Chapter 2

Probability measure P on RE

Topics of this chapter come from Fukuyama [11]. To tell the truth, Chapter 1 was pre-
pared, since we wanted the fact that every almost periodic function always has the mean
value. Based on these mean values, we define a probability measure P on the space R® of
large volume.

2.1 Definition of the probability measure P

Definition 2.1 B := AP(R) N C(R; R), i.e., B is the set of all real-valued almost periodic
functions.

Definition 2.2 For T > 0, we define a probability measure Py on (R, B(R)) by
1
Pr(E) := ﬁ,u([—T, TINE), Ee3®R).

Here u is the 1-dimensional Lebesgue measure.

tinuous mapping

Rt (fi,.... f)@) = (f1(0),..., [u(1)) € R™.
(P7(~f1 """ ) s a probability measure on (R", B(R")).) Then
AP : a probability measure on (R", B(R™))

— P weakly as T — oo.

Proof. Let &€ = (£1,...,&) € R". By Claim 1.3 and Claim 1.1(iii), eV~ Zi=1 &0 ¢
AP(R). Thus, by Theorem 1.1,

L —

R”
=/ex/jl27=1§ifi(t)PT(dt)
R

27
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T
=i/ RSPV REYIOPD
2T 1

— M(eﬁzlgléff") as T — o0.

On the other hand,
T
‘M(ex/jlz;,lzlfifi) _ 1‘ = lim L/ (eﬁZf':lfifi(t) _ l)dt‘
T—ool 2T -T
T

< lim —
T—oo 2T -T

1 T
< N . f.
< Jim 5 [ e s]a

|eﬁ2?:l 850 _1|dt

[ [e¥™" — Y71 < |u —v| (u,v € R)]

T n
<lél fim o [ (/S s
— e (|2 170)

-0 as&—0.
The assertion of the lemma follows from Lévy’s continuity theorem [cf. Claim A.B]. ]
We denote the P in Lemma 2.1 by PU1s/n),

Lemma22 Forl <i <n+1,let

PALE Rr+1 — R
w w

i
(Xl, ey Xn+1) = (.Xfl, Y., Xn+1).

Then, for ¥ fi,....,Y fus1 € B,

Proof. For Y& = (§1,...,&,) € R",

e —
PV Sut) o ”i_l(é)

— eV1EY) Ui f”*')oni_l(dy)
[Rn

— oV HET ) p (f1smens fn-H)(dx)
R7+1

T1For a probability measure v on (R*, B(R")), 7 is the characteristic function of v [cf. Definition A.2].
When v is a complicated expression and its width (= N ) is wide, we write its characteristic function as v°

instead of V.
T2We denote this mapping by 7; temporarily, which is used only in this lemma.



2.1 Definition of the probability measure P 29

— e“/jl(g’(x"""x"*"x””""’x”+1))P(f1""’f’”")(dxl e dXng1)
Rr+1

= eV 1K< &2+ Eicjan &3 4D P Ut ) (o v doxp s )
[Rn+1

= VI <i 7% H0xi + i < j<n &% 4 D P (f1omees f"“)(dxl dxya)
Rn+1
- M(eﬁ(zki §Lit0fit+Yicj<n §ifj+1))

= M(eV! Cj<i & Jitizj=nt fj+1))
-
- P(fla---,fi—lyfi+1a---,fn+l)($). [

Theorem 2.1 'P: a probability measure on (R®, Bx(R®)) s.t. for Yn € N and
Y fivoo Y o € Bwith fi # £ G # /)

—1 — (f15ees )
P o fy sy =B
Here
Tty RE = R
w w
(Xf)fe[g dd ()Cfl,...,an)
and

Bk (R = o (ny; f € B).
Proof. For A C B with #A = n (€ N), let A = {fi...., fu}, and define ¢, 7, :

..........

measure on ([RA, B(RA)) defined by

LA = P Ut fn) 90(_f11 P

In the following, we divide the proof into three steps:
1° up is well-defined.

O Let A = {fi,.... fu} and 0 € &,. o is a permutation of {I,...,n}. For Y& =
(&1,....&,) € R, it follows from Lemma 2.1 that

.....

_ eVHEY) p o fom)

-1 —1
R © (go(fl,...,fn) © (p(fa(l)am:fo(n))) (dy)

3 Bx (RB) is called the Kolmogorov o-algebra on RE. Of course the subscript ‘K’ comes from the initial
of Kolmogorov.
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— eﬁ Yo Ea(i)xiP(fam,--.,fo(n))(dxl ceodxy)

— M(eﬁz,-”zl bo Jotir)
— M(eﬁzi’zléiﬁ)

This implies that

P Yo fom) — P(fla---yfn)’

-1 -1 -1
© gD(fo(l),---,fa(n)) © ((p(fl,u-,fn))
so that we have

P o fom)

-1 _ ) -1
O P oty Som) = CPfinsf)?

which shows the well-definedness of 4.
2° For® & Ay C A, C B, we define 7w A, : RA2 — RM by

anas () rens) = (xp)ren,s  (Xp)ren, € RM2.
When A, is finite, it holds that

-1 _
/"LA2 ° jTAl,Az - /"LAI‘

(Thus {pa; A C Bis finite} satisfies the consistency condition [cf. Definition A.S].)

() Let Ay C Ay C B be finite and #A; = m, #A, = n (m < n). Incase m = n,

A1 = Ay = A, thus wp, A, = ida. In this case, the assertion of 2° is trivial. Let m < n,

Ao ={f1,- .o f» fnt1s---s fuyand Ay = {f1,..., fm}. For0 < j <n—m—1, put
1

g R R s
fr(j)(xl,...,x,,_j) = (X1, Xp—jm1)-
Since, by Lemma 2.2,
PUtedu) o gD Z pUidu—jm) 0 < j<n—m—1,

it follows that

pUttn) o z@71 7 L em-n T
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— pUtta—) o ;7 @7 L em-D T
— pUrta—2) o y@7 o7 L mm-DT!
— P(fl ----- Jm+1) n,(n—m—l)_1

— Pt

Here, noting that

= (X1,...,Xm)

= g=m=1 o 2D JT(O)(XI, e Xn),

we have

= PUtfn) 5 1

-1 —1
KAz ©TTA A, CPfisf) © TTALLA2

-1
— P(fl,...,fn) o (jTAl,Az o (p(fl,-n,fn))
— PUatn) (Oh1ofom) © gamm=1 o) ﬂ(o))—l
— PUet) o O o T eme) T

) -1
CPfisesfrn)

3° By 2° we can apply Kolmogorov’s extension theorem [cf. Claim A.S] to see the
following:

3P: a probability measure on ([R[B, ZBK([R[B))
st. Pomy’p =pa, YA C B finite.
Since, for distinct f1,..., f € Band A = {f1,..., fu} C B,

----------

= (Xf,....Xf,)
T(f1peees fn)(('xf)fGIB)v

we have

-1 _ -1 -1
Porg ry=Po (¢(f1,...,fn) °© 7TA,[B)
-1 -1 -1
=Pomy o (0. 10)
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—1
= Hac° (w(fl ..... fn))
R Y O T - -1 -1 -1
pUi P Frrt) © (P GFrrst)
= PUitfn) ]

([R[B, Bk (RE), P) is our basic probability space in this monograph. Note that this
probability space is of large volume, since it looks like including all real-valued almost
periodic functions. Although it can be probably replaced by smaller one, we go ahead
with this setting.

2.2 Limit theorem on the probability space (RE, P)

In the rest of this chapter, we view typical real random variables on this probability space,
this type of which will appear in the subsequent chapters, and we introduce a limit theorem
related to them.

Claim 2.1 For A € R\ {0}, the function R > t — /2 cos At € R belongs to B. When it
is denoted by /2 cos A-,

1 1 ) dx

— X)—.
w DA e
Proof. Fix A € R\ {0}. By Theorem 2.1 and Lemma 2.1,

Po n«_/% cosl-(dx) =

Po n:/%cos)v(é)

— Pﬁcosl-(é)

= lim P“/EC(’S’l é)

T—o0

= lim eﬁfﬁwwdz

T—o0 2T

= lim — / eV 1EV2coslAlt gy
T—o0 2T

= lim — eV 1EV2 oAl gy
T—oo T

(O 1+~ erfﬁm‘ I is even]
1 AT
= lim —— eVTIEV2co T g

[@ change of variable: t = |/\|t]

1 @2n+1)m
= lim —/ eVTIEV2eoT o
n—oo (2n + )&

= lim(—H0
nLOO((Zn + Dm

4Too big is better than too small.

/ Ffﬂcosrdt
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n (2k+1)
n 1 / neﬁéﬁcosrdf)
2n + D = Jek-1)x

n
= lim ; Z " e«/jléﬁcosw+2kn)d0
n—00 (2}1 + 1)7‘[ P

1 T
eﬁéﬁcoscda

=2n

_ / Féﬁcosoda

_ oV -Tix __4X dx
_ x2
[@ change of variable: 0 = cos_l(%) (—\/5 <x= 2)] |
Definition 2.3 For a real sequence {Ax}72 |,

{Ak}re is Al (= algebraically independent)’>

<:>ka #0 forr € Nand Y(my,...,m,) € Z"\ {(0,...,0)},

def i=1
{Ak}re, is ASSNZ (= any signed sums (are) not gero)“’

= Zel/\k, #0 (“(er,....e,) € {=1,1}7) for "r € Nand "k; < --- < Yk,.
i=1

Clearly AI = ASSNZ.

Example 2.1 If {pg}p2, is an arrangement of prime numbers in ascending order, then
tlog pripe, is AL

Proof. Formy,...,m, € Z \ {0}, put
L :={1<i<rim >0},
I_:={1<i<rim <0}.
Then Iy NI_=@,and I+ # @ or I_ # @. Since, for prime numbers ¢; < --- < ¢,,
[Ta" #I]a™
ielt iel_
by the uniqueness of prime factorization, we have

[Ta" =TTa" [Ta" —qufml#l,
i=1

iely iel— HzeL i

so that ) m; logg; # 0. This shows that {log pi}3> , is AL |
i=1

51n other words, {Ak )52, is linearly independent over Q.
ToIn [12], {Ak 5o, is said to satisfy the signed sum condition (abbr. SS-condition).
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Lemma 2.3 [f{A;}72 | is ASSNZ, then cos Akt # cos At (k # 1).
Proof. Let cos Ayt = cos A;t (Yt € R). Differentiating it twice, we have
—Agsin At = —A;sin Agt,
—)Li COSAgt = —/\12 cos Ajt.

Letting 1 = 0 yields that A7 = A7. Thus Ax +4; =0 or Ay —A; = 0. When k # [, this
is contrary to ASSNZ, so that k = /. |

Claim 2.2 (i) If {Ar}5>, is Al then a sequence {JT V3 cos Akv}/iil of real random variables
is independent, identically distributed (abbr. i.i.d.).

(i) When {Ar}72, is ASSNZ, {7[ V3 cos Ak-}/ill is an augmented multiplicative system'’
(abbr. AMS). Namely, for VreNand Yk, < -+ < Vk,,

P
E [(ﬂﬁcoslkl-) Koo X (nﬁcoslkr')] = O’
P 2 2
E [(nﬁcoskkl~) Xoeee X (nﬁcos)tk,) ] =1
In this monograph, E¥ stands for expectation w.r.t. P.

Proof. First, note that |7 s . ;.| < V2 P-ae. (A # 0) by Claim 2.1 and that A; # 0

(Yk), cos At # cosAjt (i # j)by Lemma 2.3. In the following, we divide the proof into
four steps:

1° Forr e N,ky <--- <k, andny,...,n, € N,

EP[(”ﬁcos/\kl)nl X X (nﬁcos/lkr')nr]

( 1 >n1+-~~+nr Z (}’ll) (l’lr)
V2 0<li<ny,....0<l,<ny; h b
2 —nl))Lkl 44+l —n,) Ak, =0
() Since, by Theorem 2.1 and Lemma 2.1,
Pro («/E cos A, -, ....v/2cos kkr-)_l

-1
—Po ”(ﬁcos/\kl~ """ Vo Ak, ) weakly as T — oo,

it follows that
P ni nr
EP[(t e, )" % % (T3, )]
_ ni ny -1
= /,. Xy X, P Oﬂ(ﬁcoslkl’,-u,ﬁcoslkr')(dxl dx,)

lim Xyt xr Pro (\/Ecos Akys e ,«/Ecos)kk,~)_1(dx1 ceedxy)

T —o00 R”
1T ,
= Th—r};o_T _T(«/Ecos Aiyt)"! e («/Ecos A t)"dt

7In [12), this is called an equinormed multiplicative system (abbr. EMS).



EY [(nﬁcosx.)zn_l] =0,

EP[(ﬂﬁm.)z"] _ (%)(2:)

() By Claim 2.1,

N ) 1 V2 x2n—1
EP[(nﬁcosA-)z 1] = /n;xzn IPOJT\/ECOS)L (dx) /

aivaa
=0 [GXHﬁISOdd]

E¥(r )] = [ 7P oL 00)

1 L
”/—ﬂm

il ———dx X = is even
”/0 A= 1O 2 |
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1T n n,
= lim — (x/zcoskklt) -~(x/§cos)kk,t) dt
T—oo T 0
T ni
_ <L)n1+ +ny lim l/ Z F(le—nl)lkl
V2 T—oo T Jo 11
Ry
Nr ) V=1 @l—n)Ag, t
X oo X rHdt
I,=0
O (cosh)" = (M n
= 211 Zl 0( ) JJ:IG F(”_I)‘g
=27 D= 0( )e H@tmmo
1 )"1+'"+ﬂr / (nl) (nr)
= (— hm —_ Z oo
V2 T—soo T o<t nt. I I,
o<l <n, X eﬁ((ZI'_n')Akl+'"+(21V_n’)kkr)tdl‘
_ ( 1 )"1+'"+nr Z (nl) (nr)
ﬁ 0<li<ny, h Ir
T
Oslysny l/ erl((le—nl)Akl+~~~+(21r—nr))tkr)tdt
T—o0 0
_( 1 )n1+~~-+nr Z <n1) (}’lr)
ﬁ 0<l1<n1,...,0<l,<ny; ll lr
(211—}1])/1/(1+"'+(2]r—nr)lkr=0
2° For A # 0,
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2 (% (v/2)*sin®" 0
e Mﬁ cos 0d0
T Jo V2 cos b
[@ change of variable: x = V2 sin 0]

on+l 3
= / sin®" 0d6.
T Jo

Let I, := fo% sin®" 8d# for simplicity. Then

3 Z1—cos2
11=/2sin29d9=/2ﬂd9=£,
0 0 2 4

[N

In+1 = / sin2"+2 0do
0

[N

= / sin?**! §(—cos 0)'d6
0
= [— sin®" 1 6 cos 0]: + /2 (2n + 1) sin®" 6 cos® 640
0

%
= (2n + l)/ sin®” O(1 — sin® 0)d @
0
= @n+ I, — 2n + )l
Thus, by (2 + 2) 11 = (20 + 1)l and I = %,

n—1 n—1

_ Ik+1 _E 2k+1
I”_(El I )11_4£2k+2

T Qk+2)(2k + 1)
- ZL[I 2k +2)2

w1z k +2)(2k + 1)

4 ([Lh 26+ )y
o (2n)!
s e

Ld

Therefore

P 2n . 2n+1 T 2n . 1 n 2”
E [(”ﬁcosk) ] - 7 22n+1\ p - (2) n :
3° Let {Ax )32, be Al Note that for ky < --- <k,
(211 —nl)kkl +---+(21,—n,))tkr =0 2[1 —np == 2lr—l’lr =0
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@211 =N1,..., 21, = n,.
By 1°and 2°,incase 1 <3 <r st n; ¢ 2N,

EP[(t fseomn, )" % (o )|

=0

= B[ (tzen, )" ] X% EP[ (o, )" |
incasen; € 2N (1 <Yi <r),

P nr
E nﬂcosk; E (nﬁ Cos Ak, + ) ]

[
( x

P n P nr
= E I:(]Tﬁcos)(‘kl.) 1] X eoe X E [(nﬁcos)tk,-) ]
Putting them together, we have that for Vs> 1,Ymy, ..., Yms € NU {03},
P m ms
E [(nﬁcoskr) I Koo X (T[«/Ecosky) ]

— EP[(nﬁcosM.)ml] X oee X EP[(nﬁcosks.)ms].
Now, fors > 1and &4, ..., & e R,

N
EP [l_[ eﬁsj”ﬁcoskj~j|

j=1

=5[] 3 oW Tmmen, )]

j=1m; _()
- EP[ Z m(«/—_lgl)’”l ...(\/_—lss)ms
mi,....msg>0 s-

()" ()"

= Y o (VTR (T

x E"[(nﬁm. )" (e )™

= X e (V1)
xEP[(MMW‘]---EP[(meS]

= (X e B [y )
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o (Z VT (30, )]

mg>0
= EP|: Z (V glnﬁcosh ) ]:|
m1=0
© 1 mg
X---XEP[Z m_s'(\' _1§Snﬁcosks~) ]
ms=0

— EP [eﬁSIHﬁcosll~] X ooe X EP [eﬁésnﬂcos)@»].

This shows the independence of 7 /5
tion (i).

4° Let {14}, be ASSNZ. By 1°,

cosAp s W3 cos A, Lherefore we obtain the asser-

(7 sy, ) X nﬁmkg]

1\ 1
:(ﬁ) o</ <1,.. 0<Ir<1 (ll) ( )

@I —~DAk, +t QL= 1)Ag, =0

EP (7 e, )% % (Teonne, )]

(LY 2.2,
- (ﬁ) 051152,.2,:051,52; (11) (1,)

(1= dg, 4 U= DAk, =0
As for the former in the above, since (2/;y — 1)Ag, + -+ (2[, = 1)Ag, #0by 2/, — 1 €
=LA <i<r),
P
E [(nﬁcos)tkl~) X X (nﬁcoslk,')] = 0.

As for the latter in the above, since (I; —1)Ag, +---+(l,—1)Ax, # Oprovided1 <3 <r
s.t. I; #£ 1,

EP[(nﬁcoslkl~)2 Xoeee X (”ﬁcoslkw)z] - (%>r (f) (?) - i_: =1

—— ———
r

Thus we obtain the assertion (ii). |

n
Let {a, }32, be areal sequence such that A, := [ > a7 >0 ("n).
\/ k=1

Theorem 2.2 Let {A;}72 | be AL
(i) ForYa e Rand 'n € N,

11m PT(t —Za, 2cosA;t <a) ( Zaﬂrﬁmk <a>

" j=1 " j=1
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(i) If A, /oo anda, = o(A,), then

nILIIgo’I"IEI;oPT(t —Za, 2cos At <a) =

Proof. (i) Fix n € N. By Claim 2.2(i) and Claim 2.1,

—1
P OJT(\/ECOS)H ..... ﬁcos,{ )(dxldxn)
(POT[«/ECOSA ) (POJTI cos )(dxl dxn)
1\~ 1 X
- (;) L /3 Va)xex(—v/a,02) (X1 - - -y Xn)

dxy---dx,.
V2-xi V2= "
Since, for o € R,

1 n
{(xl,...,xn) € [R”;A—Zajxj < (x} is open in R”",
nj=1
1 n
(x1,...,xy) € R*; — a-x~§a}isclosedinl]3”,
{ 1 n An; JNJ
it follows that

1 n
lim PT(t;— aiv2cos it < a)
T—o0 An; ’ ’

= lim Pro («/Ecos)tl-,...,ﬁcoskn-)_l((xl,...,

T—o00

1 &
n)a A_an_;ajxj < O[)

1 n
>Pon(ﬁcos;\1 """ ﬁcosxn~)((x1""’x");A_nzajxf <a>
j=1

1
/;ﬁ.../_ﬁ\/z_XZ.“\/2_x21AlnZ?—lajxj<adx1“'dxn’

1
Y"II—I};oPT([ —Zal 2 cos At <a)

n
rems —1 1
_Tll_)mooPTo(«/Ecos)tl-,...,x/zcos)tn-) ((xl,...,x );—Zajxj )

1 &
-1 P E Sy
= POn(ﬁcoskl' ..... ﬁcosln-)((xl’”"x")’ A, 4 SO[)
Jj=1

1
/_ﬁ.../;ﬁ NEE .-.\/2_x'%1/4172;'=1ajxj5adx1"'an.
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We here note that {(xl, coXy) R AL,, Z;’zl ajx; = a} is a hyperplane of R", and so
its Lebesgue measure is zero. Thus, since

V2 1 1
/_ﬁ'"/_ﬁ i i Sy i =0,

we have

lim PT( Zaj 2cosA;t <oz)

T—o00

1
/ /f\/z—xf' \/2 x2 AnZ, 1a/x,<adx1"'dxn
:P< Zajﬂﬁcosx <oe)

(ii) Suppose A, /’ oo and a, = 0(A,). First

i max |ax| > 0 asn — oo. (2.1)
n 1<k<n
Because
1 1
1, s, el = - (max lael) v ( max_lac])

— (L max |ak|> ( max |ak|ﬂ>
A, 1<k=<ng nosk=n Ag An

< (L max |ak|) (SUp |ak|) — 0.
An 1<k<ng k>no Ak segcl).?lt(inn_o)gooo

Let { X, }1<j<n<oco be a triangular array of real random variables defined by

an = _ajﬂﬁcos/l,-“
Ay -

Then, for each n,

o {X,j}1<j<n are independent, o |X,;| < ljj|«/§ P-ae.,
o EP [ ] =0.
And

a

> £ ZEP[E t s )]

~N

n

= A—%;a?EP[(ﬂﬁcosAj-)z]

1 n
= Y a? [© 2°in the proof of Claim 2.2]
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Az

n n X4

§ : P 2 : P n

E I’Lj’ |an| z 8 E I:S_ZJ
j=1 j=1

1 n
__A_Z

IA

Therefore, by Lindeberg’s central limit theorem [cf. Claim A.7],

n
the distribution of Y ° X,,;
j=1

—> the standard normal distribution weakly asn — oo.

Namely

. 1 <
1 P (5 e s, <

which is the assertion (ii).

31 1 /<
(e

n j=1
3

ax |a
282\ A4, 1<k<n| 4

-0 asn—oo [O QD]

[ ”ﬁcosa_,y]

[ 2° in the proof of Claim 2.2]

?)(max af)

1<k<n

y

)= Lt

Remark 2.1 Historically, Theorem 2.2(ii) in the case where a,, = 1 (Yn) is called Kac-
Steinhaus’s central limit theorem. Theorem 2.2(ii) is a generalization of this central limit

theorem.

Remark 2.2 When {A;}22 | is only ASSNZ, Theorem 2.2(ii) is valid with the following

change: If A, /' o0 and a, = 0(A,), then

lim lim PT(t —Za] 2cos At <a>

n—00
T—o0 / 1

n—>oo T—o0

= lim lim PT(Z;A—ZajﬁcosAjt <oz)

B A 2n /—oo
For the proof, cf. Fukuyama [11, 12].

v

o € R.



