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P
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Claim 3.3 is obvious from Fact 3.1(i).
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Thus we have a question of determining the speed of the convergence (3.18). This has
been solved by Hattori-Matsumoto [14]:
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Here
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I0.�/ is the 0th modified Bessel function, i.e.,
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The case where � D 1 remains open, i.e., when � D 1, we have no limit theorem as
above.

For the proofs of Facts 3.1 and 3.2, we need much efforts
�
cf. [33]

�
.

Chapter 4

Riemann zeta function

In this chapter, following Kanemitsu [17], let us view the Riemann zeta function. For
those readers who are not familiar with this, we here give detailed proofs for almost all.
The matter in this chapter is necessary for the Bohr-Jessen limit theorem stated in the next
chapter. Since this limit theorem is concerned with the Riemann zeta function (precisely
the log zeta function), we may well view this function here.

4.1 Euler-Maclaurin summation formula

Definition 4.1 We define the Bernoulli number Bn (n � 0) by
‚
B0´ 1;
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X
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We call Bn the nth Bernoulli number.
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(ii) ´
e´�1

is meromorphic on C and ´ D 0 is a removable singularity. Thus it is holomor-
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This shows that
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from which it follows that ck D Bk (k � 0).
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Proof. We divide the proof into four steps:
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4o By integration by parts,

h
B1.x/f .x/

ib
a
D

Z

.a;b�

d
�
B1.x/f .x/

�

4.2 Analytic continuation to the entire complex plane 75

D

Z

.a;b�

�
B1.x/f

0.x/dx C f .x/B1.dx/
�

D

Z b

a

B1.x/f
0.x/dx C

Z b

a

f .x/dx �
X
a<k�b

f .k/

�
...� B1.dx/ D dx �
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4.2 Analytic continuation to the entire complex plane

Definition 4.4 For s D � C
p
�1t (� > 1, t 2 R), we define
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1
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We call this the Riemann zeta function.
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Thus �.�/ is holomorphic there.
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Claim 4.3 �.s/ 6D 0. Moreover �.s/ D
Y

pWprime

1

1 � 1
ps

. This is the Euler product expres-

sion of �.�/.

Proof. Let fpig1iD1 be an arrangement of prime numbers in ascending order. Fix s 2 C,
Re s > 1. We divide the proof into three steps:

1o �.s/

kY
iD1

�
1 �

1

psi

�
D 1C

X
n�2I

p1−n;:::;pk−n

1

ns
.

...� Note that�1 for sets A1; : : : ; Ak ,

1A1[���[Ak
D 1 �

kY
iD1

�
1 � 1Ai

�

D 1 �
�
1C

kX
rD1

.�1/r
X

1�i1<���<ir �k

1Ai1
\���\Air

�

D �

kX
rD1

.�1/r
X

1�i1<���<ir �k

1Ai1
\���\Air

:

Let Ai D piN D
˚
pimIm 2 N

�
. Then

X
n�2I

1�9i�k s.t. n2Ai

1
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D
X
n�2

1A1[���[Ak
.n/
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D
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�
�
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�
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X
n�2

1Ai1
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.n/
1

ns
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X
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n2pi1
���pir N

1
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2
664

...� n 2 Ai1 \ � � � \ Air
, pi1 j n; : : : ; pir j n

,�2pi1 � � �pir j n

, n 2 pi1 � � �pir N

3
775

D �

kX
rD1

.�1/r
X

1�i1<���<ir �k

1X
mD1

1

.pi1 � � �pirm/
s

�1We call this identity (relation) the inclusion-exclusion formula.
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...� For 2 � n � pk, the following implications hold:

p is a prime factor of n) p � n � pk

) p D pi for some i 2 f1; : : : ; kg:

Taking its contraposition, we have that for n � 2,

p1 − n; : : : ; pk − n) n > pk:
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ˇ̌
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nRe s
! 0 as k !1:

�2“(” is clear. “)” follows from Euclid’s lemma (Euclid’s first theorem): For prime p and integers
a; b, p j ab,

iff
p j a or p j b.
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3o By 1o and 2o, we have
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which shows �.�/�1 � j�.s/j. �

Theorem 4.2 �.�/ is analytically continuable to a meromorphic function on the entire
complex plane which is holomorphic on C n f1g and has a simple pole at s D 1 with
residue 1. (This meromorphic function is denoted by the same �.�/.)

Proof. We divide the proof into two steps:

1o Let n 2 N.

(a) For 8s 2 C with Re s > �nC 1,
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(b) Fix s 2 C with Re s > �n C 1, and let 0 < ı < Re s C n � 1. By noting that for
h 2 C with 0 < jhj < ı and 0 � t � 1,
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This shows that the function in question is holomorphic on
˚
s 2 CIRe s > �nC 1

�
.

2o Fix s 2 C with Re s > 1. Consider f W .0;1/! C so that f .x/ D x�s D e�s logx .
f 2 C1.0;1/ and

f .n/.x/ D .�s/.�s � 1/ � � � .�s � nC 1/x�s�n; n � 1:

Theorem 4.1 with this f gives that for 0 < 8" < 1, 8X � 1, 8n 2 N,
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Letting X %1 and "% 1, we have
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By 1o, the function of R.H.S. is meromorphic on
˚
s 2 CIRe s > �nC1

�
, is holomorphic

except s D 1 and has a simple pole at s D 1 with residue 1. Since
˚
s 2 CIRe s >

�nC 1
�
% C as n!1, the assertion of the theorem is obvious. �

Remark 4.1 �.s/ D �.s/, s 2 C n f1g. Here ´ is the conjugate of ´ 2 C.

Proof. By (4.1),
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By the uniqueness theorem, this identity holds on C n f: : : ;�6;�4;�2; 0; 1; 3; 5; : : :g.
s D �2n (n 2 N) is a removable singularity of the function of L.H.S., and so is
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