Chapter 4

Noneffectively hyperbolic
Cauchy problem I

4.1 C* well-posedness

Let
Px,D)=D3+ >  au(x)D*=Py+Pi+P
|a]<2,a0<2

be a second order differential operator, defined in an open neighborhood of the
origin of R™*!, hyperbolic with respect to the xy direction and with principal
symbol p(z, &) where = (zg, z1, ..., Zpn), £ = (€0, &1, -, &n)-

We now state more precisely our assumptions. We shall assume in the fol-
lowing that p vanishes exactly of order 2 on a C'*° submanifold > on which o

has constant rank and p is noneffectively hyperbolic, that is we assume that
Y ={(z,¢) | p(x,&) =0,dp(z,§) = 0} is a C°° manifold and

Sp(Fp(p)) CiR, peX,
(4.1.1) dim7,¥ = dimKer F,(p), pe€ 3,

rank (o|y) = constant, on ¥

where Sp(F,(p)) denotes the spectrum of Fj,(p). According to the spectral
structure of F,(p), two different possible cases may arise

(4.1.2) Ker F(p) NIm F. (p) = {0}

and
Ker F2(p) 1 Im F2(p) # {0}

about which we made detailed studies in the previous chapter.

As shown in Proposition 3.2.1 if p verifies (4.1.2) then p admits an elemen-
tary decomposition. In this chapter, assuming (4.1.2), we prove that the Cauchy
problem is C*° well posed deriving energy estimates via elementary decompo-
sition under the Levi or the strict Ivrii-Petkov-Hormander condition.
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Definition 4.1.1 We say that P satisfies the Levi condition on X if
Psub(p) =0, Vpel.

Definition 4.1.2 We say that P satisfies the lvrii-Petkov-Hormander condi-
tion on X if

Im Poup(p) =0,  —Tr"Fp(p) < Poun(p) < TrT Fy(p), YpeX
and we say that P satisfies the strict Ivrii- Petkov-Hormander condition on X if
Im Py (p) =0, _Tr+Fp(p) < Pouwn(p) < Tr—i_Fp(P)a VpeX.

Note that if Tr+Fp = 0 on X then the Ivrii-Petkov-Hormander condition reduces
to the Levi condition.

Theorem 4.1.1 ([24], [18]) Assume (4.1.1), (4.1.2) and the subprincipal sym-
bol P, wverifies the strict Ivrii- Petkov-Hormander condition on Y. Then the
Cauchy problem for P is C'*° well posed.

In the case Ker 7 NIm F? = {0} on %, thanks to Lemma 3.1.1 and Proposition
3.2.1, the Hamilton flow H, never touch ¥ tangentially.

4.2 Pseudodifferential operators

In this monograph we use several classes of pseudodifferential operators. We
first introduce symbol classes of pseudodifferential operators.

Definition 4.2.1 Let g = ¢(a’, &) 2|da’|> + ®(2', &) 72|d¢'|? be a (splitting)
metric on R?" and let m(z',£') be a positive function on R?*™. Then S(m,g) is
defined as the set of all a(z’,&') € C*°(R?™) such that for all multi-indices «,
B € N there exists Cop such that

|8§€8§,a(m’,£/)| < Cagm(zc/,ﬁl)qS(w/,f/)_la“b(ﬁ/,ﬁ/)_‘m
holds in R?™.

In particular if g = (¢/)29|da/|? + (€/)~27|d€? then S((€')™, g) = ST (see [19])
where (€)2 =1+ [¢/]2. To a(2’,¢") € S(m, g) we associate the Weyl quantized
pseudodifferential operator a(z’, D’) by
/ /
a(z’, D"u(x") = (27r)”/ei(’” —vE a(m,g)u(y')dy’df'.
We sometimes write [a(x’,£&")]" instead of a(z’, D’) but we often write just a
for denoting both a(z’,¢’) and a(a’, D') if there is no confusion. Let a;(z’,¢’) €
S(m;, g). Then under some suitable conditions on m; and g (see Chapter XVIII
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in [19], we do not touch on these conditions in this monograph) we have with
some b(z', &) € S(mimg, g)

ay(z',D")as(z',D") = b(a', D").
We denote b(z’,£") by a1 (2, &) #az(2', ).

Here is a brief summary of calculus of pseudodifferential operators which we
use in this monograph (as before under suitable conditions on m; and g).

Proposition 4.2.1 Let a; € S(m;,g). Then

a1#az — as#tar — {a1, az}/i € S(mima(¢®) %, g),
al#ag + ag#al — 2a1a9 € S(m1m2(¢<l>)_2, g),
a1 #as#ar — a%ag € S(m%mg(qS(I))*Z,g).

Let (-,-) denote the inner product in L?(R™) and || - || stands for the L?(R")
norm.

Proposition 4.2.2 Let a € S(m,g). Then
Re(au,u) = ((Rea)u,u), Im(au,u) = ((Ima)u,u).
In particular if a(x', &) is real valued then
(au,u) = (u, au).
Proposition 4.2.3 (L?-boundedness) Let a € S(1,g). Then we have
laull < Cllull, ue SER")
with some C' > 0.

Proposition 4.2.4 (Fefferman-Phong inequality) Assume that a(x’,&") is non
negative and a € S((¢®)?,g). Then we have

(au,u) > ~Cllul?, u e SE®")

with some C > 0.

4.3 Energy estimates
In this subsection we derive an energy identity for
p=—MA+BA+Q

with
M = Dy —m(xz,D"), A= Dy— \z,D")
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where )\(3:,5’) € S(<£/>a90)7 m(x,g’) € S(<£,>790)7 B(:B,fl) € S(<£/>a90)7 Q(ZE,&I) €
S((€')?, 90) and
g0 = |da’|* + (&) 7?|d¢' .

Let us put
Py(z,D) = P(x,Dg —i6,D")

with a large positive parameter 8 > 0 so that
P(ef0q) = %70 pyu.

We also put
Mo =M —1i6, Ag=A—1i0

so that Py = —MyAy + BAg + Q). Then we have

Proposition 4.3.1 We have

d
2lm(Pyu, Apu) = d—xO(HAguHQ + Re(Qu, u)) + 20| Agul?

+2((Im B)Agu, Agu) + 2((Imm)Agu, Agu) + 2Re(Agu, (Im Q)u)
+20Re(Qu,u) + Im([Dy — Re A\, Re Qu, u) + 2Re((Re Q)u, (Im A)u).

Proof: Since 2Im(BAgu, Agu) = 2((Im B)Agu, Agu) is clear we compute

—2Im(M9Agu, Agu) + 2|m(Qu, Agu) =1L+ L.

d
Noting e iMy + im — 6 it is easy to see
Zo

d
I, = T | Agul|® + 20| Agul|* + 2((Imm)Agu, Agu).
0

We now consider Io = 2Im(Qu, Agu)
Iy = 2Im(Qu, Dou) + 20Re(Qu, u) 4+ 2Im(Qu, —Au)
where we see

2Im(Qu, Dou) = 2Im{ — Do(Qu, u) + (QDou, u) + ([Do, Qlu, u)}

= 2Re-(Qu, u) + 2Im(Dou, Q") + 2Im([Do, Qlu, u)
0

B Qd;zo((ReQ)u,u) + 2Im(Dou, Qu) + 2Im(Dou, (Q* — Q)u) + 2Im([Do, Qu, u).

Therefore we get

L (ReQ)u, u) + Im(Dow, (Q° — Q)u) + Im([Do, Qlu, u).

2lm(Qu, Dou) = dr
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Noting that

Im([Do, QJu, u) = Im([Do, Re Qlu, u),
Im(Dou, (QF — Q)u) = 2Re(Dou, (Im Q)u)

d
because ([d—, Im Qlu, ) is real and Dy = Ag + 10 + X we get
Lo

d%:lo((Re Q)u,u) + Im([Dy, Re Qu) + 2Re(Agu, (Im Q)u)

+2Re(Au, (Im Q)u) + 20Re(Qu, u) + 2Im(Qu, —Au).

I, =

Since

2Re(Au, (Im Q)u) + 2Im(Qu, —Au) = —2Im((Re Q)u, Au),
—2Im((Re Q)u, Au) = —2Im((Re Q)u, (Re \)u) + 2Re((Re Q)u, (Im A)u)
= —Im([Re A\, Re Q]u, u) + 2Re((Re Q)u, (Im X)u)

we have

d;:‘flo((Re Q)u,u) + Im([Dy — Re A\, Re QJu)

+2Re(Agu, (Im Q)u) + 20Re(Qu, u) + 2Re((Re Q)u, (Im A)u).

I, =

and hence the result. O

Note that from

(4.3.1) —2Im(Agu, u) = 20||ul|* + di||u||2 + 2Im(Au, u)
L0

one gets

(4.3.2) | Agul® > 62||ul|® + 9 HuH2 +20((Im Nu, u).

Replacing ||Agul|? in Proposition 4.3.1 by the estimate (4.3.2) we get

Proposition 4.3.2 We have

2im(Fyu, Agu) > d%lO(HAeu!Q + ((ReQ)u, u) + 0%[[ul®) + 0| Agul®
+20Re(Qu, u) + 2((Im B)Agu, Agu) + 2((Imm)Agu, Agu)
+2Re(Agu, (Im Q)u) + Im([Dy — Re, Re Qu, u)

+2Re((Re Q)u, (Im Xu) 4 03 ||u|® + 2602 ((Im N, ).
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4.4 Levi condition

Note that if Tr+Fp = 0 on X then Theorem 4.1.1 is empty and the Ivrii-Petkov-
Hoérmander condition reduces to the Levi condition. Taking this into account we
study the Cauchy problem under the Levi condition in this section. Recall that
from Proposition 3.2.1 it follows that p admits an elementary decomposition

p(w, &) = —(&o + N (6o — ) + Q.
Here we note that
P(x,D)=(p+ Pswp)” + R, R€ S(1,q0)

where P(z, D) is our original differential operator. We also assume that the
Levi condition is satisfied. Let us write

Psub = Ps(xvél) + b(x,{')(fo - A)
then we have
Lemma 4.4.1 Assume that P satisfies the Levi condition on X. Then we have
|PS(‘T7£/)| < C'\/ Q(JJ,&’), |{£0 - >‘7P8}| < C'\/ Q(xvgl)
with some C' > 0.

Proof: Let us recall p = —£2 +¢. It is clear that Ps = 0 on ¥/ = {q = 0} because
¥ ={% =0,¢ =0} and |\| < C/q by Proposition 3.2.1. Let {V;}, {x;} be as
in Proposition 3.2.1. Let (z,&') € V;. Since V; N Y = {¢in, = 0} and hence P
is a linear combination of {¢;,} in V; and it is clear that

]PS(x,£')| < CZ "bza‘ < C\/@ < Cl\/a’

We turn to {{p — A, Ps}. Arguing as before we see

{€o =\ P} = xif{&o— X, Py = > N, Pe}-

Since P; is a linear combination of {¢;,} on the support of x; and {{o — A, Pia }
is also a linear combination of {¢;,} in V; we see easily

> xido = M PH < CY xildial <CY xivai < C"VQ.
Together with the estimate |\;| < C'v/Q this proves the assertion. O

We return to P(x, D). From Proposition 3.2.1 we have

{&—-AQN<CQ. N<CVQ
with some C' > 0. Noting that

P = (6o + N (€~ NP+ Q" — &+ A& — A + R

with R € S(1, go) and recalling [{o + A, & — A} < C/Q we have



4.4. LEVI CONDITION o7

Proposition 4.4.1 Assume that p satisfies (4.1.1), (4.1.2) and that P verifies
the Levi condition. Then one can write

P=—MA+Q+P +BA+ Py, M= (&+NY, A= (& -\

where p = —(&o + A)(&o — A) + @ is an elementary decomposition of p and P
verifies

1P| <CVQ, [{& — M\ReP} < CVQ
with some C' > 0 and By, Py € S(1, g0).

Let Py = 0 and we apply Proposition 4.3.2. Since A and @) are real we have

d .
2|m(P9u, AQ’U,) > %(HAQ’U,”2 + ((Q + Re Pl)u,u)
0

(4.4.1) +62||ul|?) + 0||Agul|> + 2((Im Bo)Agu, Agu)
+20((Q + Re Py)u, u) + 2Re(Agu, (Im Py )u)
+Im([Dy — A, Q + Re PyJu, u) + 6°||ul?.

We first check that
((Q + Re Py)u,u) > e(Qu,u) — Clul
with some ¢ > 0, C' > 0. Indeed we have
2((Re Pr)u, u) < ef|(Re Pr)ul® + ¢ |lul|*.

Note (Re P1)*(Re Py) — [(Re P,)?]* € S(1, go) and Q/2 — e(Re P;)? > 0 choosing
€ > (0 small we get

(Qu,u)/2 — el|(Re Pryul® > —Clulf?

by the Fefferman-Phong inequality.
We next consider Im([Dg — A, Q]u, u). Note that

Im([Do — A, Qlu, u) > —Re({& — A, @}"u, u) — Cllul*.

Since CQ — {& — A\, Q} > 0 with some C' > 0 then the Fefferman-Phong in-
equality shows

C(Qu,u) +Im([Do — A, Qlu, u) > —C[[ul)?
with some ¢’ > 0. We turn to |Im([Do — X, Re Py]u, u)|. Note
2[Im([Do — A, Re PyJu, u)| < [|[Do — A, Re Prlu|® + [[ul|.
Since CQ — {&, — A, Re 151}2 > 0 with some C' > 0, the same argument as above

gives R
C(Qu,u) > ||[Do — A, Re PiJul|* — C'||ul|?
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with some C’ > 0. Thus we conclude that
(4.4.2) 2C(Qu, u) + Im([Dy — X\, Q + Re PiJu, u) > —(2C" + 1) ||ul|?.
We now consider |Re(Agu, (Im Py)u)|. Note
2Re(Agu, (Im Pr)u)]| < [Agul? + [(1m Pl
and CQ — (Im P;)2 > 0 with some C' > 0 then we obtain
(4.4.3) 2|Re(Agu, (Im P)u)| < [|[Agul|® + C(Qu,u) + C'||ul)?

with some C” > 0.
Since the following estimates are clear

(4.4.4) |(BAgu, Agu)| < CllAgull?,  [(Pou, Agu)| < [|Agul|? + Cllul®

then with
E(u) = |Agull* + (Qu, u) + 67 ||u|]?

we get

d
07| Pyul|® > c—E(u) + cOE(u)
d.%‘()
with some ¢ > 0 for > y. Integrating this inequality we get

Lemma 4.4.2 Assume that P satisfies the Levi condition on X. Then we have
{I1Agu(t, )|I? + (Qu(t), u(t)) + 6% ||ult, )|}

(4.4.5) +9/T {1 Agu(s, )12 + (Qu, ) + 6[|u(s, )| }ds
gcel/T | Byu(s, ) |[2ds

for any u € C§°(R"1) vanishing in xo < T.

We now estimate higher order derivatives. Consider (D')¢Py = Py(D')* —
[Pa, (D')¢]. With R, = [Py, (D')](D')~* one can write

(D)’ Py = (P — Re)(D')".
We denote [|ul|s) = [[{D’)"u].
Lemma 4.4.3 Assume that |M — A| < Cy/Q with some C > 0. Then we have
|(Reu, Agu)| < Ce(||Agull® + Re(Qu, w) + [|ul|?).
Proof: Recall that

Py = —MyAy + Q + pl + BoAg + ]50.
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It is easy to see

[MoAg, (D)D) = ahg + bMy + Ry
= (a+b)Ag +b(M — A) + Ry

with some a, b, R; € S(1, go). On the other hand we have
[Q.(D") (D)~ —T* € S(1, 90)
with T = —i{Q, (¢')*}{¢/)~*. From the non negativity of @ one has
7% < CQ.
Noting that
1Tl = (T#T)"u,u), T#T —T* € S(1, go)

the Fefferman-Phong inequality shows that

CRe(Qu,u) — | T%u|* > —C/||u|*.
Since |M — A|? < CQ the Fefferman-Phong inequality again shows

CRe(Qu,u) — (M = Aul® = ~C|Jul|*.

Since [Py + Py, (D")|(D")~* € S(1,g0), [BoAs, (DY (D)~* = cogAg + ¢; with
cj € S((¢)771, go) one has

|(Reu, Ag)| < C{[[Agull* + Re(Qu,w) + [[ul*}

which is the desired assertion. O

Thanks to Lemma 4.4.2 and Lemma 4.4.3 we have

Proposition 4.4.2 We have
(1Agu(t, )Ty + 0% ult, 7))

t
9 /T (1Aous, )2 + 6 [u(s, )12 )ds

t
<! / | Pyu(s, )12 ds
T

for any £ € R and for any u € C(R™™1) vanishing in xo < T.

Assume that Tr+Fp = 0 on X. Then from Theorem 2.3.1 the quadratic form
p, takes the form, in a suitable symplectic coordinates system

Pp = _53 + Zf?
j=1
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From (3.3.7) it follows that

F2(p)o =3 exo(v, He,) (S ejo(He,, He,)He, ) =0

k=0 §=0

and a priori the condition (4.1.2) is verified. We also note that ¥ is an involutive
manifold in this case since

(TPE)U = <H§O,H§1, ...,H§T> C <H§O,H§1, ...,H§T>J = sz, pE .

Theorem 4.4.1 ([18]) Assume (4.1.1) and Tr™F, = 0 on ¥. Then in order
that the Cauchy problem for P is C*° well posed it is necessary and sufficient
that P satisfies the Levi condition on X.

Proof: Since P(x, D) = (p + Psup)"” + R with R € S(1, go) and hence
(446) P*(:E7D) = (p+Psub)w+R7 RES(l,go)

it follows that P*(z, D) verifies the Levi condition. Thus the energy estimates
in Proposition 4.4.2 holds for P*, that is we have

Proposition 4.4.3 There exists T' > 0 such that we have
(IAou(t, It + 0% [lult, )IFe)
T
+0 [ (8ot ) + (s, ) )i
T
<co [ IPuls yds, T <e<T

for any £ € R and for any u € C§°(R™"™1) vanishing in xo > T.

Corollary 4.4.1 There exists T > 0 such that for any £ € R there is Cy > 0
such that

[ (10t sy + e D120 )t < Co [ 1P (e, )2

holds for any u € C§°((=T,T) x R™).

Here we sketch the proof of the existence of solutions to the Cauchy problem
for P. We recall that
H*R™) ={uecS'R") |ueL? (R"), (D)*uec L*(R")}.

loc

Let f € L2((=T,T); H®). If v is in C°((=T,T) x R™) then Corollary 4.4.1

implies . -
[l <e( [z ([ e a)”
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Using the Hahn-Banach theorem to extend the anti-linear form in P*v on the
left-hand side we conclude that there is some u € L?((—T,T); H®) such that

/(fﬂ’)dt = /(u,P*v)dt

for any v € C3°((=T,T) x R™). This proves that Pu = f in (-=7,T) x R™.
From the fact that u € L?((—7,T); H*) and Pu € S(R"*!) we can deduce
Dju € L*((—T,T); H*7) (see Appendix B in [19]). Once we have established
enough regularity for u then applying Proposition 4.4.2 to e~ %%0y to conclude
that u=0inzo < 7if f=01in zg < 7.

The necessary part follows from Theorem 2.2.2 because Tr™ F, = 0. O

4.5 Strict Ivrii-Petkov-Hormander condition

In this section we assume that the strict Ivrii-Petkov-Hormander condition is
satisfied. We first note that

Lemma 4.5.1 Assume that p(z,&) admits an elementary decomposition p =

—MA 4+ Q. Then we have
Tt Fy(p) = Tr*Q,, pe.
Proof: From the assumption one can write

p(@,§) = —(So + ) (& — A) + Q(x, &)
where [{&o — A, Q}| < CQ. At p one has

Po(, ) = —(&o + dA)(§o — dA) + Qp(, &)

By a linear symplectic change of coordinates one may assume that

Py =&0(&0 — 0) + Qp(x,&).

Since [{£o,Q,}| < CQ, one concludes that @, is independent of z and hence
Q, = Q,(z',£). By a linear symplectic change of coordinates again we may
assume that £ = &; or £ = 0 according to £ # 0 and ¢ = 0. Now it is easy to see
that

A= By, = XA - Fg,|
which proves that non zero eigenvalues of F}, coincides with those of Fg, count-

ing the multiplicity. U

Proposition 4.5.1 Assume that p satisfies (4.1.1), (4.1.2) and that P verifies
the strict Ivrii- Petkov-Hormander condition. Then one can write

P=—-MA+Q+P +ByA+ Py, M= (&E+N", A= (& -\



62CHAPTER 4. NONEFFECTIVELY HYPERBOLIC CAUCHY PROBLEM I

where p = — (& + A\)(§o — A\) + Q is an elementary decomposition of p and P
verifies R A
ImP | <CV/Q, TrtQ,+RePi(p) >0, pex

with some C > 0 and By, Py € S(1, g0)-

Proof: We know from Proposition 3.2.1 that

{6 - A QM <CQ, N<CVQ

with some C > 0. Assume that P satisfies the strict Ivrii-Petkov-Hormander
condition and in particular Im Py, = 0 on X. Here we note that

P(x,D) = (p+ Pu)” + R, R € S(1,90)

and let us write

Psub = PS(xagl) + b(aj,fl)(fo - )‘)

Repeating the same arguments as in Section 5.3 it is clear that

Im P zlmPs‘q:0

so that Im P, =0 if ¢ = 0. Let (z,£) € V; and {¢;} be as before. Since Im P
is a linear combination of {¢;,} in V; and hence

Im Py(2,€)] < C Y |dial < Cva < C'VQ.
We return to P(x, D). Recalling that
P = (6ot V(€ NP Q" — e+ MG~ A} + R
with R € S(1,go) and [{&o+ )\, §o— A} < Cv/Q we get the first assertion because
ImP, = Im P, — %{go + A& — A}

To check the second assertion note that Re P, = Re P,. Since Re P, = Re Py
on ¥, then taking a partition {V;} in Proposition 3.2.1 enough fine the assertion
follows from Lemma 4.5.1. O

Let Py = 0. Since A and Q are real then the inequality (4.4.1) holds. Note
that choosing € > 0 sufficiently small we have

(1-6eTr"Q, +RePi(p) >0, pex
and hence by the Melin’s inequality [35] we see that

(4.5.1) (1 — OQ + Re Py)u, u) > cllull(1/2) — Cllul|?
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with some ¢ > 0, C' > 0. This proves that

d R
2Im(Pyu, Agu) > %(HA@U||2 + ((Q + Re Py)u, u)
0

+02|ul|?) + 0| Agul|* + 2((Im Bo)Apu, Agu)
+2e0(Qu, u) + 209HuH%1/2) + 2Re(Agu, (Im Py )u)

+Im([Dy — A, Q + Re P1]u, u) + ¢'6°||ul|>.
On the other hand, repeating the same arguments as in Section 5.3 we get
C(Qu,u) + Im([Dy — A, Qlu, u) > —C"||ul|?.
We turn to |Im([Dy — A, Re PyJu, u)|. Noting [Dy — A\, Re P,] € S((£'), go) it is

clear that
Im([Do — X, Re Prlu, u)| < Cllul|?, /o)

Thus we conclude that

(452)  C(Qu,u) + Cllullfy ) + Im([Do — A, Q + Re Prlu,u) > —C’|lul®.
As for |Re(Agu, (Im Py)u)| repeating the same arguments as above we get
(4.5.3) 2|Re(Agu, (Im P)u)| < [|Agul?® + C(Qu, u) + C|ul|.

Taking (4.4.4) into account and choosing 6 large we get

d .
2Im(Pyu, Agu) > %(HAQU||2 + ((Q + Re Py)u, u)
0

+02HuH2) + 09HA9u||2 + 2¢0(Qu, u)
+2c0|ull?y gy + 0 Jull*.

Integrating this inequality we obtain

Lemma 4.5.2 Assume that P satisfies the strict Ivrii-Petkov-Hdérmander con-
dition on 3. Then we have

{IlAgu(t, )|I* + Re(Qu(t), u(t)) + [[u(t) I, j2) + 0% [lu(t, )1}
(4.5.4) b /T [l Agu(s, )12 + Re(Quit), u(t))
+ult, M2 + 0% [uls,)1*}ds < 0‘9—1/ | Pyus, -)||*ds

T

with some ¢ > 0 and 0 > 0y for any u € C°(R™"™1) vanishing in xo < T.

Applying Lemma 4.4.3 we get
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Proposition 4.5.2 We have
(1Agu(t, Ty + lult, M1 /2) + O llult, ) F)

t
e /T (1Agu(s, MTey + luls: ey /2 + 6% lluls, )Fy)ds
t
<! / | Pouls, )% ds
T

with some ¢y > 0 and 6 > 0, for any ¢ € R and for any u € C§°(R" 1) vanishing
maxzog <T.

It is clear from (4.4.6) that P*(z, D) satisfies the strict Ivrii-Petkov-Hoérmander
condition and hence Proposition 4.5.2 holds for P*. Repeating the same argu-
ments that we have used in the end of Section 4.4 we can prove Theorem 4.1.1
from Proposition 4.5.2.

In order to make more precise studies about the sufficiency of the Ivrii-
Petkov-Hormander condition for the C'*° well-posedness we need to improve the
Melin’s inequality. To do so we first study the lower bound of Q.

We now change notations and study the Weyl quantized pseudodifferential
operator A with classical real symbol

Ag(x, &) + Ay (z,8) + -

where a(z,£) = A2(x,&) > 0. Recall that we assume that the doubly character-
istic set ¥ of a is a smooth manifold verifying

(4.5.5) dim7,¥ = dimKer F,(p), peX
and
(4.5.6) rank (o]x) = const.

In what follows we denote by @, the polar form of the Hesse matrix of a at
p € X. Recall that all eigenvalues of Fy,(p), p € ¥ are pure imaginary. Let V)
denotes the space of generalized eigenvectors of F,, belonging to the eigenvalue

A and set
+ _
Vp - @ Vip-
u>0

Let Vpor denote the real subspace of Vpo, the generalized eigenspace associated
to the eigenvalue 0, and N, the kernel of F,(p).

Lemma 4.5.3 If 0 # v € V,\ then Q,(v,v) > 0.
Proof: In the proof we drop the suffix p. Let F,v = iuv. Since F,v = —iuv then

0<Q(v+7,v+70) =2Q(v,0).
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This shows that Q(Rewv,Rev) = 0 if Q(v,v) = 0 and hence F,Rev = 0. From
F,Rev = —ulmuv it follows that Imv = 0 because p # 0. Repeating the same
argument we get Rev = 0. This is a contradiction. (]

From the assumption dimVpJr is constant when p € ¥ so that Vp+ is a vector
bundle over ¥. Then one can choose a basis v1(p),...,vx(p) for V" which is
smooth in p € 3 and verifies

Qp(vi(p), vj(p)) = 20

thanks to Lemma 4.5.3. Note that Vpo’" /N, is a real vector bundle over X. We
remark that Q,(v,v) = 0 for real v # 0 implies that v € T,3. From this one
can choose a basis vg11(p),-..,vx1¢(p) for V7 /N, such that

Qp(vi(p),vj(p)) = 0ij, k+1<i,j<k+L
Let us set
Li(piv) = Qp(vj(p),v), 1<j<k+{(
which is smooth in p € 3. We examine that for real v

k+£

> Li(p o) = Qp(v,v).

To see this we first note that Q,(v;(p),v;(p)) = 0,1 <i,5 < kand Q,(vi(p),v;(p)) =
0for1<i<k, k+1<j<k+/{because Q,(Vx,V,)=0if A+ p # 0. Writing

k k k+¢
v=">> au(p)+ > avi(p)+ Y vv5(p)
j=1 j=1 j=k+1

we see that Zfif |Li(p;v)]? =2 2?21 o2 + Z?:,iﬂ ;. On the other hand

we see easily that

k k4
Qpv,v)=2) g+ > 7}
J=1 j=k+1

and hence the assertion. Put
A(p;v) = (Re L1(p;v),Im Li(p;v), ...,
Re Ly, (p;v),Im Ly (p;v), Li1(p; v), ., Lire(p3v))

so that we have
2k+¢

Qp(v,v) = Z Aj(p;v)?.

Since one can write a(p) = Z?S{Z bj(p)? we have

2k+¢ 2k+¢

Qp(v) = Z db; (p;v)* = Z Aj(psv)2.
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Since db;(p;-) are linearly independent one can write

2k+¢
Aj(ps) =Y Oji(p)dbi(p;-)

Jj=1

where O(p) = (Ojr(p)) is a non singular matrix which is smooth in p € ¥. Since
R+ 5 4 (dby(p;v), ..., dbag 1 e(p;v)) is surjective we conclude that O(p) is
orthogonal. Let us define

2k+¢

- Z Oji(p)b
i=1
and hence dc;(p;v) = Aj(p;v) for p € ¥ and a(p) = Z?iﬁecj(p)? Let
Fa(p)vj(p) = ipv;(p) then

o(Lj(p;-), Li(p;-)) = —p*a(v(p), v;(p)),
2=Q,(vj(p),vi(p)) = ino(vi(p),vi(p))

and hence
k
> a(mLj(p;-),Re L;(p; ) Z{lmL p;-),Re L;(p;-)} = 2Tx* Fu(p)
=1

for p € ¥. Let us set
Xj(l‘ag) = C2j—1($7£) +i62j(m7£)7 .] = 17 "'7k7
Xj(.’l),g) :Ck-i-j(x?g)? ]:k+1>7k+‘€
Note that
_ 1
X;#X; = |X;* + 2—2,{Xj,Xj} + Ry, Ry €5(1,90)

and A = (a+ Asup)"” + Ra, Ra € S(1,g0). Let us set

k4t
B=a+ A — Y X#X; _Asub+z (X, X} + Ry
j=1 j=1
where R3 € S(1,g0). We assume that
(4.5.7) Agp + Tr " E,(p) >0, peX.

Denoting the principal symbol of B by b; we see from (4.5.7) that by(z,&) > 0
on Y. Let ¢ be an extension of b; outside 3 such that ¢(z,£) > 0. Then one
can write
k+¢
bi(z,§) — q(x,i) = Z(’ijj + Tij)
j=1
k0
= (F#X; + X;#7r;) + Ro, Ry € S(1,90)

=1

<.
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because by (z, &) — q(x, &) is real. Then one has

k+¢
a(,€) + Asun(2,€) = B(w,6) + > X;#X;
j=1
k+¢
= q(2, ) + Y (X; +r)#(X; +7)) + R
j=1
where R}, € S(1,g0). Then we have
k+¢
(Au,u) = (q%u,u) + Y1 + ) ul® = Cllul® = —Cllul*.
j=1

We summarize what we have proved in

Proposition 4.5.3 ([18]) Let A be a pseudodifferential operator with classical
symbol As+ A1 +---. Assume that a = Aa > 0 and Agyp verify the assumptions
(4.5.5), (4.5.6) and (4.5.7) (in particular Asup s assumed to be real). Then we
have

(Au,u) > —CHUHQ.

In [50], we find more detailed discussions on this inequality, called the Melin-
Hoérmander inequality.
Let us consider
P=-D}+A

where A = As + Ay + -+ is a classical pseudodifferential operator which is
real and satisfies all conditions in Proposition 4.5.3. From Proposition 4.3.2 it
follows that

2m(Pyu, Agui) > d%(HAguy? + (Au, ) + 02[[u]]?)
+0|| Agu||® + 20(Au, u) + Im([Do, Alu, u) + 63||u||?
where Ay = Dy — i6. Thus, for example, if
20( Au, u) + Im([Do, Alu, u) > —C|ul|?

for large 6 with some C' > 0 we get an energy estimate. But in general the
Ivrii-Petkov-Hormander condition does not assure the C'>° well-posedness. We
discuss about this question in the next section. On the other hand we find dis-
cussions on the sufficiency of the (non strict) Ivrii-Petkov-Hormander condition
for C*° well-posedness in [50].

4.6 An example

In this section we show that the Ivrii-Petkov-Hormander condition is not suffi-
cient in general for the Cauchy problem to be C'*° well posed for such operators
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verifying (4.1.1) and (4.1.2) by giving an example. This example will be ob-
tained by reducing the problem to that which was studied by F.Colombini and
S.Spagnolo [11].
Let P be
¢
(4.6.1) P(z,D) = —Dj + Y _ (@3 D} + D7) + b(ao) Dn
j=1
where £ < n —1 and p; are positive constants and b(z¢) is a C*° function of z,
defined near the origin which we will make to be precise later. We consider the
Cauchy problem for P near the origin in R"*!

{ P(z, D)u(z) =0,
u(0,2") = ¢o(z'), Dou(0,2") = ¢1(2’).

For this Cauchy problem the Ivrii-Petkov-Hormander condition asserts

(4.6.2)

k
(4.6.3) b(xo) € R, |b(x)| < Zuj near zo = 0.
j=1
The following assertion was proved in [46].

Theorem 4.6.1 ([46]) There exist a C™ function b(zg) defined near xo satis-
fying (4.6.3) and ¢1(z') € C3°(R™) such that the Cauchy problem (4.6.2) with
do(z') = 0 has no solution in C*([0,¢]; E'(R™)) for any e > 0.

Proof: In [11] they have constructed a C* function a(xg) on (—oo, p| vanishing
in (—oo0, 0], strictly positive on (0, p], where p is a given positive constant, and
a sequence of solutions vk (xg) to the ordinary differential equations

d?uvy,
dx3
such that for every e > 0 and p € N there is C'(e, p) with
{ lve(€)l, [Dovi(e)| < Cle,p)hi”, k=1,2,..,

[0, (0)|h,” — 00 as k — oo.

+ hia(zo)vy =0

(4.6.4)

Here hy, € N and hy — 0o as k — oo. Define b(zg) as
¢

b(wo) =Y 11y — a(xo)
j=1
then by virtue of the non-negativity of a(zg) it is clear that b(z¢) verifies (4.6.3)
in (—o0, p’] with some positive p’. Put
¢
P*(x,D) = —Dj + > _ p;(x3D} + D?) — b(0) Dy,
j=1
N ¢
un(x) = Z’Uk(l’o)Ek(l'/), Ey(2z') = exp (iz,h}) H exp (—m?hz/Z).
k=1 j=1
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Then it is clear that P*(z, D)uy(x) = 0.
Now we suppose that w(z) would be a solution to (4.6.2) with ¢g(z’) = 0
belonging to C2([0, ¢]; &'(R™)) with some 0 < €(< p’). We observe the integral

/0E dzg . Pw(zg, 2" )uy (zo, 2" )dx" = /OE<Pw,uN>d$O =0.
By integration by parts we see
(4.6.5) (¢1,un(0,-)) = (Dowl(e, ), un (e, -)) — (w(e, ), Doun (e, -))
because w(0,-) = ¢g = 0. Since w(e,0), Dow(e, 0) € E'(R™) it follows that
[{w(e,-), Be(-))], (Dow(e, ), B (-))| < Chy!

with some integer M. We take p in (4.6.4) with p > M + 2 so that the right-
hand side of (4.6.5) converges as N — oo and hence so does (¢1,un(0,-)). We

now choose ¢1(z') = 0(z,,)Y(z") Hj:1 ¢(x;) with 0, ¢ € Cg°(R) and ¢ (z") €
Cse(R™~1) where 2" = (2441, ..., Tn_1) such that

Then (¢1,un(0,-)) turns to be

N . 4 -
> ve(0)0(h7) ] /lb(l?j)@_xjh’“md%
j=1"R

k=1
where 6 is the Fourier transform of 6. Remarking the fact
hi, /]R Y(t)e e 2dt — (2m)1/?
as k — oo we would have
(4.6.6) v (0)(h2)h; Y — 0 as k — oo.

Since |vg(0)|h,? — oo as k — oo for any p € N it is clear that we can choose
0 € C§°(R) with arbitrarily small support which does not satisfy (4.6.6). In fact
it is enough to take

= u(0) e Ra(t), at) = B(t) * B(t)
k

where 8 € Cg°(R) with small support and we note here that a(r) = |5(7)|? > 0.

This contradiction proves the assertion. ]



