, there is a natural
number kg such that for all < # < £ and n € w we have

~(zp € U(za,n) C U(zg, kp))- (*)

We can assume that kg = 0 for each 8 < k. Let X' = {zo : @ < k}. For z € X'
and n < w put

A(z,2n) = [V(z,n) x {0}JU[(D\ V(z,n)) x {1}]

and
A(z,2m+1) =[(D\ V(z,0)) x {0} U [V(z,m) x {1}].

Note that A(z,2n)N A(y,2m + 1) = @ iff V(y,m) C V(z,n) C V(y,0). Apply
C(k) to (A(z,i):z € X'i<w) and T = {(2n,2m+1) : n,m < w}. By (%)
(and kg = 0) there are no D, E € [X']" and n,m € w such that

V(y,m) C V(z,n) C V(y,0) Q)

whenever £ € D and y € E, because (1) fails if £ = 24, y = 75 and a < . So
there is Y € [X’]'v such that for all n,m € w and ¢ # y € Y the intersection of
A(z,2n) and A(y, 2m+1) is not empty. This means that =~(V(y,m) C V(z,n) C
V(y,0)), i.e. if we set B, = {U(y,n) : n < w} then it follows that B = |J{B, :
y € Y'} is a an irreducible outer base of Y in X consisting of regular open sets.
Now applying lemma 49 we can conclude the proof.

Unfortunately, as ('(w;) is false, the above result is not applicable in the
perhaps most interesting case when w(X) = w;. The annoying assumption of
separability, however, can be circumvented as follows.

Corollary 51. Assume C(k). If X is a first countable, regular space with
w(X) > k, then there is an uncountable subspace Y C X that has an irreducible
base.

Proof. If X is separable, then the previous theorem can be applied. If X is not
separable, then X contains an uncountable left separated subspace Y and again
Y has an irreducible base.
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