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Abstract. The two dimensional Hamiltonian with generalized shape 
invariance symmetry over S 2, has been obtained via Fourier trans
formation over the three coordinates of the SU (3) Casimir operator 
defined on SU (3 )/SU (2) symmetric space. It is shown that the gen
eralized shape invariance is equivalent to SU (3) symmetry and that 
there is one to one correspondence between the representations of the 
generalized shape invariance and SU(3) Verma modules. Also the two 
dimensional Hamiltonian in R2 space which posseses ordinary shape 
invariance symmetry with respect to two parameters, has been obtained 
via Inonii Wigner contraction over SU(3) manifold.

1. Introduction

Exactly solvable potentials are among the central and fundamental problems of 
mathematical physics, consequently they have attracted much interest both in 
theoretical physics and mathematics. They are also extensively applied in the 
investigation of many physical systems in quantum optics, condensed matter, 
nuclear physics, and solid state physics. There are many methods of obtaining 
exactly solvable potentials in quantum mechanics. The most powerful are 
the algebraic, supersymmetric and shape invariant factorization methods of 
Schrodinger equation [1-5]. One of the authors has shown the equivalence of 
these two methods in one [6], two and three dimensional [7 10] exactly solvable 
models. In all these works it is shown that there is a close connection between
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the shape invariance symmetry of one or higher dimensional Hamiltonians and 
some rank one semi-simple Lie algebra or higher rank non semi-simple algebra. 
The equivalence between the one dimensional shape invariant and rank one 
semi-simple Lie algebra has been shown in [11],
In this work we introduce two Hamiltonians, one with a new kind of shape 
invariance symmetry (we call it generalized shape invariance) and another one 
with an ordinary shape invariance symmetry with respect to two parameters. It 
is shown that the generalized shape invariance is equivalent to SU(3) symmetry 
and that there is one to one correspondence between the representations of the 
generalized shape invariance symmetry and S U (3) Verma modules.
The paper is organized as follows. In Section 2 after introducing the parameter
ization of SU(3) Lie group we derive its left invariant vector fields and Casimir 
operator. In Section 3 using the Fourier transformation together with the coset 
reduction, we obtain two dimensional Hamiltonian H{mi,  m 2) of charged par
ticle on the sphere S 2 in the presence of an electric field. Section 4 is devoted 
to SU(3) Verma modules [12] and their connection with eigen-spectrum and 
degeneracy of above Hamiltonian. In Section 5 we discuss the generalized 
shape invariance of this Hamiltonian. Finally in Section 6 using Inonii Wigner 
contraction over the SU(3) manifold, we obtain new 2-dimensional Hamil
tonian in M2 space which posseses ordinary shape invariance symmetry with 
respect two parameters. The paper ends with a brief conclusion.

2. The Left and Right Invariant Vector Fields of S U (3) Group 
Manifold

Using the parameterization proposed by Byrd [13], we can write an arbitrary 
element of SU(3) group manifold in the following form:

U { a ,P , i ,0 ,a ,y ,c ,  r]) giA3 a  giA2/5 giA37  giAsS giA3a  giA2^  giA3c giAs »? (2 .1)

where Ai7 i — 1, 2 , . . . ,  8 are 3 x 3  Hermitian Gell-Mann matrices. Usually 
the left (right) invariant vector fields of SU(3) group manifold can be ob
tained from left invariant (right invariant) su(3) Lie algebra valued one-forms 
U~x dU( dUU^1). We consider U d U  — cUAj =  d^A , where are left 
invariant fiel-beins and ^  =  (a ,/3 ,7 , a, cp, c, 77) are coordinates of SU(3) 
group manifold and uf are left invariant one-forms. The left invariant vector

fields are defined in terms of the inverses of fiel-beins, that is L, =  ef
d

d & ’
i =  1, 2 , . . . ,  8. After some lengthy and tedious calculation via Maple software
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we get

L + =

Y+ = -  eTi(
1
2

I  ±2ic ( -  1
d

± ± +  icot
2 V sin2<p da dp

L3 =
i d

L8 = -
i d

2 dc 1 2 dr]

p3 rj — c+a) sinp  / i . 9  +
d

sin# Vsin 2(3 da d/3

d_
dc

iI _ „±i(v/3r/+c+ 
+  2

/ cos i p t 9 , <9
a)l — 2i ------A —  i  cos p  ——

oB

+  i

sin 26 <9y 
. 1 — sin2 6 sin2 p d 

cos ip sin 29 da

+  -  e:± i ( \ / 3  r]+c+a) n d . sm o d
=F sin ip cot 6 —----1- i ------- cot 6 —

dip sin 2p dc
. v s  „ 7— l —  tan 6 cos p —  ,

2 dr] J
X  = — 0±i(27-V/377+c+a) COS ^

± 2 sin 6
i <9 <9 . 9

±  m  +  i cot 2(3 —  sm 2p Pa Pp 07

+  l eT . ( ^ , ( _ 2 i™ ^  » T8in »
2 V sm 2# 07 Pa

. 1 — sin2 6 cos2 <p <9 
sin p  sin 29 da

+  i  eTi(v̂ ??_c+â  f  ip cos p  cot 9 -  i cot 9
2 \  dp  sin 2 p

. V 3 .  . . d \— 1 —  tan 9 sin p —  ,
2 dr] J

d_
dc

where L± — — (L1 iL2), Y± — — (L4 =p iL5) and X± — — (Le ±  iL7) 
the su(3) quadratic Casimir operator is defined as:

C = \  (L+L_ +  L_L+ +  Y+Y_ +  y_y+ +  X +X_ +  X _X +) +  L\  7

(2 .2)

(2.3)

(2.4)

Also

L l .

After some algebraic calculation one can show that, the above generators sat
isfy su(3) Lie algebra commutation relations. Similarly we can calculate the 
SU(3) right invariant vector fields, where its structure constant is minus the 
left invariant one, but its quadratic Casimir operator has the same form as the 
left ones.
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3. Reduction of the Casimir Operator to 2-Dimensional 
Hamiltonian of a Charged Particle on S 2 Sphere

In order to reduce the SU(3) Casimir operator together with its left invariant 
vector fields defined on S U (3) group manifold to the Casimir operator and the 
generators to be defined on the coset manifold SU(3)/SU(2),  it is sufficient 
to eliminate their a, [3,7  dependence simply by considering the representations 
which are independent of these coordinates. We see that the inverse of left in
variant fiel-beins are function of the coordinates (a, 77) through the combination 
\/3r] +  a, hence by making the change of the variables from (a, rj) to (x, y) de
fined as x  =  y/3y + a, y =  y/Sy — a, the inverse of left invariant fiel-beins will 
be independent of y coordinate. Therefore, we can eliminate the coordinate y 
simply by considering the y -independent representations. Also it is convenient 
to do the similarity transformation f ^ 1(9, p )L j f {9 , p), j  = 1 , . . . ,  8 over the 
generators with the similarity function f ~ 1(9, p) — sinCx/eos 9 sin 2p.
Finally after the elimination of the coordinates a, (3,7  and y via the above 
explained prescription and doing the similarity transformation, the generators 
(2.2), (2.3) and (2.4) take the following form:

(3.1)
i d  . y/3 d
2 dc ’ 8 2 dx

. cos2 9 — 2 sin2 9 sin2 p d
sin p  sin 29 dx

(3.3)

1
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and the Casimir operator reduces to:

c = - W - - co t9 l e - ^ k w - ~ cot2{e)~ i t "n2<>
cot2(2cp) 1 /  d2 d2

— 9-7--- 9-----( -7-7- — 2 cos 2 (fsin2 0 sin2 2cp V dc2
cos2 6 +  sin2 6 sin2 2cp d2

sin2 6 dcdx
(3.4)

+
COS' 0 dx2

Now we can eliminate another two coordinates through Fourier transformation 
over the coordinates c and x, with the usual Fourier transformation of the wave 
function:

1
27r 27T

0 0

and the Casimir operator C reduces to:

d2 d i d 2 1
H {m ' ’” l2) = ~ m t 6 w  ~ ~ coe{e) -  4 tan26

cot2 (2cp)
+

1
2 (m2 +  m\

sin2 6 sin2 6 sin2 2cp 

2(m2 — m\)  cos 2cp +  (mi — m 2)2 tan2 6 sin2 2cp'j .

(3.5)

This Casimir operator can be interpreted as the Hamiltonian of a charged particle 
on the sphere S 2 in the presence of an electric field with scalar potential V

V  =
1

. 2  0 . 2 — (2 (m 2 +  m 2) - 2 ( m 2 - m 2)cos2c^ 
sm 0sm 2(f \

+  (mi — m 2)2 tan2 0 sin2 2(pj — cot2(0) — ^ tan2 0 — C°^
sin 0

4. The Algebraic Solution of the Hamiltonian via Verma Modulae

Here in this section we shall solve our Hamiltonian algebraically, that is, we 
shall obtain its eigen spectrum by using the Verma module of su(3) or A 2 Lie 
algebra. According to [12], Verma bases of the irreducible representation space 
V  (A) corresponding to the highest weight A =  (p, q) of A 2 Lie algebra over C, 
consist of all vectors / f 3/^ 2/ " 11p, q), such that 0 < < p, 0 < a2 < q +  a-i,
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0 < a3 < min[g, a2], and ei5 fi, hi, (i =  1,2) are bases of A 2 Lie algebra 
satisfying the commutation relations:

[ei,fi\ = hi, [hi,ei] = 2e%, [/**,/*] = - 2 / * ,  i = 1,2 (4.1)

for each simple roots a 1 =  ( | ^ ) and a 2 =  ( \ , — ^ ).
Now, by comparing the our commutation relations with (4.1) we have

— L3 +  V3L8 , h2 — L 3 — VSL8 , ei =  1+ , e2 =  ,
f i  = Y  , f 2 = X  .

In an arbitrary representation of /12 with highest weight A(p,q), the highest 
weight satisfies

^ i \p ,q )= 0 ,  * =  1,2, (4.2)

on the other hand, highest weight is the eigenstate of Cartan subalgebra, either 
with its Gell-Mann basis [14,15], L 3 and L 8 or hai and ha2 basis which are 
associated with simple roots and o:2 and they can be written in terms of 
these bases in the form hai =  L 3 +  V3L8, ha2 = L 3 — \/3L 8.
Writing the highest weight in terms of fundamental weights, that is fi = pfi1 + 
qp2 and considering the relations between the simple roots and fundamental 
weights

2 =  Si
( o i j  , CXj )

i , j  =  1,2

we can write

(L3 +  \/3L 8)^ p,<,(0,v?,c,a;) =  pij)p'q{0, <p, c, x) 

(L3 -  V3L8)-ipp’q(0,(p,c,x) = qijjp’g(6, cp, c, x)

where ijjp’q(0, p, c, x) — (x, c, <p, 9\p, q).
Integrating the above differential equations and using the integrability condition 
we obtain p = q, namely real representation of S U (3) Lie group are relevant 
to the spectrum of our Hamiltonian. Therefore we have

ipp,p{6, p, c, x) =  e2ipc sin2p+1 (6) sinp (2p) V cos 9 sin 2<p . (4.3)

Now we can obtain the lower eigen weights or Verma basis

V a3’a2'ai)(9,cp,c,x) = Y ^ X a_2Y ^4 )p’p{9,p,c,x)  (4.4)

with

0 < a i < p ,  0 < a 2 < p  +  a i ,  0 < a 3 < mi n [p, a2\ . (4.5)
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In order to obtain the spectrum of the Hamiltonian (3.5), it is sufficient to elim
inate x  and c coordinate dependence of SU{3) Verma basis by Fourier integrat
ing over them. Also it is straightforward to see that an arbitrary Verma basis 
is proportional to ei(mi m2)x ei(m1+m2)c Qr wg can wr^e ^ ^ ^ ( 0 ,  (£>, C, x) —
ei(mi+ra2)cei(mi-m2) i ^ ^ ^ ^  Therefore the general eigenfunctions of the 
Hamiltonian with eigenvalue pip +  2) can be written as:

XPmi,m2 (^V )
a 3 p —m 2

+  a3 -  i +  l ,m 2) X _ (m i+ a 3,p
i=1 i=1

p-mi —«3
x J J  y_(p -  2 +  l ,m 2) 

x ^sin2p+1 0 sinp 2<^\/cos 0 sin 2 ^

i +  1) 

(4.6)

where the operators appear in the products as: JlHi K{i) := K ( m )K (m  — 
1) • • • K ( l )  and the Fourier transformed operators have the following form:

L±(m 1, m 2) 

Y±(mu m 2)

X ±(m i,m 2)

L3(ml j m 2)

1 / d {m1 — m 2) — {m1 +  m 2 ±  1) cos 2ip
2 V dtp sin2cp
I f  d . 5
2 ( ±C“ ¥’f l0 :F8m¥,COt%

+
{rrii — m 2 ±  | )  sin2 0 cos2 ip — (mi ±  | ) cos2 0 

cos <£> sin 20
1 f  . d d
2 V Bm^ T00B*’C0t%

+
(mi — m 2 =F §) sin2 # sin2 ip +  (m2 ±  | ) cos2 0

mi +  m 2
sin <£> sin 20 

L8( m i ,m 2) =
\/3(m i -  m 2)

(4.7)

(4.8)

(4.9)

(4.10)

whith mi =  p — a,i — a3 and m 2 — p — a2 and we have — p < m 3 < p 
and — p < m 2 < p. In order to determine the degeneracy of the Hamiltonian 
H (m 1, m 2) for given of integer-valued parameters m 1 and m 2, we should 
determine the range of variation of integer a3 by imposing the inequalities 
(4.5). For 0 < m 2 < p we have the following three different regions for the 
parameter m i:

I: —mi < a3 < p — m 2, —p < mi < 0, m 2 — mi < p, 
degeneracy =  p — m 2 +  m x +  1 

II: 0 < a3 < p — m 2, 0 < m x < m 2, 
degeneracy — p — m 2 + 1
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III: 0 < a3 < p — mi, m 2 < mi  < p, 
degeneracy — p — m x +  1

while for —p < m 2 < 0 the corresponding regions for mi  are
IV: 0 < a3 < p —mi  +  m 2, 0 < 777-1, 7771 -  m 2

degeneracy =■ p — mi  + m 2 + 1
V: VICO

eVIT—
1 

1 p — mi  + m 2, m 2 < mi < 0 ,
degeneracy =: p +  m 2 + 1

VI:

VICO
sVI1—

1

1 p, - p  < mi < m 2,
degeneracy =■■ p +  mi  + 1.

For the given integer-valued parameters p, mi  and m 2 the spectrum of the 
Hamiltonian exists in above six regions of (m i,m 2) plane (see
Fig. 1). Therefore for the given values of mi  and ra2 the eigenspectrum can be 
simply obtained by consecutive application of the lowering operators over the 
highest weight according to the path shown in Fig. 1. Horizontal lines means 
application the lowering operator Y_ while the vertical line indicate application 
the lowering operator X  .

5. Generalized Shape Invariance Symmetry

In this section we show that the Hamiltonian H ( m i ,m 2) posses a new kind 
of shape invariance symmetry, we call it generalized shape invariance. Obvi
ously S U (3) symmetry of the Casimir operator before the reduction generate 
this special shape invariance symmetry. Using this symmetry we will obtain 
below the spectrum of the Hamiltonian H ( m i , m 2), that is the eigen functions 
Xrra ,m2 V7) corresponding to eigen value pip +  2) by consecutive application
of raising (lowering) operators over the ground (highest) state. We will also 
obtain its degeneracy for the given values of p , where it is the same as the one 
which can be obtained by using the inequalities (4.5) corresponding to Fig. 1.
First we write the Hamiltonian if (m 1,m 2) operator in terms of the Fourier 
transformed operators given in (4.7), (4.8), (4.9) and (4.10),

H (m u m 2) =  i  'L +{mx -  l ,m 2 -  l)L _(m 1,m 2)

+  L_ (mi +  1, m 2 +  1 )L+ (m i , ra2)^

+  i  (Y+(m i -  l ,m 2)y_ (m i,m 2)

+  Y_ (mi +  1, m 2)Y+ (m i , m 2)



Generalized Shape Invariance 377

+ i  ^ X +(mu m 2 -  1 )X _ (m 1, m 2)

+ X_ (m i, m 2 +  1)X+ (m i, m 2)^

(mi +  m 2)2 3(mi — m 2)2
+  4 +  4 '

Using the commutation relations and through the left action of the operators 
7± (m1,m 2) and X ±(m 1,m 2) on both sides of the following eigenvalue equa
tions

H (ml7 m 2)x ^ i m2 (0, p) =  p(p +  2 )x ^  m2(0, (/?),

(L3(m i,m 2) +  \/3L8(ml5m 2))xP 1>m2(0,^) =  (2m! -  m 2)x ^ liTO2(0, <p), 

(L3(m1,m 2) -  V3Ls(m1, m 2)SjXm!,m2 T7) =  ( -m i  +  2m2);** 1)TO2(0, </?),

we get

=  ^±(m l? m 2)x ^ i m2 (0, </?), (5.1)

Xmlim2± i ( ^ )  =  ^±(™ i,m 2)xPmi,m2( ^ )  • (5.2)

Figure 1

Therefore, the operators T±(mi, m 2) shift the parameter m 1 by one unit or they 
push the unrenormalized eigenfunctions horizontally in diagram Fig. 1, while 
the operators X ± (m 1, m 2) shift the parameter m 2 by one unit or they push the 
eigenfunctions vertically in diagram. Obviously the eigenfunctions vanish in
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the forbidden regions of the diagram. Using the relations (5.1) and (5.2), we 
obtain the following relations

Y+irri! -  1 , m 2)Y_(m1, m 2)xPrni,m2(d^ )  -  XPmi,m2( ^ ) , ^
YL(mi, m 2)l+ (m i —i,m2 —

and

X +(mu m 2 -  l ) X _ ( m 1, m 2)xPrni,m2(0,p) = i / mi,m2( ^ ) ,
(nil i r n ^ X ^  (wi], m>2 l)Xmi ,m,2—i (^j 7̂ ) — Xmi ,m2 —1 ( ^ ) -

which indicate that the Hamiltonian (3.5) posseses the shape invariance sym
metry. Actually the first pair of equation given in (5.3) implies the horizontal 
shape invariance while the second pair of equations given in (5.4) implies the 
vertical shape invariance symmetry in diagram, respectively. Therefore, using 
this symmetry we can obtain the eigenfunctions of the isospectral Hamiltoni
ans H (m 1,m 2) with the eigenvalue p(p +  2) simply by applying the lowering 
operators X  and Y  over the highest weight p), namely we obtain all
the eigenstates for the values of parameters mi  and m 2 given in the allowed 
regions of the diagram such that the eigenfunctions vanish for the values of 
the parameters corresponding the forbidden regions. Also one can show that 
in this way we obtain exactly the same eigenspectrum that we have obtained 
in Section 4 by using the Verma basis.

6. Two Dimensional Hamiltonian with Ordinary Shape Invariance 
Symmetry

Here in this section we first make fnonii-Wigner contraction [16] over the 
generators of su(3) Lie algebra given in (3.1), (3.2) and (3.3), simply by making 
the change of coordinate @ = p and relating the new contracted generators to 
the old ones by L c± =  L±, L\  — L3, X±  =  p X ± ,  Y± = pY±,  — L 8. Then 
in the limit of R  —>■ oo the set of su(3) bases reduces to

Y± = 

X± =

1
—

2

1  p ± i ( c - a : )

2

±  cos p —  =F 
or
d

TS m Lp dr  T

sin p 
r

cos p  
r

d_
d p
d_

dp

i d ^  d 
2 r  cos p K dx dc

i , d _  d_ A
2 r s i n p ydx dc )

The generators X c_, X '\, Y c and Up commute with each other and the quadratic 
Casimir operator (3.4) reduces to
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c c = i  ( x c_ x c+ +  x c+x c_ +  Y iY ^  +  y^y_c;

dr2
1
r  <9r

1 <92

+
1

r 2 sin2 2cp
o'2
5c2

r 2 <9<p2 

— 2 cos 2p
d 2 6>2 1 

+  +  1<9c<9:r d x1

Now, by Fourier transformation over the coordinates c and x  with the kernel 
exp (i(m! +  m 2)c +  i(mi — m 2)x), the above Casimir operator reduces to

H c(ml j m 2)
1 d d I d 2
r dr dr r 2 dip2

+  2 • 2 r) (2(m i +  m l) ~  2{m i -  ml)  cos 2ip -  1) r z sm zip

Also after Inonii-Wigner contraction together with the Fourier transfor
mation, the Casimir eigenvalue equation j^ijj — pip̂ 2) w reduces to 
H c(m1, m 2)'ipi£ljrn2 — provided that, we let p -x oo, R  —> oo such
that ^  =  finite — k. Therefore we have a hierarchy of isospectral Hamiltonian 
labeled by the parameters m 1 and m 2 and one can show that this isospectral 
symmetry comes from the shape invariance symmetry of these Hamiltonians. 
To see this we first write the Hamiltonians H c(m1, m 2) in terms of the lowering 
and rising operators

* ± M  =  ^

x ±(m)  =  ^

in the following form

, ^±  cos ip —  =Fdr
d

=F sm ip —  =f 
dr

sin ip 
r

COS ip
r

d_
dp
d

1
2 r cos p  

1
2 r sin p

(2 m  

(2m

H c(mu m 2) =  X ^(m 2)X f(m 2) +  y+c(m1)y_c(m1)
H c(mu m 2 -  1) =  X f (m2)X ^(m 2) +  y+c(m1)y_c(m1)
H c(mi -  1 ,m 2) =  X+(m2)X f(m 2) +  y f ( m j y ^ m i ) .

Now, multiplying the eigevalue equation H c(m1, m 2)'ip(Xurn2 =  Y w {p\ . m2 from 
the left hand side by the operator X c_ (m2) and using the fact that X f (m2) 
commutes with IN (r/v.,), we obtain

H c( m u m 2 -  1 ) ( X‘ =  &2(X f ,
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therefore Y ^(rn2) ^ ] jm2 is an eigenfunction of H c(m1, m 2 — 1) with the same 
eigenvalue k2, hence the operator X c_ (m2) lower the index m 2 by one unit. 
Similarity one show that X+(m2) raises m 2 by one unit and Y£(m-|) (Yf (mi)) 
raises (lowers) the parameter m 1 by one units, respectively. Therefore, the 
Hamiltonian H c(rnl , rn2) posseses ordinary shape invariance symmetry with 
respect to the two parameters mi and m 2.
For half-integer values of the parameters m x and m 2 we can obtain the con
tinuous eigen-spectrum of these Hamiltonians simply by acting these lowering 
and rasing operators over the eigen-function of free particle as follows.
Since for m 1 — m 2 — |  the Hamiltonian H c(m1, m 2) reduces to fLc( | ,  | )  =
—V 2 with an eigenvalue E  = k2 and eigenfunction — elk-x and for

2  ’ 2

Hamiltonian H (n 1 +  | , n 2 +  | )  with non-negative integers n , and n 2, we 
have H{n 1 + \ , n 2 + f ) ^ £ n 2 =  with

7. Conclusion

In this work we have generalized the ordinary exactly solvable shape invariance 
Hamiltonian to the Hamiltonian with a non-ableian type of shape invariance 
symmetry and also shape invariance with respect to two parameters. Again it is 
shown that the new kind of shape invariance symmetry has its origin in group 
theory or better to say, the exact solvability of the Hamiltonians are related in 
some way to Lie algebras or Lie groups.
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