Chapter 8

Optimality of the Gevrey
index

8.1 Non solvability in C"*° and the Gevrey class

In this chapter we study the following model operator

(8.1.1) Prod(z,D) = —D2 + 221Dy D,, + D? + 23 D?.

It is worthwhile to note that if we make the change of coordinates
yj=z; (0<j<n—1), yp=xn+ 2021

which preserves the initial plane xy = const., the operator P,,,q is written in
these coordinates as

Puoa = —D§ + (D1 + 20Dy)? + (21v/1+ 21D,,)* = —=D§ + A® + B2

Here we have A* = A and B* = B while [Dy, A] # 0 and [A4, B] # 0.

Let us denote by p(z,&) the symbol of P, ,q(z, D) then it is clear that
the double characteristic manifold near the double characteristic point p =
(0, (0, ...,0,1)) € R2(™*+1) i5 given by

Y= {(.I',éj € R2(7l+1) ‘ 50 = 0,$1 = 0751 = 0}

and the localization of p at p € X is given by p,(z,&) = —&2 + 221§ + &F. This
is just (2) in Theorem 2.3.1 with k = [ = 1 where & and z; is exchanged. Since
(x1,&1) — (&1, —x1) is a symplectic change of the coordinates system then we

see
Ker F(p) NIm F (p) # {0}, p €.

The main feature of p is that the Hamilton flow H,, lands tangentially on .

Indeed the integral curve of H,
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parametrized by x¢ lands on ¥ tangentially as +xq | 0.
We are now concerned with the Cauchy problem for P, 4.

Definition 8.1.1 We say that the Cauchy problem for Pp,.q is locally solvable
in v%) at the origin if for any ® = (ug,u1) € () (R™))?, there exists a neigh-
borhood Ug of the origin such that the Cauchy problem

Pu=0 inUs,
Dlu(0,2') = uj(z’), j=0,1, z€Upn{xy=0}

has a solution u(z) € C*(Us).

We prove the next result following [7], modifying the argument there about the
existence of zeros with "negative imaginary part” of some Stokes multiplier.

Theorem 8.1.1 If s > 5 then the Cauchy problem for Pp,.q is not locally solv-
able in 4*). In particular the Cauchy problem for Pp,oq is not C solvable.

Our strategy to prove Theorem 8.1.1 is to find a family of exact solutions U to
Pp0qU = 0 and apply some duality arguments.

8.2 Construction of solutions

We look for a solution to P,,,qU = 0 of the form
U(z) = exp(ip’z, + %Cpxo)w(wmz), (eC, p>0.
It is clear that if w verifies

w’(z) = (2% + (a — Pp? /)uw(w)

then P,,,qU = 0. Taking this into account we study the following ordinary
differential equation

(8.2.1) w’ (z) = (2% + Cx + e)w(x)

where (, € are complex numbers and e will be thought of as small in the fi-
nal arguments. We briefly recap, for this special situation, the general theory
of subdominant solutions of the equation (8.2.1), according to the exposition
for instance in the book of Sibuya [51]. Theorem 6.1 in [51] states that the
differential equation (8.2.1) has a solution

w(w; ¢ e) = V(w5 €)
such that

(i) Y(z; ¢, €) is an entire function of (z,(,€),
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(ii) Y(z;(, €) admits an asymptotic representation
Vwie) ~ a1 (143 Bya /2 exp {~E(w;()}
N=1

uniformly on each compact set in the (¢, €) space as x goes to infinity in
any closed subsector of the open sector

’ ’<37r
arg xr —
& 5

moreover 9
B(;() = 2™ + a'/?

and By are polynomials in (| €).

2
We note that if we set w = exp [z%] and

V(¢ e) = YV(w o0 ¢ w™e)

where k& = 0,1,2,3,4 then all the five functions Vi (x;(,€) solve (8.2.1). In
particular YVo(z;(,€) = V(x;(,€). Let us denote

Y = g73/4 (1 + i BN:c‘N/z) exp{—FE(x;()}
N=1

then we have immediately

(i) Vi(z; (, €) is an entire function of (z,(,€),

(i) V(x;¢,€) ~ Y(wFr; w2k, w™3k¢) uniformly on each compact set in the
(¢, €) space as x goes to infinity in any closed subsector of the open sector

2 3T
|arg = z | < E
Let Sy denote the open sector defined by |argz — 2knw /5| < 7/5. We say that
a solution of (8.2.1) is subdominant in the sector Sy if it tends to 0 as z tends
to infinity along any direction in the sector Si. Analogously a solution is called
dominant in the sector Sy if this solution tends to co as z tends to infinity along
any direction in the sector Si. Since

(8.2.2) Rez®2 >0 for z €S,

and Re2®/? < 0 for x € S_; = Sy and for € S; the solution Vo(z;(,€) is
subdominant in Sy and dominant in Sy and S;. Similarly Vi (x; ¢, €) is subdom-
inant in Sy and dominant in Sx_; and Ski1. From (8.2.2) we conclude that
YVi+1 and Yy are linearly independent. Therefore )y is a linear combination
of those two V11 and V4o

yk(l‘; Cv 6) = Ck(ga G)yk+1(.1‘; Cv 6) + ék(<¢ G)yk+2(x; Cv 6)‘

In the above relation the coefficients Cl, C~'k are called the Stokes multipliers

for Vi (z;(,¢€).
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Proposition 8.2.1 There exists a zero of Co((, 0) with negative imaginary part.

We first summarize in the following statement some of the known and useful
facts about the Stokes multipliers for our particular equation (8.2.1). Proofs
can be found in Chapter 5 of [51].

Proposition 8.2.2 The following results hold.
(i) Cp(0,0) =1+ w,
(ii) Cx(C,€) = —w, forall k, € and ¢,

(iii) Cr(¢,€) = Co(w™2k¢, w3ke), for all k, €, ¢ and Co((,€) is an entire
function of ((,¢€),

(vi) 6<CO(C’6)‘(<,e):(0,0) # 0.
We now prove key lemmas to prove Proposition 8.2.1.

Lemma 8.2.1 Let us denote c(C) = Cy(C,0). Then we have
e (0) + werra(Oerrs(C) —w? =0 mod 5.
Or otherwise stated
c(Q) +wie(w)ew() —w’ =0, V(eC
where ¢(C) = co(C) = Co(C,0).

Proof: For the proof, see Section 5, (27.5) in [51]. O

The next lemma is found in [52].

Lemma 8.2.2 We have

C()(C, 6) = (I)Co((I)C, wE).

In particular we have c(¢) = we(@().
(

Proof: Let us write a = ({, €) and @ = ((,€). Since w(x) = Vo(Z;a) verifies the
equation
w” () = (2% + (o + )w(x)

and hence w(x) = CYy(x;a) with some constant C. Checking the asymptotic
behavior of both sides as z — 400, |argz| < 7/5 we conclude C' = 1 so that
w(zx) = Yo(x;a) that is

Yo(Z;a) = Vo(x;a).

From this we see
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Similarly we have Y (x;a) = V4(Z;a). Thus from Yy(z;a) = Cy(a)Vo(z;a) —
wYi(z;a) it follows that

Vi(z;a) = Cy
Vu(Z;a) = Cu(a)Vo(7;a) — wi (T;a).

Multiply the first identity by w we get

Vu(Z5a) = wCy(a)Vo(Z;a) — w1 (Z; a)

which proves

This proves the assertion. O

Lemma 8.2.3 The Stokes multiplier Cy((,0) vanishes in at least one (o(# 0).

Proof: Suppose that ¢(¢) # 0 for all ¢ € C. Then from Lemma 8.2.1 it follows
that ¢(¢) # w3 for all ¢ € C. Since ¢(¢) is an entire function by Picard’s
Little Theorem implies that ¢(¢) would be constant because ¢({) avoids two
distinct values 0 and w®. But this contradicts (vi) of Proposition 8.2.2. Since
C9(0,0) = 1 4+ w from Proposition 8.2.2 we see that (y # 0. O

Lemma 8.2.4 For real ¢ and € we have Cy((,€) # 0. In particular ¢(¢) # 0
for real C.

Proof: Suppose that Cy((,€) = 0 for some real ( and e. From Lemma 8.2.2 it
follows that Co(w(,wé) = Cy(w(,we) = 0 which contradicts Lemma 8.2.1. [

Lemma 8.2.5 The closed sector 3w/5 < arg( < 7 is zero free set of ¢(().
Proof: Let us recall that YVy(x; (,0) verifies

Vo (#;¢,0) = (¢° + ¢x)Vo(; ¢, 0)
which is subdominant in |argz| < 7/5. Let us put

u(z) = Yo(a(z + 1); —3a2,0)

where —7/5 < arg < 0 then we have
(8.2.3) u”’(x) = (@2 + 3a°z? — 20°)u(x) = o®(2* + 32% — 2)u(x).
Note that

Vola(z +1); =302,0) = ¢(=3*) V1 (ax 4 1); —3a2,0)
—wls(a(z +1); —3a2%,0).
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Suppose that c¢(—3a?) = 0 so that

Yooz +1); -3a2,0) = —wls(a(z + 1); =30, 0)

= —wYo(w2a(z 4+ 1); 3w *a?,0).
Since Re (w™2ax)%? = Re(e/5|z|a)®? > 0 for x < 0 it is clear from the
asymptotic behavior that Vo (a(x + 1); —3a2,0) is exponentially decaying in R

as |r| — oo and in particular u(z) € S(R). We multiply u(z) on (8.2.3) then
integration by parts gives

—/ lu'(z)|?dx = o / (23 + 322 — 2)|u(z)|*dz.
R R
Since Im a® # 0, taking the imaginary part we get
/(z3 + 322 — 2)|u(x)|*dx =0
R
hence v'(x) = 0 so that u(z) = 0. This is a contradiction. So we conclude that
c(=3a?)#0 if — g <arga <0
which proves that ¢(¢) # 0 for 37/5 < arg( < 7. From Lemma 8.2.4 we see
¢(€) # 0 if arg ¢ = w. We finally check that ¢(¢) # 0 with arg{ = 37 /5. Indeed

if ¢(¢) = 0 with arg ¢ = 37/5 then c¢(@() = 0 by Lemma 8.2.2 but since @ € R
which contradicts Lemma 8.2.4 again and hence the assertion. (]

Proof of Proposition 8.2.1: From Lemma 8.2.3 there exists ¢ # 0 with ¢(¢) = 0.
From Lemma 8.2.5 we see —m < arg( < 37/5. If 0 < arg( < 37/5 then
—7 < argw( < —27/5 which proves the assertion because c(w() = 0. O
Let us now consider the equation
L,
CO(C: _ZC 6) =
Let (o be a zero of ¢(¢) = Cyp(¢,0) with negative imaginary part. Let u be the

multiplicity of the root {y. Since Cy((,0) is holomorphic p is finite and by the
Weierstrass preparation theorem we can write

Co(¢, =Ce/4) = 4(¢, (¢ = Go)* +Za] (¢ —C)")

where v((p,0) # 0, a;(0) = 0 and a;(e) is holomorphic at € = 0. Then each root
C(€) of Co(¢, —C%€/4) = 0 admits the Puiseux expansion

0+ZCJ l/p = 1/p)
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with some positive integer p and a holomorphic ¢(z) near z = 0. In what follows
we consider the equation

(8.2.4) w”(z) = (373 +(x — %Czep)w(x)

so that the equation Cy(¢, —¢2€?/4) = 0 has a solution ((e?) = ((€) where C(¢)
is holomorphic in a neighborhood of € = 0 and

¢(0) =¢Co, ImGo <O.
With 7(e) = —C(€)%€? /4 we have
(8.2.5) Yo(3¢(e),n(€)) = —wa(x;C(e),n(e), Vo eC

where |e] < 1. We now examine the behavior of Vy(z;((€),n(€)) as R 3 z —
+00. Recall

Vol(w; C,n) = &34 (1 + R(z,{,m))e” G=7" 4 i |arga| < 37/5

and hence as R 3 # — oo the function Yy(z;,7n) decays as exp (—2°/2/5).
On the other hand from (8.2.5) we have

Yo(3¢(e)1(€)) = —wVo(w a0~ ((e),w™ ()

and for negative x < 0 since w22 = ¢™/%|z| and

(w72x)5/2 _ 7:‘1“5/2, w74 N(w*Qx)l/Z — Zax‘l/Q

it follows that Yo (x;C,n) decays or grows as exp (ImC|z|'/2) as R 3 2 — —oo.
This is one of the main reasons that we need to find a zero with negative imag-
inary part (a non real root is not enough). We conclude that Yy (z; ((€), n(e)) €
S(R) and in particular is bounded uniformly in z € R and |e| < 1;

Vo(x;C(€),n(e))]| < B, xR, |ef <1,

8.3 Proof of non solvability
Take T' > 0 small and let us set
(8.3.1) Uy(z) = exp [—ip°x, + %f(pﬂ/p)p(T — zo)]

xV(z1p% {(p~ %), n(p~2'7))

where p > 0. It is clear that P,,,qU, = 0. Let us consider the following Cauchy
problem

Proqu = 07
(8.3.2) u(0,2') =0,

Dou(0, 2") = ¢(z1)p(z")0(n)
where " = (22, ...,2,_1) and ¢ € C°(R), ¥ € C§°(R"?) and 6 € C§°(R). We

Nnow prove
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Proposition 8.3.1 Assume that § € C3°(R) is an even function such that
0 ¢ 7(()5)(11%) and [p(z")dx" # 0. Then unless $*)(0), k = 0,1,2 satisfy some
special relations the Cauchy problem (8.3.2) has no C*° solution in any neigh-
borhood of the origin.

Before going into the details of the proof we remark that we can assume that
solutions u to (8.3.2) have compact supports with respect to z’. To examine
this we recall the Holmgren uniqueness theorem (see, for example [39], Theorem
4.2). Let us set

Ds = {(L’ € R ‘ ’513"2 + ‘1'()’ < (5}

then we have

Proposition 8.3.2 There exists § > 0 such that if u(x) € C*(Ds) verifies

Pmodu =0 1 Ds,
Dlu(0,2) =0, j=0,1, 2’ € Dsn{zy=0}

then u(x) vanishes identically in Ds.

Proof of Proposition 8.3.1: Assume that (8.3.2) has a C'*° solution in a neigh-
borhood of the origin. Applying Proposition 8.3.2 we conclude that we can
assume

w(x) =0 for |zo| <T, || >

with some small 7" > 0 and » > 0. Note that

T T
/0 (PrmoaUp, u)dzo = /0 (Uy, Proau)dzg + i(DoU,(T), u(T))
+i(Up(T), Dou(T)) = i(U,(0), Dou(0)) — i(221 Dy U, (T), u(T))
because u(0) = 0. From this we have
(DoU,(T), u(T)) + (Up(T), Dou(T))
(.3.3) — a1 DU, (T),u(T)) = (U,(0), Dou(0).

Recalling that Y(p?z1; ¢, n) is bounded uniformly in p and x; we see that the
left-hand side of (8.3.3) is O(p®). On the other hand the right-hand side is

/ e 1P’ e tiCoT/23) (20 & V(a1 ) (2”0 (2 )d!

= eipr/2é(p5)( ¢(x”)d:6")p_2 / V(x1;¢,m)(p~ w1 )da

Rn—2
where 6 is the Fourier transform of 8. We note that for large p one has

’6i6pT/2| > ecPT
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with some ¢ > 0 because ((p~2/P) — (o as p — oo and Im¢y < 0. Thus we
conclude that

s30) o0 [ Voo adn| = o)

Since 6 ¢ 7((]5) (R) and even it follows that for any N € N and ¢ > 0
o~ N6(p")]
is not bounded as p — oo. Indeed if e p~N|f(p®)| is bounded then we have
’ 1/5

0(p)| < CPN/Pe=er" < Clep

with some ¢ > 0 and hence 6 € 7(()5)(R). Let us write

/y(xl;c,n)¢(p‘2x1)dx1 => quﬁ(k)(O)/y(xl;C,n)w’fdxl +0(p™°).
k=0
Then to complete the proof, noting that

/y(afl;fﬂ?)w'fdwl — /y(ﬁl;Coyo)ﬂf’fdﬂfl

as p — oo, it suffices to show

Lemma 8.3.1 At least one of
/y(xl;C070)$11€d$1) k:O,1,2

is different from 0.
Proof: Let us denote by w(§) the Fourier transform of Y(z; (o, 0)

w(€) = / Y (@: Co, 0)de.

Then since Y(z;(p,0) verifies Y = (23 + (ox)Y and Y(x;(p,0) € S(R) then
w(§) satisfies
(8.3.5) w"” (€) = Gow'(€) + iEw(€) = 0.
Noting that
w0 = [ Vi, 0)a"da

the proof follows from the uniqueness of solution to the initial value problem
for the ordinary differential equation (8.3.5). O

It is now clear that, choosing ¢(*)(0), k = 0, 1,2 suitably, (8.3.4) does not
hold. Thus the proof is completed. O



