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1. Introduction

Our main purpose is to give an extension of a construction which we have ob-
tained in [3]. A consequence of the discrete spectrum theorem is that transfor-
mations having discrete spectrum have a square root if and only if —1 is absent
from the spectrum. One of the important problems in ergodic theory is to investi-
gate to what extent the implications of the discrete spectrum theorem remain in
the general case. Along these lines, Halmos [10] has asked whether every trans-
formation with continuous spectrum has a square root. We remark that the ques-
tion is raised (see [8]) for one-to-one transformations since otherwise the discrete
spectrum theorem as well as the consequence it mentioned fail to hold. Note
furthermore that the spectral theorem holds only for one-to-one transformations,
and therefore we can expect the spectrum to determine the properties of the
transformation in this case only.

In [3] an example is obtained which answers the question of Halmos to which
we have referred. Here we extend the method to give an example of a one-to-one
ergodic and measure preserving transformation which has continuous spectrum,
is not strongly mixing, and which has no roots of any order. The fact that the
transformation is not strongly mixing is of some interest, as in view of the fact
that the shift transformations are strongly mixing.

The paper is divided into three sections. In the first we give a simple example
due to Kakutani and von Neumann. In the second section we formulate and
prove a general decomposition theorem for one-to-one measure preserving trans-
formations. The sufficient part of this theorem is a summary and codification
of ideas common to constructions given by several authors ([6], [9], [12], and
[13]). The example given in the first section is the simplest as well as the earliest
which exhibits the main features of the theorem. Our main intention in giving
the decomposition theorem is to fix ideas for the construction of the counter-
example which is the principal purpose of the paper. This construction is given
in the third section and is independent of the first two.
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In [4] we applied a small extension of the ideas suggested by the decomposition
theorem to obtain what seems to us to be a substantial simplification of the
example [13] of a transformation having no o-finite invariant measure. In his
thesis [5] N. Friedman has shown that these transformations are dense in the
strong topology in the anti-periodic transformations, strengthening a result
given in [14]. The method is sufficiently general so that one may show that this
property is common to a large class of transformations, and indeed the interest-
ing result was obtained in [1] that the transformations essentially given by
P. R. Halmos in [8] having discrete spectrum and no roots are dense in the strong
topology in the anti-periodic transformations. The class of transformations we
construct in this paper also has the property that it is dense in the strong
topology in the anti-periodic transformations, but since the proof is again like
that in [5], we refrain from giving details.

2. An example having discrete spectrum

The example of Kakutani-von Neumann is of a measure preserving transfor-
mation having discrete spectrum with eigenvalues of the form exp (2wim/2%),
m, k integers. We give the example as follows. A simple tower T is a finite ordered
partition {I; 7 =1, --,n} of the unit interval which is composed of sub-
intervals of equal length. The transformation rr induced by the simple tower T’
is defined by mapping I, linearly onto Iy, k =1, --- ,n — 1, so that the do-
main of 77 is UJ=1 I; and so that its range is \U}-2 I;. It is helpful to think of the
tower T' as an ordered stacking of the intervals I; with I; on the bottom, I, on
the top, and with the other subintervals between them in order. We may then
think of 77 as mapping each point of the unit interval in the tower 7 to that point
directly above, if any. Each simple tower T gives rise to a simple tower S(T') as
follows: write I; as the sum of the two disjoint and consecutive intervals of equal
length I} and I7, and set

(21) S(T)={I})j=1:"':n1I.12)j=1)"'1"’}'

In terms of the description of T as a stack, S(T) is the simple tower obtained by
splitting 7 down the middle and putting the right-hand substack above the left-
hand one. Note that 75, is an extension of 7.

Next we define a sequence of towers inductively by setting

(2.2) T, = {[0’ %]’ [%’ 1]}; T = 8(Txn), k>3,

and set 7 = limy—» 77, That 7 is defined follows from the fact remarked above
that 75 is an extension of 77, and that the measure of the top layer of the stack
T tends to zero as k tends to infinity. To see that exp (2wim/2%) is an eigenvalue,
note that the top layer of T is mapped by 7 onto the bottom layer. That  has
discrete spectrum follows from the fact that the subintervals of the stacks 7'
generate the Borel field.
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3. The decomposition theorem

Let (X, F, u) be an interval, the Lebesgue sets and Lebesgue measure, re-
spectively. Since we are interested in equivalence classes, modulo sets of measure
zero, of transformations of X onto X, our equations are understood to hold almost
everywhere. In particular, transformations need be defined only almost every-
where. The (invertible) transformation 7 of X onto X is measurable if A € F
implies 7(A) € F and 7 1(A) € F. A transformation 7 of X onto X is non-
singular, if it is measurable, and if A € F and u(4) = 0 implies that u(r(4)) =
p(r71(4)) = 0. A transformation = is measure preserving, if it is measurable, and
if A € F implies u(4) = u(r(4)) = u(r1(A4)).

We first generalize the definition of a simple tower: a fower T is an ordered class
of subintervals {I;+,7=1,---,n;k=1,---,m(j)} which forms a partition
P(T) of the unit interval and which have the property that for each j, u(I;x) =
p(Ii1), k=1, .-+, m(j). The transformation rr induced by T is defined by map-
ping I;; linearly onto

3.1) Liggy, 1<k<m@G)—1; j=1--,n

The base of the tower is defined as the set B(1, T) = U7}-1 I;,1 and the top of the
tower is defined as the set B(2, T) = U7-1 I mj. Note that the domain of the
transformation 77 is [0, 1] — B(2, T) and that its range is [0, 1] — B(1, 7).
We say that a tower T is finer than a tower T if 77, is an extension of r7,, and
if P(T:) is finer than P(T,).

It is helpful to think of the tower

(32) T={Ii,k7j=1:"')n; k=1:"°ym(j)}

as composed of n ordered stacks of varying height m(j). We may then regard 7o
as mapping each point of the unit interval in the tower T to that point directly
above, if any. We note that if T, is finer than T';, then T, can be obtained from
T: by an application of the following operation. Cut 7T by a finite number of
vertical cuts, and then stack in groups those resulting substacks of the same
width.

We define a nested null sequence of towers {T,} to be a sequence of towers such
that T is finer than T;_;, k > 2, and such that the measure of the sets B(2, T%)
tends to zero, that is, the measure of the tops of the towers tends to zero. If the
unit interval admits of a partition into two intervals I(1) and I(2), and if there
exists an integer N such that {T,.» N I(1)} and {T..x N I(2)} are nested null
sequences of towers of I(1) and of I(2), respectively, then we say that the se-
quence {T,} is divisible.

If {T.} is a nested null sequence of towers, define r(r,; as the limit, which
clearly exists almost everywhere, given by 7(r, = lim,. 77,. We may now
state the decomposition theorem as follows.

TrarorEM. If {T.} is a nested null sequence of towers, then z,) ts a one-to-one,
anti-periodic, and measure preserving transformation of the unit interval. Con-
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versely, if 7 is a one-to-one, anti-periodic, and measure preserving transformation of
the unit interval, then there exists a nested null sequence of towers {T,} such that
T(T.) 18 1somorphic to 7. Furthermore, {T,} is in each case not divisible if and only if
T 18 ergodic.

The proof of the first part of the theorem is immediate. To prove the second
part we need the following lemma.

LEmMmA. If 7 is a one-to-one, anti-periodic and measure preserving transfor-
mation of the unit interval, then there exists a partition of the unit interval into three
measurable sets A, As, and Az such that

() 7(41) = 4,

(ll) T([A2 - T—I(Aa)] + A3) = Al.

Proor oF THE LEMMA. Let A be the class of measurable sets A such that
m(A N 7(4)) = 0. Order the class % by set inclusion and apply Zorn’s lemma
to obtain a maximal set A, in the class. (We have made use of the fact that L,
is a complete lattice.) Next, define A, = 7(4,) and 4; = 77}(4,) — A.. That (i)
and (ii) are satisfied follows from the maximality of 4;.

ProoF OF THE THEOREM. Apply the lemma to 7 to obtain a tower, and then
apply the lemma to the transformation induced on the base, and so on by
induction. We may assume without loss of generality that the partitions generate
the Borel field since we may always make them finer if necessary. We next apply
the von Neumann isomorphism theorem to see that the partition elements may
be supposed to be intervals, and the proof of the theorem is complete.

4. The main example

One-to-one and measure preserving transformations 7 induce unitary operators
T, by setting T.f (x) = f(+~1(z)) for f € L,. The transformation 7 is said to have
discrete spectrum if it is measure preserving and if its induced unitary operator
has a complete orthonormal set of eigenfunctions. The transformation r is said
to have continuous spectrum if it is measure preserving and if its induced unitary
operator has for its sole eigenfunction the function identically equal to one almost
everywhere.

Our result may be stated as follows.

TueoREM. There exists an explicit construction of an ergodic, invertible, and
measure preserving transformation T of the unit interval such that (i) = has con-
tinuous spectrum, (ii) 7 s not strongly mizing, and (iii) 7 has no nonsingular roots
of any order.

It is not hard to see that a nonsingular p-th root of an invertible, ergodic,
and measure preserving transformation is also measure preserving; we do not
use this fact in the sequel.

In order to make the proof as transparent as possible we first prove the follow-
ing theorem given in [3].

TaEOREM. There erists an explicit construction of an ergodic, invertible, and
measure preserving transformation v of the unit interval such that (i) v has con-
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linuous spectrum, (i) = 1s not strongly mixing, and (iii) 7 has no nonsingular
square roots.

The proof we give here is an adaptation of the proof given in [3]. It is changed
in such a way that it can be readily extended to give the general result. We
indicate the extensions needed in the general case after the square root case is
carried out in detail.

Definition of the transformation in the square root case. Given a sequence
{jk),k = 1,2, ---} of integers with j(k) > 1,k > 1, we shall define an in-
vertible measure preserving transformation r = 7({j(k)}) having the desired
properties. For convenience the transformation 7 is defined on the union of the
unit interval with another interval N disjoint from it; the length of N depends on
the sequence {j (k)}.

The transformation is defined inductively. For r = k, we suppose that the
transformation is defined on part of the space, and we extend the domain of
definition for r = k 4 1.

For r = k, we suppose the transformation given as follows: let
(4.1) m(k) = 3mk — 1)j (k) + 6, m(0) = 2,
and suppose that there exist m(k) intervals of equal length A;(k), - - - , Amw (&),
each a subinterval of the unit interval or of N, and that 7 maps 4, (k) linearly
onto A;(k),7 =2, .-+, m(k).

For r = k + 1, we need to extend the definition of 7 in such a way that it
admits a representation as in the preceding paragraph, with k replaced by & + 1.
This is accomplished in two steps.

The first step is the following. Divide A;(k), (1 < ¢ < m(k)), into j(k + 1)
consecutive subintervals of equal length, denoting them

4.2) Bia(k + 1), - -+, Bijen(k + 1), (1 £ i < m(k)).

Since A;_1(k) is mapped linearly onto A;(k), (2 < ¢ < m(k)), r also maps
B;_1,;(k + 1) linearly onto

(4.3) B; ik + 1), @2<i<mk), 1 <5< jk+ 1).
In this first step we extend = by mapping Bmw).;(k + 1) linearly onto
(4.4) Bk + 1), 1<j<jk+1)—1),

There are m(k) A;(k)’s and each A;(k) is divided into j(k + 1) B; ;(k + 1)’s so
that there are m(k)j(k + 1) B; j(k + 1)’s altogether. We write these sets with
a single subscript B;(k + 1), ¢ = 1, --- , m(k)j(k + 1)), in such a way that =
as thus far extended maps B;_;(k 4 1) linearly onto

(4.5) Bi(k + 1), 2 <i<mk)yk+ 1).

The second step in the extension of 7 is obtained by dividing B;(k + 1) into
three consecutive subintervals of equal length Bi (k + 1), Bf(k + 1), Bi(k + 1).
The transformation r, as already defined, maps B 1(k + 1) linearly onto

(4.6) Bk + 1), @<i<mE)jk+1),1<u<3).
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We take from the subinterval of N, where 7 is as yet undefined, six consecutive
subintervals of equal length, equal to the length of the Bf(k + 1), and denote
these six subintervals of N by E;(k + 1), (1 < j < 6). (We suppose that N is
just big enough so that at each stage there is an interval left over.) Then extend
7 so that the sequence of 3m(k)j(k + 1) + 6 sets (with (k + 1) deleted for
simplicity), with s = m(k)j(k + 1),

(47) Ela {) ] Biy E2a E3; %J ] Bﬁ; E47 E5, ES) B§) R B:;

has the property that r maps each set, except for the last, linearly onto the
next set. We denote this sequence by A:(k + 1), (1 < ¢ < m(k + 1)), where
m(k + 1) = 3m(k)j(k 4+ 1) + 6.

To complete the induction it remains to define » for r = 0. We set 4.(0) =
(0, %) and A4,(0) = (%, 1) and define 7 initially as the linear map of 4:(0) onto
A2(0). An intuitive description of the transformation is the following,.

At the k-th stage there is a stack of m(k) intervals of equal length, and =
maps each point to the one directly above, so that the points of the top interval
are not yet mapped anywhere.

The first step of the extension of r is obtained as follows. The original stack is
split into j(k 4+ 1) equal and consecutive stacks, and these are stacked in order.
This has the effect of mapping a j(k + 1) — 1/j(k + 1) part of the top interval
of the original stack into the bottom interval of the original stack. (The sym-
metric difference of the image under 7 of the top interval and the bottom interval
has measure which tends to zero as j(k + 1) tends to infinity, therefore.)

In the second step of the extension, we take the resulting stack, which is clearly
composed of m(k)j (k + 1) intervals, and divide it into three consecutive and
equal substacks. We then take six consecutive and equal subintervals of N
where 7 is as yet undefined, of length equal to the length of each of the intervals
of the three stacks, and put one under the first stack, two under the second stack,
and three under the third stack. The thus modified three stacks are then stacked
in order.

Note that if we regard the union of the first interval of each of the modified
stacks as a set, then this set is mapped upward until it gets to the top, which is
one-third covered by a further subinterval. At the next step, one-third returns
to the bottom, and the part covered by the further subinterval returns to the
bottom in two steps.

Properties of the transformaiion. The transformation is defined inductively as
we have seen. In what follows we do not suppose that the measure space is
normalized. We deal with statements depending on {j (k)} and on r, and usually
concerning the transformation r = r({j(k)}) of the following sort.

The statement will be shown to be true for r = 0 and the truth of the state-
ment for r = 0, --- , k — 1, with a certain choice of j(1), ---,j(k — 1), will
imply that there exists a K = K(5(1), ---,j(k — 1)) such that if j(k) > K,
then the statement is true for r = k with that choice of (1), -+, j(k). This
clearly means that there exists a sequence {j (k)} such that the statement is true
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for all . It is furthermore clear that if there is a finite number of such statements,
then there is a single sequence {j(k)} such that all the statements will be true
for all r. We shall refer to this state of affairs by saying that a certain statement
holds for all r if {j(k)} tends to infinity sufficiently rapidly. It is clear from the
discussion that if a finite number of statements hold for separate {j (k)} tending
to infinity sufficiently rapidly, that then there exists a single sequence {j(k)}
tending to infinity sufficiently rapidly so that all the statements are true for all r.

For the sake of simplicity, we say that the set A equals the set B with an error
of 8, if the measure of the symmetric difference of A and B is no more than 4,
and we write

4.8) A = B+ E().

LeMMAa 1. Let {Ejp, 1 < j<r(k),1 £k < +o} generate the Borel field and
suppose that for each k, 1 < k < +w, the sets {E;x, 1 < j < r(k)} are pairwise
disjoint. Suppose also that each E; ;. is the union of a finite number of sets from the
class {E;jr1,1 < j < r(k+ 1)}. Then for each ¢ > 0 and A in the Borel field,
there exists a set of indices G(e, A) and an integer k(e, A) such that A equals
Uje6,4) Ejkea) with an error of ¢, and

(4.9) p(A N Ejpea) = (1 — Qu(Ejrea)
for j € Gle, A).

Proor. This is a straightforward result in measure theory.

LemmA 2. The sets {A;(k),1 <j<m(k),1 <k < +x} generate the Borel
field. Furthermore, each Aj(k) is the union of 3j(k 4+ 1) sets of the class
{4;k+1),1 <j < mk + 1)}.

Proor. The lemma, follows at once from the construction.

LeMMA 3. The sets {Bj(k),1 <j < mk — 1)j(k), 1 < k < 4=} generate the
Borel field. Furthermore, each B;(k) is the union of 3j(k 4+ 1) sets of the class
{Bi(k +1),1 < j < m(k)j(k + 1)}.

Proor. Lemmas 3 also follows at once from the construction.

LemMma 4. Given {6(k)} | 0 and if {j(k)} tends to infinity sufficiently rapidly,
then for all k,

(1) w(UR 4,(k)) > (1 — 8(k)u(X + N),

(i) p(rAdmwk)A4:1(k)) < (1 — 5(k))u(41(k)),

(iii) m(k) depends only on 5(0), --- , 8(k — 1).

Proor. By AAB we mean the symmetric difference of the sets A and B. The
lemma follows at once from the construction, since m(k) = 3m(k — 1)j (k) + 6.

Lemma 5. Let {j(k)} be given. Then v({j(k)}) has continuous spectrum.

Proor. Suppose to the contrary. Then there exists a constant \ of absolute
value one and a function f of absolute value one, almost everywhere such that
(7 is clearly ergodic),

(4.10) T.f = A= L.

It follows from lemmas 1 and 3 that, given e, e2 > 0, there exists a set
B = B (,o)(k(e, €)) such that it has a subset A having the property
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(4.11) w(d) = (1 — e)u(B),
and, forz € A,
(4.12) f(x) = i@+, [6(z)] < e

In extending 7 from k = k(e, ) to &k + 1, we split, according to the construc-
tion, the stack composed of B;(k),7 = 1, - - -, m(k)j (k + 1), into three substacks
and put one extra interval at the beginning of the first substack, two extra
intervals at the beginning of the second substack, three extra intervals at the
beginning of the third substack, and then stack these modified substacks in order.
This means that the interval B;(k) is split into three intervals of equal length,
B} (k), B¥(k), and B3(k) such that
®+2B}(k) = Bj(k) C B;k),

P ©OHBXE) = BIK) C Bi(k).
It follows from (4.10) that
T~m@®+Df (1) = \~(nB+DS (g),
T—m®+Df (1) = N\—mE+DF (g),
Putting (4.11), (4.12), (4.13), and (4.14) together we see that if ¢ is small enough,

then there exist two sets of positive measure B! = B} (k) N\ A, B2 = Bf(k) N A
such that, for x ¢ B,

(4_ 1 5) pi0+5(2) = )\m(k)+2ei(0+6(r"-<">*’z))’

(4.13)

(4.14)

and for € B?,
(4.16) IO+ = \m()+1giO+b(rm®I*z))

Equations (4.15), (4.16), and (4.12), writing A = ¥, imply, modulo 2,
(4.17) Y| < 4e.

Since e; can be chosen arbitrarily small, this implies that A = 1.
LemMa 6. The transformation v({j (k)}) is not strongly mizing.
Proor. Let B = By(k + 1). From the construction we have

(4.18) u(B N mi0+2B) > Ju(B),

for r > k. Since u(By(k + 1)) tends to zero as k tends to infinity, the normalized
measure of Bi(k + 1) also has this property. The proof is complete if we take k
sufficiently large, since strong mixing implies that

. wBNTB) _[_ uwB T
(4.19) Im "X +N [u(X + N)]

In the sequel it will be convenient to define 14 = A, 04 = &, where 4 is a
set, and F is the empty set.

Lemma 7. Let A = (3, 1), and let {j(k)} be given. Then for each k there exists
a sequence {x;(k), 1 < 1 < m(k)} of zeros and ones such that
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m (k)
(4.20) A =3 zk)Ak).
=1
Furthermore, we have
m(k)
(4.21) T4 = 3 vy Aik) + E@( (k + 1)),

forj =1, ---,m(k), where n(j(k + 1)) tends to zero as j (k + 1) tends to infinity,
where the subscripts are taken modulo m(k).

Proor. The first part of the lemma follows at once from the construction.
The second part follows since 7 maps Amu) (k) onto 4,(k), with error tending to
zero as j(k + 1) tends to infinity.

It is convenient in what follows to define (a, 8), where 8 = (ay, - - - , @), to be
(@, a1, - - -, @), with analogous meaning for similar expressions.

Lemma 8. Let a(k) = (z1(k), - -+ , Tmay(k)) where the sequences (x1(k), - - - ,
Zmay(k)) are those of lemma 7. Then the a(k) are given inductively by

(4.22)
a(0) = (0, 1)

o(l) = ( i) j(1) J(1) )
0, ‘,;(O)’ Tty a((?), 0,0, ;(O)’ M) a(O)\, 0,0,0, a(O), -, a(0)

J (k) Jj (k)
o (k) = r ) r ~
O)a(k_ 1)) tte 7a(k_ 1)10J0)a(k - 1)) e 7a(k_ 1);
ik)
0,0,0,a(k — 1), -+, alk — 1)/}

Proor. This again follows from the construction of the transformation.

We note that subscripts on the elements of a(k) are understood to be modulo
m(k), so that letting # — j = r modulo m(k), then z,_;(k) = z.(k). Furthermore,
note that m(k), k = 0, 1, 2, - - - , are even numbers, so that with the convention
we use, zx(k) has an even subscript if and only if N is even, for each k.

Recall the definition of a(k) in terms of a(k — 1):

(4.23) a(k) =
i(k) i®) i®)
(0,&(]0— 1)1 cer :“(k_ 1))0)0)a(k— 1), - ak— 1);0;0)0;0‘(]9_ 1)7 vt :a(k— 12)’
3j(kym(k— 1Y+6 elements

and introduce the vector g(k):

i) 2 (kym(k — 1) + 6
(420)  BK) = (;ac —1), o Lal— 1,0, - o)
3j (kym(k — 1) + 6 elements
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so that we may write
(4.25) a = SB + Si(k)m(k—1)+slg + S2i(k)m(k—l)+65,

where S is the one-step shift operator in the space of sequences of length
3j(k) m(k — 1) + 6 (deleting (k) following a and g8 in (4.25)).

LemMa 9. Let M be an integer, and let N = (M), r(1) = (N + m(k — 1)j (k) +
1), and r(2) = (N 4 2m(k — 1)j(k) + 3), where {a) is that integer equal to a
modulo m(k), which satisfies —m(k)/2 < (a) < m(k)/2. Then there exist three
positive numbers K,, Ks, K3 (depending on j(k) such that

7 k)— m(k)

L

and fort =0, 1,
mk—1

(@4.27) 'g: zk)ziw-i(k) < 3Ky 3 "2k — Dzewill — 1)

1=

m(k—1

) mk—1)
+ K[ "L ail = Dairoib = D) + 7L 2l = Daeaoh = 1)

t=

m(k—1)
+ Z:l z:{k — Dxir@y—o—t(b— 1)]

m ) m(k—1)
+ Ka[ Tl = Davrab— D+ "X 2 — Lok — 1)
1=

1=

mEk—1)

+ X zik— Drira-oi(b— 1)]-
i=1

Proor. Fix the value of k, and using the notation of (4.24) and (4.25), we
see that

(4.28) g) zi(k)ri—u(k) = aS¥a,
and
(4.29) @S = (SB + Sikmk—D13g 4 G2kImE-1+6g)
- (SVHIB 4 SNHEME-D38 | SN+2(ImE—1+6G).

Using 88 = S~1v6 and Sr = S¥®mG—1+6+r it follows from (4.29) that
(4.30) aSVNaq = ﬁSNB + ﬁSN+2m(k_l)i(k)+4ﬁ + BSN+m(k—l)i(k)+lﬁ

+ gSN+mG-Dik+23 L BENG BSN+2m(k—Dik)+33

+ BSN+2m(k—1):‘(k)+55 + BSN+m(k—1)i(k)+3/3 + BSNﬂ

= BSVB + BSTPHB + BSTVB

+ BSr(lH-lB + 6SNB + ﬁSr(2)ﬁ

+ BSr®+28 4 BSr+28 + BSNG.

We now denote the elements of 8 as follows:

(4.31) Bk) = k), - -+, Ymaw (k).
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It can then be obtained easily from (4.30) and (4.31) that
®)
(432)  oSa=3 "';1 .

m(k) m(k) m (k)
+ Zl Ylfiray + 2, YYicem+n + 21 Yl imr+2)
1= 1=

1=1
+ :’g: Yilfire + :ﬁ) YYi—een + :ﬁ) Yilfi-r@+2)
For the fixed value of k we are working with, we define
(k) j (k)
(4.33)  ak) = (o,’a(k, —1),--,a(k—1),0,0,ak— 1), ---, &l — 1),
j (k)
0,002k — 1), ---,ak— 1))

where, however,

m(k — 1)
(4.34) a(k—1)=(1,1,---,1)

All the previous formulas hold with bars on the various terms if the bar vectors
are defined in the obvious way. Our purpose in introducing them is to make
certain estimates, as follows. Let i, be the set of indices where both 7; and 7;_»
are equal to one. Let Go, G, - - - , G be similarly defined using the pairs 7; and
Yi-ry, ¥s a0d Yiocy+1), i a0d Jie@r+2), Ti a0d Fire, ¥i a0d Fie@+n, and ¥; and
Ji—r@+2). 1t follows from (4.32) with bars that

(4.35) lim SPG) + (G + n(Gy) + n(Gy) + n(Gy) + n(Ge) + n(Gr) _
' i) m(k)

when 7n(G;) is the number of elements in G;. Furthermore, in (4.32) without bars
the sums can be taken respectively over Gy, - - - , Gy since y, = 1 implies 7, = 1.
We note also that for each 7 the set G, is a set of consecutive integers, and that
G, G5, and G4 as well as Gs, Gs, and G- differ by at most one element. This implies
that

m (k) m(k—1)
(4.36) Zl yi(k)yin-i(k) < Kt ;1 zilk — Dxinv_i(k — 1), t=0,1,

where K% is not larger than 2 plus the whole number of times that m(k — 1) goes
into the number of elements in Gi. (We had denoted the number of elements in
G1 by n(Gl).)

Similarly, we have that

mk) m=1)
,Zl Yi(B)yir-o(k) < K3 };,1 zik — Dxiq_ik — 1),

(4.37)

m(k) m( )
'Zl yi(k)yi—r(l)—l—t(k) S K; Zl x,(k - l)xi_,u)_l_,(k - 1),
i=

i=
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and that

m(k) m
(4.38) '21 Yi(k)yi—ry-2-s(k) < Ki 21 zi(k — Dxiry-a—e(k — 1),

1=

t = 0, 1, where K} is not larger than 2 more than the number of times m(k — 1)
goes into n(G,), 1 = 2, 3, 4.
Similarly,

m(k) m( )
'Z:l Yi(k)Yi—r-o(k) < K3 _;1 zi(k — Daiore-e(k — 1),

(4.39)

m(k) m .
Zl Yi(l)yi—ry—1-e(k) < K§ 21 zik — D2iry—1-e(k — 1),

1=

and

: mik) mk—1)
(4.40) Z:l Yik)Y iry—2—e(k) < K7 21 zi(k — D2irey-2-i(k — 1),

where ¢t = 0, 1, and where K% K}, and K} are defined as in the previous cases
and are not larger, respectively, than 2 plus the number of times that m(k — 1)
goes into n(Gs), n(Gs), and n(G7). We see from the remarks following (4.35) that
we may take K1 Kl, Kz max (.Kz, K4), and Ka max (K5, K7)

Before proceedmg to the next lemma it is convenient to introduce the followmg
notation:

@4)  M@E) = g sup [}:"l xi(k)x,-_,(lo+:"§'°lx,-(k>x¢_,_1<k)

+ % abzira® |
noting that M(0) = %
Lemma 10. Let j(1), --- , j(k — 1) be given so that
(4.42) M) <i+e r=1---,k— 1.
Then there exists N so that j (k) > N implies that
(4.43) MEk <i+e

Proor. The lemma is an immediate consequence of lemma, 9.

Lemma 11. Given € > 0, then if {j(k)} tends to infinity sufficiently rapidly, we
have for all n
(4.44)

1 mm)

( ) =Z '(n)xi—i(n) < % + €

for all j an odd integer.

Proor. The result holds for n = 0, as we easily see. We suppose that
j(1), ---,7(k — 1) has been chosen so that the result holdsforn =1, --- |k — 1,
and also so that

(4.45) Mmn) <3+te
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holds also forn = 1, - -+, k — 1. It then follows from lemma 9 that

446) T 2o i®) < 3K L wilk — Deook - D

f=
mk—1

) mk—1)
+ Kz[ Zl zik — Driey(e — 1) + ;;1 ik — D2irya(k — 1)

g=

mk—1)
+ 78 al = Drivoab = 1) |

m(k—1) m(k—1)
+ Ka[ 2:1 x,(k - l)x,-_,<2)(lc b 1) + El x,(k - l)x,-_,(g)_l(k —_ 1)
i= i=

mkE—1)

+ Z x,(k - l)xi_nz)_g(k — 1)]’
=1

Applying the induction hypothesis and (4.45) to the right side of (4.46), we
obtain for j (k) > N(j(1), ---, 7(k — 1) that it is less than or equal to
(447) 3Kmm(k — 1) 3+ ¢ + 3Kam(k — 1) 3 + ¢ + 38Kam(k — 1) (3 + ¢).
If we now divide through by m(k) and apply the first part of lemma 9, we see
that if j (k) is chosen sufficiently large, the conclusion of the lemma holds for
n = k. This concludes the proof of the lemma.

LeEmMA 12, Given € > 0, then of {j(k)} tends to infinity sufficiently rapidly
we have
(4.48) pANTA) <3+
for all j an odd integer.

Proor. This follows directly from lemma 11 and from lemmas 7 and 8.

- As we have remarked earlier, r4,.4)(k) equals A,(k), with error tending to
zero as j(k) tends to infinity. (Recall that this means that the measure of the
symmetric difference of the sets tends to zero.)

Before proceeding to the next lemma, we introduce more notation: let G,(k),
1 < k < m(k), be that subset of 4;(k) which is mapped by 7»®—+1 into A,(k).
Then we have G;(k) = 77 "®Fu (k). We also let

m (k) m(k)
(4.49) Grk) = U Gik),  A*E) = U A;k).
i= j=

It follows from our preceding remarks that G*(k), which is obviously contained in
A*(k), equals A*(k) with error tending to zero as j(k + 1) tends to infinity.
Next, let A = (4, 1) as in lemma 7. We have then, as before,

(4.50) A= m)i) z,(k)A k),

and, for any transformation o,

(4.51) o(A) "'i’ 2dk)o (A (k).
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Recall that we write A = B + E(8) for two sets whose symmetric difference has
measure less than 6.

LemMma 13. Let o be an arbitrary measurable transformation which commutes
with v and let A = (3, 1). We have then

(@52 oA NGE) = T a®rieG)) N 66 + EG)

where & tends to zero uniformly in o as j(k + 1) tends to infinity (and where the
z:(k) is given as in lemma 7).

Proor. First we establish that
(4.53) G*k) =X+ N+ E(n)

where 4 tends to zero as j (k + 1) tends to infinity. To see this note that we may
write

(45 GH(0) = cA*(R) + B T Aner(B) — Gmo ()],

and consequently,

(4.55) w(cG*(k)) < p(cA*(k)) + mE)p(Ana (k) — Gua(k))
m(k)p(Ama (k)

This implies (4.53) as we may readily see from the construction.
Next we note that (4.53) implies

(4.56) o(G1(k)) N G* = o(Gr(k)) + E(3/m(k)),

where 6 tends to zero uniformly in o as j (k 4+ 1) tends to infinity. It follows from
the definition that

m (k) m{k)
(4.57) ANGk) = 21 z,(k)Gi(k) = Zl z.771Gq (k).
Equation (4.56) and the fact that r is measure preserving imply that

(4.58) 7 10(Gi(k)) = 7Y o (G1(k)) N G*) + E(8/m(k)).
Equations (4.57) and (4.58) together with the fact that ¢ and 7 commute yield

(4.59) oA N G*E) = :gl) zaYo(Gi(k)) N G*(k)) + E(5),

where & tends to zero uniformly in ¢ as j(k + 1) tends to infinity.
LemMA 14. If o is a measurable square root of r, then for each k there exist
{H k), 1 £ 1 < m(k)}, pairwise disjoint subsets of G1(k), such that

1) N oG =T +H®),

Hk) = 774G (k) N o(Gi(k))).

Proor. If we define the sets by the second formula of (4.60) it is clear that
they satisfy the first. It only remains to show that the sets are pairwise disjoint.

(4.60)
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In order to see this, suppose that there exists #(1) < 7(2) and a point
z € H;qy N H;. It follows from the definitions that this implies that there
exist two points x; and z in Gi(k) such that o(xy) = 7i@—ig(x,). Applying o
to both sides of the equation, we find that 2 belongs to G ;) (k), which yields
a contradiction.

In the following lemma, as in lemma 13, the z;(k) are given as in lemma 7.

Lemma 15. If o s a measurable square root of 7, then there exist {J(k),1 < 7 <
m(k)} pairwise disjoint subsets of Ai(k) such that

(461) oA NG*EK) = Z Z i(k)r(+i=2) medm® ] ;(k) + E(5),

=1 i=1

where 6 tends to zero uniformly in o as j(k + 1) tends to infinity.

Proor. We note that as the j(k) are changed, the transformation r is
changed, and consequently, so are its square roots. The uniformity condition
given by the lemma is with respect to this changing class of square roots.

From lemmas 13 and 14, with J -(k) = H;(k), we have

(4.62) o(4 N G*(K)) = g >=: z:(R)r=tri-T (k) + E(3),

where 8, tends to zero uniformly in ¢ as j(k + 1) tends to infinity. Note also, as
we shall show, that

(4.63) ™®J (k) N J;k) = &

if i # 4,1 <14, 7 < mk). If not, there exist 7(1) and ¢(2) such that

(4.64) Fr®=GEO-DHED=DiM=1] ) N D=1 0 # .

This implies that there exist points z; and x; in G1(k) such that

(4.65) r®—GO-DHED-Dg = g,

Equation (4.65) and the fact that the points are in G1(k) imply that the exponent

in (4.65) is equal to zero modulo m(k). This is impossible, and we have (4.63).
Equation (4.63) implies that

(4.66) 7iJ; = pmodm® ], + E(5), 0 <j < 2m(k),

where the sum of the 4, is bounded by the measure of ¢Gi(k) N Ai(k). This in
turn implies that

m(k) m(k)
@o T T w®rrnm)
= B F ceeti-Dma ) + BlmOu(e6i0) N A,

which, together with (4.62), yields the lemma, since the measure of the set
¢G1(k) N Ai(k) tends to zero as j(k + 1) tends to infinity.

The next lemma is purely combinatorial, as are lemmas 8 through 11. It will
enable us to make estimates on the size of the intersection of the set A = (3, 1)
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with odd translates of itself (that is, translates under 72»~!) under the assumption
that a nonsingular square root exists. The estimate will be that the size of the
intersection of A with certain of its odd translates is nearly as big as A. This, of
course, is sufficient to prove the theorem. The sequences we refer to in the lemma
which follows need not be given as in lemma 7, although it will only be applied
to such sequences. Finally, remark that the set A was selected to equal (3, 1) for
convenience. It could have been chosen equally well to be (0, 3) for example.
Tor a set G, we again let n(GQ) be the number of elements in it.

LeEmMMA 16. Let a; = (Tag, -+, Tin), 2 = 1, - -+, k be k sequences of zeros and
ones of length n. Let {b;,© = 1, - - - , k} be nonnegative numbers adding to unity, and
suppose that there is a subset G of {1, - -- , n} such that

k
(4.68) Ybxii>21—1 for all jin G.
i=1
Then there exists an integer w, 1 < w < k, such that
k
(4.60) T3 bt 2 a(@)(1 - 20).
J i 1=

Proor. We may assume, without loss of generality, that b; = 1/k, if we
proceed as follows. First note that we can certainly suppose them to be rational
numbers. Writing these numbers over a common denominator, we have b; =
m;/m. Then consider the problem for the &@’s, obtained by taking each a; m;
times; this reduces the lemma, to the case where k equals the sum of the m,’s, and
where all the b’s are equal to 1/m.

Let B(2) be the subset of G such that for j in B(z)

(470) Ti; = 0.
Let

(4.71) 5= inf MBO)

1<izk (@

where n(B(%)) and n(@) stand for the number of elements in B(7) and G re-
spectively. By changing the order of summation from (4.71), we have

k
@72) T Z o] 2 mes.

It then follows easily from (4.72) that for at least one value of j, say j(0),

(4.7 2 Va0l 2 ks

Equation (4.73) implies that [ké] of the sets B, intersects (here [k§] means the
least integer greater than or equal to kd), say Biw, Biw, - -, Bius, and
7 (0) € C = N, Bi;). We then have

k
(4.74) ,';1 T = iio + > Zji-

> z
FEGM), (k8] FEGQ), T i ks])
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It follows from the definition of B, that z;;0 = 0 for j € (¢(1), --- , <([kd])),
and consequently, (4.74) implies that

k
(475). ’21 Zjj0) <k-— [k&] < k(l — 6).
=

Since we have assumed that b; = 1/k, (4.75) implies

k
(4.76) Zl bizsiomy < (1 — 9),

i<
which together with (4.68) and (4.71), yields

. B(2))
4.77 nB@) _ s <
@7 B TS
Equation (4.77) in turn yields that there exists an integer w such that

n(B(w))
(4.78) Q) = 7.
Now, R
k
(479) Z Z TijTlw; = Z z TiiZwj
JEG i=1 i=1j5E6
k
=2 3 TiTeit X 2 TiTuj
1=1jEG—-BWw) i1=1j&Bw)
= . . > LijTwi = Z X 2 Lify

1=1j;EG—Bw) 1=1;EG—Bw)

so that
k

(4.80) > TiiTui = 2 X i

JjEQ i=1 1=1 &G —B(w)

+ I nB@) - ¥ (Bw)

k
> 2 X zij — kn(B(w)).
i=1;EG0
Keeping in mind that b; = 1/k, this implies
k k
(4.81) 2, 2 bwiyre; 2 X X biri; — n(Bw))
JEG i=1 JEG i=1
2 n(@)(1 — ) — n(Bw))

= n(@{l — 2}

Lemma 17. If {j(k)} tends to infinity sufficiently rapidly, and if (j (k)) has a
nonsingular square root o, then there exists an integer N () such that

(4.82) u(e(4) — ™M(4)) <1
for each n > 0.
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Proor. If {j(k)} tends to infinity suﬂiciehtly rapidly, then there exists a
sequence {6 (k)} | O such that

(4.83) lim 8(k)/u(4.(k)) = 0, i
(4.84) (4 N G*(k)) = E E: Tiin(k) Dy (k) + E(3(k)),

where D; j(k) = 71 ;(k), and consequently, where

(4.85) D; (k) C Ai(k), 14, j<mk),
and

(4.86) 7D, j(k) = Dip,;(k), 1<j<mk)—1,

as we may see from lemma 15. It follows from lemma 7 that we may also satisfy,
at the same time, the conditions

(4.87) G¥*(k) = X + N + E(6(k))
and

(4°88) /l Z ‘I’Azxt—J 'l’riA S B(k); .7 = 0: 17 Tty m(k)~

We have from lemmas 1 and 2 that for A > 0 and M > 0 there exists an
n > M and an index set G such that

(4.89) o(4) = ‘_LGJG Ain) + E(N),
(4.90) a(4) N Ain) = Ai(n) + EQu(di(n))), 1 €G.

From (4.84), (4.87), and (4.90) we obtain

m(k)
(4.91) Z Tiji(n)Di j(n) = Ai(n) + E(26(n) + u(d:i(n))).
We then deﬁne b; = u(D;,;)/w(UT® D; ;) and note that (4.91) yields

m 25(n) ] .
(4.92) i§1 x,'_,.,.lb, 2 1-— [ (A (n)) + A 7z €G.
Since the sequence {8(k)} has property (4.83), we have that if M is sufficiently

large, then

mk) .
(4.93) Z IE,'_,‘.Hbj >1- 2)\, 1@
=1

We are now in a position to apply lemma 16 with a; = {z;_i11, 1 < j < m(k)}
in order to find that there exists a w such that

m(k)
(4.94) %a Zl bitijr1ti—wi = n(G)(1 — 4N).
1 i=
In order to evaluate the left side of equation (4.94), we keep in mind the defi-
nition of the constants z; and b;, and the fact that the sets 4.,(k),7 = 1,2, -
m(k) are pairwise disjoint, and that
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(4.95) D; ;(k) C Auk).
We see that it is given by
1 m (k)

m (k)
(4.96) "—m(k)—/{z n/zA,.x,-_,,,+1} Z Z xi—j+1¢D-‘.,}.
M(: Dt_",) <1 €6 /=1
j=1

Further, it follows from (4.91) that

.97) 2 Dustn) = A + B@(0) + i),

and thus, that for M large enough,

(4.98) " (">'L“"1’ Dij) 2 w1 = N.

Formulas (4.89) and (4.98) imply

@99 u (3 D) n@0 — ) 2 (o) - N = N - ).

Furthermore we have that (4.84), (4.87), and (4.89) imply that

(4.100) o) = Tz + B + 250),

and consequently, that with M sufficiently large,

(4.101) f lg@ :'g: Ticjt¥Dij — )| < N+ 28(n) < 2M
Putting (4.94), (4.96), (4.99), (4.88), and (4.101) together, we obtain that
(4.102) [ ¥rorabews 2 wle(4)) + €0,

where ¢(\) tends to zero as \ tends to zero, and we see that the lemma follows
by taking A sufficiently small, with N = w — 1.

Proof of the theorem in the square root case. To see that the theorem holds, we
choose a sequence {j(k)} tending to infinity sufficiently rapidly for lemmas 5, 6,
12, and 17 to hold. We then have a transformation having continuous spectrum
which is not strongly mixing and which satisfies the condition that

(@) A Nrid) <i+e
for all odd j, for A = (%, 1). Furthermore, if the transformation has a nonsingular
square root, then for each 4 > 0 there is an N = N(3) such that

(ii) p(o(4) — (4)) <=7
Part (ii) means that ¢(4) C #¥(4) + F, where the measure of F is less than or
equal to 7, and thus
(4.103) o0(A) C ™ (e(4)) + o(F)

C¥N¥(4) + F) + o(F)
= 72V(A) + N(F) + o(F).
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Since ¢ is nonsingular and = is measure preserving, this implies that

(4.104) A = 1-1(A) 4 E(n) + E(e(n)),

where ¢(n) tends to zero as 7 tends to zero, contradicting (i), if e is sufficiently
small and 5 is sufficiently small.

Definition of the transformation in the general case. Let p(n) be the (n + 1)-th
prime, so that p(1) = 2, and let =(n) = p(1) --- p(n). Given a sequence
{jk), k =1,2, ---} of integers with j(k) > 1,k > 1, we shall define an in-
vertible measure preserving transformation r = 7({j(k)}) having the desired
properties. For convenience, the transformation = is defined on the union of the
unit interval with another interval N disjoint from it; the length of N depends
on the sequence {j(k)}.

The transformation is defined inductively. For r = k, we suppose that the
transformation is defined on part of the space, and we extend the domain of
definition for r = k& 4 1.

For r = k, we suppose the transformation given as follows. Let m(k) =
3m(k — 1)j (k) + 3x(k), m(0) = 2, and suppose that there exist m(k) intervals
of equal length A(k), - - - , Amu(k), each a subinterval of the unit interval or o
N, and that  maps A,_;(k) linearly onto A.(k), 7 = 2, --- , m(k).

For r = k 4 1, we need to extend the definition of = in such a way that it
admits a representation, as in the preceding paragraph, with & replaced by
k + 1. This is accomplished in two steps.

The first step is the following. Divide 4.(k), (1 < 7 < m(k)) into j(k + 1)
consecutive subintervals of equal length denoting them

(4.105) Biy(k + 1), -+, Bijesn(k + 1), (1 <7 < m(k)).

Since 4; (k) is mapped linearly onto A4.(k), 2 < ¢ < m(k)), r also maps
B, j(k + 1) linearly onto

(4.106) B,k + 1), @2<Li<mk), 1 <j<jk+1).
In this first step we extend 7 by mapping Bnu) j(k + 1) linearly onto
(4.106a) Bijnk+1), (QA<j<jk+1)—1).

There are m(k) A;(k)’s, and each A (k) is divided into j(k 4+ 1) B, j(k + 1)’s so
that there are m(k)j (k + 1)B; j(k + 1)’s altogether. We write these sets with a
single subseript B;(k + 1), ¢ = 1, - -+, m(k)j (k 4+ 1)), in such a way that r, as
thus far extended, maps B;_1(k + 1) linearly onto

(4.106b) B,k + 1), 2 <L i<mk)jk + 1)).

The second step in the extension of 7 is obtained by dividing B.(k + 1) into
three consecutive subintervals of equal length B (k + 1), B¥(k + 1), B}(k + 1).
The transformation 7, as already defined, maps BY_i(k -+ 1) linearly onto
(4.107) Bi(k + 1), 2<i<mk)jk+1),1 <u<3).

We take from that subinterval of N, where 7 is as yet undefined, 3=(k + 1)
consecutive subintervals of equal length equal to the length of the Bi(k + 1) and
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denote these 37 (k + 1) subintervals of N by E;(k + 1), (1 <j < 3x(k + 1)).
(We suppose that N is just big enough for there to be an interval left over at each
stage.) Then extend r so that the sequence of 3m(k)j(k + 1) + 3=k + 1) sets
(with (k 4 1) deleted for simplicity), with s = m(k)j(k + 1),

(4108) El; Tty Er(k-l-l)-—l; B}; ] B}b E‘r(k+l)y Ty E21r(k+l)—1;

B%y ) B‘ﬁ; E%(’C+1)y ) E3"(k+l)) B:{; Tty B%,
having the property that » maps each set, except for the last, linearly onto the
next set. We denote this sequence by Ak + 1), (1 <7 < m(k + 1)), where
mk + 1) = 3m(k)j(k 4+ 1) + 3= (k 4 1).

To complete the induction it remains to define 7 for » = 0. We set 4,(0) =
(0, 3) and A.(0) = (3, 1) and define 7 initially as the linear map of A4,(0) onto
A4,(0). An intuitive description of the transformation is similar to the square root
case and is the following. '

At the k-th stage there is a stack of m (k) intervals of equal length, and + maps
each point to the one directly above so that the points of the top interval are not
yet mapped anywhere.

The first step of the extension of 7 is obtained as follows. The original stack is
split into j(k 4+ 1) equal and consecutive substacks, and these are stacked in
order. This has the effect of mapping a j(k 4+ 1) — 1/7(k + 1) part of the top
interval of the original stack into the bottom interval of the original stack.

In the second step of the extension, we take the resulting stack, which is
composed of m(k)j(k + 1) intervals, and divide it into three consecutive and
equal substacks. We then take 3w(k 4+ 1) consecutive and equal subintervals
of N, where 7 is as yet undefined, of length equal to the length of each of the
intervals of the three stacks, and put #(k 4+ 1) — 1 under the first stack, =(k + 1)
under the second stack, and »(k 4+ 1) 4+ 1 under the third stack. The thus
modified three stacks are then stacked in order.

Properties of the transformation in the general case. The transformation is again
defined inductively. In what follows we again do not suppose that the measure
space is normalized. We need to make one unimportant remark before proceed-
ing. The sequence {j(k)} must tend to infinity sufficiently rapidly so that N
has finite measure. This was true automatically before, since v(k) = 2 then. We
divide the proof into several lemmas. When the proofs are exactly as in the
square root case we omit them.

LemMa 1. Let {Ejx, 1 <j<r(k),1 <k < 4o} generate the Borel field, and
suppose that for each k, 1 < k < +oo, the sets {E;x, 1 < j < r(k)} are pairuise
disjoint. Suppose also that each E; . is the union of a finite number of sets from the
class {Ej 11, 1 £ <r(k + 1)}. Then for each € > 0 and A in the Borel field,
there exists a set of indices G(e, A) and an integer k(e, A) such that A equals
Ujeae4) Ejrea) with an error of ¢, and

(4.109) p(A N Ljgea) 2 1 — oplirea)

forj € G(e, A).
Lemma 2, The sets {Aj(k),1 < j < m(k),1 <k < +o} generate the Borel
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field; furthermore, each A j(k) s the union of 3j (k + 1) sets of the class {4;(k + 1),
1<j<mE+1)}.

LEmMA 3. The sets {B;j(k),1 <j < m(k — 1)jk),1 <k < +o} generate the
Borel field; furthermore, each Bj(k) is the union of 3j(k + 1) sets of the class
{Bitk + 1), 1 <j < m(k)j (k + 1)}.

Lemma 4. Given {8(k)} | 0, and if {j(k)} tends to infinity sufficiently rapidly,
then for all k,

(i) w(USR 4,(k)) 2 (1 — 8(k))u(X + N),

(i) p(rAmmE) A 41(k)) < (1 — 8(k))u(41(K)),

(iii) m(k) depends only on §(0), - -+, 6(k — 1).

Lemma 5. Let {j(k)} be given. Then v({j(k)}) has continuous spectrum.

LemMma 6. The transformation 7({j (k)}) is not strongly mizing.

Proor. Let B = By(k -+ 1). We have from the construction that

(4.110) p(B N 7m@iO+0B) > §u(B),

for r > k. Since u(Bi(k + 1)) tends to zero as k tends to infinity, the normalized
measure of By(k 4 1) also has this property. The proof is complete if we take &
sufficiently large since strong mixing implies that

. wBNB) [ w®B T
(4.111) ,h_l,ﬁ wX+N) [u(X + N)]

We again define 14 = A, 04 = &, where A is a set, and & is the empty set.
We fix the prime p and prove that the transformation has no p-th root.

LemMA 7. Let A = Ay (p), and let {j(k)} be given. Then for each k > p there
exists a sequence {x;(k), 1 < 1 < m(k)} of zeros and ones such that

m (k)
(4.112) A= z’; z:(k)A.(k).
Furthermore, we have ©
(4.113) Tid = z_‘:l z: A (k) + E((i(k + 1)),

forj=1,---,m(k), where n(j (k + 1)) tends to zero as j (k + 1) tends to infinity,
where the subscripts are taken modulo m(k).

Lemma 8. Let a(k) = (@u(k), - - -, Zmay (k) where the sequences (z1(k), -+,
Tmay (k) are those of lemma 7. Then the a(k) are given inductively by

( m(p) )
E—
(4.114)  a(p) =\0, ---,0,1

x(k) — 1 i (k) (k)
alk) = (Or T )07‘;(’6_ 1, -, alk— 1\):0: -, 0,
i(k) w(k) + 1 (k) )
ak=1), -+ ak—1),0,--,0,ak — 1), -, alk — 1)/.
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We note that subsecripts on the elements of a(k) are understood to be modulo
m(k), so that letting 1 — j = r modulo m(k), then z;_j(k) = ,(k). Furthermore,
note that m(k), k > p, are numbers divisible by p so that with the convention
we use, zy(k) has a subscript divisible by p if and only if NV is divisible by p for
each k 2> p.

Lemma 9. Let M be an infeger, k > p + 1, and let N = (M), r(1) = (N +
m(k — 1)j(k) + 1), and r(2) = (N + 2m(k — 1)j(k) + 3), where (a) is that inte-
ger equal to a modulo m(k) which satisfies —m(k)/2 < (@) < m(k)/2. Then there
exist three positive numbers K, Kz, K; (depending on j(k)) such that

3(Ki+ Ke + Keym(k — 1) _

m 7

i (k)= m(k)

and such that, for t = 0, 1,

(4.115)

m(k) m{k—1)
(4.116) ;1 x,-(k)x,-_M_,(lc) S 3K1 ;1 1?2(]0 - l)xi_N_g(k - 1)

me—1) me—1)
+ Kz[ 21 zi(k — D2iey—e(k — 1) + ; zi(k — Dxiry-1-:(k — 1)

mk—1)
+ Z zi(k — D)Zi—rwy—2—e(k — 1)]

m(k—1)

+ Ksl: Z zi(k — Dk — 1) + Z IIJ; k— Dzir@-1-e(k — 1)

m{k=1)
+ . ; x,(k - l)x,-_,(z)_g_t(k - 1) :I.
We introduce the following notation:
m{k) m (k)
@17 M) = g s0p | 2 2:02erl) + 2 2z

+ Z x,-(k)x;_,_z(k):l.
for £ > p > 2, noting that M(p) = Im(p).
Lemma 10. Letj(p), - -+, j(k — 1) be given so that

(4.118) M(r)<3 ()-l-e, r=p, -, k—1
Then there exists N so that j (k) > N implies

1
(4.119) M(p) < W + ¢

LEMMA 11. Given € > 0, then if {j(k)} tends to infinity sufficiently rapidly, for
all n > p we have

1
mn) <1
for all j not divisible by p.

(4.120) w.(n)xt_,(n) <

3m(p)
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Proor. The result holds for » = p, as we easily see. We suppose that
J(), - -+ ,j(k — 1) has been chosen so that the result holds forn = p, --- , k — 1,
and

(4.121) M) < :%1@ +

holds also for n = p, --- , k — 1. It then follows from lemma 9 that

m(k) m( )
(4.122) Z:l zi(k)z—i(k) < 3K, 2, ik — Dziplk — 1)

i=1

m(k—1) mk—1)
+ KQ[ 'Zl Z,(k - 1).’13,'_7(1)(]0 - 1) + ;1 x,(k - l)x,-_,(l)_l(k - l)

t=

mk—1)
+ ; z;(k — Dairpy—2(k — 1)]

m(, ) m(k—1)
+ Ksl: 2 zik — Dk — 1) + Zl z:(k — Dxirya(k — 1)

i=1
m(k—1)

+ igl xl(k - i)x,-_,(g)_2(lc - 1)],

Applying the induction hypothesis and (4.121) to the right side of (4.122) we
obtain for j (k) > N(j(p), - -+, j(k — 1)) that it is less than or equal to
(4.123) 3Kim(k — 1) Gm(p) + ¢ + 3Kym(k — 1) B3m(p) + ¢)
+ 3Kam(k — 1) Gm(p) + ¢).
If we now divide through by m(k) and apply the first part of lemuma 9, we see
that if j(k) is chosen sufficiently large, the conclusion of the lemma holds for
n = k. This concludes the proof of the lemma.
LemMA 12. Given ¢ > 0, then of {j(k)} tends to infinity sufficiently rapidly, we
have
1

(4.124) pd N7i4)) < 3m(p) + ¢
Sor all j not divisible by p.

Recall that G4(k), 1 < k < m(k) is that subset of 4;(k) which is. mapped by
&=+l into A,(k). We then have G;(k) = 77"®Q,q, (k). We also let

m m (k)
(4.125) G*(k) = L(fl) Gik), A*k) = k(Jkl A;k).
= 1=

It follows from our preceding remarks that G*(k), which is obviously contained
in A*(k), equals A*(k) with error tending to zero as j(k + 1) tends to infinity.
Next, let A = Am(p) as in lemma 7. Then, as before, we have

m (k) .
(4.126) A= Zl z (k) A k),
and, for any transformation o,

(4.127) o(4) = :ZU;) z:(k)o(A(k)).
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LemMmA 13. Let o be an arbitrary measurable transformation which commutes
with 7, and let A = Ay (p). We then have

(4.128)  o(4 N G*(k)) = :;z(? z:i(k)r =Y (a(G1(k)) N G*(%)) + E(5),

where § tends to zero uniformly in o as j(k 4 1) tends to infinity (and where the
z:(k) are given as in lemma 7).

LemMma 14. If o is a measurable p-th root of 7, then for each k there exist
{H:k), 1 <1 < mk)} pairwise disjoint subsets of G1(k), such that

G0 N o(Gu(k) = 3 T,

H(k) = 774G i(k) N o(Gu(k))).
LemMma 15.  If o is a measurable p-th root of T, then there exist {J;(k), 1 <7 <
m(k)} pairwise disjoint subsets of A1(k) such that
! m(k) m(k)
(4.130) oA N G*K)) = 2 2 zik)rCti-Dmedm® ] (k) + E(5),

i=1 =1

(4.129)

where 8 tends to zero uniformly in o as j (k + 1) tends to infinity.

LemMa 16. Let o, = (X, -+« , Tin), ¢ = 1, - -+, k be k sequences of zeros and
ones of length n. Let {b;,,7 = 1, --- , k} be nonnegative numbers whose sum equals
one, and suppose that there is a subset G of {1, --- , n} such that

k
(4131) Z b,-x,,- 2 1-— 7, for auj in G.
=1
Then there exists an integer w, 1 < w < k, such that
k
(4.132) "ZG Zl bixijxw; 2 n(G)(1 — 29).
jinG i=

Lemma 17. If {j(k)} tends to infinity sufficiently rapidly and if +(j(k)) has a
nonsingular p-th root o, then there exists an integer N (n) such that

(4.133) p(@(d) — ™V(4)) <9

for each n > 0.

Proof of the theorem in the general case. To see that the theorem holds, choose
a sequence {j(k)} tending to infinity sufficiently rapidly for lemmas 5, 6, 12,
and 17 to hold. We then have a transformation having continuous spectrum
which is not strongly mixing and which satisfies the condition that

@) w(d N rid) <3m%+e

for all odd j not divisible by p, for A = A.»(p). Furthermore, if the transfor-
mation has a nonsingular p-th root, then for each » > 0 there is an N = N(»)
such that

(1) wu(@(4) — M(4)) <.
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Part (ii) means that ¢(4) C ¥(A4) + F, where the measure of F is less than or
equal to », and thus

(4.134) o?(A) C 72%(4) + o»Y(F) + 7¥(e?2(F)) -I- « - 7-DN(F),
Since ¢ is nonsingular and 7 is measure preserving, this implies that
(4.135) A = 1V"Y(A4) + E(n) + E(6(n),

where, if ¢ is sufficiently small and 7 is sufficiently small, e(y) tends to zero as 7
tends to zero, contradicting (i).

REFERENCES

[1] J. R. BLum and N. FriepmaN, “On roots of transformations,” to appear.
{2] R. V. CracoN, “Weakly mixing transformations which are not strongly mixing,” to
appear.
[3] , “Transformations having continuous spectrum,”’ to appear.
[4] , “A class of linear transformations,” Proc. Amer. Math. Soc., Vol. 15 (1964),
PP 560—564
[6] R. V. CrAcoN and N. FRIEDMAN, “Approxlmatlon and invariant measures,”’ Z. Wahr-
scheinlichkeitstheorie und Verw. Gebiete, Vol. 3 (1965), pp. 286-295.
[6] Y. N. DowKER, “On measurable transformations in finite measure spaces, ” Ann. of Math,,
Vol. 62 (1955), pp. 504-516.
[7] Y. N. Dowxker and P. Erpds, “Some examples in ergodic theory,” Proc. London Math.
Soc., Vol. 39 (1959), pp. 227-241.
[8] P. R. HaLmos, “Square roots of measure preserving transformations,” J. Math., Vol. 64
(1942), pp. 153-166.
[91 , “In general a measure preserving transformation is mixing,” Ann. of Math.,
45 (1944), pp. 786-792.
[10] , Lectures on Ergodic Theory, Mathematical Society of Japan, Publication 3, 1956.
[11] 8. KaguTani, ‘“Induced measure preserving transformations,”” Proc. Imp. Acad. Tokyo,
Vol. 19 (1943), pp. 635-641.
[12] S. Kaxurani and J. voN NEUMANN, unpublished manuscript.
[13] D. S. OrNsTEIN, “On invariant measures,”” Bull. Amer. Math. Soc., Vol. 66 (1960), pp.
197-200.
[14] A. Ionmscu TuLcEa, “On the category of certain classes of transformations in ergodic
theory,” Trans. Amer. Math. Soc., Vol. 114-1 (1965), pp. 261-279.




