Chapter 4

Riemann zeta function

In this chapter, following Kanemitsu [17], let us view the Riemann zeta function. For
those readers who are not familiar with this, we here give detailed proofs for almost all.
The matter in this chapter is necessary for the Bohr-Jessen limit theorem stated in the next
chapter. Since this limit theorem is concerned with the Riemann zeta function (precisely
the log zeta function), we may well view this function here.

4.1 Euler-Maclaurin summation formula
Definition 4.1 We define the Bernoulli number B, (n > 0) by

By =1,

—1 n—+1
e B .
& n-l—lz( k )k (= 1)

0<k<n

We call B,, the nth Bernoulli number.

n—1
Claim4.1 () Y (Z) Bi=0 (n>2).

k=0

2 =B, .
(ii) 1 Z(:)HZ (z € C with |z] < 2m).
1 1 .
(iii) Bl=_§,Bz=g,Bn=0(n€2|N—|—l).

Proof. (i) Forn > 2,

n—1
n n n
B, = B B, _
k=0 0<k<n—1
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68 Chapter 4 Riemann zeta function

. Thus it is holomor-
ph1c on {Z € C;|z| < 2m}. Let us denote its Taylor expansion about z = 0 by

oo
=2
eZ—l

Then

Cn N
z—e—l)z =Zm—!2—z

m+;1=k
(% (4
- ]
k=1 0<n<k n k
This shows that
co=1,
k
> ( )cn=0 (k > 2),
o<n<k n
from which it follows that ¢ = By (kK > 0).
(iii) By definition,
1 2 1 1
B, = —— B, — ——Bp = ——
T 2 (k) kT T Ty
0<k<1
1 3 1 1 3 1 -1 1
B, = —- By = —~(Bo + 3B =——(1—— - .=
2 3Z(k)k 3(Bot3B) = =3 2) 372 6
0<k<2
Let, for |z| < 27,
z " n z B, ,
= —_ —_ = _ J— 1 —_— = _
/@) 1T TS ! 2 !
=0 =2
Since
Z Z zet Z
= ma T e s



4.1 Euler-Maclaurin summation formula

. e —1+1 | z
ST et 2
- (1+ ! ) 1=
U T e 2
S— +2=f@)
= —
we have
>, B,

0= f(-2) - f(2) =Z—,( )" —2")
Zf—( )" — 1)
=-2 Y —z,

nEZD\H-l

which implies the assertion (iii).
Definition 4.2 We define the Bernoulli polynomial B,(x) (n > 0) by
" (n
B,(x) = B,_ix*, n=>o.
(x):=)" (k) kx5, on >

k=0

We call B,,(x) the nth Bernoulli polynomial.

1 1
Claim 4.2 (i) Bo(x) =1, Bi(x) = x — > By(x) = x2—x + 6'

(i) By (x) = kBj—1(x) (k = 1).
(iii) Bn(x +1) = By(x) = nx""1 (n > 1), By(1 — x) = (=1)"Bu(x) (n > 0).

Proof. (i) By definition,

0
Bo(x) = Z K Bo_ixx* =

0<k<0

1 1 1 1
Bi(x) = Z X Bl—kxk=<0 B1X0+(1)Box=—§+x=x——,

o

0<k<1

tanlil \S]

By (x) = Z By xF =

0<k=<2

(i1)) Forn > 1,

By(x)=)_ (Z) B _ikx*!
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- n!
— —an_ k—1
];k!(n—k)! kX

_ n(n—1)! N
_;(k_l)'(”—l—(k—n)' n1- X< !

. B, x) , ze**
Dt -
n=0 ’
Because, by the definition of B, (-),

B() N }n n
> 2 = T3 (1) aa

n=0 n=0 " k=0

Il
M=
~

T =
|~
=~
M=
= N
>l
R

= |4

=
X
L

it follows from Lebesgue’s convergence theorem that

lim
N—o0
n=0

B(X) Z(ZX) z_ ze¥
e<

-1 ez—1
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Now

B,(x + 1) — B, (x) zetx+D 703X
Z n! et—1 ei—1
ze¥* (et —1)

er —1

n=0

i B,(1—x) , ze*
=

n=0

T Tez_1

“)‘Bn
=) n(!x) (=2)"

n=0

i (= 1)”B () _n

Comparing the coefficients in the above series, we have the assertion (iii). |

Definition 4.3 Put B,(x) := B, ({x}), n > 0. Here {x} = the fractional part of x =
x — | x]. Note that B,,(-) is periodic, with period 1.

Theorem 4.1 (Euler-Maclaurin summation formula) Ler —oo <a <b < ooandn € N.
For f € C"([a,b]),

S fk) = / Fx)dx

a<k=<b

a

" (=1 b (=1t b
B S B
k=1

Proof. We divide the proof into four steps:
1° Fork = 2, Bi(1) = Bk (0) =
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©

B (0) = Bk,
* (k [k * (k

Bi(l) =) (Z)Bk_l =Y (k - I)Bk_l =Y (1)3, = Br [© Claim4.1()].
1=0 =0 =0

2° Forg € C'([a,b]) and k > 1,
b 1 b 1 b
| Bz = 5 [Baew)] - 5 [ B s,
() The case wherea + 1 < b. Since |a| + 1 < |b],

L.H.S.

= (/aLaHl +/LLJbi1 —I—/L.:J)B_k(x)g(x)dx

a

la]+1
_ / Bi(x — la))g(x)dx

[b]—1 I+1
+ Z / Bir(x —)g(x)dx
I=la)+1"!

b

+ / Bi(x — [b])g(x)dx
|b]

la]+1 1 ’
- [ (g Berix = LaD)) g
|b]—1

I+1 1 ’
+H2Jj+1 [l (B =) g

b 1 ,
+ /U,J (k B - LbJ)) g(x)dx [© Claim 4.2(ii)]

1 la)+1 lal+1 4 /
= [k n lBk-H(X — LaJ)g(x)L —/a T 1Bk+1(x —la])g'(x)dx

[b]—1

1 I I+1
+ X ([t -new] " = [ B - ngeoar)

I=la]+1

1 b b :
+ [k n 1Bk+1(x - |_bJ)g(x)]LbJ - /Lbj T lBk+1(x — [b])g'(x)dx

[@ integration by parts]

= (B glla) + 0 - B tang@)

|b]—1
+ Y ;(B;H_l(l)g(l+1)_Bk+1(0)g(1))

I=la]+1 k+1



4.1 Euler-Maclaurin summation formula 73

+ o (B (D8 — B O(1))

1 (/‘LaJ+1 I.Ii:l /l-‘rl
- Bii1({x})g (x)dx + Bry1({x})g' (x)dx
k+1\J, ! I=la]+1 "

b
N / BkH({x})g’(x)dx)
5]

= B (glal + D+ g(1b) — glal + D - g(1b))

1 — J—
77 (Ben®g®) - B @i @)
1
Ck+1),

= R.H.S.

b
Bit1(x)g’(x)dx [@ By 1°, Bi41(1) = By41(0) = Bk+1]
The case where a + 1 > b. Since |a| + 1 > |b] > |a] bya + 1 > b > a, either
lb] = |la] or |b] = a] + 1. When |b]| = |a],
b
LHS. = / Bi(x — [x])g(x)dx

b
- / Bi(x — la))g(x)dx
[@ Since |a] <a<x<b<|b|+1=la]+1,|x]= LaJ]

-/ (B~ La)) s

[k B~ laDg()]. —[ab —

Bit1(x — a])g'(x)dx

b 1 b
[ Bmew] - o [ Berwg s
= R.H.S.
When |b| = |a]| + 1,

-(/ ary [L :J)B_kmg(x)dx

a

la]+1 b
_ / Bi(x — la))g(x)dx + / Bi(x — |b))g(x)dx
a 5]

_ f L“JH( - i By (x— la)) g()dx

+A2(kilBH4u——wDyg@ﬁ“

la] la]+1
Bentr - lahe] " - [

Biy1(x — la])g'(x)dx

=[k+1 k+1
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b
+ [y B = D) - / PG 1Dg
= kLH(BkH(ug(LaJ +1) - Bk+1(a)g(a))
1 lal+1 ,
1l Bjey1(x)g'(x)dx
1 —
o (Bk+1(b)g(b) - Bk+1(0)g(LbJ))
b
- ﬁ Bir1(0)g/(x)dx
1 e
k n I[Bkﬂ(X)g(X)L - k—-l-I/a Bit1(x)g' (x)dx
= RHS.

3° Letn >2. By2°withg= f® (k=1,..., n—1),

(kl!) / Bu() /Oy — 1)!/a Bir1(x) f €D (x)dx

-1 k b_ 1 b_ /
= ( k!) (/a Br(x) f®(x)dx + k—+1/a B () (S ®(x)) dx)

1Y b
- —Uﬁ +‘)1)! (B r®w].

Adding this over k € {1,..., n — 1}, we have

b _1\n b
_ / B_l(x)f’(x)dx—(nll) / By() /™ (x)dx

a a

(=D b

(_ )k+1

k-1
=Z( 2 [Bk(x)ﬂk—”(x)]z,
k=2 ’

so that
b

B (x) f'(x)dx

N (—DFr— b (=1yrtt b
=Y N mwrenw] + S [ B M.
k=2 ’ )

a

S

4° By integration by parts,

[B_l(x) f(x)]b = / d(Bi(x) f(x))
a (a,b]
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- /( (Br(x) f'(x)dx + £(0)Br(dx))
- f Ba) £ (0)dx + / fdx— Y f(k)
a a<k<b
[© Bi(dx) = dx — Y ez i (d)].
Thus
b
> k)= / feodx = [Bio s+ [ B o
a<k<b a
from which and 3°, it follows that
S fk) = / F)dx
a<k<b
n -1 k _ b
n b
L e / B (x) f™(x)dx. m
n! a

4.2 Analytic continuation to the entire complex plane

Definition 4.4 Fors = o ++/—1t (o0 > 1,t € R), we define

o0

L(s) = Z% (where n® := e%1°8"),

n=1

We call this the Riemann zeta function.

The Dirichlet series in R.H.S. is absolutely convergent on {s € C;Res > 1}. Because

1

[}
2|
1 n

n=

*Z/ rx1

[©@x=¥1=(5)" =) =+]

:H[o_—ll(%)a 1]1

Thus £(-) is holomorphic there.
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Claim 4.3 {(s) # 0. Moreover {(s) = 1_[
sion of £(-).

— T This is the Euler product expres-

Dp:prime A

Proof. Let {p;}$2, be an arrangement of prime numbers in ascending order. Fix s € C,
Res > 1. We divide the proof into three steps:

k 1 1
gas)ll(l—ﬁ):u >
i=1 i

nS
n>2;
pitn,....pitn

(O Note that! for sets Ay, ..., Ag,

(] - lAi)

1

1Alu-~-uAk =1-

i

=1- (1 + Xk:(—l)’ Z 1A,-1rw~-~mAz-r)
r=1

1<iy<-<ir<k

k
= —Z(—l)r Z lAilﬂ"'ﬂAir'
r=1

1<iy<-<ir<k

k

Let A; = p;N = {p,-m;m € IN}. Then

S T

n>2; n>2

1<3i<k st neA;
k
-y nis(_ YE Y Ly, @)
r=1

n>2 1<iy<-<ir<k

k
=Y ¥ 3" e, ()

1<ij<-<ir<k n>2

k 1
. . ns
r=1 1<iy<-<iy<k n>2;
nepj - pi, N

@ neA,-l ﬂ"'mAir
S piln,....pi, | n
&Ppipi I n
& n € py-piN

k oo
SRPAEAD S S

e pim)S
\<iy ot <kt (Pin i)

TIWe call this identity (relation) the inclusion-exclusion formula.



4.2 Analytic continuation to the entire complex plane 77

k 00
== 0" ) ; ) mi
r=1 !

Pi, P

1<iy<-<ir<k r m=1
£ 1
=(-Xew ——— )¢
; 15i1<..Z;i,5k pi Dy,

From this it follows that

21
{(s) = -

1
1+Z;
n>2
1 1
14+ Z l’l_s+ Z I’l_s

n>2; n>2;
ngA; (1<¥i<k) 1<Fi<k st neA;
1
=1+ ) =
n>2;
pitn,....prin
k 1
+(-XE) Y )i,
r=1 1<iy<-<iy<k £i1 Pi,

which implies that

k
1 1
D S I (R ey
n>2; n r=1 1<iy<-<i,<k Pi, Pi,
piin,....pitn

k 1
:{(s)l_[(l—?).

i=1

2° lim Y~ %:0.

k—o0
n>2;
pitn,....piin
() For2 < n < pg, the following implications hold:

p is a prime factorof n = p <n < pi
= p = p; forsomei € {1,...,k}.

Taking its contraposition, we have that for n > 2,

prin,....petn=n>ps.

This implies that

1 1 1
E — | = E —| = E —0 ask — oo.
ns ns nRes
n>2; n>2; n>pk
P1tn,....pktn pitn,...prtn

f2«e= s clear. “=" follows from Euclid’s lemma (Euclid’s first theorem): For prime p and integers
a,b,plab << pla or p|b.
iff
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3° By 1° and 2°, we have
k 1
li (1 — —) —1,
s 10~

from which, the assertion of the claim is obvious. [ |
Corollary 4.1 ¢(0)~! < |¢(s)| < ¢(0). Herec = Res > 1.

Proof. Clearly

=Y = o).

no
n=1

1
s

n

=2 =2
n=1 n=1

we have by Claim 4.3 that

k—o00

LI DN oo T
= 10 )= T s
which shows ¢(0)™! < [£(s)]. [ |

Theorem 4.2 ((-) is analytically continuable to a meromorphic function on the entire
complex plane which is holomorphic on C \ {1} and has a simple pole at s = 1 with
residue 1. (This meromorphic function is denoted by the same {(-).)

Proof. We divide the proof into two steps:
1° Letn € N.

(a) ForYs € C withRes > —n + 1,/ |B_,,(x)x_s_"|dx < 00.
1
o0
(b) s / B, (x)x™5™"dx is holomorphic on {s € C;Res > —n + 1}.
1
() (a) Lets € C withRes > —n + 1. Since

|B_n(x)x—3—n| — |Bn({x})| |x—s—n| < (01;13;(1 |Bn(y)|)x—Res—n,
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we have
o 0o x—Res n+1 ’
—s—n < s
/1 | B (x)x ™" |dx < (Ofslflya;(l|B’n(y)|)/1 (_Res_n+ 1) dx
B —1 1\ Res+n—1
= (ax 1800 e (),

1
= B —_— < 0.
(Org?ll n(y)|)Res +n—1 *°

(b) Fixs € C withRes > —n + 1, and let 0 < § < Res + n — 1. By noting that for
heCwith0< || <dand0 <t <1,
Re(s +th+n)=Res+tReh+n
>Res—t|Reh|+n
>Res— |h|+n
>Res —§ +n,

the following estimate is obtained:

—s—h—n _ _—s—n —(s+h+n)logx _ ,—(s+n)logx
) =5 (e e )

1
h

i
/ ( —(s+lh+n)10gx)’dt|

/ ~(stthtmylogx | (_ hlogX)d[)

1

h

1

h
— / —(s+th+n) logxdt IOg)C‘
—(s+th+n)logx}dt IOgX

/ Re(s+th+n)logx)dl IOgX
<e

~(Res— 8+”)l°gxlogx, 0 < |h| <3.

Since
o0 o0
/ e—(Res—S-i—n)logx log xdx = / e—(Res—8+n)yyeydy
1 0
[@ change of variable: y = log x]
— /ooe—(Res—8+n—1)yydy
0

1

= < y
(Res —8+n—1)2 o°

it follows from Lebesgue’s convergence theorem that

1 c© ©
lim —(/ B (x)x 57" dx —/ B, (x)x_s_"dx)
1 1

h—0 h
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This shows that the function in question is holomorphic on {s e C;Res > —n + 1}.

2° Fix s € C with Res > 1. Consider f : (0,00) — C so that f(x) = x™5 = e~sloex,
f € C*°(0,00) and

D)= (=s)(=s—1)---(=s—n+ Dx*7", n>1.

Theorem 4.1 with this f gives that for 0 < Ve<1,YX >1,"neN,

1 X
Z FZ/ xSdx

1<k<X
1k
* : kl') [B_"(x)(_s)(_s —1)-(—s—k+ 2)x—s—k+1]:(
=
n X
( ln)'+1/ Br(x)(=5)(=s — 1) --- (=5 —n + 1)x—"dx

1 /1y\s—1  gl=s
T sl (Y) N
Z Cl (Bk ((X})(=s)(=s = D)= (=5 —k + 2)(%)”’(_1

—Br(e)(—=s)(=s —1)---(—s —k + 2)8—s—k+1)

N ( )n+1
n!

(=) (=s—1)-- (—s—n+l)/ B, (x)x*"dx.

Letting X /" oo and e /' 1, we have

(- 1)k
z=——Z Be(1)(=$)(=s — 1)+ (=s —k +2)

n+1
n (= 1)

(—=s)(=s—1)-- (—s—n+1)/ Ba(x)x™S"dx. 4.1)

By 1°, the function of R.H.S. is meromorphic on {s e C;Res > —n+ 1}, is holomorphic
except s = 1 and has a simple pole at s = 1 with residue 1. Since {s € C;Res >
—n + 1} ' C as n — oo, the assertion of the theorem is obvious. |

Remark 4.1 (s) = ¢(5), s € C\ {1}. Here Z is the conjugate of z € C.
Proof. By (4.1),

o (1>k I _
£(s) Z Br()(=5) (=5 —1)--- (=5 —k +2)
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+( )nH( S)(—=s—1)---(— s—n—l—l)/ B, (x)x™S"dx
n!
={(5).
Here B,(x) = B, ({x}) [cf. Definition 4.3]. Note that B, (x) is not the conjugate of
By (x). ]

4.3 Functional equation

Theorem 4.3 (Functional equation for ¢(-)) (i) ¢(s) = 2I'(1 —s) sin(%s)(zn)“l;(l _
s).
(i) 7 zr( );(s) — 7 FT (l%s)g“(l —9).

In (i) and (ii), T'(-) is the gamma function [cf. Definition A.6 and Claim A.9(ii)].
Proof. (i) We divide the proof into five steps:
1° (4.1) with n = 3 yields that on {s;Res > —2},

1
t0 = (s + L nnyen + CBmenes-)
(_ )4 —s—3
+ (—=s)(—s — D(— 5—2)/ Bs(x)x dx
= - 1 1 (__ — 13_2) - és(s +1)(s +2) /1 B (x)x—3dx
[© Bi(1) =1—3 =3.Bx(1) = B, = ¢, Bs(1) = B3 = 0]
= - i -+ % + 18_2 - és(s 1) + 2)/1 Ba(x)x—"3dx. 4.2)

Here, for X > 1,
X—
/ Bo(x)x " 2dx
1

XJ+1 LXJ+1
=/ Bz(x)x_s_zdx—/ Bo(x)x " 2dx
1 X

LX)

= Z/ By(x —n)x%dx — /LXJH Bz(x — ij)x_s_zdx
_ ’§/nn+l(33(x3— n))/x_s_zdx B /XLXJ+1(B3(x; LXJ))IX_S_de

[© Claim 4.2(iD)]
Lx

Z([B3(x —n) - 2]n+1 _ /r;n—H B3(x3— n) (—s — z)x—s—adx)
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— ([33()6 B |-xJ)x—s—2:|LXJ+1 _ /LXJ+1 B3(x — LXJ) (—S . z)x—s—de)
X

3 D¢ 3
[@ integration by parts]
[X] n+1
1 +2 _
= 2(5(33(1)(’1 + 1)~ B3(O)n_s_2) + ST B3(x)x_s_3dx)
n=1 n
1 e o o + 2 [X]+1 o L
— (5(33(1)(LXJ + 1) P _By(X)X* 2+ u 3 / Bs(x)x™S 3dx)
X
s+2 (X 1 1\s+2
== /1 Ba(x)x—3dx + §33()()(§)
[©® Bs(1) = B3(0) = B3 =0].
Since (%)er2 —0as X ~oobyRes > —2,
s+2

X
lim By(x)x ™ %dx =
X/'OO 1

/ Bi(x)x3dx.
1

Putting this into (4.2), we have

1 1 s s@s+1)
W=ttt

o0
/ By(x)x2dx, Res> -2,
1

where the integral of the 4th term in R.H.S. is improper. As for the other terms in R.H.S.,
note that for —2 < Res < —1,

n ' n ! 1
s+ 1) / By(x)x%dx = s+ / (x* —x + —)x™2dx
0 0

2 2 6
D ! 1
= s+ 1) / (x=x7 4 —x7?)dx
2 0 6

s(s+1) [xl_s x5 1 x5! ]1
2

1—3s —s 6—s—1
s(s+1)( 1 +1 1 1 )
2 l—s s 6s5s+1

ss+1+s+l s
21— 2 12

0

_ss—1+2+s+l s
T2 11—y 2 2 12
_ s+s—1—|—1+s+1 K}
2 1—s 2 2 12
_ 1 1 )

Toos—1 2 12

Substituting this into R.H.S. in the above, we obtain

1 oo
£(s) = _S(S; D / B (x)x " "2dx — S(S; D / Bo(x)x " 2dx
0 1
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s(s

1) [©°—
; ) / Bo(x)x*%2dx, —2<Res < —1. (4.3)
0

o B 1 o cos2mnx
2_ Bz(.X) = ;Zn—z, x €R.
n=1
() Since B,(-) € C*°[0, 1] and B,(0) = By(1) = é, it follows that

By(x) = Y Ba(n)e” 1>,
neZ

whose convergence is uniform on [0, 1]. Here /B\Z(n) are the Fourier coefficients of B, (:).
In this case, they are computed as follows:

D=

1
Bz(n)=/ B2(x)e_ﬁ2”"xdx
0
B L)e=V=12mnt+h) g hange of variable: y = x — 4
2(y + 2)6 y [@ change of variable: y = x 2]

-/

1
2
— e—«/—lnn/](yz _ 11_2)6—«/—12nnydy

2

(O B+ =0+Ho-D+l=r—1+1=y2- L]

1

— 1 [

1
2

(y*> = L) cos2mnydy [ (y> — &) sin2mny is odd]

2
= 2(—1)"/ (y*> = 35) cos2x|n|ydy.
0

Thus, whenn = 0,

1 1
N Y I TR R Y NN S s LS B NS S AN
BZ(O)_Z/O (v 12)dy_2[3 12]0_2<3 8§ 12 2)‘0’

when n # 0,
/B\ 2 1n % 2 1
=261 [ =) (e
” sin2m|n|y 12 z  sin2n|nly
=2(-1) ([(yz—l—lz)—]2 —/0 2y ————=dy

2r|n| o 27 |n|
=2(=1)" : —cos2m|n|yy’
- s )
mln|  Jo 27 |n|
—=2(=1)" —cos2m|n|yqz 2 —cos2x|n|y
_ e, o[ ey,
7|n| 27 |n| 0 0 27 |n|

1
=2(=1D)" (1 —cosm|n| 1 /2
= —- 2 d
(2 ol ampm) ], oS FrInbydy

in2 .
sin n|n|y)d

7|n|
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2(=D)" (1 —(=1)" 1 rsin2x|n|yqs
G2+ zml )

7|n| 27 |n| 2r|n|L 2m|n| lo
_ 2Dt 1 —(=D)”
AT 2 27 |n|
1
T 2a2n2

Therefore we have

Bz(X) — Z 27[12” v=12rnx — Z
n#0
1
T2

(cos2mnx 4+ +/—1sin2wnx)
n#0

o
Z cos 2nnx

3° Fort € C withO<Ret <1,R >0,

R R -
/ (cos x)x"tdx — / e Yy"dy cos(—t)
0 0 2

() For 0 < ¢ < R, we consider contours C;ER as in Figure 4.1. Then, by Cauchy’s

< ellmtl%z<l>l—Rer‘
- 2\R

0 & «— R
X
—/—1¢ J
} /. Cor
—v/—1R
Figure 4.1: C:R and C;
integral theorem,
erlogz
0=/ eV gz
Clr Z
R tlogx
e
= P p—
X
&
z rlogRe“/jlg
V=TRevV-10€ V=16 /¢
+/ e —efe Re 1d60
tlog+/—1y

Ffe—_
/ \/__1y«/_1dy
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e’ logee V16

«/782‘/78 F@/
/ geV—10 1o

tlogx
= / VIxE gy

+ / erlR(cos9+lesin9)er(logR+Jj10)\/__ld9

R etlogy+v/~1%)
— [ e V——dy
e Yy

/ F&(cos@—i—ﬁsm@) r(]ogs—i—«/i@)\/_de

t]ogx
=/ vEix e —dx

+[ erchoseerlte /_lefRsinGerQ
0
R

_/ e—yyr—ldye -137
&
3 .

_/ eﬁecosOeﬁreﬁe—as1n9d08r’
0

tlogz
0= / V12 dz
C

e.R

rlogReV*w

0
—J/TTReV=T0 € Nt W
+/_ e Rov10 Re 1d6

tlogeeV 1

_ —V"leeV—10€ V=18
/ e W ce 1d6

1
2

R et log(—v—1y)
—1+/—1y
+ / V1Y —_( —V=T)dy
&

R e‘t]ogx
=— e VTlx dx
e X

0
+ / e—ﬁR(cos@+lesin9)er(log R+Jj19)\/—_1d9

S i

_ / e—«/je(cos0+lesin0)er(loga+ﬁ0)\/__1d9

er(logy_\/jl%)
[,
e y

P IS
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R etlogx
=— e Vlx dx
e X

bi1

z .
4 / e—leRcosee—leT94/_le_RsmeerQ
0

N

_ /2 e—lescosGe—ﬁreﬁe—ssinGdGEr

0
R
+/ e Yy ldye VAT,
&

Thus

R etlogx R ”
/ e:l:«/—lx dx — / e—yyr—ldye:t«/—ljr
X
3 &

fid
2 .
/ e:l:»,/*lSCOSOe:I:\/fer /_lefasmedeer

0

_/2eiﬁRcoseeiﬁrﬂme—RsinGere‘
0

7 . 7 .

</ |e:|:\/—1r9|e—£sm9d6|8r|+/ |e:|:\/—1r9|e—Rsm9|Rr|d0
0 0

T

< /2 e:F(Imr)OdQSRer + /2 e:F(Imr)Oe—%RBRRerdQ
0 0

[© 26 <sinf <0 (0<6 <Z)]
< e\lmrl%(i(c)Rer + /‘ze—iRBdQRRer>
2 0
< e\Imrl%(zgRer +/Ooe_727R9d0RRer)
2 0
_ |Imr\l7[ Ret 1
-l

This implies that

R R -
/ (cos x)x"tdx — / ey ldy COS(—‘L’)
& & 2

fR VX | g/ Ix
. 2

R R
/ eﬁxxr—ldx _ / e—yyr—ldyeﬁ%r
& &

R R
+/ e_ﬁxxt_ldx—/ ey ldye V13T
& &

m7|Z 7 ( Ret 1
<e 22<8e +R1_Rer>.

e —1%T+e—v—1%1’
2

R
X" ldx —/ e Yy ldy

1
2

Letting & N\, 0, we have the assertion of 3°.
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4° Fix s € C with -2 < Res < —1. By (4.3),

s(s+1)
2

X
£(s) = — Jim. / B0 2dx.

On the other hand, by 2°,

X 1 &1 (X
/ Bo(x)x ™5 2dx = — Z —2f (cos2mnx)x " 2dx
0 e Jo

1 o 1 2nwX y \s2 dy
N ;; n_Z/O (Cosy)(Zrm) 2mn

[@ change of variable: y = 2nnx]

—s—1 2

“rla) TR [

S 1 2nnX
= 4(2m)*! Z / (cos x)x 571 dx.
n=1 0

nl—s

Since Re(—s — 1) = —(Res) — 1 € (0, 1), it follows from 3° that for each n € N,

2nnX

o0
lim (cos x)x S 17 1dx = / e Yy 11y cos %(—s -1
0

X—00 Jg

=TI(—s—1)cos %(S + 1),

2anX
|/ (cosx)x_s_l_ldx‘
° 2nnX 2nnX T
= ‘/ (cos x)x 571 dx — / e Yy 1 dy cos = (—s — 1)
0 0 2
2nnX T
+ / e Yy 17y cos = (—s — 1)‘
0 2
2rnX 2nnX T
< ‘/ (cos x)x 5711y — / ey 7171y cos 5(—s — l)|
0 0

2nnX T
+ ‘[ e’y 11y cos 5(_S — 1)‘
0

. 1—Re(—s—1) 2anX
< e“m(—s—l)HE( ! ) g / e RSy |cos %(—s —1)|
0

2

| m( +1)|ln 1 2+Res T
< elImGs 25(m> +F(Re(—s—1))|cos5(s+1)|.

Thus Lebesgue’s convergence theorem gives that

2nnX

X 00
lim [ By(x)x~*2dx = 4(2n)s—1(z

X—00 Jo

1—s

)F(—s —1)cos %(s +1)

n=1
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— —4Q27)*1¢(1 — §)T(=s — 1) sin %s
[@ cos Z(s +1) = cos(%s + %) = —sin %s]
so that we have
§(s) = —
— 2(2n)s_1(sin %s) (—5)(=s — DT (=s — 1)¢(1 —5)

—r(1 — s)(27r)s_1<sin %s)((l —9)

© By T(x + 1) = x'(x),

(=) (—=s—DI'(=s—1)=(=s)T'(—s—1+1)
= (=s)I'(—s)
=T(—s+1)=T1-y)

S(S; D (C4)@m)1e(1 — )T'(=s — 1)sin %s

5° By 4°,
é'(S) — 2F(1 —S)(2J'[)S_l (Sjn %S)é‘(l —S) on {S eC;—2<Res < —1}.

The function of L.H.S. is holomorphic on C \ {1}, and so is the function of R.H.S. on
C\{0,1,2,...}. By the uniqueness theorem, the identity above holds on C\ {0, 1,2, ...}.
When Re s < 0,

() =0 & (1 — s)(2n)s_1<sin gs)é‘(l =0
& sin %s =0
O Clearly 27) ™! # 0. Also T'(1—s) # 0,
{(1—s) #0,sinceRe(l—s) = 1—Res > 1
[cf. Claim 4.3]
& se{-2,-4,-6,..}.

Moreover s = —2n (n € N) is a zero of (-) of order 1.

s = 0 is a simple pole of {(1 —-) and a zero of sin 7 - of order 1, thus it is a removable
singularity of the function of R.H.S. s = 1 is a simple pole of I'(1 — -), thus it is a
simple pole of the function of R.H.S. s = 2n (n € N) is a simple pole of I'(1 — ) and
a zero of sin 7 of order 1, thus it is a removable singularity of the function of R.H.S.
s =2n 4+ 1(n € N)is asimple pole of I'(1 —-) and a zero of {(1 — -) of order 1, thus
it is a removable singularity of the function of R.H.S. Therefore, putting all together, we

see that the functional equation
¢(s) = 20 (1 — 5)(27)*"! (sin %s){(l —9)

is valid for Vs € C.

(i) We divide the proof into three steps:
1° Fors e C\Z, T'(s)'(1 —5) =

sinzs’
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() By the uniqueness theorem, it suffices to verify that

res)ra—s) =

- O<s<1).
sin s

In the following, fix 0 < s < 1.
First note that

xs—l

1+x

dx.

rs)ra—s) = /000
Because

o o0
R.H.S. =/ xs_ldx/ e~ g
0 0

:/ e_’dz/ xTle > dx
0 0
oo S s—1 dy
= ~dt 2 =
/o ¢ /o (7) 5

[@ change of variable: y = xt]

o0 o0
= / t_se_’dt/ ySle™dy
0 0

=T —-s)(s)
= L.H.S.
Next we show that
oo s—1
/ Y g = (4.4)
o 1+x sin s

from this and the above expression, the assertion of 1° is obvious. To this end, we intro-
duce the logarithm function defined on C \ [0, co) by

logz := /Zd—w [cf. B.D].
w

-1
When z = reV=1% (r > 0,0 < 6 < 27),

log reV-1 = logr ++~/—1(6 — m).

% is holomorphic on C \ ([0, oo) U {—1}) and has a simple pole at z = —1 with
residue e~ Dloe=D) — 1,

Now, for0 < e <1 < Rand 0 < ¢ < Z, take a contour C; g , as in Figure 4.2. Then

e(s—l)logz

2nv—1 = —dz

Cs.R.w 1 + <

= V194

R e(s—l)log(xe“/jl“’)
/s 1 + xev—le
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2=¢ ,(s— 1) log(Re V=)
. / ReV~19/=146
o 1+ ReV10
R V=1Q2r—9)
/ e(s—1) log(xe ) eV-101-0) 4,
1+xef(2ﬂ ®)
21— y(s—Dlog(ee 1)
/ geFB\/_dO
, 1+ gev=16
dxeY™1e

1 4+ xev-le

/ o= Dlogx++/~1(p—7))
2m—¢ e(s—l)(logR+ﬁ(0—n))
+

ReV=19/_14d6

1 + ReV-18

dxeV—1@T—0)

1 + xev—1@7—p)
2m—¢ H(s— 1)(loge++/—1(6—7))

/ o (=D (log x+/~1(71~¢))
/cp

eV10 /]
1+8€F9 1o
R

_ T dxeV 16D V1o

/ xer‘l’

=g
oV —1=16-7) V=16, /]
+/¢ 1+Ref9 ‘ 10

dxeV~16=D(r—9) ,v/~127—p)

1 + xer(zn ®)

& ND6-m VT T g6
1+ 1+ geV-1¢ '

I
T

Figure 4.2: Cg gy
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Letting ¢ ~\ 0, we have

R xs—1
27/ —1 =/ dxeV~16-Dx
e 1+x

2
+ / C R venem Ve T
o 1+ Rev-1¢

R s—1
_/ X dxe«/jl(s—l):rr
e 1+x

2
o 1+ gev-10

R xs—l
= L T xdx(—2v—1 sin(s — 1))

2
+/ TR Sne-m Ve T g0
o 1+ ReV-16

2w &’ :

V=1(s—1)(0—7x) ,o/—16

— —e¢ e v—1d6
/0 1 + gev—1¢

_ 2\/__1(/8~R xs—l

1+x

2
+ / R venem Vi T
o 14 RevV-1¢

a’x) sins

2
_/ L R NPT
o 1+egev-1?

Thus

2

R s—1
X .
T — (/ dx) sin s
e 1+x

2 Rs
/ NGO /718 g
o 1+ Rev-19

2w &5
_ / eﬁ(s—l)(@—n)eﬁede‘
0

1 4 gev-16
2 RS 2 &5
< —d@—l—/ ———df
/o |1 + ReV—1¢| 0 |1+ eeV-19]
S ES
< 2n( )
= kot

1 g
Rl=s — R—s 1 —¢/ R /00,60

which shows (4.4).

s—{—l)'

2° Fors € €\ {0.~1.=2....}, T(s) = 2721 (3) 1 (5
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) Fixs € C\{0,—1,-2,...}. By Gauss’s product formula [cf. Claim A.9(ii)]:

r nin® C\{0,—1,—-2
’ € sy T Ly TTay e ey
@)= n—>0<> zZ(z+ 1) (z+n) . \ ;

we have

r(;)r(50)
2 2
nn3 n!nsél

r0 3G D G+ m) SCE D ()
. 273 2”"’1n!nﬁz_1
1) G2 GF G136 F1+2n)
. 2n + 1)12n + 1) 2l ontl sty
n—oos(s+ 1)(s+2)---(s +2n)(s +2n+1)2n + D!'2n + 1)*

2n + 1)!2n + 1) 2n I 12np s noo\S
ntos(s+ 1) (s 21+ 1)1-3-5---Q2n + 1).2-4--.2n(2n ¥ 1)

2n + D!I2n + 1)* ninz 1 \¢
oo s(s + D (s +2n+ DI+ D& +2)- (L +n)(2+ 5> ?

—r(s)r( )21 —s
=270 () [OT(3) =Vt

which is the assertion of 2°.
3° By 1° and 2°, it follows that for 0 < Re s < 1,

[u—
ey

2T (1 — 5)(27)° ! (sin %s)

:2‘21—s—1n_%r(1;S)F<1 s—|—1>(2 )= 1%
i Fr(( )
- rn(;)”_l?r(lgs)’

and thus
a5 ( );(s) _n—%r(;)zr(l—s)(zn)s 1(51n—s)§(1—s)

”%F(%> Z) _ZF(

2

— —*r(l s);(l—s).

3By 1°,I'(3)? = 7. Since I'(3) > 0, we have I'(3) = /7.

2)e—s)
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By the uniqueness theorem, this identity holds on C \ {...,—6,—4,-2,0,1,3,5,...}.

s = —2n (n € N) is a removable singularity of the function of L.H.S., and so is
s =2n + 1 (n € N) of the function of R.H.S. s = 0 is a simple pole of the functions of
L.H.S. and R.H.S., and so is s = 1. Therefore the identity above is valid for Vs € C. W

4.4 No zeros on the line Res =1

Theorem 4.4 ((s) # 0 on the lineRes = 1.
Proof. We divide the proof into three steps:
1° ForO<n<landz € Cwith|z| =1,(1—n)31—nz[*1 —nz?* < 1.
® Let0 <n<1landz =evY=1% (9 € R). It is observed that
1= nz|*1 —nz2?
= |1 = e 1L = pe 0P
= (|1 —1ncosf —x/—_lnsin9|2)2|1 —ncos26 —\/—_177sin29|2
= (1—2ncosf + 772)2(1 —2ncos 20 + n?)
< (%(2(1 —2ncosf +n*) + 1 —2ncos26 + n2)>3

() the inequality of the arithmetic and geometric
means: “HE > (@By)} (@.p.y > 0)

3
1-— —n(2cos@ + cos26) + 1 )

1+n+n*— —(3 +4cosd —|—2cos29))

14+n4+n*— (4cos 0+4cos@+1)>

(
(
(
(

l+n+n? ——(200s0+1))

A

(1 +n+n)
(1)
_ (=n?

(1—mn)?
1

Sa—pr

which shows the assertion of 1°.

2° From Claim 4.3, it follows that for e > O and ¢ € R,

e+ e =TT

D pl+5
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1 1
(Ate+v-in=]lr———=[l—F=7
P pl+8+«/jlt )/ 1—T
1
¢+ e V=120 = [T
Pl =

and thus

¢+ 8¢ + &+ vV=10)[*|¢(1 + & +vV=120)|?
1

=l_[ «/jtol s/jtogl .

R N I

. . /Ttiog L - .
Since letting n = # and z = ¥ 1"1°¢% in 1° yields that

1
e»,/—ltlog >

1 \3
(1_ p1+a) ‘1_ pl+e <1

4‘ (eﬁtlog}?)Z)z

p1+a
it is seen that
¢+ e3¢ +e+vV=In|*|c( + e +vV=120)]* > 1.
3° Fix Yt € R\ {0}. Leta,b € N U {0} be
a = min{n > 0; ¢ (1 +/—=11) # 0},
b = min{n > 0;¢™ (1 ++/—121) # 0}.

Then the Taylor expansions of {(-) aboutz = 1+ +/—1t andz = 1 ++/—12¢ are

X ) _
R L (R PR

X =(n) _
t(z) = Z ¢ra _;!\/_120 (z— (1 +v~=121))",

n=b

respectively, which give

Sl +e+—1t) D90 +/—11)
m = # 0,

li

e\ &9 al

(I +e+/—12t) DA +/-121)
lim = # 0.
£\0 &b b!

Now, by 2°,

S )
< (et (1 4oy SLEEE V=)

&

4

(1 +e++/—12) 2

eb
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Here note that (1 4+ &) ~ % ase (0 [cf. (4.1)]. From this and the convergences above,
it follows that

CDM + /1) 41 LD +/=121) 2 ) 1 \2a+b—3
00 > ’ ) ‘ > 11m(—>
a! b! N0\ g2
00, 2a +b > 3,

0, 2a+b<2,

where the case when 2a + b = % is excluded since 2a + b € N U {0}, which shows that
2a +b < % This implies that a < % because b > 0, so that a = 0 because a € N U {0}.
Therefore {(1 + +/—1¢) # 0 by definition of a. |

By Theorem 4.4, £(s) # O on {s € C;Res > 1}T*. Also, by Theorem 4.3(i), together
with this, £(s) # 0 on {s € C;Res = 0}. Therefore it turns out that

{zeros off(-)} N ({s e C;Res < 0} U {s € C;Res > 1}) ={-2,—-4,-6,...}.

These zeros are called the trivial zeros. The zeros in {s € C;0 < Res < 1} are called the
non-trivial zeros. The Riemann hypothesis states that

{non-trivial zeros} C {s € C;Res = 1},

which remains open.

4Since s = 1 is a simple pole of {(-), we understand that (1) % 0.



