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Abstract. The (1, 1)-tensor field on symplectic manifold that satisfies some
integrability conditions is called a recursion operator. It is known the recur-
sion operator is a characterization for integrable systems, and gives constants
of motion for integrable systems. We construct recursion operators for the
geodesic flows of some solutions of Einstein equation like Schwarzschild,
Reissner-Nordstrom, Kerr and Kerr-Newman metrics.

1. Introduction

Liouville proved that when a Hamiltonian system with n degrees of freedom on
a 2n-dimensional phase space has n independent first integrals in involution the
system is integrable by quadratures (cf [1]).

On the other hand, de Filippo, Marmo, Salerno and Vilasi (see e.g. [2,3, 6, 10]
and [11]) proposed a new characterization of integrable systems. Let us consider a
vector field on M?",

Theorem 1 ([11]). A vector field X is separable, integrable and Hamiltonian
for certain symplectic structure when X admits an invariant, mixed, diagonaliz-
able (1,1)-tensor field T with vanishing Nijenhuis torsion and doubly degenerate
eigenvalues without stationary points. Then, the vector field X is a separable and
completely integrable Hamiltonian system with respect to the symplectic structure
in the sense of Liouville.

Now, the operator 7" in Theorem 1 is called a recursion operator. Several ex-
amples of recursion operators e.g., the harmonic oscillator and the Kepler dynam-
ics, are given in [6] and [11]. In this paper we consider geodesic flows for the
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Minkowski and the Kerr-Newman metrics. We construct recursion operators for
these metrics, and moreover, we obtain constants of motion.

2. The Geodesic Flow for the Minkowski Metric

In this section, our aim is to construct a recursion operator for the geodesic flow
for the Minkowski metric.

Now, we construct a vector field X on the phase space for the geodesic flow for
the Minkowski metric. A matrix g;; of the Minkowski metric is
-1
g9ij = 9" = 11
1
and the equation of geodesics is
d’¢® . dg"de* _ d%¢"
dt? Hde dt de?

=0, k=1,234.

If we put
n_ 44"
dt
then we have a system of first order differential equations on 7'M
¢t =", o = =T pot” = 0.

From the above equations, we get a geodesic spray

0 0 0
R — FM’ZU“U” Sor v”a—qﬁ-
By setting p,, = gxcv°, the vector field X is equivalently transformed to the vector
field X on T* M such that

4 4
0 0 0 0
251<Qkaqk pkapk> e ;EZPkaqk

The vector field X is a Hamiltonian vector field of a certain Hamiltonian function.

X ="

Taking the canonical symplectic form w
4

w= Z dpi A dgy,
k=1

the function H is found to be

4
1
H:5 (—p%+2p2> . (1)
k=2
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Then, we see that (as should be) we have
ixw=—dH.

A vector field X is called a Hamiltonian vector field of the Hamiltonian func-
tion H which will be denoted by Xp. Next, we consider the Hamilton-Jacobi
equation by the Hamiltonian function (1). The function (1) does not include gy,
k =1,2,3,4, therefore pi, k = 2, 3,4 are circular coordinates. We consider the

Hamilton-Jacobi equation
ow
E=H (q, )

dq

where F is a constant. We set the generating function in the flow
4 4
W=> Wig) =Y W.
i=1 i=1

oW, oW,
—k, k = 2,3, 4 are first integrals, we set a; = “7k Then we see
gy, g,

4
2E=——] + aj.
Thus, the generating function W is
4 4
Zaz —2Eq + Zak%-
k=2 k=2

In addition, we determine canonical coordinates using the generating function W.
We put

Since pg, =

oW,
QlZH’ Qk‘zika k:273)4
gy,
and then the canonical coordinates (P, () are given by
w w
Q1= H, Qk:%, Plz—ai:ﬂ, k:_L:_%_
gy, Q1 m 0Qk, p1
Here Qi, £k = 1,2,3,4 are constants, but we consider that they are variables.

Hence, the relationship between the canonical coordinates (P, ()) and the original
coordinates (p, q) is
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Let us introduce a tensor field 7" of (1, 1) type of the form

0 0
T= dP; d 2
Z@(aP@ +6Q®Q) )
We state also the general result as
2n )
Lemma 2. Let M = Z m' f 8 - ® dw; be a (1,1)-tensor field on R2" such
i,j=1
A o
that (mz]) = < 0 81) A= and let us consider the vector fields
In
0
Xj = ,j=1,...,n onR>. Then we have vanishing Nijenhuis torsion
6«’Ijn-l-j

NM—OandLiXM—O

Then we see that Ly, 7 = 0, Np = 0 and deg Q; = 2 for the equation (2). Thus,
the (1, 1)-tensor field 7T is a recursion operator for X .

It is known that the traces Tr(T'), Tr(T?), Tr(T3) and Tr(T*) are constants of
motion (see, [10] and [2]). If we express 1" and Tr(TE ) in the original coordinates
(¢, p), they are written respectively as

0 .0
T = dp; + B, dp; + A, — @ dg;
]Zl< ®p]+ al-@ p; + jaqi® qj>
1 ¢
Tr(T") = 5 (=i + 13 + 93 + i) +2(p§+p§+pfl>, (=1,2,3,4
H
%(pz—H) P2
where A= | P3 , B:q—l(tA—A).
*(p:s*H) b3 p1
D1
P4
—(ps — H) P4
D1

Here, we introduce a vector field I" following the method of [11]. In the coordinate
system (Q, P) T is represented by the matrix

Q1

T:<SO>7 S— Q-

0S Q3

Q4
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We define also a two-form w; and a vector field I" by the formulas

4

4
0
w1 1= E dK; A dQ;, I':= E K,—
' =1 =1 8-PZ

where K; = Q;P;, i = 1,2,3,4, respectively. Then w; is a symplectic form and
satisfies

w1 = Lrw.

The symplectic form w; is the Lie derivative of the symplectic form w with respect
to the vector field I". We construct vector fields recursively by using X g, I" such
that X1 := [Xg, '], (Xo = Xp). Then we have

2 0
18P17

5 0

0
Xl = —QITPI’ X2 = —Q X3 - —Q

Py’
In this case, we only consider X, X1, X» and X3.
We define the following Poisson bracket {-, -}, of the symplectic form w;

N e_nyi (Of 09  Of Og
{fgh=2 (ST <an 0Q;  9Qi an>

ij=1

where f and g are functions. Hence, we see that these vector fields are Hamiltonian
vector fields such that

Xk::{Hk’v'}:{Hk—f—lv'}la k2071a2

and
1 2 1 3 1 4
H:Ql) H1:§Q17 H2:§Q17 H3:ZQ1'

In particular, we consider the Hamiltonian function H; and the vector field X;.
Then a recursion operator 7T corresponding to the vector field X is given by

. ) )
T = ;Qi <8R®dP"+8QZ~®dQ"> :
Thus, the (1, 1)-tensor field 7 coincides with 7', and hence 7 is a recursion op-
erator not only for X; but also for the original vector field Xz;. In the same way,
for X5, we have a recursion operator 75 which coincides with 7'. Similarly, we
have that T3 coincides with 7". Therefore, the (1, 1)-tensor field 7" is a recursion
operator for X, k=1,2,3.
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3. The Geodesic Flow for Some Solutions of Einstein Field Equations

In this section, we consider geodesic flows for some solutions of Einstein field
equations, and we construct recursion operators. We describe the construction of
a recursion operator for the solution of Einstein equations. In the first subsection,
we consider the Schwarzschild metric. Then in the next subsection, we consider
the Kerr-Newman metric. By this discussion, we can construct recursion operators
for the solutions of the Einstein field equations of four types respectively. And we
get constants of motions with recursion operators.

3.1. The Geodesic Flow for the Schwarzschild Metric

The Einstein field equation has several solutions. For example, the Schwarzschild,
the Reissner-Nordstrom, the Kerr and Kerr-Newman metrics. We consider recur-
sion operators for these solutions of the Einstein equation in detail. The Schwarzschild
metric is the simplest solution among the four solutions, and the Kerr-Newman
metric is the most complex one. Now, we consider the Schwarzschild metric. For

a spherically symmetric gravitational field outside a massive non-rotating body in
vacuum, the line element becomes the Schwarzchild metric given by

oM oM\ !
ds? = — <1 - 7"> de? + <1 — r) dr? 4+ r2d6? + r? sin? 9dd>2

where M is the mass of the black hole, t € (—o0,00), r € (2M,00), 0 € (0,7)
and ¢ € (0,27). Here, for simplicity of notation, we putt = q1, 7 = ¢2, 0 = g3
and ¢ = q4

2M oM\
ds? = — (1 - q2> dqi + (1 - qz> dg3 + ¢3dg3 + g5 sin” gzdgf.

For the canonical symplectic structure, we have the Hamiltonian vector field X
of the geodesic flow

oM\ ' 9 oM\t 9 ps3 0 pa 0
XH=—<1—> p1+<1—> Pt 55t 5.5 5
q2 g2 43 0q3  q3sin?q3 Oqy

M oM\ 2 M P2 P2 0 plcosqs O
[ (1-0) st B L e
2 q5 gs SIM™ g3 P2 @g3sIn” g3 Op3

where the Hamiltonian function is

1 oM\ 2M - in? ) !
H= <_ (1— > pi+ (1— >p§+q22p§+ (42 sin” g3) PZ) :

q2 q2
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We consider the Hamilton-Jacobi equation for H. We point out that the Hamilton-
ian function does not include ¢; and g4. Thus, we set p;1 = « and py = 8 where «
and (3 are constants. Hence, we consider the Hamilton-Jacobi equation for W

dws\? 2
() +an
dgs sin” qs

oM\ ! oM AW, \ 2
= 2E¢} + o’ (1—> qg_<1_>qg <2) (3)
Q2 q2 dgo

4

where W = Z Wi(qr) is the generating function. The equation (3) allows a
k=1
separation of variables and we introduce K as

dws\ 2 2
()
dgs sin® g3

where K is the third integral. Thus, we get the generating function

dW- dW-
Wzaql+/d2dqQ+/3dQ3+ﬁq4=aQ1+Wz+W3+BQ4-
q2 dgs

Now, we determine a new canonical coordinate system (P, Q) using the generating
function W. We found out that

dW dw,
Q1:H7 QQ:Kv Q3:T17 _74
q dgs
oWy  OWs5 oWy  OW3 oWy o0Ws
1= = _T@l_%

a4 an D=5 PBs=—a—F54 Pa=
0Q1 0Q1’ Q2  0Qo’ 0Q3’
by considering a canonical coordinates in the same manner as in Section 2. Here
Qr, k = 1,2, 3,4 are constant, but we consider that they are variables. In terms of
the canonical coordinate system, the Hamiltonian vector field Xz is written as
0
0P,

Hence, the recursion operator 7" and the constants of motion Tr(7*) (¢ = 1,2, 3,4)
of the geodesic flow for the Schwarzschild metric are respectively

XH:{Ha‘}:{Ql"}:

4
) )
T=> Q <W®de+aQ®ko>
=1 k k
To(T*) = 2 (EZ+K’Z+0/+B£>, 0=1,2,3,4.

From Lemma 2, we get also Lx, T = 0, Np = 0 and deg Q; = 2.
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3.2. The Geodesic Flow for the Kerr-Newman Metric

For the case of the Kerr metric, many results are already known. For example,
at very large radii, the curvature and dragging effects of the central object are
negligible, so the Kerr metric becomes flat as can be seen by letting g; — oo (see,
[7] and [9]). Of the several forms of the Kerr metric, the most useful expression
for our purpose is given by the Boyer-Lindquist coordinates. If the charge is equal
to zero, the Kerr-Newman metric is the Kerr metric.

We consider the Kerr-Newman metric in the Boyer-Lindquist coordinates
1 .
ds® = —p—2 (k — a®sin® g3) dgi +

2a sin?
qu (Q* — 2Mg2) dgrdgy

4)
Q3

2 .
+2 dq2 + pdq3 T ((q% +a?)” — a*k sin® qg) dg?

where k = g2 — 2qoM + a® + Q?, p* = ¢2 + a® cos® g3, aM = J. Here M is the
mass of the black hole, () is the electric charge and J is the angular momentum.

So, the vector field of the geodesic flow for the Kerr-Newman metric is

4
B, B,
XH—Z<Uk + Vi )

=\ O Opr,
where
2 A 2K
Ur=— e ( BSIHqg—(Ap1+ap4)) Uy = pfz
2 2 (Ck—p~+ A
Uy = 22, U4=((‘;)—ap1>
p K p
2 4
V1 =0, Vo = qu (C? — ¢3 + Kp3) — 2h1 5 (Ap1 + aps) — (M — 32)p3
sin 2 a? 2p? 2a
Vi = 2Q3 (2(B2+/€p§— ']294 >+B2_ .1721]94)7 Vi=0
p p sin Q3 sin” q3

C = apysings + P4
singz’ sin CI3

The Hamiltonian function H of the vector field Xy is respectively

1[/a? (43 + a*)? K
H—[(siang—2 P+ —pa
) P2 Kp> 1 02 2

1, a? 1 ) a algs+a?)
+=p3+|—— 55— +2| 55— ——"5— .

2 (FGPQ p? sin’ q3> b <p2 v )
Now, if ) = 0, (4) is the Kerr metric. If J = 0, (4) is the Reissner-Nordstrom

metric. Andif ) = 0and J = 0, (4) is the Schwarzschild metric. Thus, if we can

A=d’+¢q5, B=apsing+
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construct a recursion operator for the Kerr-Newman metric, then it enables us to get
the other three respective recursion operators for the Kerr, the Reissner-Nordstrom
and the Schwarzschild metrics.

We see that the Hamiltonian function H does not include ¢; and q4. Hence, p;
and p, are first integrals, and we put p; = «, p4 = (. Then, we consider the
Hamilton-Jacobi equation

2 212 AW\ 2 2 2a(a2 2
2Fq3 + g+ ') o —k <2> + a*BQ + 2algy +07) )045
K dgo K K
Ay 2
= —2Fa? cos® g3 + aa? sin? g3 + ( 3> — .62 + 2aaB. (5)
dgs sin® g3
Since the equation (5) allows a separation of the variables, we put K as
AWy > 2
K = —2FEd? cos® g3 + a*a® sin® g3 + ( 3) — ,62 + 2aap
dgs sin” g3

where K is the third integral. Therefore, we have the generating function
dWw. dw.
W =aq +/dq;d£72+/dq;d%+5% = aq + Wa + W3 + Bqa.

Next, we determine the canonical coordinate system (P, ) using the generating
function W. Thus, we get

dW dw.

Q1:E7 Q2:K7 Q3 :le 4:74

¢ dqs
8W2 8W3 aWQ aI/V3
P=——"-—= Ph=-—=-—=
0Q1 0 0Q2  0Q2
oWy O0Ws oWy OW3

Py=—q — 5~ — 5~ Pi=— - —q
0Q3  0Q3 0Qs  0Qq

In this case, the vector field Xz and the symplectic form w are written as follows
P 4

Xg={H, - } = —— = dP A dQg.

Hence, the recursion operator 7" and the constants of motion Tr(7*) of the geodesic
flow of the Kerr-Newman metric are

4
0 0
T—;Qi <83®d3+c‘wi®d@)

To(T") :2<E5+Kf+af+55), 0=1,2,3,4.

Therefore, we obtain recursion operators for the solutions of the Einstein field
equation of four types. Of course, (3) and (5) are integrable systems and they
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allow separation of variables. In addition, we are able to construct constants of
motion explicitly using the traces of recursion operators.

These results provide new examples of recursion operators for the geodesic flow
of pseudo-Riemannian metrics.
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