CHAPTER 10
Reducibility

We examine the condition for the decomposition Py, = Py Py of universal
operators with or without fixing the characteristic exponents (cf. Theorem 4.19 1)),
which implies the reducibility of the equation Pynu = 0. Note that the irreducibility
of a Fuchsian differential equation equals the irreducibility of the monodromy of
the equation and that it is kept under our reduction of the equation. In §10.2 we
study the value of spectral parameters which makes the equation reducible and
obtain Theorem 10.10. In particular we have a necessary and sufficient condition
on characteristic exponents so that the monodromy of the solutions of the equation
Py = 0 with a rigid spectral type m is irreducible, which is given in Theorem
10.13.

10.1. Direct decompositions

For a realizable (p 4+ 1)-tuple m € Plgi)l, Theorem 6.14 gives the universal
Fuchsian differential operator Pm(Aj,.,¢;) with the Riemann scheme (4.15). Here
g1,--.,gn are accessory parameters and N = Ridx m.

First suppose m is basic. Choose positive numbers n’, n’', m
that

/.

%, and mf; such

n=n'+n", 0<mj; <n/, 0<mj, <n",

10.1
(10.1) m6,1 —|—-~-+m;71 < (p—1)n’, mg,l +"'+m;o/,1 <(p—1)n".

. and m'  so that m’ = (m’ ) and m” =

Jv Jv J,v
) are monotone tuples of partitions of n’ and n”, respectively, and moreover

We choose other positive integers m
(m

IV
(10.2) m=m'+m".

Theorem 6.6 shows that m’ and m” are realizable. If {);,} satisfies the Fuchs
relation

pony . ,
idx m
(10.3) E E my Ajy =n' — 5

j=0v=1

for the Riemann scheme {[Aj,y](m; ) }, Theorem 4.19 shows that the operators
(104) Pm//(>\j’1/ + m;-’,, - 5j,0(p - 1)71/, gg/) . Pm/()\j,l,, g;)

has the Riemann scheme {[); ,](m, ) }. Hence the equation Py ()., gi)u = 0 is not
irreducible when the parameters take the values corresponding to (10.4).
In this section, we study the condition

(10.5) Ridx m = Ridx m’ + Ridx m”

for realizable tuples m’ and m” with m = m’ + m”. Under this condition the
Fuchs relation (10.3) assures that the universal operator is reducible for any values
of accessory parameters.
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96 10. REDUCIBILITY

DEFINITION 10.1 (direct decomposition). If realizable tuples m, m’ and m”
satisfy (10.2) and (10.5), we define that m is the direct sum of m’ and m” and call
m =m’ + m" a direct decomposition of m and express it as follows.

(10.6) m=m &m".

THEOREM 10.2. Let (10.6) be a direct decomposition of a realizable tuple m.

i) Suppose m is irreducibly realizable and idx m” > 0. Put m’' = ged(m’) " 'm’.

If m' is indivisible or idxm < 0, then
(o |ovm)

10.7 am = Qm/ — 2
( ) m (O[ﬁ//|0lﬁ//)

Qm’

orm=m’ & m" is isomorphic to one of the decompositions
32,32, 32,221 = 22,2222 220 & 10, 10, 10, 10, 001
322,322, 2221 = 222,222, 2220 & 100, 100, 0001
54,3222,22221 — 44,2222, 22220 & 10, 1000, 00001
76, 544, 2222221 = 66, 444, 2222220 & 10, 100, 0000001

(10.8)

under the action of Wm.
i) Suppose idxm < 0 and idxm’ < 0 and idxm” < 0. Then m = m’ & m”
orm=m" & m’ is transformed into one of the decompositions

¥ =11,11,11,11 111,111,111 22,14 1% 33,222,16
my = kX & (%
mm, mm, mm, m(m — 1)1 = kk, kk, kk, k(k — 1)1 & £¢, 00, £¢, ££0
mmm, mmm, mm(m — 1)1 = kkk, kkk, kkk, kk(k — 1)1 @ €04, 002, 0000
(2m)2, m*, mmm(m — 1)1 = (2k)2, k*, k*, kkk(k — 1)1 & (20)2, ¢*,0*0
(3m)?, (2m)*,m°(m — 1)1 = (3k)%, (2k)°, k°(k — 1)1 @ (30)%, (20)°,£°0

under the action of Woo. Here m, k and £ are positive integers satisfying m = k+£.
These are expressed by

mDy = kDy ® €Dy, mE; =kE; ©(E; (j=6,7,8),

D~ D iy, B - atE; (=078

(10.9)

m —

(10.10)

PrOOF. Put m’ = km’ and m” = /m” with indivisible m’ and m”. First note
that

(1011) (Oém|0(m) = (Oém/|0(m/) —|— Q(O[m"am”) —|— (O(m//|0(m//),

ii) Using Lemma 10.3, we will prove the theorem. If idxm = 0, then (10.11)
and (10.12) show 0 = (o’ |om”) = kl(osm |agm ), Lemma 10.3 proves idxm’ = 0
and M’ = m” and we have the theorem.

Suppose idxm < 0.

If idxm’ < 0 and idxm” < 0, we have Pidxm = Pidxm’ + Pidxm”, which
implies (@m’|am~) = —1 and contradicts to Lemma 10.3.

Hence we may assume idxm’ = 0.

Case: idxm’ < 0. It follows from (10.11) that 2 — 2Ridxm = 2 — 2Ridxm’ +
2¢(m, m). Since Ridxm = Ridxm’ + ¢, we have (am|am’) = —1 and the theorem
follows from Lemma 10.3.

Case: idxm’ = 0. It follows from (10.11) that 2 — 2Ridxm = 2kl(am | ).
Since the condition Ridxm = k + ¢ shows (og o) = 75 — + — 7 and we have
(o |aga) = —1. Hence the theorem also follows from Lemma 10.3.
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i) First suppose idxm’ # 0. Note that m and m’ are rigid if idxm’ > 0.
We have idxm = idxm’ and idxm = (am + log|am + lomr) = idxm’ +
20( Q| ) + 202, which implies (10.7).

Thus we may assume idxm < 0 and idxm’ = 0. If k = 1, idxm = idxm’ = 0
and we have (10.7) as above. Hence we may moreover assume k > 2. Then (10.11)
and the assumption imply 2 — 2k = 2k{(amy |am) + 2¢2, which means

k—14 ¢2
kl '

Here k and ¢ are mutually prime and hence there exists a positive integer m with
k=mf+ 1 and

— (aﬁ’ |O(ﬁ” ) =

m+ 1 1
~lomlom) = Ty = e
Thus we have m = ¢ = 1, k = 2 and (om|am») = —1. By the transformation
of an element of Woo, we may assume m’ € Pp,yq is a tuple in (10.16). Since
(o |am) = —1 and aq s a positive real root, we have the theorem by a similar
argument as in the proof of Lemma 10.3. Namely, m, nt, = =2 and my, ,, L= =0and
wemayassumemjnH—Oforj—O . landmpnﬂ—i—mpn,ﬁ—i— =1,
which proves the theorem in view of ay € A“’ O

LEMMA 10.3. Suppose m and m’ are realizable and idxm < 0 and idxm’ < 0.
Then

(10.12) (atm|om’) < 0.
If m and m’ are basic and monotone,
(10.13) (am|wam’) < (am|om?) (Vw € Wx).

If (am|am’) =0 and m and m’ are indivisible, then idxm =0 and m = m’'.
If (aml|am’) = —1, then the pair is isomorphic to one of the pairs

(D, Dy) + ((kk, kk, kk, k(k — 1)1),

(B E) : ((kk:k: kkk, k(k —1)1),

(B Br) : (((2k)2, kkk, kkk(k H),
(Eék),Es (((3k 3 kkkkk(k —1)1),

11,11,11,110))
111,111,1110))
22,1111, 11110))
33,222,1111110))

(10.14)

~—~ o~ —~

under the action of WOO.

PROOF. We may assume that m and m’ are indivisible. Under the transfor-
mation of the Weyl group, we may assume that m is a basic monotone tuple in
Ppt1, namely, (am|ap) < 0 and (mlaj,) < 0.

If m’ is basic and monotone, Wy — oy is a sum of positive real roots, which
proves (10.13).

Put am = nag + > n;,a;, and m' = njog + Zn;»’yajw. Then

(am|am’) = ng(eum|ao) + Z”;,u(am‘aj,u)a

(10.15)
(am|a) <0 (Vo € supp am).

Let k; be the maximal positive integer satisfying m;x, = m; 1 and put Iy =
{ao,0j,;1 <v <k; j=0,...,p}. Note that II, defines a classical root system
it idxm < 0 (cf. Remark 7.12).

Suppose (&m|em’) =0and m € P,y;. Then mo1+---+mp1 = (p—1)ordm
and supp am, C I because (am|a) = 0 for o € supp ayy. Hence it follows from
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idxm’ < 0 that idxm = 0 and we may assume that m is one of the tuples (10.16).
Since supp am C Supp am and idxm’ < 0, we conclude that m’ = m.

Lastly suppose (am|am’) = —1.

Case: idxm = idxm’ = 0. If m’ is basic and monotone and m’ # m, then it is
easy to see that (am|om’) < —1 (cf. Remark 7.1). Hence (10.13) assures m’ = wm
with a certain w € W, and therefore suppm C suppm’. Moreover there exists
Jo and L > kj, such that suppm’ = suppm U {a, k;,» Qo k;+15 - - -5 Ao, } and
Mo ks, = 1 and m}o)km 41 = 1. Then by a transformation of an element of the

Weyl group, we may assume L = kj, and m’ =r; - - Tir T (o, kjg ) with suitable i,
satisfying «; € suppm for v =1,..., N. Applying r;, - - -1, to the pair (m, m’),
we may assume m’ = T (jo ks ) L Hence the pair (m, m’) is isomorphic to one of
the pairs in the list (10.14) with k& = 1.

Case: idxm < 0 and idxm’ < 0. There exists jo such that supp am: > ajy ;-
Then the fact idx(m,m’) = —1 implies n} , = 1 and n;}k;‘ = 0 for j # jo.
Let L be the maximal positive integer with n’; ; # 0. Since (aml|aj,,) = 0 for
ko+1 < v < L, we may assume L = kg by the transformation r(;, x,41)0° - 07(,1)
if L > ko. Since the Dynkin diagram corresponding to IIp U {e;,, ;%} is classical or
affine and suppm’ is contained in this set, idxm’ = 0 and m’ is basic and we may
assume that m’ is one of the tuples

(10.16) 11,11,11,11 111,111,111 22,1111,1111 33,222, 111111
and jo = p. In particular m),; = --- = m;,kp =1 and m;’kpﬂ = 0. It follows

from (amlap,k,) = —1 that there exists an integer L' > k, 4 1 satisfying suppm =
suppm’ U{a,,; k, <v < L'} and my g, = mypx,—1 — 1. In particular, m;, = m;
for v =1,...,k; — djp and j = 0,...,p. Since 3-0_ym;1 = (p — 1)ordm, there
exists a positive integer k such that

O k/‘m‘;"l (j:O7~-'7paV:17""kj_§jsp)7
! k‘m;)l -1 (j=p, v= kp)-

Hence my j,+1 =1 and L' = k, + 1 and the pair (m, m’) is one of the pairs in the
list (10.14) with & > 1. 0

REMARK 10.4. Let k be an integer with k£ > 2 and let P be a differential opera-
tor with the spectral type D[(lk), Eék), Eék) or Eék). It follows from Theorem 4.19 and
Theorem 6.14 that P is reducible for any values of accessory parameters when the
characteristic exponents satisfy Fuchs relation with respect to the subtuple given
in (10.14). For example, the Fuchsian differential operator P with the Riemann
scheme

Moty Auiay A2l RERI)
Mozl [Aelwy [Pe2ley  Ps2le-1)
gz 2k — 2
is reducible.

ExaMPLE 10.5. i) (generalized Jordan-Pochhammer) If m = km’ @ fm” with
a rigid tuples m, m’ and m” and positive integers k and £ satisfying 1 < k < ¢, we
have
k*+02—1
K
For positive integers k& and ¢ satisfying 1 < k < ¢ and
k42—
=

(10.17) (m’|amr) = eZ.

(10.18) +1ez,



10.1. DIRECT DECOMPOSITIONS 99

we have an example of direct decompositions

p+1 partitions
—N—
bk, bk, ... Lk =0k, 0k, ..., 0k ® (0,40,...,00
=((p=Dk =0k, ((p =Dk =0Ok,....((p =Dk = O)k
& (20— (p—1)k)0, (20 — (p — DK)O, ..., (20 — (p — 1)k)0.

(10.19)

Here p = 3 + % > 2 and the condition p = 2 implies k = ¢ = 1 and the

condition p = 3 implies £ = k + 1. If k = 1, then (am’|am~) = —¢ and we have an
example corresponding to Jordan-Pochhammer equation:
{+2 partitions
———
(10.20) £,--- .61 =01,---,01 0, -, 0.
When £ = k + 1, we have (@m’|am~) = —2k and an example
(s + 1)k, (k + Dk, (K + 1)k, (5 + 1k
(10.21) = 0k, 0k, 0k, 0k & (k + 1)0, (k + 1)0, (k + 1)0, (k + 1)0
= (k- 1)k, (k— 1k, (k— 1k, (k- 1)k @ 20,20, 20, 20.
We have another example
83, 83,83, 83,83 = 03,03, 03,03, 03 & 80, 80, 80, 80, 80
=13,13,13,13,13 ® 70,70,70,70,70
in the case (k,f) = (3,8), which is a special case where { = k> — 1, p = k + 1 and
(am/|am//) = —k‘

When p is odd, the equation (10.18) is equal to the Pell equation
(10.23) v —(m?—1)a* =1
by putting p —1 = 2m, z = £ and y = mf — k and hence the reduction of the tuple
of partition (10.19) by Omax and its inverse give all the integer solutions of this Pell
equation.

The tuple of partitions ¢k, lk, ... lk € Pz(f;k) with (10.18) is called a general-
ized Jordan-Pochhammer tuple and denoted by P,41 ¢4%. In particular, P41, is
simply denoted by P,.

ii) We give an example of direct decompositions of a rigid tuple:

3322, 532,532 = 0022, 202, 202 & 3300, 330, 330 :
= 1122,312, 312 & 2200, 220, 220 :
= 0322, 232, 232 ¢ 3000, 300, 300 :
= 3302, 332, 332 ¢ 0020, 200, 200 :
= 1212,321, 321 & 2110, 211,211 :
= 2211,321,312 @ 1111, 211, 220 :
= 2212,421,322 ¢ 1110,111, 210 :
= 2222,431,422 ¢ 1100, 101,110 :
= 2312,422,422 & 1010, 110, 110 :
= 2322,522,432 ¢ 1000, 010, 100 :

(10.22)

S N O R S U N S

e

They are all the direct decompositions of the tuple 3322, 532,532 modulo obvious
symmetries. Here we indicate the number of the decompositions of the same type.

COROLLARY 10.6. Let m € P be realizable. Put m = ged(m)m. Then m has
no direct decomposition (10.6) if and only if

(10.24) ordm =1
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or
(10.25) idxm = 0 and basic

or

idxm < 0 and m is basic and m is not isomorphic to any one of tuples

10.
(10.26) in Example 7.14 with m > 1.

Moreover we have the following result.

PROPOSITION 10.7. The direct decomposition m = m’ & m” is called rigid
decomposition if m, m’ and m” are rigid. If m € P is rigid and ordm > 1, there
exists a rigid decomposition.

PrROOF. We may assume that m is monotone and there exist a non-negative
integer p such that m;o # 0 if and only if 0 < j < p+ 1. If ordOm = 1, then
we may assume m = (p — 1)1, (p — 1)1,...,(p— 1)1 € Pl(ﬁ)l and there exists a
decomposition

p-D1L,(p-—11,....,(p—1)1=0110,...,10® (p—1)0,(p — 2)1,...,(p — 2)1.

Suppose ord0m > 1. Put d =idx(m,1) =mg1+---+mp1 — (p—1)-ordm > 0.

The induction hypothesis assures the existence of a decomposition Om = m’ @
m” such that m’ and m” are rigid. If 9m’ and dm’" are well-defined, we have the
decomposition m = 9?m = dm’ @ dm” and the proposition.

If ordm’ > 1, Om’ is well-defined. Suppose m’ = (5%@],)]-:0 ,,,,, p- Then
p
idx(0m, 1) — idx(dm,m’) =Y "((mj1 — d — (mj,e, — ddy, 1))
=0

> —d#{j; t; >1, 0<j <p}
Since idx(0m, 1) = —d and idx(0m,m’) = 1, we have d#{j; ¢; > 1, 0< j <p} >
d + 1 and therefore #{j; ¢; > 1, 0 < j < p} > 2. Hence 0m’ is well-defined. O

REMARK 10.8. The author’s original construction of a differential operator with
a given rigid Riemann scheme doesn’t use the middle convolutions and additions
but uses Proposition 10.7.
ExXAMPLE 10.9. We give direct decompositions of a rigid tuple:
721, 3331, 22222 = 200, 2000, 20000 & 521, 1331, 02222 : 15
(10.27) = 210,1110,11100 ® 511,2221,11122 : 10
=310,1111,11110 & 411,2220,11112: 5

The following irreducibly realizable tuple has only two direct decompositions:
44,311111, 311111 = 20, 200000, 200000 & 24,111111,111111

(10.28) = 02, 200000, 200000 & 42,111111,111111

But it cannot be a direct sum of two irreducibly realizable tuples.

10.2. Reduction of reducibility

We give a necessary and sufficient condition so that a Fuchsian differential equa-
tion is irreducible, which follows from [Kz] and [DR, DR2]. Note that a Fuchsian
differential equation is irreducible if and only if its monodromy is irreducible.
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THEOREM 10.10. Retain the notation in §10.1. Suppose m is monotone, real-
izable and Opq,m is well-defined and

(10.29) d:=mo1+---+mp1—(p—1)ordm > 0.
Put P = Py, (cf. (6.25)) and

(10.30) =X+ A1+ A1 —1,

(10.31) Q = Omaa P,

(10.32) P = Plx;=x0,, gi=ges Q7= QI =00, gi=g?

with some complex numbers A],, and g7 satisfying the Fuchs relation [{A\3,}| = 0.

i) The Riemann scheme {\q} of Q is given by
mj,u =Mmjv — d(sv,la

(10.33) < _
)\ij = >\ij + ((—1)53'0 — (S,,J)/J,.

ii) Assume that the equation P°u = 0 is irreducible. If d > 0, then p ¢ Z. If the
parameters given by A7, and g7 are locally non-degenerate, the equation Q°v =0
is irreducible and the parameters are locally non-degenerate.

iii) Assume that the equation Q°v = 0 is irreducible and the parameters given
by A7, and g7 are locally non-degenerate. Then the equation P°v = 0 is irreducible

if and only if

P

(10.34) Z/\;,Héj,jo(r/rl) ¢ Z for any (jo,vo) satisfying myj, ., >m;j, 1 — d.
§=0

If the equation P°v = 0 is irreducible, the parameters are locally non-degenerate.

iv) Put m(k) := 0% . .m and P(k) = 0F , P. Let K be a non-negative integer
such that ordm(0) > ordm(1) > --- > ordm(K) and m(K) is fundamental. The
operator P(k) is essentially the universal operator of type m(k) but parametrized
by Ajv and g;. Put P(k)° = P(k)|5,,=x;, -

If the equation P°u = 0 is irreducible and the parameters are locally non-
degenerate, so are P(k)°u =0 fork=1,... K.

If the equation P°u = 0 is irreducible and locally non-degenerate, so is the
equation P(K)°u = 0.

Suppose the equation P(K)°u = 0 is irreducible and locally non-degenerate,
which is always valid when m is rigid. Then the equation P°u = 0 is irreducible if
and only if the equation P(k)°u = 0 satisfy the condition (10.34) fork=0,..., K —
1. If the equation P°u = 0 is irreducible, it is locally non-degenerate.

PROOF. The claim i) follows from Theorem 5.2 and the claims ii) and iii) follow
from Lemma 5.3 and Corollary 9.10, which implies the claim iv). O

REMARK 10.11. i) In the preceding theorem the equation P°u = 0 may not be
locally non-degenerate even if it is irreducible. For example the equation satisfied
by 3F3 is contained in the universal operator of type 111,111, 111.

ii) It is also proved as follows that the irreducible differential equation with a
rigid spectral type is locally non-degenerate.

The monodromy generators M; of the equation with the Riemann scheme at
x = c; satisfy

rank(M] — ™) (ML =™V TNk ) <y b my,, (R=1,.0,my)

for j = 0,...,p. The equality in the above is clear when A;, — X\; ./ ¢ Z for
1 <v < v < nj and hence the above is proved by the continuity for general \; .
The rigidity index of M is calculated by the dimension of the centralizer of M;
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and it should be 2 if M is irreducible and rigid, the equality in the above is valid
(cf. [Kz], [O6]), which means the equation is locally non-degenerate.

iii) The same results as in Theorem 10.10 are also valid in the case of the
Fuchsian system of Schlesinger canonical form (9.1) since the same proof works. A
similar result is given by a different proof (cf. [CB]).

iv) Let (Mo, ..., M,) be a tuple of matrices in GL(n, C) with M,M,_; --- My =
I,. Then (My,...,M,) is called rigid if for any go,...,g, € GL(n,C) satisfying
gpMpg;1 ~gp,1Mp,1gpil1 ---goMogy ' = I,., there exists g € GL(n,C) such that
giMigi_l =gM,;g~"! for i =0,...,p. The tuple (Mo, ..., M,) is called irreducible if
no subspace V of C" satisfies {0} G V' G C* and M;V C V for i =0,...,p. Choose
m € ’PI(]:L_)l and {u;, } such that L(m;pu;1,...,/;n;) are in the conjugacy classes
containing M, respectively. Suppose (Mo, ..., M,) is irreducible and rigid. Then
Katz [Kz] shows that m is rigid and gives a construction of irreducible and rigid
(Mo, ..., Mp) for any rigid m (cf. Remark 9.4 ii)). It is an open problem given
by Katz [Kz] whether the monodromy generators M; are realized by solutions
of a single Fuchsian differential equations without an apparent singularity, whose
affirmative answer is given by the following corollary.

COROLLARY 10.12. Let m = (m;,,) o<j<p be a rigid monotone (p + 1)-tuple
1<v<n;
of partitions with ordm > 1. Retain the notation in Definition 5.12.
i) Fiz complex numbers A;,, for 0 < j <p and 1 < v < n; satisfying the Fuchs
relation (4.32). The universal operator Pm(A)u = 0 with the Riemann scheme
(0.11) s irreducible if and only if the condition

p

(1035) 3 ACK) 6001, 85,50 (- 4),) £ 2
3=0
for any (jo,vo) satisfying m(k);, ., > m(k‘)jmg(k)jo —d(k)
is satisfied for k=0,..., K — 1.
ii) Fiz complex numbers pj, for 0 < j <pand 1 <v <n; and define ji(k)
and p(k); fork=0,...,K by

(10.36) w00 =pjn (G=0,....p, v=1,...,n,),
P
(10.37) (k) = H 1K) ek,
j=0
(10.38) k4 1) = ) () D00,
Then there exists an irreducible tuple (Mo, ..., M,) of matrices satisfying
M, My =1I,,
(10.39) ?

M] ~ L(mj,17 sy Mygimgs Hg1s - - - a/j/j,’nj) (j =0,... ap)
under the notation (4.33) if and only if

p
(10.40) IHIIw =1

j=0v=1

and moreover the condition
p
(1041) T k) sewy, 46,5, vo—tr),) # 1
=0

Jor any (osvs) satisfying Mk}, > m(k)j, s, — (k)
is satisfied for k=0,..., K — 1.
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iii) Let (Mo, ..., M) be an irreducible tuple of matrices satisfying (10.39). Then
there uniquely exists a Fuchsian differential equation Pu = 0 with p + 1 singular
points co, . .., cp and its local independent solutions ui, ..., Uord m " a neighborhood
of a non-singular point g such that the monodromy generators around the points c;
with respect to the solutions equal M;, respectively, for j =0,...,p (cf. (9.25)).

PrOOF. The clam i) is a direct consequence of Theorem 10.10 and the claim
ii) is proved by Theorem 9.3 and Lemma 9.11 as in the case of the proof of Theo-
rem 10.10 (cf. Remark 9.4 ii)).

iii) Since gcdm = 1, we can choose A;, € C such that 2TV — ., and
ij mj,Aj,, =ordm — 1. Then we have a universal operator Pm(A;,,)u = 0 with
the Riemann scheme (0.11). The irreducibility of (M,,..., M), Remark 10.11 ii)
(or Theorem 9.6) and Theorem 6.14 assure the claim. O

Now we state the condition (10.35) using the terminology of the Kac-Moody
root system. Suppose m € P is monotone and irreducibly realizable. Let {A\m} be
the Riemann scheme of the universal operator Pp,. According to Remark 5.9 iii) we
may relax the definition of £,,4,(m) as is given by (5.43) and then we may assume

(10.42) vgso -+ - v15oA(N) € Wi A(A(K)) (k=1,...,K)
under the notation in Definition 5.12 and (7.31). Then we have the following

theorem.

THEOREM 10.13. Let m = (m;,,) o<j<p be an irreducibly realizable monotone
1<v<n;

tuple of partition in P. Under the notation in Corollary 10.12 and §7.1, there
uniquely exists a bijection

@ : A(m) = {(k,jo,10); 0< k<K, 0<jo <p, 1 <1p<ny,
(1043) 14 7& g(k)jo and m(k)jo,yo > m(k)jo,[(k)m — d(k)}
U{(k,0,0(k)o); 0 <k < K}

such that
p

(1044) |Oz = Z)\ ]7Z(k)j+6j,jo(l’o_£(k)j) when ’W(Oz) = (k,jo,l/g).
7=0

Moreover we have
(alam) = m(k)jo,vo — m(k)jq e, + d(k)

(a € A(m), (k,jo,v0) = w(a))
and if the universal equation Py (MN)u = 0 is irreducible, we have
(10.46) (AN)|a) ¢ Z  for any o € A(m).

In particular, if m is rigid and (10.46) is valid, the universal equation is irreducible.

(10.45)

PROOF. Assume ordm > 1 and use the notation in Theorem 10.10. Since
m may not be monotone, we consider the monotone tuple m’ = sm in S, m
(cf. Definition 4.11). First note that

d — mj,l + ij = (OZO + Cl/,j71 =+ 4 aj,,,,1|am).
Let v; be the positive integers defined by
Mmyp+1 <mj1—d <mjp,
for j =0,...,p. Then
P

—1 . .
Om =V Oy with v = H(SM e Sj,ljj_l)
=0
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and w(m) = sgvsa,, and
A(m) = = U sgvA(m’),
== {Oé()}U U {040+04j,1+"'+aj,l/; V= 1,...,17]‘ —1}

0<j<p
V]’;él

Note that ¢(0) = (1,...,1) and the condition m;, ., > m;,1 — d(0) is valid if
and only if vy € {1,...,7;,}. Since

p
A(O)j71+5j,j0(1/0—1) = (A(A)|O‘0 + Qjg,1 +--+ ajo,l/o—l) + 1a
=0
we have
L(0) = {(AN)]a) +1; a € E}

by denoting
b
L(k) i= {3 MK 00y, 85,0, (ot 3 1K)y > mAR)j, 008, — (k) }-
j=0

Applying v=1sp to m and {\y, }, they changes into m’ and {)\/_, }, respectively, such
that A(N) —v~tsgA(X) € CAg. Hence we obtain the theorem by the induction as
in the proof of Corollary 10.12. O

REMARK 10.14. Let m be an irreducibly realizable monotone tuple in P. Fix
a € A(m). We have @ = ayyy with a rigid tuple m’ € P and

(10.47) {Am } = (AA)]a).

DEFINITION 10.15. Define an index idxm (¢(A)) of the non-zero linear form
LN =30, Soi  kjuAse of with kj,, € Zso as the positive integer d; such that

P P
(10.48) {Z Z kjv€iy; € € Z and Z ijﬂ,ej’,, = 0} = Zd,.

j=0v=1 j=0v=1
PROPOSITION 10.16. For a rigid tuple m in Corollary 10.12, define rigid tuples
mW . m®™) with a non-negative integer N so that A(m) = {m™ ... m™)}
and put
P ny .
(10.49) GO =33 "mN,  (i=1,...,N).
j=0v=1

Here we note that Theorem 10.13 implies that Pm(\) is irreducible if and only if
6;(N) €7 fori=1,...,n.

Fiz a function €(X) of ;. such that £(X) = (;(X\) —r with i € {1,...,N}
and v € Z. Moreover fiz generic compler numbers )\;, € C under the condition
(A) = {Am}| = 0 and a decomposition Pm(X) = P"P’ such that P', P € W (x),
0 <n :=ordP < n and the differential equation P'v = 0 is irreducible. Then
there exists an irreducibly realizable subtuple m’ of m compatible to £(\) such that
the monodromy generators MJ’ of the equation P'u = 0 satisfies

rank(M; 7627“/?1)\3"1) < (M 762’“/?1)‘]'*’“) <M+ ~+m;’nj (k=1,...,n,)
for 3 =0,...,p. Here we define that the decomposition

(10.50) m=m'+m"” (me PI()Z_II), m'" € 731(,1/;), 0<n' <n)
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is compatible to ¢(\) and that m' is a subtuple of m compatible to ¢(X\) if the
following conditions are valid

(10.51) {Am'} € Z<o and [{Am~}] € Z,
(10.52) m' is realizable if there exists (j,v) such that mj, =m;, >0,
(10.53) m" is realizable if there ewists (j,v) such that m} , =m;, > 0.

Here we note |[{A\m'} + [{Am~}| =1 if m’ and m" are rigid.

PROOF. The equation Py (A)u = 0 is reducible since £(A) = 0. We may assume
X=X #0forl1 <v<v' <njand j=0,...,p. The solutions of the equation
define the map F given by (2.15) and the reducibility implies the existence of
an irreducible submap F’ such that 7'(U) C F(U) and 0 < n’' := dim F'(U) <
n. Then F' defines a irreducible Fuchsian differential equation P’v = 0 which
has regular singularities at * = ¢y = 00, ¢1,...,¢, and may have other apparent
singularities cf, ... ,c;. Then the characteristic exponents of P’ at the singular
points are as follows.

There exists a decomposition m = m’ + m” such that m’ € P() and m” €
P"") with n” := n — n'. The sets of characteristic exponents of P’ at = = ¢; are
Ny isi=1,...,mj,, v=1,...,n} which satisfy

VL2

A;,V,i - )‘jﬂ/ € {Oa 1,... » M — 1} and )‘;‘,141 < )‘;',11,2 <0< )\;,V,’UL;-,V
for j =0,...,p. The sets of characteristic exponents at x = ¢ are {151, .., ftj.n },

which satisfy p;; € Zand 0 < pj1 < --- < pjpnr for j =1,...,q. Then Remark 4.17
ii) says that the Fuchs relation of the equation P'v = 0 implies [{Am’}| € Z<o.
Note that there exists a Fuchsian differential operator P” € W(z) such that
P = P"P'. If there exists j, and v, such that m} , = 0, namely, m/
m;, ., > 0, the exponents of the monodromy generators of the solution P'v = 0
are generic and hence m’ should be realizable. The same claim is also true for the

tuple m”. Hence we have the proposition. O

ExXAMPLE 10.17. i) The reduction of the universal operator with the spectral
type 11,11, 11 which is given by Theorem 10.10 is

r=o00 0 1
Aot A Ao (Z N =1)
(10.54) Aoz Az Age

N { T = 00 0 1 }
2002+ A1+ A1 —Ao2 —A22 —Ag2 — A2

because 1 = Ao1 + Ai,1 +A21 — 1= —Xg2 — A2 — A2 2. Hence the necessary and
sufficient condition for the irreducibility of the universal operator given by (10.34)
is

o1+ AL+ A ¢ Z,

Aoz + A1+ A1 € Z,

Ao+ A2+ Aoy EZ,

Ao+ A1+ A € Z,
which is equivalent to
(10.55) Xoyi+Ai+A; €Z for i=1,2and j=1,2.
The rigid tuple m = 11,11,11 corresponds to the real root am = 2a9 + ag,1 +
a1, + g1 under the notation in §7.1. Then A(m) = {ap, 0 + 5155 = 0,1,2}
and (Alag) = Ao + A1+ A2 and (Al + @o1) = Ao2 + A1,1 + A21, ete. under
the notation in Theorem 10.13.
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The Riemann scheme for the Gauss hypergeometric series 2 Fy(a, b, ¢; z) is given
T = 00 0 1
by a 0 0 and therefore the condition for the irreducibility
b l—c c—a—9»
is
(10.56) a¢Z,b¢7Z,c—b¢Z and c—a ¢ Z.
ii) The reduction of the Riemann scheme for the equation corresponding to
sl (ar, an, a3, 81, Bo; ) is

T = 00 0 1

ar 0 [y - -
(o) 1-p1 03 (; &= ; fi)
(10.57) as  1=ps - -
T =00 0 1
— K ay—a1+1 a1 —p5 0

ag—ay1+1 a3 —P2 a3 —pBz—1

with © = a3 —1. Hence Theorem 10.10 says that the condition for the irreducibility
equals

o; ¢ 7 (2'21,2,3)7
ar =B ¢Z (j=1,2)
together with
Oéi*ﬂj¢Z (7’:2737]:172)

Here the second condition follows from i). Hence the condition for the irreducibility
is

(10.58) 0;¢7Z and o;—B; ¢ 7 (i=1,2,3, j=1,2).
iii) The reduction of the even family is as follows:
T =00 0 1
o e O DA ;
S e A T QN as — a1 + 1 0 0
05 1—f az—a1+1 ar—p1 [ — B3 — 1
y ag—ar+1 ar—f
T = 00 0 1
@ttt Jag— B 00—+ B+l
az—f3 oy — B [0](2)
ag— Pz a1 — B

Hence the condition for the irreducibility is

a; ¢ Z (Z: 1327374)7
ay— P3¢ 7

together with

ai—ﬁggéZ (i:2,3,4).
onta;—Bi—B3¢Z (i=2,3,4, j=1,2)

by the result in ii). Thus the condition is

o €7, a;— P3¢ Zand oy +ap — 5 — P3¢ Z

10.59
(10.59) (1=1,2,3,4, j=1,2, k=2,3,4).
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Hence the condition for the irreducibility for the equation with the Riemann scheme

X1 [Pl [Peale
Aoz A2 [A2,2]2)
Aoz A3

Ao,4

(10.60)

of type 1111, 211,22 is

(10.61) {AOW T -/ (v=1,2,3,4, k=1,2)
Ao+ Ao A+ o+ A +F e dZ (1<v<y <4).

This condition corresponds to the rigid decompositions

(10.62) 14,212,222 = 1,10,1 @ 13,11%,21 = 12,11, 1° ® 12,11, 1%,

which are also important in the connection formula.
iv) (generalized Jordan-Pochhammer) The reduction of the universal operator
of the rigid spectral type 32,32, 32,32 is as follows:

Mol [Aale) Peile) sl 3)}
’ ’ ’ (3 Ai1+2 Ajo =4)
{[)\0,2}(2) A2l 22l P32 Z ot Z 72
{ Ao,1 — 20 AL A2,1 As,1 }

Moz —Hl@) Mz2t+ple) P2+l Ps2+ple
with ¢t = A1 + A1,1 + A2,1 + A3;1 — 1. Hence the condition for the irreducibility is

3
(s f g b £E AP
Zj:O(l + 6j,k)/\j71 + ijo(l — 5]',/{;))\]‘,2 ¢ 7 (]{1 =0,1,2, 3,4)
Note that under the notation defined by Definition 10.15 we have
(10.64) 1dxm ()\071 + )\171 + )\271 + )\371) =2

and the index of any other linear form in (10.63) is 1.
In general, the universal operator with the Riemann scheme

{ [Ao,1] (k) A11] ) 2,1k [A3,1] (k) }
No2le—1) Prle—1) [A22le-1) [Ms2]k-1)
(10.65)

3 3
(B> Nja+(E=1)> Xjo=2k)
§=0 j=0
is irreducible if and only if

(10.66) 3oV = G + (v =1+ 8 Xa €2 (k=0,1,2,3,4),
’ 3 / . . 3 r s ) .
D=0V F 05N+ 200V = kN2 €2 (k=0,1,2,3,4)

for any integers v and v/ satisfying 1 <2v <kand 1 <2/ <k —1.
The rigid decomposition

(10.67) 65,65, 65,65 = 12,21, 21,21 @ 53, 44, 44, 44

gives an example of the decomposition m = m’ ® m” with supp o, = supp oy =
SUPP Oy’ -
v) The rigid Fuchsian differential equation with the Riemann scheme

z=0 1 c3 Cq 00

[O](Q) [0](9) [0](9) [0](9) [eo](s)
lalzy [l e de)  lels)

€2
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is reducible when

a+b+c+d+3es+e €7,
which is equivalent to %(eo — ey — 1) € Z under the Fuchs relation. At the generic
point of this reducible condition, the spectral types of the decomposition in the
Grothendieck group of the monodromy is

93,93, 93,93,831 = 31, 31, 31, 31, 211 + 31, 31, 31, 31, 310 + 31, 31, 31, 31, 310.
Note that the following reduction of the spectral types

93,93,93,93,831 — 13,13,13,13,031 — 10,10, 10, 10,001
31,31,31,31,211 — 11,11,11,11,011
31,31,31,31,310 — 01,01,01,01,010

and idx(31, 31,31, 31,211) = —2.



