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Abstract. Let (M, g) be an arbitrary pseudo-Riemannian manifold of di-
mension at least three. We determine the form of all the conformal symme-
tries of the conformal Laplacian on (M, g), which are given by differential
operators of second order. They are constructed from conformal Killing two-
tensors satisfying a natural and conformally invariant condition. As a conse-
quence, we get also the classification of the second order symmetries of the
conformal Laplacian. We illustrate our results on two families of examples in
dimension three. Besides, we explain how the (conformal) symmetries can
be used to characterize the R-separation of some PDEs.
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1. Introduction

We work over a pseudo-Riemannian manifold (M, g) of dimension n > 3, with
Levi-Civita connection V and scalar curvature Sc. Our main result is the classifi-
cation of all the differential operators D; of second order such that the relation

Ay Dy = DAy (D

holds for some differential operator Ds, where Ay := vagabvb — 4&77_21)80 is the
conformal Laplacian. Such operators D1 are called conformal symmetries of order

two of Ay . They preserve the kernel of Ay, i.e., the solution space of the equation
Ayp =0,v¢ € C>®(M).
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232 Jean-Philippe Michel, Fabian Radoux and Josef Silhan

Over flat pseudo-Euclidean space, the classification of conformal symmetries up
to second order is due to Boyer, Kalnins and Miller [6], who use it to study the
R-separation of variables of the Laplace equation AV = 0, where A denotes the
Laplace-Beltrami operator. More generally, Kalnins and Miller provide an intrinsic
characterization for R-separation of this equation on (), g) in terms of second
order conformal symmetries [17]. Thus, classifying those symmetries happens to
be a basic problem in the theory of separation of variables.

A new input into the quest of conformal symmetries has been given by the work
of Eastwood [13]. He classified indeed the conformal symmetries of any order
over the conformally flat space and exhibited their interesting algebraic structure.
Actually, using the principal symbol map, we obtain from the equation (1) that the
principal symbol of D; has to be a conformal Killing two-tensor, i.e., a constant of
motion of the geodesic flow, restricted to the null cone. In the conformally flat case,
there is never any obstruction to the existence of conformal symmetries. Namely,
for all conformal Killing two-tensor K, there exists always a conformal symmetry
that has K as principal symbol.

If the pseudo-Riemannian manifold (M, g) is Einstein, i.e., if Ric = %Sc g (where
Ric denotes the Ricci tensor), Carter proved in [8] that there is never any obstruc-
tion to the existence of second order symmetries of Ay. In other words, on these
pseudo-Riemannian manifolds, for all Killing two-tensor K, there exists always a
symmetry whose the principal symbol is given by K.

The description of conformal symmetries on an arbitrary pseudo-Riemannian man-
ifold (M, g) is more involved, even at order two. Indeed, if K is a (conformal)
Killing two-tensor on M, the tensor K has to verify an additional property to be
the principal symbol of a (conformal) symmetry. The main goal of this paper is to
give this additional condition and to give the structure of the space of all the (con-
formal) symmetries that have K as principal symbol if this condition is satisfied.

We illustrate our result on two examples in dimension three. In the first one, there is
no obstruction to the existence of symmetries of Ay. In the second one, we exhibit
a family of pseudo-Riemannian metrics on R? that admit conformal Killing two-
tensors. In a generic situation, if K is the conformal Killing tensor associated with
a metric inside this family, there is no conformal symmetry of Ay that has K as
principal symbol.

At the end of the paper, we explain how the second-order (respectively conformal)
symmetries of Ay + V' can be used to characterize the existence of R-separating
coordinates systems for the Schrodinger equation (Ay +V)¥ = EW (respectively
the Schrodinger equation at zero energy (Ay + V)¥ = 0), extending in this way
the results in [17] and [19].

We detail now the content of the paper.
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In Section 2, we introduce the basic notions that are necessary for a good un-
derstanding of the paper. We define first the space of tensor densities F) (M) of
weight A € R, the one of differential operators D) ,(M) acting between - and
u-densities, the one of symbols Ss(M ) with § = p — A. Then, we define the con-
formal Laplacian Ay as an element of Dy, ,,, (M), with A\g = ”2—;2 and pg = "2—22
so that it is a conformally invariant operator. At the end of this section, we define
the spaces of conformal symmetries of Ay and the spaces of conformal Killing

tensors, which can be viewed as the symmetries of the null geodesic flow.

In Section 3 lies our main result. We introduce first the natural and conformally
invariant quantization

Q)\,,u(g> : Sﬁ(M) — D/\,,u(M)

which will be used to analyze the existence and the structure of the conformal
symmetries. Next, we give the condition under which a conformal Killing tensor K
is the principal symbol of a conformal symmetry of Ay in terms of some curvature
tensors arising in conformal geometry. Finally, we give the structure of the space of
conformal symmetries in the case where this condition is satisfied using Qy ,,(g).
In Section 4, we provide two examples illustrating our main result. In the first
one, there is no obstruction to the existence of symmetries of Ay-. In this example,
we consider Di Pirro metrics. These metrics are diagonal metrics on R? admitting
diagonal Killing tensors. In the second one, there is in general obstruction to the
existence of conformal symmetries. The metrics occuring in this example are some
conformal Stickel metrics on R? (a conformal Stiickel metric is a metric for which
the Hamilton-Jacobi equation admits an additive separation in some orthogonal
coordinate system).

In Section 5, we explain how the (conformal) symmetries of Ay + V' can be used
to characterize the R-separation of the equations (Ay + V)¥ = EWV and (Ay +
V)¥ = 0, where V' € C°°(M) is an arbitrary potential and where E is an arbitrary
real parameter. In particular, we can thus obtain a simple condition by means of
curvature tensors for the R-separation of the equations Ay ¥V = EWand Ay V¥ =0
because the R-separation of these equations can be characterized by means of the
existence of (conformal) symmetries of Ay-.

2. Problem Setting

Throughout this paper, we employ the abstract index notation from [25]. That is, on
a smooth manifold M, v® denotes a section of the tangent bundle 7'M, v, a section
of the cotangent bundle 7*M and e.g. v®,. a section of TM @ TM & T*M. The
letters a, b, ¢, d and , s, t are reserved for abstract indices. Repetition of an abstract
index in the covariant and contravariant position means contraction, e.g. vg‘b is a

section of T'M. In few places we use concrete indices attached to a coordinate
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system. This is always explicitly stated and we denote such indices by letters
1,7, k,l to avoid confusion with abstract indices. We always use the Einstein’s
summation convention for indices, except if stated otherwise.

2.1. Differential Operators and Symbols

Let M be a n-dimensional smooth manifold. If A € R, the vector bundle of -
densities, F\(M) — M, is a line bundle associated with P! M, the linear frame
bundle over M
F\(M)=P'M x,R
where the representation p of the group GL(n,R) on R is given by
p(A)e = | det A| e, A € GL(n,R), e € R.

We denote by Fy (M) the space of smooth sections of this bundle. Since F) (M)
is associated with P M, the space Fy(M) is endowed with canonical actions of
Diff (M) and of Vect(M). If (2, ..., 2") is a coordinate system on M, we denote
by |Dz|* the local A-density equal to [(Id, 1)], where Id is the identity frame in the
coordinates system (z!,..., 2").

Actually, a A\-density  at a point x € M can be viewed as a map on AT, M with
values in R such that

O(eX1 A ... ANXp) = e o(X1 AL AXy)

forall X1,...,X, € T, M and ¢ € R. The \-density | Dz|" is then the \-density
equal to one on 91 A. .. Ay, where 01, . . ., O, denotes the canonical basis of T, M
corresponding to the coordinate system (!, ..., 2").

If a A-density ¢ reads locally f|Dx|*, where f is a local function, then the Lie
derivative of ¢ in the direction of a vector field X reads locally
L = (X.f + X0 X") )| Dz 2

It is possible to define the multiplication of two densities. If ¢ reads locally
f|Dx|* and if o5 reads locally g|Dz|?, then ¢; ¢ reads locally fg|Dx| .

On a pseudo-Riemannian manifold (M, g), it is possible to define in a natural way
a A-density. In a coordinate system, this A-density reads

A
[volg|* = | det g|2 | D[
where | det g| denotes the absolute value of the determinant of the matrix represen-

tation of g in the coordinate system.

We shall denote by D) ,,(M) the space of differential operators from (M) to
Fu(M). It is the space of linear maps between F(M) and F, (M) that read in
trivialization charts as differential operators. The actions of Vect (M) and Diff (M)
on D, ,(M) are induced by the actions on tensor densities: if £x D denotes the
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Lie derivative of the differential operator D in the direction of the vector field X,
we have

LxD=1I%oD—-DolLk%,  De&Dy,(M) and X € Vect(M).
¢-D=¢oDo¢™t, DeDy, (M) and ¢ € Diff(M).

The space D) , (M) is filtered by the order of differential operators. We denote by
D’)f M(M ) the space of differential operators of order k. It is well-known that this
filtration is preserved by the action of local diffeomorphisms.

On a pseudo-Riemannian manifold (M, g), it is easy to build an isomorphism be-
tween D, ,(M) and D(M), the space of differential operators acting between
functions. Indeed, thanks to the canonical densities built from |vol,|, all opera-
tors D € Dy , (M) can be pulled-back on functions as follows

Fa(M) b Fu(M) 3)
|V01gAT Tvolgw
C>(M) C=(M)

[Volg| ~#oDo|volg |*

The space of symbols is the graded space associated with Dy ,(M): it is then equal
to

gDy (M) := D DY ,(M)/D5 (M),
k=0

The canonical projection oy, : D’iu(M) — Dﬁju(M)/Dl/\“Ll (M) is called the
principal symbol map. As the actions of Diff (M) and of Vect(M) preserve the
filtration of D) ,,(M), they induce actions of Diff (A1) and Vect(M) on the space
of symbols.

Let 0 = 1 — A be the shift of weights. If the sum of the k-order terms of D € D’i u
in a coordinate system (z!,. .., 2™) reads

D, L0,
and if (2%, p;) is the coordinate system on 7% M canonically associated with (z?,
..,x™), then we get the following identification

op(D) — D"y, Ly,

11
Thus, the space of symbols of degree k£ can be viewed as the space Sg“(M ) =
Pol*(T* M) ®ceo(ar) Fs(M), where Pol®(T* M) denotes the space of real func-
tions on 7*M which are polynomial functions of degree k in the fibered coor-
dinates of 7" M. The algebra S(M) := Pol(T*M) is clearly isomorphic to the
algebra I'(ST M) of symmetric tensors and depending on the context we will refer
to its elements as symbols, functions on 7* M or symmetric tensors on M.
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Let us recall that, if S1, Sy € S(M), then the Poisson bracket of S and S, denoted
by {51, S2}, is defined in a canonical coordinate system (z',p;) of T*M in the
following way:

{81, 82} = (0p;51)(04:82) — (9p,S2)(0,:51). 4)

We conclude this subsection by two properties of the principal symbol map linked
to the composition and to the commutator of differential operators. For all k,[ € N,
we have:

oi+1(Ao B) = or(A)oy(B) %)

Tkt1-1([4; B]) = {ok(A),1(B)} (6)
where A and B are elements of D(M) of order k and [ respectively.

2.2. Pseudo-Riemannian and Conformal Geometry

Let (M, g) be a pseudo-Riemannian manifold. The isometries ® of (M, g) are the
diffeomorphisms of M that preserve the metric g, i.e., ®*g = g. Their infinitesimal
counterparts X € Vect(M) are called Killing vector fields, they satisfy Lxg = 0,
with L xg the Lie derivative of g along X.

Given the Levi-Civita connection V corresponding to the metric g, the Riemann-
ian curvature tensor, which reads as R;°; in abstract index notation, is given by
[V, Vy|v¢ = Rapque for a tangent vector field v°. Then, one gets the Ricci ten-
sor by taking a trace of the Riemann tensor, which is indicated by repeated indices:
Ricyg = Rap®y- By contraction with the metric, the Ricci tensor leads to the scalar
curvature Sc = g®Ricyy.

The Riemann tensor admits the following decomposition
Rav“a = Cap®a + 20, P4 + 28apPy) )

where Cg;,¢4 is the totally trace-free Weyl curvature

1 1
Pazi R.a_i a
b n—2< Cab 2(n—1)SCg")

is the Schouten tensor, §° is the Kronecker delta and square brackets denote anti-
symmetrization of enclosed indices. The Weyl tensor C,.4 is zero for the dimen-
sion n = 3. Note also that C,;.q obeys the same symmetries of indices as Rgped
does.
In the sequel, we will also need the Cotton-York tensor A .. It is defined in the
following way

Aabc = 2v[bPC](JL'

Recall simply that the Weyl tensor C,;,¢4 is always conformally invariant, whereas
A e 1s conformally invariant in dimension three.
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A conformal structure on a smooth manifold M is given by the conformal class
[g] of a pseudo-Riemannian metric g, where two metrics g and g are conformally
related if § = e?Tg, for some function T € C>(M). The conformal diffeomor-
phisms ® of (M, [g]) are those which preserve the conformal structure [g], i.e.,
there exists Y € C>° (M) such that ®*g = e?Tg. Their infinitesimal counterparts
X € Vect(M) are called conformal Killing vector fields, they satisfy Lxg = fxg,
for some function fx € C>(M).

According to the transformation rule |vols|* = e"T|vol,| if § = *T g, we have the

conformally invariant object g,p = gap ® |Volg|7% , termed conformal metric, with
the inverse g® in T'(S?°TM) @ F, /n- The conformal metric gives a conformally
invariant identification TM = T*M ® F_5/,. In other words, we can raise and
lower indices, with expense of the additional density, in a conformally invariant
way. For example, we get Copeq € I'(S2(A2T*M)) ® F_o/n- Note also that g,
and g are parallel for any choice of a Levi-Civita connection from the conformal
class.

2.3. The Conformal Laplacian

Starting from a pseudo-Riemannian manifold (M, g) of dimension n, one can de-
fine the Yamabe Laplacian, acting on functions, in the following way
n—2
Ay = Vg™V, — ——8
Y a& Vb 4(n —1) ¢
where V denotes the Levi-Civita connection of g and Sc the scalar curvature. For
the conformally related metric § = ¢ g, the associated Yamabe Laplacian is given
by
Z; = e_nTHT oAy o enT_QT.
According to the transformation law |volg| = " |vol,| and to the diagram (3), this
translates into the conformal invariance of Ay viewed as an element of D) ,,, (M),
for the specific weights
n—2 n+2 2
o po = and 0o = o — Ao = —- ®)
n 2n n
Thus, the data of a conformal manifold (M, [g]) is enough to define the operator
Ay € Dy, (M). We write it below as A (g) and we refer to it as the Yamabe
or conformal Laplacian. One easily gets

Ao =

Proposition 1. The conformal Laplacian is a natural conformally invariant oper-
ator, i.e.,

e it satisfies the naturality condition

AV (27g) = * (AY (8)) ©)
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for all diffeomorphisms ® : N — M and for all pseudo-Riemannian metric
gon M

e it is conformally invariant, AM (e?Tg) = AM (g) for all Y € C=(M).

More generally, a natural operator over pseudo-Riemannian manifolds is an op-
erator that acts between natural bundles, is defined over any pseudo-Riemannian
manifold (M, g) and satisfies an analogue of the naturality condition (9). It is said
to be conformally invariant if it depends only on the conformal class of g. For a
general study of natural operators in the pseudo-Riemannian setting, see the book
[20].

From Proposition 1, we deduce that the conformal Laplacian Ay is invariant under
the action of conformal diffeomorphisms, which reads infinitesimally as

LK o Ay = Ay o LY (10)

for all conformal Killing vector fields X . Here, as introduced in (2), L and L0
denote the Lie derivatives of A\g- and po-densities.

2.4. The Algebra of Symmetries of the Conformal Laplacian

Let (M, [g]) be a conformal manifold of dimension n. Fixing a metric g € [g],
we can regard the conformal Laplacian, Ay = VgV, — 4&7__21)80, as acting
on functions. The symmetries of Ay are defined as differential operators which
commute with Ay. Hence, they preserve the eigenspaces of Ay-.

More generally, conformal symmetries DD; are defined by the weaker algebraic
condition

AyODlzDQOAY (11)

for some differential operator D, so that they only preserve the kernel of Ay-.
The operator Ay can be considered in equation (11) as acting between different
line bundles and in particular as an element of Dy, ,,, where Ao = ”2—712 o =
"TJ;LQ. With this choice, Ay is conformally invariant and the space of conformal
symmetries depends only on the conformal class of the metric g. It is stable under

linear combinations and compositions.

The operators of the form PAy, i.e., in the left ideal generated by Ay, are obvi-
ously conformal symmetries. Since they act trivially on the kernel of Ay, they are
considered as trivial. Following [13, 14,23], this leads to

Definition 2. Let (M, [g]) be a conformal manifold with conformal Laplacian
Ay € Dy o- The algebra of conformal symmetries of Ay is defined as

A= {Dl S D)\O,)\O; D2 S 'D#O’uo, DQ o Ay = Ay ODl}
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and the subspace of trivial symmetries as
(Ay) = {AAy; A€ Dygxp -

Thus, A is a subalgebra of D), 5, and (Ay) is the left ideal generated by Ay
in Dy, »,. The filtration by the order on D, ,, induces a filtration on .4 and we
denote by
AF = AN le\o’)\o

the algebra of conformal symmetries of order k. Obviously, .A° ~ R is the space of
constant functions, identified with zero order operators on Ag-densities. Moreover,
the invariance of Ay under the action of conformal Killing vector fields, see (10),
shows that A! is the direct sum of A? with the space of Lie derivatives Lﬁ‘é) €
D}\m ), along conformal Killing vector fields X. Since A is an algebra, A? contains

in particular LB\(O o Li‘/o for X, Y conformal Killing vector fields.

2.5. The Algebra of Symmetries of the Null Geodesic Flow

Let (M, g) be a pseudo-Riemannian manifold and (z°, p;) denote a canonical co-
ordinate system on 7* M. The inverse metric g~! pertains to I'(S?T M) and iden-
tifies with H := g¥p;p; € Sy, where Sy = Pol(T*M) = I'(STM) (see Section
2.1). Along the isomorphism 7*M = T'M provided by the metric, the Hamilton-
ian flow of H corresponds to the geodesic flow of g.
The symmetries of the geodesic flow are given by functions K € Sy which Poisson
commute with H. They coincide with the symmetric Killing tensors. The null
geodesic flow, i.e., the geodesic flow restricted to the level set H = 0, depends
only on the conformal class of g. It admits additional symmetries, namely all the
functions K € Sy such that

{H.K} € (H)
where {-, -} stands for the canonical Poisson bracket on 7*M, defined in (4), and
(H) for the ideal spanned by H in Sp. The linearity and Leibniz property of the
Poisson bracket ensure that the space of symmetries of the null geodesic flow is
a subalgebra of Sy. Besides, remark that all the functions in (H) are symmetries
which act trivially on the null geodesic flow.

Definition 3. Ler (M, g) be a pseudo-Riemannian manifold and H € Sy the func-
tion associated to g. The algebra of symmetries of the null geodesic flow of g is
given by the following subalgebra of S,

K={KeS&;{H K}e(H)}

In particular, the algebra K contains the ideal (H) of trivial symmetries. It inherits
the gradation of Sy by the degree

KF=KnSk.
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The space K is the space of constant functions on 7* M. The Hamiltonian flows
of functions in ! coincide with the Hamiltonian lift to 7% M of the conformal
Killing vectors on (M, [g]). For higher degrees, the elements in I are symmetric
conformal Killing tensors whose Hamiltonian flows do not preserve the configu-
ration manifold M. They are symmetries of the whole phase space but not of the
configuration manifold and often named hidden symmetries by physicists.

The next proposition is essential to determine the algebra A of conformal symme-
tries.

Proposition 4. If D1 € A¥ then o1,(D1) € K. Under the identification grDyy. o
> Sy, the associated graded algebra gr.A becomes a subalgebra of K and gr(Ay)
identifies with (H).

Proof: Suppose that D is a conformal symmetry of order k, i.e., satisfies Ay o
Dy = Dy o Ay for some Dy. Working in the algebra D), , we deduce that
[Ay, D] € (Ay) and the property (6) leads then to {H,ox(D1)} € (H), ie.,
or(D1) € KF. The inclusion grA < K follows. As 0o(Ay) = H, the property
(5) of the principal symbol maps implies that gr(Ay ) = (H). |

3. Structure of the Second Order Symmetries of Ay

We give first the fundamental tool which will allow us to analyze the existence of
conformal symmetries and to give the structure of the space .A2.

3.1. Natural and Conformally Invariant Quantization
Recall first the definition of a quantization on a smooth manifold M.

Definition 5. Let A\, u € R and § = u — A\. A quantization on M is a linear bijec-
tion Qf\\/fu from the space of symbols Ss(M ) to the space of differential operators
D) (M) such that

ow(QV,(9) =S,  SeS(M), keN (12)

On locally conformally flat manifolds (M, [g]), for generic weights A, y, there ex-
ists a unique conformally equivariant quantization [10], i.e., a unique quantization
which intertwines the actions of the conformal Killing vector fields on S5 and on
Dy ;- In the following, we need an extension of the conformally equivariant quan-
tization to arbitrary conformal manifolds. This is provided by the notion of natural
and conformally invariant quantization. The definition and the conjecture of the
existence of such a quantization were given for the first time in [21].

Definition 6. A natural and conformally invariant quantization is the data for ev-
ery pseudo-Riemannian manifold (M, g) of a quantization Q%L(g), which satisfies
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e the naturality condition

QN (27g)(2"S) = @*(QX,(8)(5)), S € S5(M) (13)
for all diffeomorphisms ® : N — M and for all pseudo-Riemannian metric
gon M.

e the conformal invariance: Q%M(eng) = Qf\\{“(g)for all Y € C>*(M).

In the following we refer to a quantization map by Q) ,,, the dependence in the
chosen pseudo-Riemannian manifold (M, g) being understood. Accordingly, we
drop the reference to M in the spaces of densities F, symbols S5 and differential
operators Dy ;.

The concept of natural and conformally invariant quantization is an extension to
quantizations of the more usual one of natural conformally invariant operator, in-
troduced in the previous section. Restricting to conformally flat manifolds (M, [g])
and to & € Diff (M) preserving [g], the naturality condition (13) reads as confor-
mal equivariance of the quantization map Q) ,. Thus, the problem of the natu-
ral and conformally invariant quantization on an arbitrary manifold generalizes the
problem of the conformally equivariant quantization on conformally flat manifolds.
The proof of the existence of such a quantization, at an arbitrary order and for
generic values of \, i, was given in [22], [7] and [27] in different ways.

The proof of the existence of a natural and conformally invariant quantization at
the second order was first given in [11], together with an explicit formula. We
provide this formula in the theorem below, because we will need it later on.

Theorem 7 ([11]). Let 0 ¢ {2 nt2 p ntl ”—“} A natural and conformally

n’ 2n 7 n ' n
invariant quantization Q) ,, : 8532 — Df\ L is provided, on a pseudo-Riemannian
manifold (M, g) of dimension n, by the formulas

A
QA:M(f) = f7 Q)\,M(X) = Xava + m(VaX“)
Qo u(S) = SV, Vi + B1(VaS™)Vy + Bog™ (Vo TrS)V, (14)

+85(VaVpS™) + B4 gV, Vy(TrS) + B5 RiceyS™ + Bs Sc (Tr S)

where f, X, S are symbols of degrees 0, 1, 2 respectively and Tr S = g.,9%.
Moreover the coefficients 3; entering the last formula are given by

o 2(nA+1)
b= 2+ n(1—0)
nA+p—1)
B2 =

2+ n(l—0)(2—nd)
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By = nA(nA + 1)
ST T+ n(1=0)2+n(1-0)
8, = nA(n2u(2 — X —p) +2(nA +1)2 —n(n + 1))
LT 01— )2+ n(1=0))2+n(l —26)(2 - nd)
_ A —1)
fs = (n—2)(1+n(1—9))
n?Ap —1)(né — 2)
Bs =

(n—1)(n—2)(1+n(1—08)2+n(l—26))

3.2. Second Order (Conformal) Symmetries

We saw in Section 2 that the principal symbol of a (conformal) symmetry of Ay
has to be a (conformal) Killing tensor. On an arbitrary pseudo-Riemannian mani-
fold, a (conformal) Killing tensor has to satisfy some condition to be the principal
symbol of a (conformal) symmetry. This condition can be expressed by means of
a natural and conformally invariant operator which is denoted here by Obs and
which is defined below.

Definition 8. The operator Obs is defined as follows
2n —
Obs:Sg—>521/n:5'l—>(n7
n
where (F(S))* = C" 4%V ,.S% — 3A,,2575.

We are now in position to prove our main theorem, which provides a full descrip-
tion of the conformal symmetries of Ay given by second order differential opera-
tors. The proof of the following result is quite long and technical, it is the reason
for which it is omitted here. The reader who would to know more details about
it may consult the reference [24]. In the following statement, Q) », denotes the
natural and conformally invariant quantization introduced in Theorem 7 whereas
the isomorphism I'(TM ® F2 ) 2 I'(T* M) provided by the metric is denoted by ”.

Theorem 9. The second order (conformal) symmetries of Ay are exactly the op-
erators

Q)\OJ\O(K + X) +f

where X is a (conformal) Killing vector field, K is a (conformal) Killing two-
tensor such that Obs(K)’ is an exact one-form and f € C*°(M) is defined up to
a constant by Obs(K)? = —2df.
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3.2.1. Remarks

e On a conformally flat manifold, Obs(K') vanishes identically. For all (con-
formal) Killing tensor K, the second-order differential operator Q) », (K)
is then a (conformal) symmetry of Ay. We recover in this way the results
exposed in [13] and [23].

e If (M,g) is Einstein and if K is a Killing two-tensor, it turns out that
Obs(K)’ is exact. Using our method, it is then easy to see that V, KV,
is a symmetry of Ay. We recover in this way the result exposed in [8].

o A classification of the symmetries of A + V', where A denotes the Laplace-
Beltrami operator and where V' € C°°(M ), was already obtained in [2].
This classification is formulated in the following way

Theorem 10 ([2]). Let K be a Killing two-tensor and let us put 1(K)%® =
K “CRicf’: — Ric* K é’. Then, we have

VoKV 4+ £, A+ V] =0 <= K®V,V) - Z(V,I(K)?) = Vof

1
3
where A = VgV, and f,V € C(M).

4. Examples in Dimension 3

In this section, we consider the space R? endowed successively with two types of
metrics: the conformal Stdckel metrics and the Di Pirro metrics.

The conformal Stédckel metrics are those for which the Hamilton-Jacobi equation
g7 (OW)(0,W) = E

admits additive separation in an orthogonal coordinate system for £/ = 0 (see [5]
and references therein). They are conformally related to the Stdckel metrics, for
which the additive separation of the Hamilton-Jacobi equation holds for all £ € R.
Moreover, the separating coordinates, called (conformal) Stickel coordinates are
characterized by two commuting (conformal) Killing two-tensors.

Except for the Stickel metrics, every diagonal metric on R? admitting a diagonal
Killing tensor is a di Pirro metric g (see [26], page 113), whose corresponding
Hamiltonian is (see e.g. [12])

H=g'= m (a(xlaxQ)p% + b(w1, x2)ph +P§) (15)

where a, b, ¢ and y are arbitrary functions and (z*, p;) are canonical coordinates on
T*R3.
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4.1. An Example of Second Order Symmetry

The di Pirro metrics defined via equation (15) admit diagonal Killing tensors K
given by

K= m (c(azg)a(azl,azg)p% + c(x3)b(x1, z2)p3 — v(zl,mg)pg) .

For generic functions a, b, ¢ and ~, the vector space of Killing 2-tensors is gener-
ated by H and K. However, for some choices of functions, this metric can admit
other Killing tensors. For example, if (r,6) denote the polar coordinates in the
plane with coordinates (x1,x3), if the functions a, b,y depend only on 7 and if
a = b, then the metric is Stickel and admits pg as additional Killing tensor.

Proposition 11. On the space R3, endowed with the metric g defined by (15), there
exists a symmetry D of Ay whose principal symbol is equal to the Killing tensor
K. In terms of the conformally related metric

~

R 1
&= ez te(@s) &

this symmetry is given by D = Qy, »,(K) + %(3@@ — §(:gab)K“b, i.e., by

~ ~ ~ ~ 1 —
D =V, K%V, — —(V,V, K%) — gRicabK“b

&
16
where V, Ric and Sc represent respectively the Levi-Civita connection, the Ricci
tensor and the scalar curvature associated with the metric g.

Proof: We use Theorem 9. In order to compute the obstruction Obs(K)°, we

used a Mathematica package called “Riemannian Geometry and Tensor Calculus”,
by Bonanos [4].

This obstruction turns out to be an exact one-form equal to

1

d( 8(3§i\cab —Scgap) KD).

The first expression of the symmetry D follows, the second one is deduced from
(14), giving Qx, z, (K). [ |

4.2. An Example of Obstructions to Symmetries

If written in conformal Stiickel coordinates, the conformal Stickel metrics g on R?
admit four possible normal forms, depending on the numbers of ignorable coordi-
nates (see [5]). A coordinate x is ignorable if J,, is a conformal Killing vector field
of the metric.

Thus, if x1 is an ignorable coordinate, the conformal Stickel metrics g read as

g = Q ((dx1)? + (u(x2) + v(w3))((dz2)” + (dz3)?)) (16)
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where Q € C°°(R?) is the conformal factor and where u and v are functions
depending respectively on the coordinates x5 and x3. Such metrics admit J,, as
conformal Killing vector field and

K = (u(xa) + v(x3)) ! (v(x3)p3 — u(w2)p3) (17)
as conformal Killing two-tensor.
Proposition 12. On R?, there exist metrics g as in (16) whose conformal Laplacian

Ay admits no conformal symmetry with principal symbol K.

Proof: Indeed, the obstruction associated with K, Obs(K)’, is generally not
closed. Thanks to the Mathematica package “Riemannian Geometry and Tensor
Calculus”, by Bonanos [4], we can actually compute that dObs(K )b is equal to

,U/(6u/3 _ 6u/(_/l}/2 + (u _|_ ,U)(u// _|_ ,U//)) + (u + ,U)Qu///) _|_ (u _|_,U)2u/,U///
4(u+v)*

dl‘g AN d.l?g

where the symbol ’ denotes the derivatives with respect to the coordinates o
and x3. This expression does not vanish e.g. for the functions u(z2) = z2 and
v(zs) = 3.

We conclude then using Theorem 9. |

An example of a metric of the form (16) is provided by the Minkowski metric on
R* reduced along the Killing vector field X = 230, + t0y; + a(x10z, — 1204,),
a € R (see [15]). In the time-like region of X and in appropriate coordinates
(r, ¢, z), the reduced metric is equal to

2 r?2° 2 2

and admits 0, as Killing vector field. Moreover, after reduction, the Killing tensor
pil + pgz is equal to
1

_ .2 2

Notice that the metric g is a Stidckel metric with one ignorable coordinate. Indeed,
. . 2,2

the metric takes the form (16), with Q(r, z) = "2, u(r) = 1/r? and v(z) =
—a? /22, whereas the conformal Killing tensor K — 22_272%2]'{ can be written as in
(17). Here, H = g~ is the metric Hamiltonian.

In this situation, there is no conformal symmetry of Ay with principal symbol
K if a # 0. Indeed, the one-form Obs(K)’ is then non-exact, as shown by
Mathematica computations
3 1 1
dObs(K)’ = = 3 —~
S(K) 2(a+a)((z—|—ar)4 (z—ar)4>

dr Adz.
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5. Application to the R-Separation of the Schrodinger Equation

Following [17, 19], we provide an intrinsic characterization for R-separation of
the Schrodinger equation and of the Schrodinger equation at fixed energy in terms
of second order (conformal) symmetries of the operator Ay + V, where V' €
C®°(M). Resorting to our previous results, this leads to a new criterion for having
R-separation of the equations Ay = 0 and Ay = E1), where E € R.

5.1. Definition of R-Separation

The Schrodinger equation, with fixed potential V' € C*°(M), reads as
(Ay + V)¢ = EY (18)
where 1) € C*°(M) is the unknown and F € R is called the energy. Solving the

Schrodinger equation means to determine the solutions for all £/ € R.
We consider also the Schrodinger equation at fixed energy, i.e., up to changing V'

(Ay + V) =0. (19)

We restrict ourself to separation along orthogonal coordinates (z*), i.e., coordinates
such that g;; = 0if < # j. The concept of [Z-separation of the equations (18) and
(19) can be defined in the following way

Definition 13 ([17, 19]). Equation (19) is R-separable in an orthogonal coordi-
nate system (z') if there exist n + 1 functions R, h; € C*°(M) and n differential
operators L; .= 02 + 1;(x%)0; + m;(z") such that

RYAy +V)R=) hiL;.
=1

The Schrodinger equation (18) is also R-separable in the coordinate system (z*)
if, for all E € R, there exist n + 1 functions R, h; € C>°(M) and n differential
operators L; := 0? + 1;(2)0; + m;(x*) such that

R YAy +V)R—E =) L.
=1

The existence of a R-separating coordinates system for the equation (18) or the
equation (19) allows one to reduce the resolution of these partial differential equa-
tions to the resolution of a system of ordinary differential equations. Indeed, one
can show that v, defined by
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is a solution of the Schrodinger equation or of the equation (19) if and only if
L;¢; = 0 for all 7.

5.2. Intrinsic Characterizations for R-Separation

In order to characterize in an intrinsic way the [R-separation of the equation (18)
(respectively (19)), we need the concept of (respectively conformal) Killing-Stickel
algebra. These notions are defined e.g. in [1, 18] and [3, 16].

Recall first that, if (M, g) is a pseudo-Riemannian manifold and if (z%,p;) is a
canonical coordinate system on 7 M, then the Hamiltonian H is equal to H =
g"p;p; € S%. We can notice that a quadratic symmetric tensor K € S? identifies
via the metric with a symmetric endomorphism of 7'M . In that way, H identifies
with the identity.

Definition 14. A (respectively conformal) Killing-Stickel algebra is an n-dimen-
sional linear space T of (respectively conformal) Killing two-tensors which satisfy
the three following properties

i) they commute as linear operators
ii) they are diagonalizable as linear operators

iii) they are in (respectively conformal) involution: { K1, Ko} = 0 (respectively
{Kl,KQ} S (H))forall Kl, Ky e 1.

In [17,19], Kalnins and Miller provide a characterization for R-separation of the
equations Ay = 0 and Ay = FE in terms of (conformal) symmetries of the
Laplace-Beltrami operator A. In the presence of potentials, their results extend
easily, leading to the two following theorems.

Theorem 15. The equation (18) (respectively (19)) R-separates in an orthogonal
coordinate system if and only if

a) there exists a (respectively conformal) Killing-Stiickel algebra T

b) forall K € T, there exists D € D*(M) with principal symbol o2(D) = K
such that [Ay +V, D] = 0 (respectively [Ay +V,D] = Ao (Ay + V) for
some A € D(M)).

The proofs of the latter theorems are simply straightforward adaptations of the
proofs of the corresponding theorems in [17,19]. It is the reason for which we do
not give them here. Let us just say that, in order to prove Theorem 15, we prove
first as in [17, 19] a characterization of the R-separation of (18) and (19) by means
of a condition on the metric g and of a condition on the functions V' and R. This
characterization was already given in [9] for the equation (19). It reads as follows:

Theorem 16. The equation (19) R-separates in the orthogonal coordinate system
(2") if and only if the two following conditions hold
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i) g is a conformal Stiickel metric with conformal Stéickel coordinates (x)

i) V + AER is a pseudo-Stdckel multiplier.

A pseudo-Stickel multiplier for a conformal Stéckel metric g is a function () such
that Qg is a Stidckel metric (i.e., a metric for which there exists a Killing-Stickel
algebra).

The link between the R-separating coordinates system in Theorem 15 and the (con-
formal) Killing-Stéckel algebra 7 is given as follows: actually, if K € Z, then K,
viewed as an endomorphism, admits n principal directions which integrate in the
R-separating orthogonal coordinate system.

Finally, from our results on the second order (respectively conformal) symmetries
of the conformal Laplacian we can deduce the following characterization for the
R-separation of the equation Ay 1) = E1 (respectively Ay = 0)

Corollary 17. The equation Ay1p = Ev(respectively Ayt = 0) R-separates
in orthogonal coordinates if and only if there exists a (respectively conformal)
Killing-Stiickel algebra T such that Obs(K)" is exact for all K € T.
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