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Let W be an affine Weyl group and let H be the corresponding Hecke
algebra, as defined by Iwahori and Matsumoto [IM]. This paper arose
from an attempt to find a procedure which associates a representation of
H to an irreducible representation of W. Such a procedure is known for
finite Weyl groups [L,, L,] and we generalize it to the case of affine Weyl
groups. Since the representations of W are relatively well understood, it
may be hoped that this will help us understand better the representations
of H. The main tool we use is a function a: W—N which is constant on
two-sided cells and is an analogue of the function on a finite Weyl group
which essentially measures the Gelfand-Kirillov dimension of U(g)/L,,
where U(g) is the corresponding enveloping algebra and I, is a primitive
ideal corresponding to the Weyl group element w. The function a is
constructed in a purely combinatorial way in terms of multiplication of
elements in the C,-basis ((KL,]) of the Hecke algebra. To establish its
properties we need, however, some positivity properties which follow from
deep results on perverse sheaves [BBD].
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In another direction, we describe explicitlz the left cells and two-
sided cells of affine Weyl groups of type 4,, B,, G,.

§ 1. The basis C,, of the Hecke algebra

1.1. Let ¢'# be an indeterminate and let &/ =Z[q'? q~'/*] be the
ring of Laurent polynomials in ¢'/>. We shall set <7+ =Z[g'/].

Let W be a Coxeter group and let .S be the corresponding set of
simple reflections. We shall denote by H the Hecke algebra (over )
corresponding to W. As an &/-module, H is free with basis T, (w € W).
The multiplication is defined by

ToTy=T,,, if I(ww)=Iw)+I(w)
(T,+1)(T,—q)=0, if se S,
here /(w) is the length of w.
It will be convenient to set
T,—q i ®rT,,
We then have

~

{Tﬁw,:ﬁw,, if I(ww))=I1(w)+1(w)

(1.1.1) o ~ .
Ti=14(q"*—q"»T,, if seS.

1.2. Let < be the standard partial order on . In [KL,], Kazhdan
and the author showed that for any w e W, there is a unique element
C,, € H such that

Cpo= 3 (—1)m-tmgaw-tanrp, (49T,

ysw

=y§u(—1)”’”)‘”y)q‘“w“l‘”)”zPy,w(q)T;lu
where P, ,(q) is a polynomial of degree <3 (I(w)—I(y)—1) if y<<w and
Py .(q)=1.
Note that
(1.2.1) CoeT,+q* > o+-T,

y<w

from which by induction on /(w), it follows that

(1.2.2) T,eC,+q'? Y o*-C,.

y<w

In particular, the elements C, form a basis (called the C-basis) of H as
an «7/-module.
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1.3. Following [KL,] we define polynomials Q, ,(g) for y<w by
the identities
1 if y=w

1.3.1) zw (— 1)“”-“Z”Qy,z(q)P,,w(q)={0 i y<w

y<z<

It is clear that Q, .(g) is a polynomial of degree < F(I((w)—I1(y)—1)
if y<w and Q,,,(q)=1. For any y e W, we define

(1.3.2) Dyz ; Qy,w(q—1)q(z(w)—z(y))/2fw;

Ysw

this is an element in the set H of formal (possibly infinite) «/-linear com-
binations of the elements 7', (w ¢ W). We have

(1.3.3) D,eT,+q¢”> o+ T
ygw

hence

(1.3.4) T,eD,+q"* 3 o4*-D
V?w

(Both sums are, in general, infinite sums). Note that H C H in an obvious
way and that the left H-module structure on H extends naturally to a left
H-module structure on H. For example, we have

T, a,T)= 2 awTut 2 (@w+@"—q " Pa)T,

w
sw>w sw<w

(a, € o, s € S, and the sums are infinite, in general). Similarly, Hisina
natural way a right H-module; the left and right H-module structures on
H commute with each other: (h.h)h,= hy(hh,) for h, e H, he H, h, ¢ H.

14. Letz: H—of be the o/-linear map defined by (3", a,,T.)=«,
where e is the neutral element of W. It is easy to check that

P 1, if x=y-!
(1.4.1) of Ty=1 07
0, if x=£y-.
It follows that
1.4.2) t(hh)y=1(hh) forallh e H he H

and
1, if x=y-!

143 Cc,D)=D,C,)=
( ) z( »)=1(D,C,) {0, if xoey-.
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§ 2. The function a

2.1. Given w e W, consider the set

Su={i eN|q"«(T,T,D,) e /* forall x,ye W}

2.1.2) ) )
={i e N|g¢"*(C,C,D,) e &+ forall x,ye W}

(The last equality follows immediately from (1.2.1), (1.2.2). If &, is
non-empty, we denote by a(w) the smallest number in &,. If &, is
empty, we set a(w)=oco. We have thus defined a function

a: W——>NU{oo}.

An equivalent definition is the following one. We consider the coefficient
with which C,,-, appears in the product 7', T, (expressed in the C-basis of
H). We consider the order of the pole at 0 of this coefficient (in the
parameter ¢*/*). When x, y vary, the order of this pole may be bounded
above and then a(w) is the largest such order, or it may be unbounded
and then a(w)=oco. We have

Proposition 2.2. a(w)=a(w™)

Proof. Consider the antiautomorphism of the algebra H defined by
T,—T,-, for all w. Applying it to the equality T"IT"Z,=ZU, ,C,,
(@, € ), we find T,_.T,-.=>, @,C,-.. From this, the proposition
follows immediately.

We have

Proposition 2.3. a(w)=0 if and only if w=e.

Proof. First we show that Q, ,=1 for all we W. In view of the
definition (1.3.1) this is equivalent to the identity

> (—Drwp, =0 forall we,

ysw

which follows from the fact that P, ,=P,, , where s is any element of S
such that sw<<w. See [KL,, (2.3. g)]. It follows that

D=3 g\ T,

For any sesS, we have T,D,=q"?D,. By induction on I(x) it follows
that T,D,=q'®”D,, (x e W), and therefore

T(TxTyDe)IqU(ZH l(l/))/ZT(De)zq(l(r)+ LNz g of +

for all x, y e W. It follows that a(e)=0.
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Assume now that ws~e and let s e S be such that sw<<w. Then
TsTw = Tsw + (ql/z— q _I/Z)T'w,

and by (1.2.2) this is of the form (¢'2—gq~**)C, -+ «/-linear combination
of elements C,,, w'<w. As 7(C,.D,-,)=0 for w <w, we have

7--(:’T%sf-'wa"l)z‘L-((qllz_'q_I/Z)C'wa-l)‘;'qllz’_’q“1/2

so that 0 € &,-.. Thus, a(w™*)>1, and the proposition is proved.
The last part of the previous proof can be generalized as follows.

Proposition 2.4. Let J be a subset of S which generates a finite sub-
group of W and let w; be the longest element in this subgroup. Let w, w’,
w’ e W be such that w=ww;w"”, Iw)=IW)+1(w,)+I(w"). Then a(w)
>I(w,).

Proof. Note that T,,,-T,,,=(g~*®?”+higher powers of ¢"*)T,, +
«/-linear combination of elements T w» Yy<w,. It follows that

T oo Toyr=Too T, Ty T
= (g~ "9~} higher powers of ¢'*)T, + o/-linear
combination of elements T',, z<<w
=(q '™~ 4 higher powers of ¢'/*)C,, + .« -linear
combination of elements C,, z<<w, (cf. (1.2.2)).
As 7(C,D,,-)=0 for z<w, and 7(C,,D,-)=1, we have o(T ., T, wrDuy~1)

=q !N higher powers of ¢'/*.  This shows that a(w=")>I(w,). The
proposition follows.

§ 3. Positivity
3.1. The Coxeter group (W, S) is said to be crystallographic if for

any s#s’ in S, the product ss’ has order 2, 3,4, 6 or co. We shall need
the following result.

(3.1.1) Assume that (W, S) is crystallographic and let x,y e W. Then
C.-C,=>cw Us,4,.C, Where, for any ze W, a, , , € & is of the
Jorm 3, .5 c,(—1)iq*” with c; e N.

3.2. Let &: H—H be the ring homomorphism defined by @(g'*)=
—q'% N(T)=(—q)'”T;1,(x e W). Then ¢*=1 and C,=9(C;) where
Cl=q-'=r > _.P,.(q)T, Hence (3.1.1) is equivalent to the follow-
ing statement.
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(3.2.1) If (W, S) is crystallographic, then for any x,y € W we have C,C},=
>eew Ba,y,:Cr where B, . € o has>0 coefficients for all z e W.

In the case where (W, S) is a (finite) Weyl group, this statement is proved
in [S, 2.12]. The ingredients of the proof are:

(a) interpreting P, , in terms of local intersection cohomology of a
Schubert variety corresponding to w, cf. [KL,].

(b) interpreting multiplication in the Hecke algebra in terms of
operations with complexes of sheaves (inverse image, tensor product,
direct image).

(¢c) applying the powerful decomposition theorem in the theory of
perverse sheaves, due to Beilinson-Bernstein-Deligne-Gabber [BBD].

In the general case, the assumption that W is crystallographic, means
that it arises from a Kac-Moody Lie algebra (or group); to each we W
one can again associate a “‘Schubert variety”. (See [KL,, § 5], [L,, 11] for
the case of affine Weyl groups and Tits [T] in the general case; see also
Kac-Peterson [KP].) The proof of (3.2.1) can then be carried out essen-
tially as in the finite case. For the proof of (a) it is simpler to use instead
of [KL,] the arguments in [L;, Ch. 1]. This avoids using the dual Schubert
varieties (of finite codimension).

§4. Left cells and two-sided cells

4.1. We shall review some definitions and results from [KL,].
Given y, w ¢ W, we say that y<w if the following conditions are satisfied:
y<w, Iw)—I(y) is odd and P, ,(q)=p(y, w)q -t =172 lower powers
of g, where p(y, w) is a non-zero integer.

Given y, w e W, we say that y, w are joined (y—w) if we have y<w
or w=<py; we then set i(y, w)=u(y, w) if y<w and @y, w)=pw, y) if
w=y. Forany x e W, we set L(x)={s € S|sx<x}, Z(x)={s e S|xs<x}.

4.2, Given x, x’ € W, we say that x<{x’ if there exists a sequence of
L

elements of W: x=x,, x,, -+ -, X, such that for each 7, 1<i<n, we have
X;1—Xg LX) L(x;). We say that x < x’ if there exists a sequence
LR

X=2Xp; Xy, + -+, X,=X" of elements of W such that for each i, 1<<i<n, we
have exther X 1<xi or x; 1<x Let ~ be the equivalence relation

associated to the preorder < thus x~x means that x < X', x’ < x. The

corresponding equivalence classes are called the left cells of W. A right
cell of W is a set of form {we W|w-'eI'} where [" is a left cell. Let ~
LR

be the equivalence relation associated to the preorder <; thus x ~ x’
LR LR
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means that x < x’, x’ <x. The corresponding equivalence classes are
LR LR

called the two-sided cells of W.
4.3. For any x € W and s € S, we have (cf. [KL,, (2.3a), (2.3b)]):

“.3.1) C.C z{—(q‘/z—kq‘l/Z)Cx, ?f $¢ L)
o e ;éj'c 2y, x)Cy, if s¢ 2(x)
sy<y
and
—(q'*+q7")C,, if 5e Z(x)
“32) C:Co= { y}j 2y, x)C,y, if s¢ ().

ys<y

It follows that for any x € ¥ we have

“4.3.3) H-C,c> o-C,
llfw
4.3.4) C,,Hc 3 «-C,
yﬂ%z-l
4.3.5) H.C,,HC Y. «-C,.
Y=<z
LR

4.4. We shall need the following property, see [KL,, 2.4(i)]:
4.4.1) If x<y, then Z(x)DA(y). Hence, if x ~y then X(x)=A(y).
L L

Lemma 4.5. Letx,ye W. If C,D,+0, then y~*<x. IfD,C,+0,
L
then y<x~'.
L

Proof. Assume first that C,D,s=0. Then C,D, can be written as
a (possibly infinite) sum >, «,D,, @, € o, with «,#0 for some z. For
such z, we have ¢(C,..C,D,)=0a,#0. Let us expand C,_.C, in the C-
basis of H. The coefficient of C,_, in this expansion is equal to «, hence
it is non-zero. Using now (4.3.3), it follows that y-* <x.

The proof of the second assertion of the lemma is entirely similar.

§5. Cells and the function 4

5.1. Given we W such that a(w)<oo, and two elements x, ye W,
we define the integer ¢, ,,,, to be the constant term (==coefficient of ¢°)
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of g*» (T, T,D,) e o*.

Lemma 5.2. Assume that a(w)<oo.
(@) ¢4,y is equal to the constant term of g**¢(C,C,D,) e oZ*.
(b) There exist x', y' € W such that ¢y, 70.
©) Ifcsyw#0, then w<x"' and w' %y.
L

(d) If Wis crystallographic, then for any x, y we have (—1)**¢c, , .,
>0.

Proof. Wehave C,=> .., T, Co=>1,, B, T, where a,=8,
=1, a, € ¢ ", (X’ <x), By € ¢'*L*, () <y). Hence

q“(w)/IT(CszDw)= ; axrﬁy»q“(w)/zf(fx’TW'D’”)
Y’y

=g (T, T,D,)+ an element of g%/ *

and (a) follows.

(b) is clear from the definition of a(w).

Assume that ¢, , ,#0. Then ¢(C,C,D,)#0 and, by (1.4.2), we
have also z(C,D,,C,)+#0. In particular, C,D,+0 and D,,C,+0. Hence
(c) follows from Lemma 4.5.

Letxz, , ., € & be the coefficient of C,,-,in C,-C, (expressed in the
C-basis of H). By (a), ¢,,,,., is the coefficient of ¢=*™7” in =, , ,.
Hence, (d) is a special case of (3.1.1).

Lemma 5.3. Assume that W is crystallographic. Let x,y e W.

(@) Let z,z’ € W be such that z—z' and let s € S be such that se
A(Z)—A(2). If i>0 is an integer such that q*”*<(C,C,D,) € o/ has non-
zero constant term, then there exists x' € W such that q**z(C,.C,D,)e o/
has non-zero constant term. Moreover, we have a(z’)>a(z).

(b) Let ze W be such that a(z)<oco. Assume that c, , ,70. Then
A(y)=ZL(2) and L (x)= X(2).

Proof. Letz,z/,s,ibe asin (a). We have «(C,C,D,)=17(C,D,C,)
#0 hence D,C,#0 so that z<<x"', (Lemma 4.5). By (4.4.1), z<x*
L L
implies Z(z2)DZ(x~"). Since s ¢ Z(z), it follows that s ¢ Z(x~?), hence
SX>X.
Write C,C,=3>, «,,C,, &, € &. Using (4.3.1), we get

CsCmCVZOZz"ICsCz—I_F Z awCst:‘Z Bw’cw’, (ﬁw' € A):

wHEz—

where
,Bz'-1=0(;—1ﬂ(z d, Zul)+5
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d= 3 @y {lz " W)—&umiq g ).

w#z~
sSw>w
Z—1l-w

Let a;, b;, d; be the coefficient of ¢~ in «,-1, B,.~1, 6, respectively. Then
b,=jia,+d; where fi=p(z'"', z7")=ji(z/,z). From (3.1.1) it follows that
(—Dta,>0, (—1)'d,; >0, 2>0. -Our assumptions are that a,7=0, F=0.
It follows that (—1)’a; >0, 7>0, (—1)¢b,>pg(—1)*a, >0 so that b,50.
Thus, the coefficient of ¢ ~**in «(C,C,C,D,) € & is non-zero. By (4.3.1)
we have

«(C,C,C,D,)= 3 (x', x)=(C,.C,D,)

sz’ <z’

with g(x’, x)#0 for all x’ in the sum. It follows that there is at least one
x’ in the sum such that the coefficient of ¢ ~** in ¢(C,.C,D,,) is non-zero.
Hence the first assertion of (a) is proved. We now show that we have an
inclusion

F.DOL

(see (2.1.2)). If this were not true we could find je &,. such thatj ¢ &,.
Since j ¢ ,, there exists x,, y, € W such that ¢?7«(T,,T,,D,) ¢ o *; hence
there exists j/>0 such that q¥+/¢(T,, T, D,) has non-zero constant
term. By the first assertion of (a) it follows that ¢+ 2¢(T, T, D,) has
non-zero constant term for some x, e W, so that ¢/2c(T,,T,.D,) ¢ o/*.
Thus j ¢ &,., a contradiction.

From &,D%, and the definition of the function a, it follows that
a(z)>a(z).

We now prove (b). With the assumption of (b), we have ngx‘1
and z-'<y. Using (4.4.1), it follows that Z(z)D Z(x~")=L(x), L(z)=

L

F(z")DA(y). Assume that there exists ¢ € S such that t € £(2), t ¢ Z(y).
Write again C,C, =3, @,Cy, (o, € &). From this we have

Z Cxcz/'/l(y/’y)=CnyCt=az—1Cz—lCz+ Z a,,C,C,
Y=

w#z—1

=Zw; ,Bw'cw@ (ﬁw € M)

. yl
Yy

where
Bo-1=—(q""+q " Pet,-1+4,
o= >, iz whay,.
e

Let m;, n,, p; be the coefficient of ¢~*/*in f,-., @,-., §, respectively. Then
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m,=—n,_—n;,,+p;. Wenow take i=a(z)+1. Then #n,,,=0, by the
definition of a(z) and n,_,%0 since ¢, ,,,7#0. Moreover, by (3.1.1), we
have (—1)*"'n,_,>>0, (—1)’p,>0. It follows that (—1)*~'n,_,>0 and
(=Dim;, =(—=Dp,+(—=D*""'n,_, >(—1)""'n,_, >0. In particular, we
have m;=0. Thus

qer yz 20, M)e(C.CypD, ) ¢ /.
)

Yy’
Hence for some »’ in the last sum we have
q*>’¢(C,CD, ;) ¢ *.

This contradicts the definition of a(z). Thus we have proved that #(z)
— %(z) is empty, so that £(z2)=Z(y). From the proof of 2.2, we see that
Cpy,s=Cy-1,5-1,,-1. Hence we must also have L(z-)=Z(x""), and
therefore #(z)=%(x). The lemma is proved.

We can now prove:

Theorem 5.4. Assume that (W, S) is crystallographic. Let z,z' e W
be such that 2’ <z. Then a(z’)>a(z). In particular, the function a is
LR

constant on the two-sided cells of W.
Proof. To show that a(z’)>a(z) we may assume that either

Z—z and ()L A(2)

T y_s and #(2)E L)

In the first case,we have a(z’)>a(z) by Lemma 5.3(a). In the second
case, Lemma 5.3(a) is applicable to z’-!, z"!. (We have z/-'—z~! and
A(Z-YZ A(z"Y).) It follows that a(z’-')>a(z"?!), hence, by Proposition
2.2, we have a(z’)>a(z). The theorem follows.

Corollary 5.5. Assume that (W, S) is crystallographic. Let z,z’ ¢ W
be such that z' —z, (Z VL K(z) and L(2) ¢ £ (2). Assume that a(z)< oco.
Then a(z’)>a(z). In particular, z and z’ are not in the same two-sided cell.

Proof. From 5.4 it follows that a(z’)>a(z). Assume now that
a(zy=a(z). Let x,ye W be such that ¢, , ,#0. Then the coefficient
of =/ in ¢(C,C,D,) is non-zero. By 5.3(a), we can find x’ ¢ W such
that the coefficient of g ~***in ¢(C,.C,D,,) is non-zero. Since a(z)=a(z’),
we have ¢, ,.#0. Using now 5.3(b) it follows that %(y)=.2(z) and
also that Z(y)=%(z). Thus, we have Z(z')=%(z), a contradiction.
The corollary is proved. ’
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This result was proved in [L,, 4] in the special case where W is a

finite Weyl group, using the known connection between < and the order
L

relation on the primitive ideals in an enveloping algebra. The present
proof is quite different and applies in more general circumstances.

§l6. The case of finite Weyl groups
Theorem 6.1. Assume that (W, S) is a finite Weyl group. For any
x,¥,ze W we have

C,9,5=Cy,2,2=Cs,z,9°

Proof. We set c=c,,,.. Assume first that c¢==0. Then
q*@7(T,T,D,) e o/* has constant term c¢. For any x’ ¢ W, x'>x, we
have 'q*® (T, T,D,) e «/*. Since

D,=T,+ > a, Ty, (a,cq’sl*)

it follows that ¢q*»”¢(D,T,D,)e o/* has constant term c, hence that
q*®*(T,D,D,) e o/* has constant term c. (Since W is finite, we have
H=H, hence the products D, T ,D,, T,D,D, are defined.) We now sub-
stitute

Dz=Tz+ Z Igz’Tz'a (ﬁz’ € qllzﬂ+)'

2>z

Note that for z’ >z, we have

q*2«(T,T,D,) e oL+
since a(z)>a(x) (by 5.2(c) and 5.4). It follows that

qa<2>/zz-(ﬁ,(§z B.T.)D.) e q'et *

so that q"“”zz-(f‘yDzD,) € o/* has the same constant term as

q*7(T,T,D,) e o*.
Hence the constant term of ¢**”¢(T,T,D,) e «/* is c. By the definition
of a(x), this implies g({)ga(x). Combining with a(z) >a(x), we get a(z)=
a(x), hence ¢g*®7¢(T,T,D,) e &/ * has constant term ¢. Thus, ¢, , ,=¢,

as required. The same argument applied to y, z, x instead of x, y, z shows
thatc,,,,,=c.
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Thus, if one of the three numbers ¢, 4., Cy,2,25 sz, IS NOD-ZETO,
then these three numbers are equal. If all three numbers are zero, they
are again equal. The theorem is proved.

6.2. Remark. Although the conclusion of the theorem may be true
also for infinite W, 1 don’t see how to carry out the proof. If W is an
affine Weyl group of type 4, or 4,, then the elements D, ¢ H are “square
integrable” in the following sense: the coefficient of T, in D, tends to
zero for I(u)—>oo in the topology of formal power series in g% It fol-
lows that the products D,T,D,, TWDZDJ, are defined (they are infinite
sums of T, with coefficients formal power series in ¢*?) and the proof can
still be carried out. However, if W is an affine Weyl group of type B,,
there exist elements D, ¢ H which are not “square integrable”.

Corollary 6.3. Assume that (W, S) is a finite Weyl group.
(@) Let x,y,ze W be such that c,, ,70. Then x~y=',y~z-,
L L

z~x-.
L

b Ifz <z and a(z’)=a(z), then z/ ~z.

© Ifz <zandz ~ z, then 2/ ~Z
LR

(d) For any ye W, there exzsts x e W such that ¢, ,, ,—.70.

(e) If y belongs to a standard parabolic subgroup W' of W then a(y)
computed with respect to W is equal to a(y) computed with respect to W,

(f) For any y e W, we have a(y)<I(¥).

Proof. (a) We have seen in 5.2(c) that ¢, , .70 implies z<x"",
L
z‘1<y. By 6.1, it also implies ¢, , 0 (hence x<y"1 x"1<z) and ¢, , ,
+0 (hence y<z‘1 '1<x) Thus, we have z~x x~y y~z

(b) We must only show that from 2z’ —z, ,‘?(z’)gi,‘?(z) a(z’) a(z)
it follows that z/~z. Let x, ye W be such thatc, , .-.#0. Applying

L
5.3(a) to z71, 2’71, x, y and i = a(z) we see that there exists x’ € W such that
q*»77(C,C,D,_,) e & has non-zero constant term. Since a(z)=a(z’),
by assumption, it follows that ¢, , ,—.70. Fromc, , ,-150, ¢z 4 ;-0
and (a) it follows that y:z, y»;z’, hence z:z’, as required.

(¢) follows immediately from (b) and 5.4.
(d) Given ye W, we can find x,ze W such that ¢, , ,50, see
5.2(b). By 6.1, we then have ¢, , .7#0. We have y~z~', hence there
L

exists a sequence z™'=y,, y,, - - -, ¥, = such that for each j, 1<<j<n, we
have y,—y;.1, L(y)ZZL(y;_1). We show that there exists a sequence
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Xoy X1y + + =5 X, in W such that ij,y,yj—xf,ﬁo for 0<{j<n. We can take x,
=x. Assume that for some j>1, we have found x,_, such that c,,_, ,, ;-
#0. We apply 5.3(a) with z, z’ replaced by y;2,, y;* and with i=a(y)=
a(y;l). It follows that there exists x’ ¢ W such that ¢**°¢(C,.C, D, 1)
€ &/ has non-zero constant term. Since a(y)=a(y;’), it follows that
cx,,,,,yj_lq&(), hence we may take x,=x’. Thus, the required sequence
X Xy, + * 5 X, is constructed. We have c,, , ,-170 and (d) is proved.

(¢) By (d), we can find x e W such that ¢, , ,-.7=0 (with ¢, , ,-:
defined in terms of W). Then we have also ¢,,,—. ,70. Hence, if « is
the coefficient of C,-, in the product C,C,_, (expressed in the C-basis of
H) then g*"/°¢ e &/ has non-zero constant term. (We shall write a( )
(respectively a’( )) for the a-function computed in terms of W (respectively
w’).)

Note that C,C, -, belongs to the subalgebra H’ of H spanned by the
T, (ue W’) or, equivalently, by the C,, (e W’). (Forue W’, C, defined
in terms of W’ is the same as that defined in terms of W.) It follows
that x e W’ and a/(x) is defined. Since ¢**”?a has non-zero constant
term, we have a(x)<<a’(x). The reverse inequality a’(x)<<a(x) is obvious,
hence a(x)=a’(x). From this it follows that g% ®”¢ has non-zero con-
stant term, hence ¢, ,-1,, (computed in terms of W’) is non-zero. By (a)
applied to W’ it follows that y~*, x~! are in the same left cell of W’ (hence
also in the same left cell of W). From 5.4, we see then that ¢’(y)=a’(x),
a(y)=a(x), so that a(y)=a’(y).

(f) Letagain x e W be such that ¢, , ,—.==0. If B is the coefficient
of C, in the product C,C, (expressed in the C-basis of H), then g*® /3
has non-zero constant term. From (4.3.2), we see by induction on I(y,)
that for any x;, y, ¢ W, we have C,,-C,,=>,7,C, where 7, ¢ o satisfy
qgtv07?, e o/*. In particular, we have ¢'*”*8 e o/, hence I(y) >a(y), as
required.

The following result relates (for finite Weyl groups) the function a(w)
to the function a defined in [L;, 4.1] for any irreducible representation E
of W over Q. For such E, we shall denote E(g) the corresponding

representation of HQQ(q'?).

Proposition 6.4. Let € be a two-sided cell in a finite Weyl group W,
Let a be the constant value of the function w—a(w) on €. Let E be an
irreducible representation of W appearing in the left W-module carried by
%. Then ayp<a and, for at least one such E, we have az=a.

Proof. For any x e W, the trace Tr(T,, E(q)) can be expressed as a
Q-linear combination of elements ¢(7,C,D,.-,) with z,2 ¢ &, (see [L,,
1.3]). From the definition of a, it follows that ¢*’«(T,C,D,)e o+
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hence ¢**Tr(T',, E(g)) € Olg'/*. It follows that

q° % Tr(T,, E(g))* ¢ Olg"),

hence, by the definition of a;, we have az<a.

To prove the second assertion, it is enough to show that for some E
appearing in % and some x e W, ¢**Tr(T,, E(q)) ¢ Qlg"”] has non-zero
constant term. This would follow from the following statement: there
exists x e W such that ¢**Tr(T,, [¥]) € Ql¢g”*] has non-zero constant
term, where [#] is the left H-module carried by ¥. Since

Co=T,+ 3 a, T, (a, € glPel?),

& <L

and q**Tr(T,., [¢]) € Q'] for x'<x, we are reduced to proving that
q**Tr(C,, [¢]) e Olg'*] has non-zero constant term for some x € W. This

is proved as follows.
Fix ye ¥ and choose x e W such that ¢, , ,—.7#0 (see 6.3(d)). We
have C,C,= > «, ..C,. (ze %), where a, ,- € &/. Let n, be the constant
Zew

term of ¢*”«, , (z€ ¥). Then Tr(C,, [¥])= 2 «.,. and it is enough to
zeqd
show that > n,0. By (3.3.1), we have (—1)*n,>0for allze ¥. Since
ZEY¥
Cz,.4-170, we have n,50, hence, (—1)°n, >0. It follows that

('—' l)a Z n, >0.

ZE€E¥
The proposition is proved.

6.5. Remark. It is known (see [L;, 5.27]) that a is in fact constant
when E runs through the irreducible W-modules appearing in ¥. How-
ever, this can be proved at present only through case by case checking.

§7. An upper bound for a(w) for w in an affine Weyl group

7.1. In this section, (W, S) denotes an irreducible affine Weyl group.
Let v be the number of positive roots in the corresponding root system.
We shall prove:

Theorem 7.2. For any x,y,ze W, we have T,T,= 3 m, , . T,-

zeW
where m,,,,, is a polynomial in &¢=(q'”—q~'"*) wiith integral, >0 coeffi-
cients, of degree <yv.

Before giving the proof, we note:
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Corollary 7.3. For any z ¢ W, we have a(z)<v.

Proof. From 7.2, we see that ¢*’m,,,, e o/* for all x,y,z. On
the other hand, T',_, e >, &/*C,, (see (1.2.2)). It follows that

¢TI e S o+.C,
uew
and the corollary follows.
For the proof of the theorem we shall need the following.

Lemma 74, Forany x,y,ze W, m,,, , is a polynomial in §=(q'"*—
q ') with integral >0 coefficients, of degree < min (I(x), I(y), I(2)) in &.

Proof. From (1.1.1) we see immediately, by induction on /(x) that
m,, . . is a polynomial with integral >0 coeflicients of degree < /(x) in
&. Similarly, by induction on /(y) we see that m, , , has degree < I(y) in
& Wehavem, , ,=«T,T,T)=(T,T,T,)=m,,, .. By what we have
proved so far, we have then deg(m, ., ) <I(z) hence deg(m, , .) <I(2).
The lemma is proved.

7.5. The affine Weyl group (W, S) can be obtained as follows (cf.
[L;, 1.1]). Let E be an affine euclidean space with a given set of hyper-
planes &#. Let £ be the group of affine motions in E generated by the
orthogonal reflections in the various hyperplanes P in &, regarded as
acting on the right on E. We assume that £ is an infinite discrete sub-
group of the group of all affine motions of E acting irreducibly on the
space of translations of E and leaving stable the set #. Let X be the set

of alcoves (=connected components of the set E— {_J P). Then 2 acts
PesF

simply transitively on X. Let S, be the set of £-orbits in the set of
codimension 1 facets of alcoves. FEach s ¢ S, defines an involution 4—>sA4
of X, where, for an alcove 4, s4 is the alcove =4 which has with 4 a
common face of type s. The maps 4A—sA4 generate a group of permuta-
tions of X. This group, together with its subset S, is a Coxeter group
(an affine Weyl group). We shall assume that (W, S) is this particular
Coxeter group, (thus S=.S)).

We regard W as acting on the left on X. (It acts simply transitively
and commutes with the action of 2 on X.) A special point in E is a
O-dimensional facet v of an alcove such that the number of hyperplanes
P e & passing through v is maximum possible (it is equal to v). For
such v, we denote by W, the subgroup of W which is the stabilizer of the
set of alcoves containing v in their closure. Then W, is a standard
parabolic subgroup of W generated by |S|—1 elements of S. We denote
by w, the longest element of W,; we have /(w,)=v. We choose for each
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special point, a connected component C; of the set E— PU Pin such a
EF
P
way that for any two special points v, v’ in E, C}, is a translate of C;.
Let A} be the unique alcove contained in C} and having v in its closure,
and let A; =w,A4;.
To any alcove 4 we associate a subset #(4)C S, as follows. Letse S
and let P be the hyperplane in & supporting the common face of type s
of A and s4A. We say that s € #(A) if 4 is in that half space determined

by P which meets C;} for any special point v.

7.6. Following [L,, 1.6] we consider the free .«7-module # with
basis corresponding to the alcoves in X. It can be regarded as a left
H-module:

{SA, if se S—L(4)
T gA) +(g— 14, if se L(A).
Let 6: X—Z be a length function on X in the sense of [L,, 2.11]; we

have 6(A)=0d(sA)+1, if se L(A) and 6(4)=0d(s4)—1, if se S—L(A).
Tt follows that if we set A=¢ 7”4, then

~

_ $A, if se S—2(4)
(7.6.1) T,A= '

SA+(q2—q ™A, if se L(A).
From this it follows by induction on /(w) that
T,A=> M, , B, (finite sum)
B

where M, , 5 are polynomials in & =(g"*—g~'/*) with integral, >0 coe-
flicients.

Lemma 7.7. deg. M, , z<».

Proof. Given w, A, we choose a special point v in the closure of 4.
We can uniquely write w=w’-w, where w, € W, ¢ w’ has minimal length
in wW, and I(w)=I(w")+1(w;). We have A=wy(4;) for some w,e W,
and A= T,,,EA; We have

~~
T, A TwlT A;= > My, wé-lTwaA,, = > Moy, 100,05 We(A7)
wWIEWy WIEW
and M, ,,, ;1 has degree at most /(w;) in &, (see 7.4). For a fixed w,,
let C=wy(4;), and let s - - 5,5, be a reduced expression for w/, (s; € S).
It is clear from (7.6.1) that
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T.C=3.(¢"—q7"C;
I
where I ranges over all subsets 7,<<7,<<---<i,, of {1,2, - - -, k} such that

S Bay e 8 85 (C)<8y o5y Sy -5,(C)

t—1 2

fort=1, - -+, ps, and Cy =5y -8, - -85, - -5,(C), p=p;.
According to [L,, 4.3] we have p,=|I|<v—I(w;). Hence

- o N o~
Tw‘z: Tw'Tw1A= Z Moy, wa, w51 Tw:(WSA;)

wW3EW,

~
=2 mwl,wz,w‘;lémcl
ws

With degf (mwl, wa, w;lspl) S deg (mwl, wa, w;;‘) + pI S l(ws) + Vv— l(ws) =V. The
lemma is proved.

~

_ Lemma?. 8. Given y e W, there exists an alcove A such that T A
yA.

Proof. Let v be a special point in E. Write y=)"-y, with y, e W,
and y' of minimal length in yW,. Let A=(y;'w,)4;. Then y, A=A},
(3, A)=06(A)+1(y,) and o(y’' A7) =0(4})+1(») (IL,, 3.6]) hence A4 has the
required property.

7.9 Proof of Theorem 7.2. Given x,ye W, we select 4 as in
Lemma 7.8. Then

=T yd= Z M, ,.:B= Zm“,,_,TA
=Zmz,v,z—1Mz,A,B§

hence
Z mr,y,z—le,A,BzMz,yA,B
sEW

for any Be X. By Lemma 7.7, M, ,, ¢ Z[£] has degree <v. Since
My y,2-1- M, 4 5 € Z[E] have >0 coefficients it follows that m,, , ..M, 4 5
has degree <y in the variable &, for any z, B. We take B=z4; then
M, , »is #0 (its value for £=0 is equal to 1). It follows that m, , ,—
has degree <y in & for any ze W. This completes the proof.

For future reference we state

Corollary 7.10. For any x,y, ze W, the elements q“/zr(TzT,,T',),
q"(T,T yD.) are in o/ * and have the same constant term.
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Proof. The fact that they are in </ * is just a reformulation of The-
orem 7.2 and Corollary 7.3. Let us write

D,=T,+> T, e H, (x,¢qVL").

Z
2>z
It remains to prove that

" > a, (T, T,T,)e q'ed .

z
2>z

(Note that all but finite terms in the sum are zero.) But this follows from
@, € g2/ * and from ¢*?«(T,T,T,) e o*. The corollary is proved.

§ 8. The subset I, of an affine Weyl group

8.1. In this section, we preserve the notations from the previous
section. Let W,,={we W|a(w)=y}. Consider an element w in our
affine Weyl group with the following property: there exists a special point
ve E and a decomposition w=w'w,w” of w such that I(w)=I(w")+1(w,)
+I(w”). (Recall that w, is the longest element in W,.) By 2.4, we have
a(w)>y, and by 7.3, we have a(w)<{y. Hence we W,,,.

8.2. This argument shows that almost all elements of W are in W,.
(More precisely, let B be a large ball in E with center v (a fixed special
point) and let B, be the set of points of B which belong to an alcove
wA; (we W,). Then vol(B,,)/vol (B) tends to 1 when the radius of B
tends to oo.)

Proposition 8.3. (a) Ifx,y,ze W, then c,,y,.=Cy,2,0=Ca 5,9
(b) Ifx,ye W,ze Wy, and c,,,,,#0, then xe W, amdye W,.

Proof. (a) By 7.10, c,, . is equal to the constant term of
q*"e(T,T,T,). Tt is therefore sufficient to check that ¢*’«(T.T,T,) is
invariant under cyclic permutations of x, y, z. This follows from (1.4.2).

(b) Our assumptions and 7.10 imply that ¢*/*«(T', T, T,) has non-zero
constant term. If follows that ¢**¢(T',T,T',) has non-zero constant term.
Using again 7.10, it follows that ¢*?¢(T,T,D,) has non-zero constant
term, hence a(x)>>v. On the other hand, a(x)<v by 7.3. Thus a(x)=v.
The proof of the equality a(y)=uv is similar.

Corollary 84. (a) Let x,y,ze W,,, be such that c,,, ,#0. Then

X~y L y~z z~x"1
L L L
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(b) Ifz,ze W, andz’ <z, then 2’ ~z.
L L

(©) Foranyye W, there exists x € W, such that c, ,,,-170.
(d) Foranyye W,,, we have [(y)>v.

Proof. The proof is the same as that of 6.3, once 8.3 is known.

Corollary 8.5. Let v be a special point in E. The set
I'y={we W|I(w)=I(ww,)+I1(w,)}
is a left cell in W.

Proof. The function ww— Z(w) from W to the set of subsets of S is
constant on left cells, cf. (4.4.1). The set I", is one particular fibre of this
function, hence it is a union of left cells. Note also that by the discussion
in 8.1, we have I',C W,,.

We shall prove by induction on /(w) that W=, for any we I',.

The induction starts with the case I/(w)=v; in this case the result is clear

since w=w,. Assume now that /(w)>v-1. We can find s € S such that

w=sw, w el ,, Iw)=Iw)+1. We have clearly w<w’. Asw,w el,
L

C W, we may apply 8.4(b) and conclude that w~w’ . By the induction
hypothesis, we have w’ =W, It follows that W~ W, Thus, we have

proved that w~w for all we I',, hence that I, is exactly one left cell.

§9. Construction of n-tempered representations

9.1. In this section, (W, S) denotes again an irreducible affine Weyl
group. Given a commutative ring R, and an integer i >0 we define E%
to be the free R-module with basis (e,), we Wy,={we W|aw)=i}.
Similarly, we define E3* to be the free R-module with basis (e,), we
W(i) U W(i+1) u-

If ¢: &/ —R is a ring homomorphism, we denote by H, the R-algebra
obtained from H by extension of scalars, via ¢. The elements T, give
rise to elements of H, denoted in the same way: T,. The rule

T w:{——ew, Tf SWSW (se S, we W, aw)>i)
@' Mew+ 25 [y, wey, if sw>w
Yy—w

sy<y

makes E3* into a left H;,-module. (For each y in the sum, we have
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automatically a()>1, (see 5.4).)
Similarly, if ¥: &/—R is a ring homomorphism, the rule

o — €, if ws<<w
s = (seS,we W, alw)>i)

(g Me,+ >, fly, we,, if ws>w
y—w

ys<y

makes Ez* into a right H,-module.

The left H,-module structure on E%’ doesn’t commute, in general,
with the right H,-module structure. Since E3‘*'is a left H,-submodule
of E3' and a right H,-module, we may regard EL=FE3'/E3‘*' in a
natural way both as a left H;-module and a right H,-module.

Theorem 9.2. The left Hy-module structure on E% commutes with the
right H,-module structure on E%.

Proof. 1Tt is enough to prove the following statement.
Letwe W, s,s" €S, and consider the basis element e,, of EZ*. Then

(921) (Tsew)Ts’*Ts(ewTs')

isin E3**'. (Here T, isin H, and T, is in H,.) A simple computation
{compare [L,, 2]) shows that (9.2.1) is zero unless s ¢ #(w) and 5" ¢ Z(w)
in which case it is an R-linear combination of elements e, (W' e W) such
that w'—w, se (W), s’ € Zw'). By 5.5, (which is applicable since
a(w)<y<oo) all these elements w’ satisfy a(w’)>i+1. Hence (9.2.1) is
in E3%*! and the theorem is proved.

9.3. From now on, we assume that +: o/—>R is the ring homomor-
phism such that (g**)=1; in this case, H, is the group algebra R[W] of
W over R; its basis T', becomes the standard basis of the group a lgebra.
Ifi >0, then E% is a right R[W]-module. Let ¥ be a right R[W]-module.
‘We associate to V' and i>0 the R-module V%:(E%? V)w (=space of

W-coinvariants on E% ® V'); here W acts on EL, Q@ V by (e Quyw=(ew) Q
R
(uvw). With these definitions, we have

Lemma 9.4. Assume that R is noetherian and that V is finitely gen-
erated as an R-module. Then V*, is finitely generated as an R-module.

Proof. Let T be the group of translations in W. Then V% is a
quotient of the space (E% & V), of T-coinvariants, which is a quotient of
R

(E3'®V),. Thus it is enough to show that E2*® V is finitely generated
R R
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as an R[T]-module. This is an R[T]-submodule of E3°® V. Since R[T]
R

is a noetherian ring it is enough to show that E3*®V is a finitely
R

generated R[7T]-module. This is clear, since E3° is a free R[T}-module of
finite rank (equal to the index of T in W).

9.5. Assume now that ¢: &/—R is a ring homomorphism. Then, as

we have seen in 9.1, E% is a left H;-module. It follows that, if V' is a

right R[W]-module, then E%,® V is a left H,-module: A(¢ ® v)=(he) ®v,
R

(he Hj,ec EY ve V). By 9.2 this left H;-module structure commutes

with the right R[W]-module structure, hence the space V% of W-coin-
variant s inherits a left H;-module structure.

9.6. In 9.6-9.7 we shall assume that R is the quotient field of a
discrete valuation ring @ and that ¢: o/—R is a ring homomorphism such
that ¢(g'”) ¢ 0.

(9.6.1) A left H,-module M is said to be n-tempered, (n e N), if it is finite
dimensional as an R-vector space and if there exists an O-lattice ¥
in M such that §(q™'*)T , maps & into itself for any we W.

(Here, an (O-lattice means a finitely generated ¢-submodule of M which
generates M as an R-vector space.)

Let @ be a translation in 7C W such that /(xw)=I(x)+ /() for all
x e W, (for a fixed special point v e E). It is known that for any integer
j >0, we have l(0")=jl(w). It follows that T,,=(T,)’ for all j >0. If
M is an n-tempered H;-module and 2 is an eigenvalue of T,: M—M (in
an extension of R) then 1 is integral over ¢. (This justifies the name
“tempered”; in the usual definition of tempered representations (over C)
one assumes that 1 has always absolute value <{1.) To prove this, we
observe that ¢(g*/)T preserves the lattice .# for all j >0. Hence ¢(g"/*)2’
is integral over @ for all j >0; hence 4 is integral over @.

Theorem 9.7. Let V, be a right O[W -module which is free of finite
rank as an O-module and let V="V,® R be the corresponding right R[W]-

4 A~
module. Then for any n>>0, the left Hy-module V% (see 9.5) is n-tempered.
Proof. By 9.4, the O-module V)i =(E:®V,), is finitely generated

[
and the R-module Vi,=(E%® V), is finitely generated. It is clear that

R

(V)): ® R=V", as an R-module. Hence the image of (V) in V% is an
O-lattice %, which is generated (as an ¢-module) by the images of the
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elements e, Qv e E'®V,. For any ye W, and any we W, we have
[
q"*T,Coe > A*-Cu+ > A-C,
a(ww) =n a(wy;’)’>n

(identity in H), by the definition of the a-function. Hence, we have

#qg*DTene >, O-ep+ 3, Rey,
u(wu’J)=n a(wu'))>n
(identity in E%") and, therefore,
HMg"HT ene >, O-ey
a(wu’))=n

(identity in E7%). This shows that & is stable under ¢(g"*)T', for all y € W.
The theorem is proved.

9.8. Remark. The same proof shows that in the case where the set
W, is finite, the H,-module E?% itself is n-tempered.

9.9. In 9.9-9.11 we shall assume that R is an algebraically closed
field of characteristic zero and ¢: «/—R is a ring homomorphism such
that ¢(g*?*) is not a root of 1 in R.

Let V be an irreducible right R[W]-module. The sequence of canon-
ical surjective maps

Ey——>E3|Ey—>E3/EF ' - - —>ER|E§—>E3/EX=0
gives rise to a sequence of surjective maps
(EF OV )w——>((ER[ER)OV)w

== (ER/ER) V) ——>((ER/EF)Q V)w =0

9.9.1)

(W-coinvariants are taken with respect to the right R[W#]-module struc-
ture.) Each of the R-modules in this sequence is a left R[W]-module
since E3* is a left R[W]-module (replacing temporarily ¢ by the homo-
morphism - as in 9.3. The first R[W]-module in the sequence (9.9.1) is
irreducible, since V is irreducible and E3° is the two-sided regular repre-
sentation of W. The last R[W]-module in (9.9.1) is zero. Since all maps
in (9.9.1) are surjective maps of left R[W]-modules, it follows that there is
a unique integer n, 0<{n<Cy such that the map «, in the natural exact
sequence
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(/R )RV )y (EFIER) @ V)y—HERIEF) D V)y—>0

is an isomorphism (540} for i >>n-1 and is zero for i<<n. It follows for
this », the natural map

Vi=(EZ"[EZ" YO V)y—>(ERIEF ) D V)

is surjective and (E3E3"*)Q V) =~(EZ*® V),. Thus, we have asso-
R R

ciated to V an integer #>>0 such that V% is non-zero (indeed dimy V%>
dim; V). We shall denote this V% simply as V. Itis a left H;-module
(see 9.5). The integer » just defined will be denoted a,.

9.10. We shall now state a number of conjectures.

Conjecture A. If V is an irreducible right R[W-module, then the left
H-module V (see 9.9) has a unique irreducible quotient V. All other com-
position factors of V are of form V' where V' are irreducible R[W l-modules
such that a,.<a,. The correspondence V—V is a bijection between the
set of isomorphism classes of irreducible right RIW-modules and the set of
isomorphism classes of irreducible left H,-modules.

Conjecture B. For any x, y, z in the affine Weyl group W, we have
Coy,2=Cy,2,06=Cs,z,y (See 61)

This would imply that all statements 6.3(a) to (f) hold for affine
Weyl groups. It would also imply the following statement.

(9.10.1) W is a union of finitely many left cells (hence of finitely many
two-sided cells).

We now show how (9.10.1) can be deduced from the statement 6.3(b)
for the affine Weyl group W. For each right cell ' contained in W,,,
the R-subspace EL of E% spanned by the e, (w e I') is a right R[W]-sub-
module of E%; this follows from the assumption 6.3(b). Hence E% is
direct sum of its right R[W]-submodules E% for the various right cells I
in W,. If T is the group of translations in W, then R[T] is a noetherian
ring, hence E% is a finitely generated right R[T]-module (as a subquotient
of E%"), hence also finitely generated right R[W]-module. It follows that
there can be only finitely many summands Ef in E%L. Hence W, is a

union of finitely many right cells. Hence W= ) W, is a union of
0gegy

finitely many right cells and (9.10.1) follows. This proof shows also that
(assuming Conjecture B), for any irreducible right R[W]-module V, the
corresponding H;-module ¥ has a canonical direct sum decomposition (as
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an R-vector space): V =@ V" where I" runs through the right cells in W ,,
r

(n=a,), and
(9.10.2) VI=(E5QV)y.

Conjecture C. If V is as above, then the union of all right cells
I C W, such that V70 (see (9.10.2)) is contained in a single two-sided
cell C=%,.

Now let G be a simple (adjoint) algebraic group over R which has
Hom (7, R¥) as a maximal torus and whose Weyl group is isomorphic to
W/|T (the action of the Weyl group of G on the maximal torus being that
induced by the action of W/T on T by conjugation.)

Using Springer’s correspondence between Weyl group representations
and unipotent classes, S. Kato [Kt] has attached to each irreducible
R[W]-module V a conjugacy class in G. (All classes in G arise from some
V.) Let g, be an element in this class and let u;; be the unipotent part of
gy. (For example, when ¥V is a generic representation or the sign repre-
sentation of W than u,=1; if V is the unit representation of W, then u, is
a regular unipotent element in G.)

Conjecture D. Given two irreducible right R[Wl-modules V, V', the
Jollowing two conditions are equivalent: () the two-sided €, €y of W (see
Conjecture C) satisfy €y < €y, (b) u,, is contained in the closure of the

LR

conjugacy class of u, in G. Hence there is a canonical one-to-one cor-
respondence € y<>u, between the set of two-sided cells in W;, and the set of
unipotent classes in G. If € is a two-sided cell in W, and u is a correspond-
ing unipotent element in G, then i is equal to the dimension of the variety %,
of Borel subgroups of G containing u.

Conjecture E. Let g be an element of G and let p be an irreducible
representation of the finite group A(g)=Z,g)/Z%(g) which appears in the
permutation representation of A(g) on the top homology of the variety %, of
Borel subgroups in G containing g. Let V, , be the irreducible R[W1-module
associated in [Kt, 4.1] to (g, p). Then dim Vg, . 18 equal to the sum

> dim (Hu(B,) ® p)*®

(:vpace of A(g)-invariants). More precisely, the R[W |-module obtained from
V... by letting q**—1 is equal (in the Grothendieck group of RIW |-modules
to the R{W]-module © (H,,(% ) ® p)*®, (see [Kt, 3.2]).

Let T** be the semigroup of translations @ in TC W satisfying the
equality /(xw)=I(x)+1(w) for all x& W, (for a fixed special point v).
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With the notations in Conjecture E, we consider a complete flag of sub-
spaces in I7g, . stable under the commutative semigroup of transformations
T (we T**). Given any (one dimensional) subquotient of this flag, there is
a unique homomorphism a: T— R¥, such that T, acts on the subquotient as
scalar multiplication by a(w) for all w e T**. Let s, be the corresponding
element of the maximal torus of G, (see Conjecture D). The following
conjecture relates s, to the Jordan decomposition g=g,-g, of g in G.
(Here g, is the semisimple part of g and g, is the unipotent part.) Let

X: SL (2, R)—>ZY(g,) be a homomorphism such that gu=X<(1) %)

$(q"”)

Conjecture F. The elements s, and g - X( 0 > are conju-

0
(g~

gate in G.

§10. Left cells and dihedral subgroups

10.1. In this section we shall give some methods which allow in
certain cases to show that two elements in a Coxeter group are in the
same left cell, or to construct new left cells from a given one. This meth-
od, which was inspired by Vogan’s use of the “generalized z-invariant” in
[V], has been used in [KL,, § 5] to describe the left cells of the symmetric
groups. We shall generally omit proofs since they are similar to those in
[KL,, §41

10.2. Given the Coxeter group (W, S), we fix a subset S’C S con-
sisting of two elements s, ¢ such that sz has order m< oo and we denote
by W’ the subgroup generated by s, #. Each coset W’w can be decom-
posed into four parts: one consists of the unique element x of minimal
length, one consists of the unique element y of maximal length, one
consists of the (m—1) elements sx, tsx, stsx, - - - and one consists of the
(m—1) elements #x, stx, tstx, - - -. The last two subsets are called strings.
We shall regard them as sequences (as above) rather than subsets.

10.3. We shall extend the definition of the function i(y, w) (see § 4):
in the case where two elements y, we W do not satisfy y—w, we set

2y, w)=0.

10.4. We assume that we are given two strings x;, X,, - - -, X,,_, and
Vis Vo *» Vm-1 (With respect to S’). We set

_[Hxiyy), i STNL(x)=8"NL(y)
v 0, otherwise.
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The integers a,; satisfy a number of identities.

(10.4.1)  Assume first that m=3.
Then: a,=a,, and a,=a,,.
(10.4.2) Assume next that m=4.
Then: a3 =0y, Gy3=_0y, dyp=0y~+ i3, Ayy="0y =y =0y,

(10.4.3)  Finally, assume that m==6.
Then: ay=ds;, 03= 0y =y =0y3, G157 5y A=Ay =0y +dyy,
Ay = Ay A3+ Qis, Boy =01 = 015+ A5, Q1= Uy =0y =0,
A=Ay = Ay =y, Upy=gp= Uy =03 =0y Ay

(In the case m=3, this is proved in [KL,, §4]. In the other cases, the
proof is similar. An analogous result holds for arbitrary m.)

10.5. Note that {x,, - - -, x,,_,} is contained in a left cell I". (Indeed,
x;1—X; and P(x,_ )& L(x)ZL F(x,_)), hence x,_, ~x; fori=2,3, .-,
L

m—1.) Similarly, {y,, - - -, ¥n_,} is contained in a left cell [”. In certain
cases it is possible to show using (10.4.1), (10.4.2) or (10.4.3) that I'=1".
Assume for example that we know that for some i, j, we have x;,=s,¥,,,
s, € Lx,)—Z(y;). Then a,, ;=1 and x,, %yjo. Using then (10.4.1),

(10.4.2) or (10.4.3) we can deduce that several other a,,; are 0. (In the
cases m=4 or 6, one gets stronger conclusions if one assumes that (W, S)
is crystallographic since then a;;>0 and therefore a,;0, a,,;,50 imply
a,;+a,.;,#0.) It may happen that for one of these 7, j for which a;;70
was have £(y,)Z #(x,); we then have y, % x,; and it follows that I"'=1".

10.6. The identities (10.4.1), (10.4.2), (10.4.3) can also be used in a
different way. Let I be a subset in W such that for any we I', ZWw)N S’
consists of a single element; an equivalent assumption is that for any
we I, the element w-! is contained in a string ¢,,-. (with respect to S”).
We then define I'* =( Up (0p-) )1

we

In the case m=4 or 6, we define I" as follows. For each we I’
there is a well defined number 7, 1 <i<<m—1 such that w-!is the i*® element
of the string g,,—.; we define W to be the element such that Ww-! is the
(m—1)™ element of the string ¢,,—,. Then I is the set of all W, where w
runs through 7.

Preposition 10.7. Assume that m=3 or that (W, S) is crystallogra-
phic, and let I", I'* be as above. If I is a union of left cells, then so is I'*.
More precisely, if I' is left cell, then I'* is a union of at most (m—2) left
cells and, if m=4 or 6, then I is a left cell.
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In the case m=3, this is proved in [KL,, 4.3]. The proof in the other
cases is similar. It is based on (10.4.2), (10.4.3). The hypothesis that
(W, S) is crystallographic is used in the same way as in 10.5.

§ 11. Left cells in the affine Weyl groups 4, B, G,

11.1. In this section, (W, S) is an affine Weyl group of type A2, B,
or G,. We denote the elements of S by s, S35 S In the case B, we
assume (s,5,)*=(5,5,)*=(5,5,)*=1. In the case G,, we assume that (s,s,)’=
(s,8,)°=(s5,5,)°=1. For any subset J of {1, 2, 3} we denote by W’ the set
of all we W such that R(w) consists of the s;, (j € J).

11.2. We shall define a partition of W into finitely many subsets, as
follows.

W2, Ay= A8y, Ay= 4,55,

Type Ay: A=W A,=W"Y, A=
— A, B,=W?>— A, B=W?'—A4,,

A, =Azs,, B.=W"*
C,=W?*.

Type By: A,=W", Ay=A,5, A=A, Ay=W?, A= Ays,,
A= AsSs, Ay=Assy, Biy=W"—(4;,U 41,), By=Bys5,,
B,=B,s,, B,=B;s,, C;=W'—(4,UB), C,=W*—(4,UB,),
C,=W*—(4,U4;UBy), Dy=W?*.

Type Gzz Ay =W, Ajg=A38,, Ajg= A58, Aly=A1s8,, Ay=AL:Ss,
Ay =AsS,, Aly= A58, Alz= A8, Az=ALS,, Ay=Ass,,
AY =Ass,, A\=AY's,.
B,=W"—(A4,;U 41y), By;=BisS;, By=By;8:, B,=B;s,,
B;=B;s,, B=DBs,.
Co=W"—(4,;,UA;,UA;;UBy), C;=Cys,, C,=Cis,,

3=Cysy, Ci=Cis;, Cz— Cssz.

D1= Wl_(Al U Bl U CI)’ Dz= Wz"_(Az U A; UBz U Cz U C;):
D,=W?*—(4,UA4;UA4y UB,UB;UCUCY), E;=W?.

Each of the subsets in the partition is contained in some W, (with J
indicated as a subscript.)

Theorem 11.3. The partition of W just described coincides with the
partition of W into left cells.

(I have announced this result in a lecture at the Santa Cruz conference
on finite groups in 1979. The proof was based on the techniques of
strings in Section 10. However, in the case of G, there was a gap in the
proof which I can now overcome, using results on the a-function.)
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We shall sketch a proof. We start with the case of G,. By 8.5, A,
is a left cell. Using 10.7 with I"=A4,,, S"={s,, 55} we see that 4,, is a left
cell. Using 10.7 with I"'=4,,, S"={s,, 55}, we see that 4,,U4;,UA4,U4,
is a union of at most 4 left cells. Since w— Z(w) is constant on left cells,
each of A,UA], A, A,, A,is a union of left cells. Moreover, by 10.7
with I'=A4;, S'=/{s,, 5}, A, i3 a union of left cells. This forces each of
Ay, Aty Ay, Agy A, to be a left cell.

The set A7, is contained in a left cell. (The proof is the same as that
of 8.5 using the fact that A{,C W ,,, v=6). The set B,; is also contained
in a left cell. (This is proved easily by the technique of strings in 10.5).
However, the sets A, B, cannot be contained in the same left cell.
Indeed, by 8.1 the a-function is equal to 6 on A47;. On the other hand we
cannot have a(s;s;)=6 since this would imply /(s;s;)>6 (see 8.4(d)), a
contradiction. Since s,5; € B;; and the a-function is constant on left cells,
it follows that A7, B, are contained in distinct left cells. Since W™ is a
union of left cells and A4, is a left cell, the difference W' —A4,,=A:,U By,
is a union of left cells. It follows that each of A7, B;, is a left cell.

Using 10.7 with I'= 4],, S’ ={s,, 5,} we see that AU 45U 4;U 45 is
a union of at most 4 left cells. It follows that each of Af, AU Ay, A; is
a union of left cells. Moreover, by 10.7 with I'=A{], S'=/{s, , 5;} the set
A} is a union of left cells. It follows that each of 4], A;, A, Ay is a left
cell.

Using 10.7 with I"=A{, S'={s,, 5;}, we see that 4, is a left cell.

Using 10.7 with I"= B,,, S’ ={s,, 5,}, we see that B,,UB,UB,U Bj is
a union of at most 4 left cells. It follows that each of B,,, B,UB;, B,is a
union of left cells. Using 10.7 with I"=B,,, S’ ={s,, s5,}, we see that B;, U
B, is a union of left cells. It follows that each of B,,, B,, B}, B, is a left
cell.

Using 10.7 with I"=Bj, S’ ={s,, 5,} we see that B, is a left cell.

Using the technique of strings in 10.5 one can show easily that C,, is
contained in a left cell. Since W™ is a union of left cells and A4,,, A4,
AL, By, are left cells it follows that C,, is a union of left cells, hence it is a
left cell.

Using 10.7 with I'=C,,, §'={s,, s,;} we see that C, is a left cell.
Using 10.7 with I'=C,,, S’={s,, 5;} we see that C,UC,UC{UC; is a
union of at most 4 left cells, hence C, U C;U Cj is a union of at most 3 left
cells. 10.7 shows also that C{=C,, is a left cell. Hence C}, C, and C;
are left cells.

Using now 10.7 with I'=Cj, S'=/{s,, 5;}, we see that C, is a left cell.
Since W', W?, W* are unions of left cells, so must be D,, D,, D,. Using
strings, we see easily that each of D,, D,, D, is contained in a left cell
hence each of them is a left cell. The set D, is clearly a left cell. This
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completes the proof of the Theorem in case G,.

We now consider the case of B,. By 8.5, 4,,is a left cell. Using
10.7 with I'= Ay, S’ ={s,, 5;}, we see that 4,, 4, is a union of at most 2
left cells. Since w—Z(w) is constant on left cells, it follows that both 4,,,
A, are left cells. Using 10.7 with I'=4,,, S'={s,, 5;} we see that 4, 4,
is a left cell. Hence 4, is a left cell.

Since s,, 5, play a symmetric role, it follows automatically that A,,,
Al,, A}, A, are left cells.

Since W' is a union of left cells, we see that B, is a union of left
cells. Using the technique of strings 10.5, we see easily that B,, is contained
in a left cell. Hence B,, is a left cell. Using 10.7 with "= B,,, S’ ={s,, s},
we see that B, U B, is a union of at most 2 left cells. It follows that both
B,, B, must be left cells. Since sy, 5, play a symmetric role, the fact that
B, is a left cell implies that B, is a left cell.

The sets C,, C,, C, are left cells by the argument used for D,, D,, D,
in case G,. The set Dy is clearly a left cell.

Finally, we consider the case 4,. By 8.5, 4,, is a left cell. Using
10.7 with I'=A,;, S’ ={s,, 5,}, we see that 4, is a left cell. By symmetry,
Ay, Aoy Ay, A, are also left cells. The sets B,, B,, B, are left cells by the
argument used for D,, D,, D, in case G, The set C, is clearly a left cell.
This completes the proof.

11.4. Remark. I understand that recently J. Y. Shi (a student of
R. W. Carter at Warwick University) has described explicitly the left cells
of the affine Weyl group of type 4,.

11.5. We now consider the union of all left cells in ¥ whose name
contains a fixed capital letter; we denote this union by that capital letter.
(For example, for type G,, we have C=C,,U C,UC,UC;UC;UC,.) Thus
we have a partition into pieces:

W=AUBUC (for type 4,), W=4UBUCUD (for type B)),
W=AUBUCUDUE (for type G,).

Proposition 11.6. The pieces in this partition of W are just the two-
sided cells of W.

We can check directly that each piece in our partition is stable under
w—w~! and that any left cell in a piece meets the image under w—w-" of
any left cell in the same piece. It follows that each piece is contained in
a two-sided cell of W. The piece denoted 4 has the property that the
a-function on it has the constant value v (v=3, 4, 6 for 4,, B,, G,), (see
8.1); all other pieces contain elements of length <y hence the value of the
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a-function on them must be <y, (see 8.4(d)). It follows that 4 is a two-
sided cell. The piece denoted C (respectively, D, E) for A, (respectively,
B,, G,) is clearly a two-sided cell. The piece denoted B (respectively, C, D)
for A, (respectively, B,, G,) is a two-sided cell by [L,, 3.8]. It follows
that the piece B (for type B,) is a two-sided cell and that the union BUC
(for type G,) is a union of two-sided cells. It remains to show that BUC
(for type G,) cannot be a single two-sided cell. This is shown as follows.
Let x=s;5,€ B, y=31,5,5,5,5, € C (for type G). Itis easy to compute
P, ,=1+¢q. Ir follows that x—y. We have L(x)Z L(y), Z(x)Z Z(¥).
Using now 5.5, it follows that x, y belong to distinct two-sided cells. This
completes the proof.

11.7. We shall describe the left cells and two-sided cells for W of
type 4,, B,, C, in three figures. We represent the elements of W by alcoves
in E, (see 7.5): we choose a special point v e E and we attach to we W,
the alcove w-A; C E. Then a left cell (or a two-sided cell) will be repre-
sented by a subset of E: the union of all closed alcoves corresponding to
the elements in that cell. A two-sided cell is represented by the union of
all closed alcoves of the same colour. If we remove from this union all
facets of codimension >2, the remaining set will have finitely many con-
nected components; the closures of these components will be the subsets
of E corresponding to the various left cells.
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