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Schrodinger equations on compact symmetric spaces 
and Gauss sums 

Tomoyuki Kakehi 

Abstract. 

In this article, we will give a reciprocity formula for generalized 
Gauss sums and its application to Schrodinger equations on certain 
compact symmetric spaces. 

§1. Introduction 

According to quantum physics, it is impossible to determine the 
future position of a particle. Nonetheless, under some conditions, it is 
possible to predict the position of a free particle on a compact symmetric 
space in the future. The purpose of this article is to state a reciprocity 
formula for generalized Gauss sums and to apply it to future prediction 
of a free particle. 

Let M = U I K be a compact symmetric space with even root mul
tiplicities and let A c M be a maximal torus. We assume a certain 
condition on the weight lattice and the coroot lattice associated with 
the maximal torus A. (We will give this condition later in Section 2.) 
We consider the following Cauchy problem for the Schodinger equation 
onM. 

(1) (Sch)M { 
H8t'l/J + tl.M'l/J = 0, t E ~' 
'l/J(O,x)=80 (x), xEM. 

Here 80 (x) denotes the Dirac's delta function with singularity at o = 
eK E U I K and Ll.M denotes the Laplace-Beltrami operator on M with 
respect to the U-invariant metric. In addition, for simplicity, we denote 
Jt by 8t. (We consider Ll.M to be a non-positive operator as in the case 
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of JRn.) Let EM(t,x) be the fundamental solution to the Schodinger 
equation corresponding to a free particle on M, namely, the solution to 
the above equation (Sch)M· 

Then in [Kl] we proved the following. 

Theorem 1.1. (See Theorem 1.1 in [Kl].) There exists a positive 
number c such that the following (I) and (II) hold. 

(I) In the case when tIc is a rational number. Let us put ! = !!.. E 
c q 

Ql, where p, q E Z, q > 0 and p and q are coprime. Then 
there exists a finite subset 9q of A depending on q such that 
the support of EM ( ~, · ) (as a distribution on M) is given by 

SuppEM ( c:, ·) = { k ·a E M I k E K, a E Qq }. 

(We will construct the above finite set 9q explicitly in Section 
2.) 

(II) In the case when tic is an irrational number. The support of 
EM(t, ·) is given by 

SuppEM(t, ·) = SingSuppEM(t, ·) = M. 

Here SingSuppEM(t, ·) denotes the singular support of EM(t, · ). 

Here we remark that the above finite set 9q is given in terms of 
generalized Gauss sums. 

So in Section 2, we will define generalized Gauss sums, and in Section 
4, we will explain how we can predict the position of a free particle on 
M = U I K at a future rational time. 

§2. Generalized Gauss sums 

In this section, we will define a generalized Gauss sum and construct 
the finite subset 9qin Theorem 1.1. 

Let us first introduce several notations on symmetric spaces. 

Notation 2.1. Let u and£ be the Lie algebras of U and K respec
tively, and let u = £ EB m be the corresponding Cartan decomposition. 
We take a maximal abelian subalgebra a C m such that exp a= A. We 
put d := dima (= rankM). We fix an Ad-U-invariant inner prod
uct ( ·, ·) on u, which induces inner products on m and on a. We de
note these induced inner products by the same (-, ·). For o: E a, let 
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Ua ={X E uiC I [H,X] = A(a,H)X, for\/ HE a}. a is called a 
restricted root if Ua =1- { 0}. We put ma = dime Ua for a restricted root a 
and call it the multiplicity of a. In addition, we write av = 2aj (a, a) for 
a. Let ')'1 , · · · , /d be the simple roots. (For the details, see for example 
[H-1] or [Tak].) 

Assumption 2.2. Here we assume the following even multiplicity 
condition (EMC). 

(EMC) : ma is even for any restricted root a. 

Now we introduce two lattices r and r 0 of the d-dimensinal vector 
space a as follows. 

(2) 

(3) 

r :={HEal exp(H) E K}, 

ro := Z11 v EB · · · EB Zrdv· 

Then A is written as A~ ajr, and under (EMC) we have ·nT0 = r. The 
lattice r 0 is called the coroot lattice. 

Let A be the dual lattice of r 0 , then A is written as 

where A1, · · · , Ad be the fundamental weights which correspond to the 
simple roots 11, · · · , 1 d (namely A1, · · · , Ad satisfy ( Ai, 1 'j) = Dij.) 

Moreover, for q E Z, q > 0, let 

(4) ro[q] := {£n1v + ... +Cdrdv E ro I 0::; £1,··. ,.ed::; q-1 }, 

(5) A[q] := { £1A1 + ... +£dAd E A I 0::; .e1, ... '.ed ::; q- 1 } . 

In addition to (EMC), we assume the following condition on the 
coroot lattice r 0 and the weight lattice A. 

(6) 

Assumption 2.3. There exists a constant c > 0 such that cA C r 0 . 

So we take a constant c0 as 

Co :=min{ c > 0 I cA c ro }. 

Remark 2.4. (i) If M is irreducible, then the above constant 
c0 coincides with the dual Coxeter number of the corresponding 
root system. In particular, such M satisfies Assumption 2.3. 

(ii) There is another constant c > 0 such that c0c E Z and CI'0 C A 
for the above constant c0 . So we take the least positive number 
c1 among such constants c and put L := coc1 E Z. 



314 T. Kakehi 

Now we define a generalized Gauss sum. 

Definition 2.5. For p, q E Z, q > 0, p and q coprime, for J-l E ro, 
we define a Gauss sum associated with A and r 0 by 

(7) "'""' 21rA G(p, q; J-L; A, ro) := ~ exp {p(co.X, >.)-(A, J-L) }. 
.X.EA[q] q 

For simplicity, we call the above sum (7) a generalized Gauss sum. 

Example 2.6. In the case d = 1 and A ~ S 1 ~ 1Rj21rZ, r 
27rZ, ro = 2Z, and A= ~z. Therefore, Co = 4. In this case, the Gauss 
sum is given by 

q-1 

. . - 1 -"'""' 2 "v'=T{p£2 -kf} (8) G(p, q, J-L, A, r 0)- G(p, q, 2k, 2z, 2Z)-~ e q , 

f=O 

for p, q E Z with p and q coprime, and for J-l = 2k E r 0 = 2Z. We note 
that the above sum (8) is called a quadratic Gauss sum in the theory 
of cyclotomic fields. (See [L ]. ) In this sense, G (p, q; J-L; A, r 0 ) can be 
regarded as a generalization of a quadratic Gauss sum. 

Finally, we define a finite subset Qq of the maximal torus A by 

We note that Qq does not depend on p such that p and q are coprime. We 
also note that a necessary and sufficient condition for G(p, q; J-L; A, r 0 ) i= 
0 is given by Proposition 2.9 in [K1]. 

§3. Expression of EM at a rational time 

(10) 

In this section, we will state some results of [K1]. 
For the constant c0 , let 

7rco 
c:=-. 

2 

Then for the above constant c and the finite subset Qq, we have Theorem 
1.1 in Introduction. 

Let EA(t, a) be the solution to 
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where llA denotes the flat Laplacian on A and 8A denotes the Dirac's 
delta funtion on A. 

(12) 

Then the fundamental solution EM(t, x) is given by the following. 

Theorem 3.1. (See Theorem 4.5 in [K1].) 

EM(t,x) = const.ev='f(p,p)t DMEA(t,a), 

(a= a radial component of x ), 

1 
where p = 2 ma a and where D M is a differential operator 

a: : positive root 

on A of order ~(dimM- rankM). (DM is called a shift operator of 
Heckman and Opdam.) 

We note that if we assume (EMC) there exists such an operator DM. 
In addition to the above theorem, we have the following. 

Theorem 3.2. (See Theorem 2.11 in [K1].) 

(13) EA c:,a) = q-d 2:: G(p,q;I1;A,ro)8A ( [ H- %11] ) , 
JtEro[q] r 

fora= [H]r E A~ ajr. 

The above two theorems assert that the support of the fundamental 
solution EM at t = 7j- is the K-orbit of the above defined finite subset 

Yq· 

§4. Reciprocity formula and future prediction 

In this section, we give a reciprocity formula for the generalized 
Gauss sum. 

As is well known in algebraic number theory, the quadratic Gauss 
sum G(p, q, k) satisfies the following reciprocity formula. 

Theorem 4.1. (Reciprocity formula for quadratic Gauss sums.) 

1 

1 I q I"' ,;=r~ (I I 2k2) (14) G(p, q, k) = 2 2P e4Pil pq- G( -q, 4p, -2k). 

The above formula is due to Cauchy, Dirichlet, Kronecker, etc. 

In Section 2, we introduced the sum G(p, q; 11; A, r 0 ). There is an
other reason to call G(p, q; 11; A, r 0 ) a generalized Gauss sum. In fact, 
G(p, q; 11; A, ro) satisfies the following. 
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Theorem 4.2. (Reciprocity formula for generalized Gauss sums.) 

G(p, q; f../,; A, ro) 
d 

= 1-q-12 IA/clroiVol(A) e~~(cadlpql-2l~tl2) 
2cop (27r)d 

X G( -q, 4Lp; -2f..l,; A, ro), 

where co is the constant given by (6) and c1 and L are given in Remark 
2.4 (ii). 

The above reciprocity formula enables us to determine the location 
of a free particle at a future rational time. In fact, by making use of 
Theorem 4.2 , Theorem 3.1, and Theorem 3.2, we get the information 

(position, amplitude, etc) of a free particle at t = c:p from its information 
q 

at t =- 4~ x ~ and vice versa. (See the figure below.) Here c = T is 

the positive constant given by (10). This constant c is the same as the 
constant c in Theorem 1.1. 

~ { G(p, q; f.."; A, ro) }~tEA 

(Reciprocity formula) :0: 

~ { G(q, -4Lp; -2M; A, ro) }~tEA 

§5. Some remarks 

(I) The phenomenon described in Theorem 1.1 is similar to Huygens' 
principle for the modified wave equation on odd dimensional symmetric 
spaces with even root multiplicities in the sense that the support of the 
fundamental solution becomes a lower dimensional subset. For the ref
erences on the modified wave equation, see Branson-Olafsson-Pasquale 
[BOP], Branson-Olafsson-Schlichtkrull [BOS], Chalykh-Veselov [Cha-Ves], 
Gonzalez [Gonz], Helgason [H-3], [H-4], Helgason-Schlichtkrull [H-Sch], 
Olafsson-Schlichtkrull [Olaf-Sch], and Solomatina [Sol]. However, this 
phenomenon is quite different from Huygens' principle in the sense that 
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the support of the fundamental solution EM becomes lower dimensional 
only at a rational time. 

(II) The even multiplicity condition (EMC) plays an essential role in 
the proofs of Theorem 1.1 and Theorem 3.1. In fact, (EMC) guarantees 
the existence of the shift operator DM in Theorem 3.1. This fact is due 
to Heckman and Opdam. For the details of their results, see Heck
man [Heck], Heckman-Schlichtkrull [Heck.,Sch], and Opdam [Opd-1], 
[Opd-2], [Opd-3]. 

(III) Another generalization of Gauss sums and its properties are 
studied by Turaev from the point of view of link invariants on three 
dimensional manifolds. For the details, see [Tur]. 

(IV) The examples of compact symmetric space which satisfy (EMC) 
and Assumption 2.3 are given in the following list. 

(i) M = S0(2m + 2)/S0(2m + 1)( ~ S2m+l ). The odd dimen-
sional sphere. 

(ii) M = SU(2m)jSp(m). 
(iii) M = E6/ F4. 
(iv) M = (U x U)j f:::.U ( ~ U) for any compact simple Lie group U. 

Here f:::.U denotes the diagonal set { (u, u) E U xU I u E U }. 
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