CHAPTER 6

Deligne-Simpson problem

In this chapter we give an answer for the existence and the construction of
Fuchsian differential equations with given Riemann schemes and examine the irre-
ducibility for generic spectral parameters.

6.1. Fundamental lemmas

First we prepare two lemmas to construct Fuchsian differential operators with
a given spectral type.

DEFINITION 6.1. For m = (m;,)j=o,..p € P;,?l, we put
1<v<n;

N,(m):=(p-1)r+1)+1

6.1
(6.2) My = Zmax{mj,y —14,0}.
v=1

See the Young diagram in (6.32) and its explanation for an interpretation of
the number m; ;.

LEMMA 6.2. We assume that m = (mj),,) 0,..p € 7?152?1 satisfies

Eu’gm
(6.3) M1 > Mo > >Myn, >0 and n>mey1 >myg > >my;
and
(6.4) mo1+ -+ mpa < (p—1)n.
Then
(6.5) N,(m) >0 (v=2,3,....,n—1)

if and only if m is not any one of
(ky ks k ks k ks ko), (koK Kk Kk kK k),
(6.6) (2K, 2k; k, kK, k; k, k, k, k)
and (3k,3k; 2k, 2k, 2k; k, k, k, k, k, k) with k> 2.

PRrOOF. Put

77’]

¢;(t) == Zmax{mj,,, —t,0},
v=1

) for j=0,...,p.
mja
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Then ¢;(t) and ¢;(t) are strictly decreasing continuous functions of ¢ € [0,m; 1]
and

¢;(0) = $;(0) = n,
¢j(mj1) = ¢j(mj1) =0,
20;(8E2) < ¢;(t1) + ¢5(t2) (0 <ty <ty <myy),
¢(t) = —ny < e = 0 (t) 0<t<1).
Hence we have
¢;(t) = ¢;(1) (0 <t <myji1, n=mjin;),
b;(t) < ¢;(t) 0<t<mji, n<m;in;)

and forv=2,...,n—1

S #{i€Zzo; ¢j(i) 2n—vy=> [¢; (n—v)+1]

Jj=0 Jj=0

NE

(gb]_l(n —-v)+ 1)

<.
Il
o

(6 (n—v)+1) = i(wzﬂ + 1)

=0
p—Lv+(p+1)=pP-1Fr+1)+2.

v

IN
AT
=}

Here [r] means the largest integer which is not larger than a real number 7.
Suppose there exists v with 2 < v < mn — 1 such that (6.5) doesn’t hold. Then
the equality holds in the above each line, which means

d);l(n_y)ez (j:O7"'7p)7
(67) n=m;j;in; (]:O,,p)7
p—ln=mo1+ - +myp.
Note that n = m; 1n; implies mj1 = -+ = mj,, = nﬂ] andp—1= nio—f—'-‘-ﬁ-,%p <

%. Hencep:3withn0:n1:n2:n3:2orp:2with1:7%04—”%4—7%2. If
2, {ng,n1,n2} equals {3,3,3} or {2,4,4} or {2,3,6}. Thus we have (6.6) with

p =
k=1,2,.... Moreover since

_ —_ vm; v )
d)jl(niy):d)jl(n*y):ij’l:igz (j:(),...,p),
n n;
v is a common multiple of ng,...,n, and thus £ > 2. If v is the least common
multiple of ng,...,n, and k > 2, then (6.7) is valid and the equality holds in the
above each line and hence (6.5) is not valid. O

COROLLARY 6.3 (Kostov [Ko]). Let m € P satisfying dmaz(m) < 0. When
idxm = 0, m is isomorphic to one of the tuples in (6.6) with k =1,2,3,....

PrROOF. Remark 5.9 assures that dye;(m) = 0 and n = m;1n;. Then the
proof of the final part of Lemma 6.2 shows the corollary. (|

LEMMA 6.4. Letcy,...,cp be p+1 distinct points in CU{oc}. Let ng,nq,...,np
be non-negative integers and let a;, be complex numbers for 5 =0,...,p and v =
1,...,n;. Putn:=mng+---+mny,. Then there exists a unique polynomial f(x) of
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degree n. — 1 such that

@) =aj1+ajo(x—cj) 4+ ajn, (€ —c;)"

(6.8) tollz—c;[h) (w— ¢, ¢ # 00),
. T f(x) = aj1 4 ajor + ajn,xt T 4 o] )

(x = 00, ¢j = 00).
Moreover the coefficients of f(x) are linear functions of the n variables a;,, .

PrROOF. We may assume c, = oo with allowing n, = 0. Put n; = no+---4+n;_1
and ng =0. For k=0,...,n — 1 we define
f(e) = L@ M L@ =)™ (R <k <, 0<i<p),
x) = I . -
’ k=T [T (= )™ (fip <k < 7).
Since deg fi(z) = k, the polynomials fo(z), f1(z), ..., fa—1(z) are linearly indepen-
dent over C. Put f(z) = ZZ;S ug fr(x) with ¢, € C and

@i k—r+1 (i <k <fip1, 0 <10 <p),

Vi = ~ ~
Qp i—k (fp <k <n)

by (6.8). The correspondence which maps the column vectors u := (ug)k=0,... -1 €

C™ to the column vectors v := (Vk)k=0,... -1 € C™ is given by v = Au with a square

matrix A of size n. Then A is an upper triangular matrix of size n with non-zero
diagonal entries and therefore the lemma is clear. O

6.2. Existence theorem

DEFINITION 6.5 (top term). Let
P= A antoy d
= (@) 2 + @ (1) o 4+ ar(2) £+ ag(a)

be a differential operator with polynomial coefficients. Suppose a,, # 0. If a,,(x) is
a polynomial of degree k with respect to x, we define Top P := amkxk@" with the
coefficient a,, ; of the term x* of an(z). We put Top P =0 when P = 0.

THEOREM 6.6. Suppose m € P;i)l satisfies (6.3). Retain the notation in Defi-
nition 6.1.
i) We have Ni(m) =p— 2 and

n—1
(6.9) > N,(m) = Pidxm.
v=1
ii) Suppose p > 2 and N,(m) >0 forv=2,...,n—1. Put
(6.10) @ = #{i; mo; >n—v, i >0},
(6.11) Im = {(j,v) €Z*; ¢ <j <>+ N,(m) and 1 <v <n—1}.

Then there uniquely exists a Fuchsian differential operator P of the normal form
(4.43) which has the Riemann scheme (4.15) with c¢o = 0o under the Fuchs relation
(4.16) and satisfies

1 ddchfjfllan_V_1

(degP —j —v)!  dxdesP—i—v

(6.12) 0)=gj»  (V(,v) € Im).
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Here (gjﬂ/)(j V)elm € CPidxm s arbitrarily given. Moreover the coefficients of P
are polynomials of x, \j, and g;, and satisfy

(6.13)
jtv 87]3) v+l _ 0*p — ; il
x Top(ang 0"7  =TopP and 9900900 0 ((4,v), (4,V') € I;n).
Fiz the characteristic exponents X\, € C satisfying the Fuchs relation. Then
all the Fuchsian differential operators of the normal form with the Riemann scheme
(4.15) are parametrized by (g;,,) € CPidxm - fence the operators are unique if and
only if Pidxm = 0.

PROOF. i) Since mj1 =n—n; <n—2, Ny(m)=2(p—-1)+1—-(p+1)=p—2
and

n—1
S H#{(i) ez i>0,0<j <p, Wy =n—v}
= P n—1
:Z< #{iEZZO;ﬁWZn—y}—l)
=0 =0
jp mj,1 P mj1my
=3 (D= 1) = >2(30 > max{my, — .0} - 1)
j=0 i=0 j=0 =0 v=1
LA mj,(m;., +1)
B
1 p N
j=0rv=1
n—1 p N
S N = - D" ) ) (Y m, e+ - 2)
v=1 j=0v=1
P ny
— 5(@_ 1)n2 +9— szfy) = Pidxm
j=0v=1
ii) Put
pn
P = pr" [pP7 ()
=0
pn
= Z(m - Cj)epﬁf((x - cj)a) (1 <j<np),
(=0

hje(t) := L2 Mosicmo, —e(t+ 2o +1)  (5=0),
7 [1041 Mocicm,, —e(t = Xjw —1) (1 <j<p),
Pie(t) = qf(Ohje(t) +17(t)  (degr,(t) < deghye(t)).

Here pfz(t), qfe(t)7 rﬁg(t) and h; ¢(t) are polynomials of ¢ and

n
(6.14) deghje = Z max{m,;, — ¢,0}.

v=1
The condition that P of the form (4.43) have the Riemann scheme (4.15) if and
only if rfé = 0 for any j and ¢. Note that a,_(z) € C[x] should satisfy

(6.15) dega,—k(z) <pn—k and agi)k(cj) =0 (0<v<n—k-1,1<k<n),
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which is equivalent to the condition that P is of the Fuchsian type.
n n—1 n—k
Put P(k) := ( b (x— M)A a1 (@) e+t ank(z)

Assume that a,—1(2), ..., an—k+1(x) have already defined so that deg rﬂkil) <

n —k+ 1 and we will define a,,_x(x) so that degr PR < k.
When k& =1, we put

P nj Mjv—
Qp— 1 :—an Zx_cj (Z Z >‘ju+’t (n2—1))

j=1 v=1l =0

P(1)

and then we have degr P < —1 for J=1,...,p. Moreover we have degr; ,” <

n — 1 because of the Fuchs relation (cf. (2.21)).
Suppose k£ > 2 and put

() = 4 22020 co e,
n- _ .
Zzzo kel —ci)" k6 (j=1,...,p)

with ¢; ;¢ € C. Note that

n—k—1
an—k(2)0"F = co e I 0 -19)
>0 i=0
n—k—1
:ZCj)k)g(l‘—Cj)e ((x—cj)(‘)—i).
>0 i=0

Then degr; , PR < — k if and only if degh; s <n —k or

1 d" " pe-1)
(6.16) Cjkl = *m (dtn—k Tie (t))

Namely, we impose the condition (6.16) for all (4, ¢) satisfying

t=0

n;
M = Zmax{mj,,, — 0,0} >n—k.
v=1
The number of the pairs (7, £) satisfying this condition equals (p—1)k+1—Nj_1(m).
Together with the conditions afl'i)k(cj) =0forj=1,...,pandv=0,...,n—k—1,
the total number of conditions imposing to the polynomial a,,_j(x) of degree pn—k
equals

pn—k)+(p—1k+1—Np_1(m)=(pn —k+1) — Ny_1(m).

Hence Lemma 6.4 shows that a,,_(z) is uniquely defined by giving cg x ¢ arbitrarily
for qg_l </< qg_l + Ni—1(m) because qg_l =#{>0; mos >n—k}. Thus we
have the theorem. O

REMARK 6.7. The numbers N, (m) don’t change if we replace a (p + 1)-tuple
m of partitions of n by the (p + 2)-tuple of partitions of n defined by adding a
trivial partition n = n of n to m.

EXAMPLE 6.8. We will examine the number N,(m) in Theorem 6.6. In the
case of Simpson’s list (cf. §13.2) we have the following.

(H,: hypergeometric family)
m=n-—11,1"1"

m=nn—2n-3,...1;n;n
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(EOgp,: even family) m = mm,mm — 11,1?™

m=2m,2m—2,...,2;2m,2m —3,...,1;2m

(EOgp11: odd family) m = m + 1m, mm1,1?"**
m=2m+1.2m—1,...,1;2m+1,2m —2,...,2;2m + 1
m = 42,222, 16

m=6,4,2,1;6,3;6

(Xg: extra case)

In these cases p = 2 and we have N, (m) =0 for v = 1,2,...,n — 1 because

m:={m;,;v=0,...,mj1—1,j=0,...,p}

6.17
(6.17) ={n,n,n,n—-2n—-3,n—4,...,2/1}.

See Proposition 6.17 ii) for the condition that N,(m) >0 for v =1,...,ordm — 1.
We give other examples:

’ m ‘ PldX‘ m ‘ N17N27~-~7Nordmfl
221, 221, 221 0 | 52,5252 0,1,—1,0
21,21, 21,21 (Ps) 0 | 31,31,31,31 1,—1
22,2222 —3 [ 42,42,42 0,-2,—1
11,11,11,11 (Dy) 1 [2,2,22 1
111,111,111 (Es) 1 3,3,3 0,1
22,1111, 1111 (E;) | 1 | 42,4,4 0,0,1
33,222,111111 (Eg) | 1 | 642,63,6 0,0,0,0,1
21,21, 21, 111 1 [31,31,31,3 1,0
222,222,222 1 |63,63,63 0,1,—1,0,1
11,11,11,11,11 2 [2,2,2,22 2
55, 3331, 22222 2 110,8,6,4,2;10,6,3;10,5 | 0,0,1,0,0,0,0,0, 1
22,22,22, 211 2 | 42,42,42,41 1,0,1
22,22,22,22,22 5| 42,42,42,42,42 2,0,3
32111, 3221, 2222 8 | 831,841,84 0,1,2,1,1,2,1

Note that if Pidxm = 0, in particular, if m is rigid, then m doesn’t satisfy
(6.4). The tuple 222,222,222 of partitions is the second case in (6.6) with k = 2.

REMARK 6.9. Note that [O6, Proposition 8.1] proves that there exit only finite
basic tuples of partitions with a fixed index of rigidity.

Those with index of rigidity 0 are of only 4 types, which are D4, Eg, FE7 and
Eg given in the above (cf. Corollary 6.3, Kostov [Ko]). Namely, those are in the
Soo-orbit of

(6.18) {11,11,11,11 111,111,111 22,1111,1111 33,222,111111}

and the operator P in Theorem 6.6 with any one of this spectral type has one
accessory parameter in its 0-th order term.

The equation corresponding to 11,11,11, 11 is called Heun’s equation (cf. [SW,
WW]), which is given by the operator

Pogrsa=2z(x—1)(z—c)d* + (’y(sc —1)(x—c)+dx(z—c)
+(a+B+1=y—=0)z(zr—1))0+abz— A

with the Riemann scheme

(6.19)

z=0 1 c 00
(6.20) 0 0 0 a T
1l—v 1-6 ~v+d—a—-08 5 ;A
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Here ) is an accessory parameter. Our operation cannot decrease the order of
P, 3,5 but gives the following transformation.

Ad(0"*)Pa .0 = Par gty 5030

(621) a/:2—a7ﬁzﬂ_a—|—17’y/:"y—a+1, (5/:(5—O[+1,
N=XA+1-a)(B-6+1+(v+35—a)c).

PROPOSITION 6.10. ([O6, Proposition 8.4]). The basic tuples of partitions with
index of rigidity —2 are in the Soo-orbit of the set of the 13 tuples
{11, 11,11,11,11 21,21,111,111 31,22,22,1111 22,22,22,211
211,1111,1111 221,221, 11111 32,11111,11111 222,222, 2211
33,2211,111111 44,2222,22211 44,332,11111111 55,3331, 22222

66,444,2222211},

PrOOF. Here we give the proof in [O6].
Assume that m € P, is basic and monotone and idxm = —2. Note that

(5.42) shows
O<ZZ Mmj1—mj,) mj, < —idxm = 2.
j=0v=2
Hence (5.42) implies 7_ S o(mj1 —myj,)mj, = 0 or 2 and we have only to
examine the following 5 possibilities.

(A) mo1---Mom, =2---211 and mj 1 = mj,, for 1 <j <p.

(B) mo,1 " Mong = 3---31 and mjii1 = mj’nj for 1 < j < p.

(C) mo,1---Mony = 3---32 and mj1 = mj,nj for 1 S] S p-

(D) M1 Ming =2...21 and mj1 = Mjn, for0<i<1 <j<np.

(E) mj1 =mjy,, for 0 <j<pandordm = 2.

Case (A). If 2---211 is replaced by 2---22, m is transformed into m’ with
idxm’ = 0. If m’ is indivisible, m’ is basic and idxm = 0 and therefore m is
211,14,1% or 33,2211,1°. If m’ is not indivisible, 2m’ is basic and idx m’ = 0
and hence m is one of the tuples in

{211,22,22,22 2211,222,222 22211,2222 44 2222211, 444, 66}.

Put m = ng — 1 and examine the identity

P
mj1
Z$—p—1+(ordm (1dxm+ZZmJ1 m;. mjl,)

7=0 j=0v=1
Case (B). Note that ordm = 3m—i—1 and therefore 37r?+1 —|—ni1+~ . ~+n—1p =p—1.
Since n; > 2, we have %p—l < 3m+1 <1 andp<3
If p =3, we have m = 1, ordm = 4, n—l +ta = %, {n1,na2,n3} ={2,2,4}
and m = 31,22,22, 1111.
Assume p = 2. Then i—i—i 1—m Ifmln{nl,ng} > 3, n—l—i—— %

and m < 2. If min{ny,na} = 2, max{nl,ng} >3 and 5o +1 > 1 5 and m < 5. Note

that 7711 + E =12 10 T 1 and § according to m =5, 4, 3, 2 and 1, respectively.

Hence we have m = 3, {n1,n2} = {2,5} and m = 3331, 55, 22222.

Case (C). Wehave3m+2+ 4L =p—1. Sincen; > 2, 1p—1< 2 +2<1
7

and p < 3. If p = 3, thenm—l ordm—Sandn—l—&—n—z—Fn—S:g, which never
occurs.

Thuswehavep:Q,n—lJr—,lfgmi+2

Then n% + n% =1 U 8 '5.nd 2 = according to m =5, 4, 3, 2 and 1, respectively.

and hence m < 5 as in Case (B).

17> 140 110 8
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Hence we have m = 1 and n; = ny = 5 and m = 32,11111,11111 or m = 2 and
ny =2 and ny, = 8 and m = 332,44, 11111111.

Case (D). We have 52— + -2 +ni2—|—~~+ni:p—1. Since n; > 3 for

2m—+1 2m—+1
j22,wehavep—1§%%ﬂzﬁandmgz If m =1, then p = 3 and

=+ =2-35=2%and we have m = 21,21,111,111. If m = 2, then p = 2,
7= =1— % and m = 221,221, 11111,

Case (E). Since m;; =1 and (5.42) means —2 = Z?:o 2mj, —4(p — 1), we
have p=4 and m = 11,11,11,11,11. O

REMARK 6.11. A generalization of Proposition6.10 is given in [HiO] which can
be applied to equations with irregular singularities.

6.3. Divisible spectral types

PROPOSITION 6.12. Let m be any one of the partition of type D4, Eg, E7 or Ex
in FExample 6.8 and put n = ordm. Then km is realizable but it isn’t irreducibly
realizable for k = 2,3,.... Moreover we have the operator P of order kordm
satisfying the properties in Theorem 6.6 ii) for the tuple km.

PrOOF. Let P(k,g) be the operator of the normal form with the Riemann
scheme
T =cy=00 r=c¢j (j=1,...,p)
[)\071 — k(p — 1)n + km0,1](m011) [)\j71 + kmj,ﬂ(mj,l)

[)‘07’@1 — k‘(p — l)n + kmoyl}(mo,nl) [)\j7nj + kmj,nj](m,-,”j)

of type m. Here m = (mj7,,) J=0.ep s n = ordm and g is the accessory parameter
v=1,..., n;

contained in the coefficient of the 0-th order term of P(k,g). Since Pidxm = 0
means

p Ny no
Z Zmiu =@p-1n*= Z(P = )nmo,y,
j=0v=1 =0

the Fuchs relation (4.16) is valid for any k. Then it follows from Lemma 4.1
that the Riemann scheme of the operator Py(g1,...,9x) = P(k — 1,gx)P(k —
2,gk-1) -~ P(0, g1) equals

r=cy=00 ;C:CJ(]:].,7P)
[Xo,1] ko 1) RYRIIT
[)‘O,M](kmo,nl) [)‘J',nj](kmj‘nj)

and it contain an independent accessory parameters in the coefficient of vn-th order
term of Px(g1,...,gx) for v =0,...,k — 1 because for the proof of this statement
we may assume \;, are generic under the Fuchs relation.

Note that
1 (¥=n-1 modn),
N,(km)=¢ -1 (v=0 mod n),
0 (@#0,n—1 modn)
forv=1,...,kn — 1 because

(2i,2i,2i,2i;i=1,2,...,k} if mis of type Dy,
km = ¢ {ni,ni,ni,ni —2,ni —3,...,ni—n+1;i=1,2,...,k}

if m is of type Eg, E; or Ey
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under the notation (6.2) and (6.17). Then the operator Py(g1,...,gx) shows that
when we inductively determine the coefficients of the operator with the Riemann
scheme (6.22) as in the proof of Theorem 6.6, we have a new accessory parameter
in the coefficient of the ((k - j)n)—th order term and then the conditions for the
coefficients of the ((k —J)n — 1)—th order term are overdetermined but they are

automatically compatible for j =1,...,k — 1.
Thus we can conclude that the operators of the normal form with the Riemann
scheme (6.22) are Py(g1,...,9gk), which are always reducible. d

PROPOSITION 6.13. Let k be a positive integer and let m be an indivisible
(p+ 1)-tuple of partitions of n. Suppose km is realizable and idxm < 0. Then any
Fuchsian differential equation with the Riemann scheme (6.22) is always irreducible
if A\j ., is generic under the Fuchs relation

p Ny

id
(6.23) Z Z m;j A, =ordm — = );m.

j=0v=1

PROOF. Since ordkm = kordm and idxkm = k2idxm, the above Fuchs
relation follows from (4.32).

Suppose Pu = 0 is reducible. Then Remark 4.17 ii) says that there ex-
ist m’, m"” € P such that km = m’ + m” and 0 < ordm’ < kordm and
H{Am’} € {0,—1,—2,...}. Suppose A, , are generic under (6.23). Then the condi-
tion [{A\m}| € Z implies m’ = fm with a positive integer satisfying ¢ < k and

H{Am}| = zp: iémj,l,)\jﬁ,, — ord fm + £?idx m
i=0v=1
— ¢(ordm - kidxm) — fordm + (% idxm
— 0(£ = k)idxm > 0.
Hence [{Am’}| > 0. O

6.4. Universal model

Now we have a main result in Chapter 6 which assures the existence of Fuchsian
differential operators with given spectral types.

THEOREM 6.14. Fiz a tuple m = (mj’l,) 0<j<p € P;()i)l'
v<n;

i) Under the notation in Definitions 4.10, 4.16 and 5.7, the tuple m is realizable
if and only if there exists a non-negative integer K such that 9%, ,,m are well-defined
fori=1,....K and

ordm > ord 9,gem > ord 92 m > --->ord9% m

max max )
K _ K
Amaz (O g, m) = 20rd 0,

6.24
( ) m or dmaw({?ﬁfaxm) <0.

ii) Fiz complex numbers ;.. If there exists an irreducible Fuchsian operator
with the Riemann scheme (4.15) such that it is locally non-degenerate (cf. Defini-
tion 9.8), then m is irreducibly realizable.

Here we note that if P is irreducible and m is rigid, P is locally non-degenerate
(cf. Definition 9.8).

Hereafter in this theorem we assume m is realizable.

iii) m is irreducibly realizable if and only if m is indivisible or idx m < 0.

iv) There exists a universal model Pynu = 0 associated with m which has the
following property.
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Namely, Py, is the Fuchsian differential operator of the form
(6.25)

p . dr dqn—1 d
Py = (Jl:[l(os —¢j) )dxin + an_l(x)m + 4 al(:c)% + ag(x),
02%a;(x) o .
aj(z) € C\ju, 915, 9N]; 8giégi/ =0 (1<i<i/<N,0<j<n)
such that Py has regular singularities at p + 1 fized points x = cg = 00,¢1,...,¢p

and the Riemann scheme of Py, equals (4.15) for any g; € C and \;, € C under

the Fuchs relation (4.16). Moreover the coefficients a;(x) are polynomials of x, X;

and g; with the degree at most (p — L)n+ j for j = 0,...,n, respectively. Here g;

are called accessory parameters and we call Py, the universal operator of type m.
The non-negative integer N will be denoted by Ridxm and given by

0 (idxm > 0),
(6.26) N =Ridxm :=< gedm (idxm = 0),
Pidxm (idxm < 0).
Put m = (M;,) 0<j<p = Okaem with the non-negative integer K given in i).

When idxm < 0, we define

o
@ = #{i; Zmax{ﬂow —4,0} >ordm — ¢, i > 0},

v=1
Im ={(j,v)€Z%;¢°<j< ¢+ N, -1, 1<v<ordm—1}.
When idxm > 0, we put I, = ().
Then #Iy, = Ridxm and we can define I; such that I, = {I;;i=1,...,N}
and g; satisfy (6.13) by putting g5, = g; fori=1,...,N.
v) Retain the notation in Definition 5.12. If A, , € C satisfy

D 50 M) e0), 48,50 (va—t(k) )

¢1{0,—1,-2,-3,...,m(k);, oky,, — m(k)j, v, —d(k) + 2}
forany k=0,...,K — 1 and (jo,v,) satisfying
m(k)j, v, = m(k)j, e);, — dk) +2,

any Fuchsian differential operator P of the normal form which has the Riemann
scheme (4.15) belongs to Py with a suitable (g1,...,gn) € CV.

(6.27)

(6.28) If m is a scalar multiple of a fundamental tuple or simply reducible,
’ (6.27) is always valid for any X;,,.

Fiz \;,, € C. Suppose there is an irreducible Fuchsian differential
(6.29) { operator with the Riemann scheme (4.15) such that the operator is
locally non-degenerate or K <1, then (6.27) is valid.

Suppose m is monotone. Under the notation in §7.1, the condition (6.27) is
equivalent to

(AN)|a) +1¢{0,-1,...,2 = (a|am)}

(6.30) for any a € A(m) satisfying (a|am) > 1.

Example 5.6 gives a Fuchsian differential operator with the rigid spectral type
21,21, 21,21 which doesn’t belong to the corresponding universal operator.
The fundamental tuple and the simply reducible tuple are defined as follows.
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DEFINITION 6.15. i) (fundamental tuple) An irreducibly realizable tuple m €
P is called fundamental if ordm = 1 or dyax(m) < 0.

For an irreducibly realizable tuple m € P, there exists a non-negative integer
K such that 9X  m is fundamental and satisfies (6.24). Then we call 09X, m is a
fundamental tuple corresponding to m and define fm := 9% m

max °

ii) (simply reducible tuple) A tuple m is simply reducible if there exists a
positive integer K satisfying (6.24) and ord 9%, . m = ordm — K.

PROOF OF THEOREM 6.14. i) We have proved that m is realizable if the condi-
tion dpa.(m) < 01is valid. Note that the condition d,q.(m) = 2 ord m is equivalent
to the fact that sm is trivial. Hence Theorem 5.10 proves the claim.

iv) Now we use the notation in Definition 5.12. The existence of the universal
operator is clear if sm is trivial. If dy,q.(m) < 0, Theorem 6.6 and Proposition 6.12
with Corollary 6.3 assure the existence of the universal operator Py, claimed in iii).
Hence iii) is valid for the tuple m(K) and we have a universal operator Px with
the Riemann scheme {\(K)m k) }-

The universal operator Py with the Riemann scheme {A(k)m ()} are inductively
obtained by applying 9y to the universal operator Py with the Riemann scheme
{AMk+1D)m@s1)} for k=K -1, K —2,...,0. Since the claims in iii) such as (6.13)
are kept by the operation gy, we have iv).

ili) Note that m is irreducibly realizable if m is indivisible (cf. Remark 4.17
ii)). Hence suppose m is not indivisible. Put k = gedm and m = km’. Then
idxm = k%idxm’.

If idkxm > 0, then idxm > 2 and the inequality (5.19) in Lemma 5.3 implies
that m is not irreducibly realizable. If idx m < 0, Proposition 6.13 assures that m
is irreducibly realizable.

Suppose idxm = 0. Then the universal operator Py, has k accessory param-
eters. Using the argument in the first part of the proof of Proposition 6.12, we
can construct a Fuchsian differential operator Pm with the Riemann scheme {)\m}.

Since Py, is a product of k copies of the universal operator Par and it has k ac-
cessory parameters, the operator Py, coincides with the reducible operator P, and
hence m is not irreducibly realizable.

v) Fix X;, € C. Let P be a Fuchsian differential operator with the Riemann
scheme {A\m}. Suppose P is of the normal form.

Theorem 6.6 and Proposition 6.12 assure that P belongs to Py, if K = 0.

Theorem 5.2 proves that if 9, P has the Riemann scheme {A(k)m)} and

max

(6.27) is valid, then 05FLP = 9,0k, ., P is well-defined and has the Riemann
scheme {A(k+1)mk41)} for £ =0,..., K —1 and hence it follows from (5.27) that
P belongs to the universal operator Py, because 9X P belongs to the universal
operator P (k)-

If m is simply reducible, d(k) = 1 and therefore (6.27) is valid because m(k); .
m(k)j ek, < m(k)jew), —d(k)+2for j =0,...,pand v = 1,...,n; and k
0,...,K — 1.

The equivalence of the conditions (6.27) and (6.30) follows from the argument
in §7.1, Proposition 7.9 and Theorem 10.13.

ii) Suppose there exists an irreducible operator P with the Riemann scheme
(4.15). Let M = (M, ..., M) be the tuple of monodromy generators of the equa-
tion Pu = 0 and put M(0) = M. Let M(k+1) be the tuple of matrices applying the
operations in §9.1 to M(k) corresponding to the operations Jy for £ =0,1,2,.. ..

Comparing the operations on M(k) and Jy(x), we can conclude that there ex-
ists a non-negative integer K satisfying the claim in i). In fact Theorem 9.3 proves
that M(k) are irreducible, which assures that the conditions (5.6) and (5.7) corre-
sponding to the operations dy) are always valid (cf. Corollary 10.12). Therefore

<
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m is realizable and moreover we can conclude that (6.29) implies (6.27). If idxm
is divisible and idxm = 0, then P, is reducible for any fixed parameters A;, and
gi;- Hence m is irreducibly realizable. O

REMARK 6.16. i) The uniqueness of the universal operator in Theorem 6.14
is obvious. But it is not valid in the case of systems of Schlesinger canonical form
(cf. Example 9.2).

ii) The assumption that Pu = 0 is locally non-degenerate seems to be not
necessary in Theorem 6.14 ii) and (6.29). When K = 1, this is clear from the proof
of the theorem. For example, the rigid irreducible operator with the spectral type
31,31, 31,31, 31 belongs to the universal operator of type 211, 31, 31, 31, 31.

6.5. Simply reducible spectral type

In this section we characterize the tuples of the simply reducible spectral type.

PROPOSITION 6.17. i) A realizable tuple m € P satisfying mo, = 1 for
v=1,...,n is simply reducible if m is not fundamental.

ii) The simply reducible rigid tuple corresponds to the tuple in Simpson’s list
(cf. §13.2) or it is isomorphic to 21111,222,33.

ili) Suppose m € Ppiq is not fundamental. Then m satisfies the condition
N,(m) >0 forv=2,...,ordm — 1 in Definition 6.1 if and only if m is realizable
and simply reducible.

iv) Let m € Ppy1 be a realizable monotone tuple. Suppose m is not fundamen-
tal. Then under the notation in §7.1, m is simply reducible if and only if

(6.31) (o]am) =1 (Va € A(m)),
namely [A(m)] = 1#20) (¢f. Remark 7.11 ii)).

PROOF. i) The claim is obvious from the definition.

ii) Let m’ be a simply reducible rigid tuple. We have only to prove that
m = Op,,m’ is in the Simpson’s list or 21111,222,33 and ordm’ = ordm + 1
and dp,q;(m) = 1, then m’ is in Simpson’s list or 21111,222,33. The condition
ordm’ = ordm + 1 implies m € P;. We may assume m is monotone and m’ =
Oty 1,0, The condition ordm’ = ordm + 1 also implies

(Mo, — moye,) + (M1,1 —mae,) + (Ma1 — may,) = 2.

Since Opazm’ = m, we have mj,, > mj1 — 1 for j =0,1,2. Hence there exists an
integer k with 0 < k < 2 such that mje, =mj1— 1+ 0 for j =0,1,2. Then the
following claims are easy, which assures the proposition.

If m =11,11,11, m’ is isomorphic to 13,13,21.

If m = 13,13,21, m’ is isomorphic to 1%,14,31 or 14,211, 22.

Ifm=1"1"n— 11 with n > 4, m’ = 1"*1 17+! nl.

If m=12"nn — 11, nn with n > 2, m’ = 12"+ nnl,n + 1n.

If m = 15,221, 32, then m’ = 15,33, 321 or 1°,222,42 or 21111, 222, 33.

Ifm=1" n+1n,nnl withn >3, m' =1?>""2 n+1In+1,n+ Inl.

If m = 16,222, 42 or m = 21111,222,33, m’ doesn’t exists.

iii) Note that Theorem 6.6 assures that the condition N,(m) > 0 for v =
1,...,ordm — 1 implies that m is realizable.

We may assume m € 7?151)1 is standard. Put d = mo1+---+mp1—(p—1)n >0
and m’ = 9,,,,m. Then m;ﬂ, =mj, —6,1dfor j =0,...,pand v > 1. Under the
notation in Definition 6.1 the operation 0,4, transforms the sets

my o= {Myes kb =0,1,2,... and i, > 0}
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into
m; = {ﬁ%k —min{d,m;1 —k}; k=0,...,max{m;1 —d,mj2 — 1}},
respectively because m;; = >, max{m;, —i,0}. Therefore N,(m’) < N,(m) for

v=1,...,n—d—1=ordm’ — 1. Here we note that

n—1 n—d—1
N, (m’) = Pidx m.

ZNy(m) =

Hence N,(m) > 0 for v = 1,...,n — 1 if and only if N,(m’) = N,(m) for v =
1,...,(n—d) —1 and moreover N,(m) =0 for v =n—d,...,n— 1. Note that the
condition that N,(m’) = N,(m) for v =1,...,(n —d) — 1 equals

=

v

T+

(6.32) mj1—d>mjo—1 for 7=0,...,p.

+ [+

This is easy to see by using a Young diagram. For example, when {8,6,6,3,1} =
{mo1,mo,2, Mo 3,M0p,4, Mo 5} is a partition of n = 24, the corresponding Young
diagram is as above and then mg 2 equals 15, namely, the number of boxes with the
sign + or —. Moreover when d = 3, the boxes with the sign — are deleted by 94z
and the number mg 2 changes into 12. In this case mo = {24,19,15,11,8,5,2,1}
and m{, = {21,16,12,8,5,2}.

If d > 2, then 1 € m; for j =0,...,p and therefore N,,_s(m) — N,,_;(m) = 2,
which means N,,_1(m) # 0 or N,_2(m) # 0. When d = 1, we have N,(m) =
N,(m') forv=1,...,n—2 and N,,_1(m) = 0. Thus we have the claim.

iv) The claim follows from Proposition 7.9. (]

EXAMPLE 6.18. We show the simply reducible tuples with index 0 whose fun-
damental tuple is of type Da, Eg, Ey7 or Eg (cf. Example 6.8).

Dy 21,21,21,111 22,22,31,211 22,31,31,1111

Fg: 211,211,1111 221,221,2111 221,311,11111 222,222,3111 222,321, 2211
222,411,111111 322,331,2221 332,431,2222 333,441, 3222

FEr: 11111,2111,32 111111,2211,42 21111,2211,33 111111,3111,33
22111,2221,43 1111111,2221,52 22211,2222,53 11111111, 2222, 62
32111, 2222,44 22211, 3221,53

Fg: 1111111,322,43 11111111,332,53 2111111,332,44 11111111,422,44
2211111,333,54 111111111,333,63 2221111,433,55 2222111,443,65
3222111,444,66 2222211,444,75 2222211,543,66 2222221,553,76
2222222653, 77

In general, we have the following proposition.

PROPOSITION 6.19. There exist only a finite number of standard and simply
reducible tuples with any fixed non-positive index of rigidity.

PROOF. First note that m € Pp41 if dyee(m) = 1 and ordm > 3 and g, m €
Pp+1. Since there exist only finite basic tuples with any fixed index of rigidity
(cf. Remark 7.15), we have only to prove the non-existence of the infinite sequence

m(o) Omaz m(].) Omaz Omax m(k) Omax m(k+].) Omax .

such that dp,q,(m(k)) =1 for £ > 1 and idxm(0) < 0.
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Put
m(k); = max{m(k);.},
a(k); = #{v; m(k);, = m(k);},
[ m = mk); — 1) (a(k); > 1),
bh); {oo (m(k); = 1).
The assumption diae(M(k)) = dpa(m(k+1)) = 1 implies that there exist indices
0 < jg < j;, such that
e @) bR 1) = or ),
(G8 (elEL E) {(1, alk); 1) (G # x and jp)
and
(6.34) m(k)o+---+m(k), = (p—1)ordm(k) + 1 (p>1)

for k=1,2,.... Since a(k+1); + b(k+1); < a(k); + b(k);, there exists a positive
integer N such that a(k+1); + b(k +1); = a(k); + b(k); for k > N, which means

>0 (j=Jkor jy),
(6.35) RS o

=0 (j# jr and jj).
Putting (a;,b;) = (a(N);,b(N);), we may assume by > by > by =bz =--- =0 and
az > az > ---. Moreover we may assume jy_; < 3, which means a; =1 for j > 4.

Then the relations (6.33) and (6.35) for k= N, N +1, N +2 and N + 3 prove that
((ao, bo),- -, (as, bg)) is one of the followings:

(6.36) ((a0,00), (a1,0), (1,0), (1,0)),

(6.37) ((a0,00), (1,1),(2,0), (1,0)),

(6.38) ((2,2),(1,1),(4,0),(1,0)), ((1,3),(3,1),(2,0),(1,0)),
(6.39) ((1,2),(2,1),(3,0), (1,0)),

(6.40) ((1,1),(1,1),(2,0), (2,0)).

In fact if by > 1, ap = a3 = 1 and we have (6.36). Thus we may assume by = 1. If
by = 00, a3 = 1 and we have (6.37). If by = by = 1, we have easily (6.40). Thus we
may moreover assume by = 1 < by < 0o and ag = 1. In this case the integers jj/
satisfying b(k)j;'c' =0and 0 < j/ <2 for k > N are uniquely determined and we
have easily (6.38) or (6.39).

Put n = ord m(N). We may suppose m(N) is standard. Let p be an integer
such that m;o < n if and only if j < p. Note that p > 2. Then if m(N) satisfies
(6.36) (resp. (6.37)), (6.34) implies m(N) = 1",1",n — 11 (resp. 1", mm — 11, mm
or 1", m + 1m,mm1l) and m(N) is rigid.

Suppose one of (6.38)—(6.40). Then it is easy to check that m(N) doesn’t
satisfy (6.34). For example, suppose (6.39). Then 3mp1 —2 <n,3mis—1<n
and 3mg1 < n and we have mo 1 + m1 1 + ma < [%F2] + 2] + [2] = n, which
contradicts to (6.34). The relations [22] + [2] + [2] < n and 2[2F] +2[2] = 2n

1 2
assure the same conclusion in the other cases. O



