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Further decay results on the system of NLS
equations in lower order Sobolev spaces

Chunhua Li

Abstract.

The initial value problem of a system of nonlinear Schrédinger
equations with quadratic nonlinearities in two space dimensions is stud-
ied. We show there exists a unique global solution for this initial value
problem which decays like t=! as t — 400 in L (IR?) for small initial
data in lower order Sobolev spaces.

§1. Introduction and main results

We consider global existence of solutions and time decay of the so-
lutions to the following system of nonlinear Schrédinger equations
) 'Izatvj"‘ﬁ‘j‘A'Uj:F}'(Ul,"','l)l),tER,meRz,
v; (0,7) = ¢; (z),x € R,

for 1 < j <, where 75 is the complex conjugate of v;, m; is a mass of
a particle and quadratic nonlinearity has the form

Fj (v, -+u) = Z )\ﬁn,kvmvk,

1<m<k<2l
with
Um, Uk € {v1,- - 0,01, -0} = {v1, U, 041, - ',’U2l},)\zn,k e C.
The special system
@) { i33:111 + g;}l—llAm = Y1V,
10;v2 + g Avg = v,
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in (¢,7) € R x R? where m; and my are masses of particles and v is
a complex constant, is studied in [2] and [3]. In {2], we showed global
existence in time of small solutions and time decay estimates to the so-
lutions in the Sobolev space H?? (]RQ). We also proved nonexistence of
scattering states in L? (R?). We constructed the modified wave opera-
tors of System (2) for suitable given data in [3]. In the case of higher
dimensions, existence of the wave operators of System (2) was studied
in [5]. In [13], we considered the generalized system (1). We proved
L (R?)-time decay estimates of small solutions in the Sobolev space
H?2 (R?). We also discussed existence and nonexistence of wave oper-
ators. The purpose in this paper is to show that L (R?)-time decay
of small solutions in lower order Sobolev spaces H?-0 (]Rz) NnH%8 (]RQ),
where 1 < § < 2.

We make the following assumptions on quadratic terms F; for 1 <
J<l
(A1) There exist positive constants ¢; for 1 < j <1 such that

!
Im Y c;F;75 =0.
Jj=1
(42) | | |
Fj(v1,- - v) = €™OF; (e7™00y, . - e 7 My))
for any ¢ € R.

Under the mass condition 2m; = my and v = 1, System (2) obeys
these two assumptions. We may find another physical example satisfying
these assumptions in [1].

Condition (A;) is a sufficient condition under which System (1) sat-
isfies L2 (R?) conservation law 9, Z;zl ¢ ||'uj||i2(R2) =0, where ¢; > 0
for 1 < 7 <. In fact, System (1) can be regarded as the nonrelativistic
version of a system of nonlinear Klein—Gordon equations
1 1 mjc?

Ou; — ——Au;
2c2mj t U 2mj ’U,]+ 2

(3) uj:_'Fj(ula"'aul)v j:17"'7l7
under Condition (Asz), where ¢ is the speed of light. The related systems
of Klein—-Gordon equations were considered in [7], [8] and [10].

In what follows, we use the same notations both for the vector func-
tion spaces and the scalar ones. For m,s € R, weighted Sobolev space
H™* (R?) is defined by

m,s 2\ f:(f17'-')fl)€L2 (Rz),
H™* (R*) = { 1 lleme gy = Somy I fillggme ey <00 [
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where || fjllgme@yy = [[1-A)T(1+ |x|2)%fj||L2(R2) . We write
“fj”L'z(]Rz) = ||f;| and H™ (R?) = H™? (R?) for simplicity. We de-
note by the same letter C various positive constants.

Our main theorem is stated as follows :

Theorem 1. Assume that (A1) and (A2) hold. We also assume
that ¢ = (¢1,- -+, ¢) € HPO (R?) N HOP (R?), where 1 < B < 2. Then
for some € > 0 there exists a unique global solution v = (v1,---,v;) to
System (1) such that v = (v1,---,v) € C(R;HA? (R?) nH®A (R?))

and
l

[ (D)llgoo oy = D 10 ()l may < C (L4 [¢) 7

i=1

for any ¢ = (¢1,- - -, ¢1) satisfying

l
Illeze.0qga) + 19leosqazy = D (I9illersome) + 10ilmos@e) ) <.

i=1
The global existence result of System (1) can be obtained by using
the method of [11] and [9]. L*® (R?)-time decay of small solutions for
System (1) in HAO (R%) N H*? (R?), where 1 < 8 < 2, is our main
result and will be proved by showing a priori estimates of local in time
of solutions. This idea was used in [4] and [15].

Remark 1. By the same method, we may obtain the similar time
decay results to Theorem 1 in the case of 8 > 2.

§2. A priori estimates of solutions

For any ¢ = (¢1,- -+, ¢) € HP? (R?) NH®? (R?), where 1 < 8 < 2,
we let T > 0 and v = (v, - -, v;) be a solution of System (1) in Space
Xr ={C ([0,T]; H?? (R?) n H*? (R?)); vl x, < oo} with norm

l l
— . — s _ .
nanT—}jnv]nXT—supte[o,n]}:lj(m) [V 0] ey

j=1

where 0 < § < 7(8 —1). Existence of local in time of solutions can be
obtained by contraction mapping principle. We give it without proof
(See [14]).

Theorem 2. Let T > 1, then there exists a small ¢ > 0 such that
for any ¢ = (¢1,---, &) € HPO(R?) N HOP (R?) with ||¢llgs.0(gay +
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||¢”H°:5(R2) < g, where 1 < B < 2. System (1) has a unique pair of
solutions v = (v1,- - -,u) € Xr such that |Jv]|x, < 2e.

Let Us (t) be the Schrodinger evolution group defined by Us (t) =
FIESFwith 6 # 0,F = e~ 54" for ¢t # 0. In what follows we let v be a
solution given by the above theorem. We define the dilation operator by
(Dsd) (z) = ﬁqﬁ (%) for 6 # 0 and define E = e~ 5t M = ezl
for t # 0. Evolution operator Us (t) for ¢ # 0 is written as

Vs (0 6) () = M (@) Ds ((F (M ) 0))) ©) (@)
We have
Us (—t) ¢ (z) = —M? (]-"lE‘SD%qS) ().

Then the free evolution group is factorized as Us (¢) F~! = M~ 3 Dst M _ 1,
where M_1 = FM~%F~1. Moreover we have FUs (—t) = —M%E‘sDé_lt.
These formulas were used in [6] first.

We estimate difference between the free Schrédinger solution and its
main term. Lemma 1 is obtained in [4].

Lemma 1. Let f € H*? (R?),6 # 0. Then

| = M3 Do Us (<) 7] _ L < Ol 10 (1) ooy

for|t| =1, where 0 < a <1 and B > 1+ 2a.
If we multiply both sides of (1) by F U_ (—t), then we can divide

the nonlinear term into the main term and the remainder term under
the gauge condition (A4;). Detailed calculations can be seen in [13].
We define

R
= i (Mm, 1) ZLF; (- Do Myt FU 3 (<t)vn, -,
~Dra My, 1]~'U1 (- t)vl)
and
Ry
= z—n—ziF] (-1)%/\4;;7(]%T (=t)v1,- -, =D ML FU L (=) vl>

—Z—— < DﬂJ_}-U L (=t)vy, -, —Dm; FU 1 (—t)vl> .
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Then the nonlinear term can be divided into two parts such that

. 1
4) 10pu; :;Fj (w1, w) + D1 ZR”,
=1

where
’U,J :D 1 ;U 1 (—t)vj.
™m; ™m;

We multiply both sides of (4) by ¢,u; , take the imaginary part and use
Condition (A7) to obtain

14

A 2
(5) O ch luj|2 =2Im ch <D”+] ZRi’j> u; |,
j=1 i=1

Jj=1

where ¢; > 0 for 1 < j <. We prove the second term of the right hand
side of (4) is a remainder term.

Lemma 2. We have

12
ZZ [ Rijll oo 2y < clt|==

j=14=1

2
Us (—t)u}

HO.8(R?) ’

for |t| =2 1, where

Jo. oo

l
HO.5(R2) ]}::1 HU‘*&—] ( )vj HHO,/S(R2) ’

O<a<landf>1+42¢.
Proof. By Schwarz inequality and Lemma X4 in [12], we have

[[R1,5 || (m2)
< OW 0 |[Fy (~Dm FMUL (A,
mq my
—D*l}'M UL ( )Uz)l
HB/9(R?)
11—
< Ll <L1(R2)\ R -
11—« _ _—
< C|t| Z HUl HD,B(R2)‘ qu( t)quHO,B(RQ)
p,g=1
< Clt~ 1= O‘Z”Ul (—t) v‘

HOA(R2)
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where 0 < o < 1and > 1+ 2¢c.
We can estimate || Rz ; i|Loo(R2) by the same method. Q.E.D.

‘We define

©) |7

UL Okl U (),

where s > 0. Then (6) can be presented as (see [4])

s t2 %
=Mmi | ——A| M™i,

‘J ,
e 2
m; ’m]
s .
Moreover we have commutation relations with lJ 1| and L1 =10, +
™y ™

ﬁjA such that

Jai
m;

=0

We evaluate the derivative of “U 1 (——t)v‘

by

J

with respect to t.
HO.8 (R2)

Then we have

Lemma 3. We have

2o o

< ot ”U% (—t)v

HO.A (R2)

|fU_T% (-t)v“

HO .5 (R2) Lo (R2)

2
+ Ct 7 |UL (—t) v|

HO,B(]R2)

foranyt e [1,T], where 0 < <1,2> 8> 1+ 2a and

1
o2 el = Sl o]

Loo(R?)

J

By Lemma 3, we have the following desired a priori estimates of
local solutions.

Lemma 4. There ezist small € > 0 and § with €2 < § < g (ais
mentioned in Lemma 3.) such that

|72 =04

1+ + HFU% (—t)v” <eb,

HO.8 (RZ) Lo (]RQ)
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and

(l|¢jl|Hﬁ,0(R2) + “‘ﬁj”HOﬁ(Rz)) <e

l
=1

j
for any t € [1,T], where 2 >8> 1.

The proofs of Lemma 3 and Lemma 4 are similar to the proofs in
[13]. Because of the limitation of length, we omit the proofs of them
here.

§83. Proof of Theorem 1.

Proof. We consider the case of t > 1. From Lemma 1 we have

05| oo (R2) < ctt ”J-‘U_"_:; (—t) v,—” +COt e ’ Um%. (—t) v-‘

Lo (R?) HO.8(R2)

where 0 < o < 1and 8 > 142a. By the standard continuation argument
we have a unique time global solution such that

<er(1+1),

HU# (“t)vl HO.8(R?)

H.FUL (—t)v“ <e:

for any ¢t > 1, where £2 < § < Sand 2> B > 1+ 2a.
Therefore we get the time decay estimates
!
”U“Loo(RZ) = Z “”j”Loo(W)
=1

< ottt H]-"Uﬁ (—t)'v” + Ot HU% (—t)v.

Lo (R?) HO-8 (R?)

< C’(s%t_l +t—1——a+6> <ot

for t > 1. If t € [0,1], we have |[v[|g,ccge)y < Ce by [[v(0)||msome) < €
for 2 > 8 > 1. In the case of t < 0, the theorem follows by the same
method. This completes the proof of the theorem. Q.E.D.
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