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f(S) on the set of injective maps j: 'ip(S) '---+ 'i*(S). The set of these 
associators is denoted J(S). 

More explicitly we identify two embeddings j and j' =jog, g E f. 
Recall that 'ip(S) is equipped (contrary to 'i*(S) or 'i(S)) with a nat­
ural orientation, once the surface S has itself been given an orientation, 
which we assume once and for all. It is natural to define the set of ori­
ented embeddings by identifying two injective maps j and j' as above 
if the composite map j-1 o j exists and lies in Aut+('ip(S)), the group 
of oriented automorphisms of 'ip(S). The rigidity of the profinite pants 
graph identifies this group with Jnn(r(S)). 

Next, there is a natural action of Aut('i(S)) on J(S) obtained by 
first identifying Aut('i(S)) with Aut('i*(S)) and then postcomposing: 
¢·j = cpoj for j E J(S), ¢ E Aut('i* (S) ). This action factors through the 
quotient Aut('i(S))/f(S) = Out('i(S)) of Aut('i(S)) by f(S), where 
f(S) acts effectively via Jnn(f(S)). That this is a normal subgroup 
of Aut('i(S)) is part of Conjecture 9.8. Why this should be true (and 
more) is detailed in [L 1], §3. 

Finally, this action of Out('i(S)) on J(S) should be free and transi­
tive. This amounts to showing that an embedding of cJP into 'i* uniquely 
extends to an automorphism of'i*. Since 'i* and cJP share the same ver­
tices, .the question is only about edges. Moreover, assuming Conjecture 
8.5, we are dealing with flag complexes, so if the extension exists, it is 
unique since edges are determined by their boundary vertices. Finally, 
existence can be reduced to a local problem, that is to modular dimen­
sion 1 and the embedding of the profinite Farey graph into the profinite 
complete graph on the same vertices, in which case it is obvious. For de­
tails we refer to [L1] (Proposition 0.3) and especially [BL], §4. Again we 
refrain from a formal statement as more foundational work is required 
to make the above arguments watertight without assuming too much. 

The upshot is that the set J(S) of topological associators should 
be a torsor under the natural action of Out('i(S)) and Conjecture 9.8 
predicts that for d(S) > 1, this last group is nothing but a version of 
the Grothendieck-Teichmuller group, in particular is essentially inde­
pendent of the type (g, n). Here we should add that J(S) has a privi­
leged basepoint, namely the completion of j 0 defined by the topological 
embedding 'tfp(S) '---+ 'i&'*(S). So the torsor J(S) has a natural trivializa­
tion and for most purposes can be identified with the attending group. 
Still the above serves to underline the close parallel (but with significant 
differences as well) with the situation in [D], which gave rise to the orig­
inal definition of the Grothendieck-Teichmuller group. In [D], §4, the 
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prounipotent genus 0 version of the Grothendieck~Teichmuller group 
GT(k) (k a field of characteristic 0) appears via universal deformations 
of quasi-Hopf quasitriangular (i.e. braided) universal enveloping alge­

bras. The profinite version Gr is then introduced by analogy (top of 
p.846). Note that the pro unipotent (or pronilpotent) version is not de­
duced from the profinite version via the natural (functorial) procedure. 
The point we would like to make here is that we are in fact exploring a 
deformation theory in the full profinite modular setting. How can one 
interpret J as a set of deformations? Classically, if a and (3 are simple 
(isotopy classes of) curves on a surface they are said to have minimal in­
tersection if either they are supported on a subsurface of type (1, 1) and 
intersect at 1 point only, or they are supported on a subsurface of type 
(0, 4) and intersect at 2 points This elementary topological notion is the 
essential ingredient in the definition of the graph 't?p(S). That graph 
and its pro finite completion are essentially rigid. The curve complex (or 
graph) <i(S), however turns out to have a lot of (non inner) automor­
phisms and these are parametrized by the profinite deformations of the 
minimal intersection rule. Moreover the graphs <tf p ( S) and <tf* ( S) share 
the same set of vertices and in [11], §3, it is explained how a kind of 
transversality property should be valid. Namely given two embeddings 
j,j' E J, either their images coincide or they have no edge in common. 
An embedding is thus entirely specified by giving one of its edges, and 
such an edge in turn deserves to be called a rule for minimal intersec­
tion. The topological rule recalled above corresponds to the topological 
embedding j 0 and one could conclude that in some sense much of the 
mystery is (still) hidden in the profinite completion of the Farey graph. 

9.5. A graph theoretic view of the two-level principle 

As mentioned already above, the 'two-level principle' is one of the, if 
not the founding principle of Grothendieck~ Teichmuller theory. In a nut­
shell and shunning serious motivations, one is interested in the automor­
phism group of the so-called Teichmuller tower, meaning the collection 
of all the fg,[n]'s with varying (g,n) equipped with morphisms 'coming 
from geometry'. An interesting subtower is obtained by restricting to 
the case of genus 0, i.e. fixing g = 0 and letting n vary. According to the 
context this already encompasses e.g. braided categories or mixed Tate 
motives over Z. Very roughly speaking, the two-level principle says that 
the group of automorphisms of the whole structure, i.e. the automor­
phism group of the 'tower' (or category) is determined by the first two 
levels, that is the four cases with modular dimension 3g- 3 + n :::; 2 con­
nected by a few geometric maps. It will however emerge from this and 
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the next section that even the notion of 'tower' is actually superfluous 
and that the objects can be considered one by one. 

In genus 0, as can be gathered from [D], this principle is derived, in a 
nontrivial way, from McLane's coherence relations for what is nowadays 
called braided categories. It was implemented by Y. Ihara (starting with 
his paper in the Orothendieck Festschrift) in the same context, that is 
genus 0, prounipotent (or pronilpotent) and this paved the way to many 
important papers by the Japanese school. That same principle in genus 
0 is reflected in the geometry at infinity of the moduli schemes 9:no,n· 
In higher genus it was stated without proof in Grothendieck's Esquisse 
and vindicated in [L2] (see also [B1], Theorem 3.2) precisely by using 
(discrete) curve complexes and their homotopy types ( cf. Theorem 5.1 
above). Again it reflects the geometry at infinity of the moduli stacks. 
Although it is quite a bit more subtle than that, one can still profitably 
recall at this point the elementary fact that the fundamental group of a 
simplicial set or CW-complex depends only on its 2-skeleton. 

The two-level principle can be decomposed into two statements ex­
pressing injectivity and surjectivity respectively. The first says that two 
automorphisms of the tower which coincide at the first two levels coin­
cide. The second says that any automorphism of the two-level truncated 
tower can be extended to an automorphism of the full tower. Here we 
are interested only in the first statement (injectivity) because by now, 
owing to work of Y. Ihara (see especially his article in Israel J. of Math., 
1992) and to [HLS] and [NS] in the profinite case for all genus, the 
surjectivity part comes for free. Actually the Grothendieck~ Teich muller 
lego, recalled and somewhat improved in [L1] §5, enables one to explicitly 
describe the extension from the first level upward, provided one knows 
there is no obstruction at the second level. For much more material 
we refer the reader to [L1], [LS] and e.g. the homepage of P.L., which 
contain a hoard of references. 

Here we will state precisely the graph theoretic version of the two­
level principle; [L1] contains a proof which is valid for the geometric 
completion. Let us start with an elementary and useful definition. Given 
a connected surface surface S and a curve 1 on it (by which we mean as 
usual a simple loop considered up to isotopy), we say that 1 is complex 
theoretically non separating if it is either nonseparating in the usual sense 
or if S \ { 1} decomposes into two components, one of which is a trinion 
i.e. has type (0, 3). Because trinions (or 'tripods' in the terminology of 
[HM1,2]) are rigid, this seems to be the right notion of separability and 
it enjoys curious elementary topological properties (see [L1], §1). 

The graph theoretic version of the (injectivity part) of the two-level 
principle reads as follows: 
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LetS be hyperbolic with d(S) > 1 and let"'( be a complex theoretically 
non separating (discrete) curve of S. Let then F E Aut('tf(S)) be an 
automorphism of the profinite curve complex fixing"'(, so that F restricts 
to an automorphism of 'tf(S \ h}). Then, if that restriction reduces to 
the identity, F E (t1 ), the procyclic group generated by the twist along 

"Y· 
At present we are not able to garantee that inside 'tf(S), the star 

of "Y is indeed isomorphic to (the cone over) '1!f ( S \ { "'(}). The analog is 
true for the geometric completion and so if g(S) :::; 2 or if we assume 
the congruence conjecture. We refer again to [L1], Remarks 2.10, for 
comments on this graph theoretic avatar of the principle and its relation 
to previous incarnations. An attempted proof naturally proceeds by 
ascending induction on the modular dimension d = d(S). In fact let 
us denote by (Pd) (principle in dimension :::; d) the statement above for 
1 < d(S) :::; d, and by (Fd) the statement obtained by replacing the full 
profinite by the geometric completion everywhere. Then we have: 

Proposition 9.10. (see [L1}, Proposition 1.3) Assertion (Pd) im­
plies ( Pd+l) for all d > 1. 

If the congruence property holds this induction step is also true for 
the profinite completion. There remains to establish the base cased= 2, 
which contrary to what often happens in inductive proofs, is very far 
from being 'trivial'. First types (0, 5) and (1, 2) give rise to isomorphic 
curve complexes (and their completions) so that we need only study the 
case of '1!?(80 ,5 ). Second, the congruence property does hold in genus 0 
(or indeed for d(S) :::; 2) so that (P2 ) and (F2 ) coincide. Finally, §2 of 
[L1] is devoted to this graph theoretic version of the pentagonal story 
and shows that (P2 ) holds true, which completes the proof of: 

Theorem 9.11. The (injectivity part of the) graph theoretic version 
of the two-level principle holds true for geometric completions. 

In particular the principle holds in general modulo the congruence 
conjecture. As mentioned above the surjectivity part of that principle is 
not really a problem any longer so that this represents in some sense the 
major step in unraveling the structure of Aut('tf(S)) (Conjecture 9.8) 
modulo the congruence conjecture. 

We close this paragraph by stating a consequence of the two-level 
principle in genus 0 coupled with the computation of the automorphism 
group of the profinite graph '1!?(80 ,5 ) (cf. [L1], §§3, 4): 

Theorem 9.12. Conjecture 9.8 holds true in genus 0. 
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§10. Automorphisms of the profinite Teichmiiller groups 

10.1. Automorphisms of discrete Teichmiiller groups 

Let us very briefly review the situation in the discrete case, high­
lighting important and (for us) relevant statements. In a few sentences, 
and without paying due attention to a few low dimensional exceptions 
it looks as follows: 
i) Teichmiiller groups are rigid; for d(S) > 1: 

Out(r(S)) = Z/2, 

where the nontrivial element corresponds of course to taking a mirror 
image, alias orientation reversing involution or complex conjugacy (see 
[Iv3]); 

ii) This is true universally; if r>- c r is normal and cofinite, Out(r>-) 
can be described as an extension of Z/2 by the geometric group r ;r>­
acting by conjugation (see [Iv3]); 

iii) Every automorphism is inertia preserving, that is permutes the cyclic 
subgroups generated by the twists: 

Aut(r(S)) = Aut*(r(S)); 

iv) Every automorphism of the complex 'i&'(S) is induced by an auto­
morphism of the group r(S). 

Several remarks are in order. The most obvious one is that the 
above tersely and incompletely encapsulates the results obtained by a 
number of people over many years and does not really do justice to the 
situation. More to the point, iii) is rarely stated explicitly because there 
was no particular motivation to emphasize it but it is proved on the way 
to proving i) and ii). See [Iv5] and [McC] which also summarizes and 
develops a nice theory of the abelian subgroups of r. As usual, a pro finite 
(or even pro - £) version would be welcome. One can also regard iii) as 
a consequence of Theorem 8.4; see §8.4.1 for an all too brief discussion. 
Next there is a natural map Aut*(r(S)) -+ Aut('i&'(S)), recalling from 
§8.4.4 that, essentially trivially, 'i&'(S) ~ 'i&'c(S). By iii) we get the 
whole automorphism group and iv) says this map is an isomorphism. 
Of course, given Theorem 9.1 and i) above, iv) immediately follows, but 
it is still significant, e.g. as an analog of a result of Tits which states 
that (under certain conditions) every automorphism of a building comes 
from an automorphism of the group. 

Finally ii) is both deep and relatively easy. It stems from the fact 
that iff E Aut*(r>-) with r>- cofinite (not necessarily normal), f also 
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induces an automorphism of 'i&"(S). The point is that if two curves a and 
(3 are distinct, the associated cyclic groups (ta) and (tf3) are not com­
mensurable; they do not intersect along cofinite subgroups. As a result 
any cofinite subgroup of such a cyclic group determines the associated 
curve uniquely. The reader probably already noticed the connection 
with some of the questions discussed in §8.4.4. 

The morale of the discrete tale thus sounds as follows. All group 
automorphisms are inertia preserving and any such, indeed any auto­
morphism of a cofinite subgroup induces an automorphism of the curve 
complex. As a result, the automorphisms of the curve complex CC?(S) 
control the automorphisms of the group r(S), indeed of all its cofinite 
subgroups. Finally the curve complex itself is rigid (Theorem 9.1) and 
this essentially completes the part of the discrete story which is relevant 
here. 

10.2. A few inputs in Grothendieck-Teichmiiller theory 

We have managed hitherto to avoid giving precise definitions of the 
Grothendieck-Teichmi.iller group(s), or say of its profinite versions GT 
and Ir partly because they are cumbersome, partly because we wanted 
to insist on the phenomena which motivate these definitions and make 
them viable. In this subsection we recall less than a minimum; there 
now exist numerous references as far as GT is concerned and we will 
partly rely on the interest of the reader in terms of digging them out, 
which is very easy. Again the homepage of P.L. and e.g. [LS] or [Ll] 
will provide her /him with bibliographical entries of all kinds depending 
on her /his taste and background. 

As is well-known, GT was properly introduced in [D], first in its 
prounipotent version, as a universal deformation group for braided quasi­
Hop£ algebras (these objects were of course also introduced by 
V. Drinfel'd). Then §4 of [D] switches-somewhat abruptly!-to the 
profinite case to which we confine ourselves here. There is a nested 
sequence of inclusions: 

Gal(Q) C GT C Aut*(Fz), 

where Gal(Q) is the Galois group of Q, GT will be defined presently and 
~ut* (F2 ) is the group of continuous inertia preserving automorphism of 
F 2 , the profinite completion of the discrete free group F2 = (x, y) on 
the generators x and y. In this context 'inertia preserving' means that 
the procyclic groups (x) and (y) are respectively mapped to conjugate 
groups by an element F E Aut*(F2 ) and so is (z), with xyz = 1. We 



Profinite Teichmuller theory 329 

add that the above inclusions are 'almost natural', depending only on 
the choice of a rational (tangential) basepoint. 

Twisting by inner automorphisms of F2 one can normalize the ele­
ments of Aut* (F2) by requiring that the group (x) be globally fixed. Be­
hind this normalization and in greater generality are again such notions 
as tangential basepoints, splitting of certain sequences etc. The long and 
the short is that, concretely speaking, the elements of Aut*(F2) we are 
interested in are given as pairs F = (.A, f) with ,\ E Z* (the invertible 
elements of Z) and f E P~ (the topological derived subgroup of F2). The 
action on F2 is defined by: 

F(x) = x'\ 

One requires that these formulas define an automorphism, that is an 
invertible morphism, but in contrast with the pronilpotent case there 
is no effective way to test invertibility here, which simply has to be 
assumed (or 'imposed' which is the same). 

Multiplication is given by composition in the automorphism group 
Aut(F2). This leads to the following formula for the product of F = 

(>.,f) and F' =(A', f'): F' oF= (>.A', f' F'(f)). 
Then for an automorphism F as above to define an element of GT, 

it has to extend to an automorphism of the first two levels i.e. to the 
group ro,[4] (recall that ro,4 c::: F2) and especially to ro,[5]· This entails 
that the associated pair (.A, f) has to satisfy the following 3 relations 

(I) (2-cycle) f(x, y)f(y, x) = 1; 
(II) (3-cycle) f(x,y)x~-'f(z,x)z~-'f(y,z)y~-' = 1 where xyz = 1 and 

IL = (>.- 1)/2; 
(III) (5-cycle) j(x12, X23)j(x34, X45)j(x51, x12)J(x23, X34)j(x45,51) 

= 1; 

In these formulas one uses the fact that one can 'change variables' 
in the proword j and in the last of these, Xij E ro,5 represents a pure 
braid twisting strands i and j once (i,j E Z/5, i # j). A more omplete 
description is available in virutally any reference on the subject. 

Thus GT C Aut*(F2) is the subgroup whose elements are defined 
by pairs F =(>.,f) E Z* x P~, acting on F2 as above and satisfying (I), 
(II) and (III). These are often refered to as 'relations' but 'equations' 

would be more correct: GT is a subgroup, not a quotient of Aut*(F2). 

Remark 10.1. It was noted by H. Fu.rusho that (I) is in fact an 
easy consequence of (III). We nevertheless retain (I) in the definition 
because of its geometric meaning. Recently, the same author proved the 
surprising and beautiful result that (II) is a consequence of (III) in the 
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prounipotent setting, that is for GT(k ), where k is a field of characteristic 
zero (you may need a quadratic extension in order to define p,). Furusho's 
result immediately implies that this is also the case in the pro-£ setting 
(£ a prime) and it raises the question as to whether t~ implication 

holds true in the present full profinite case. The group GT would then 
be characterized by the 5-cycle or pentagon relation only. 

If F = O" E Gal ( Q), we denote the parameters by (Au, f u) and in 
fact Au = x( O") coincides with the value of the cyclotomic character 

x : Gal(Q) -+ Z*. In particular the first projection map Gr -+ Z*, 
defined by F = (A, f) -+ A, is surjective since it is already surjective 

when restricted to Gal(Q). Its kernel is an important subgroup of Gr, 
containing the Galois group of Qab, th~.E.mximal abelian extension of Q. 

The only "discrete" elements of GT, that is those given by pairs 
(A, f) E Z* x F~ are (±1, 1) ([D], Proposition 4.1) and the only nontrivial 
element among these, given by the pair c = ( -1, 1), corresponds to 
complex conjugacy. About the second projection F = (A, f) -+ j, it 
is interesting to note here that it is exactly two-to-one. Namely ifF = 
(A, f), then F' =Foe= (-A, f) is the only other element with the same 
j, ~an be readily infered from the formula for the multiplication law 
of GT mentioned above. So f determines A up to a sign, or to put it 
more geometrically, up to reflection; see [L1] for an elaboration on this 
theme. 

We will be even more sketchy about the group Ir although this 
should be the 'overarching' avatar of the Grothendieck-Teichmiiller 
group, since it corresponds to considering the full Teichmiiller tower 
(all hyperbolic types (g, n)) and the full profinite completion, which car­
ries the most information. We refer to [L1], §5 for a detailed description 
and comments, beyond the terse indications below; see also [HLS] and 

[NS] for a slightly different viewpoint. By definition an element of Gr 
acts on fo,[5] and also on the almost isomorphic group r1,[2]; 9:111,2 is the 
second piece at the second level i.e. it has dimension 2. Now consider 
the topological surface S = 8 1 ,3 . Drawing a picture, it is plain that one 
can find two curves a 0 and a 1 such that 80 = S \ a 0 is of type (0, 5) 
and 8 1 = S \ a 1 is of type (1, 2). Consider a pair (F0 , Fl) of elements of 
Gr and let F0 (resp. Fl) act on f(S0 ) (resp. f(Sl) ). Using the local­
ity of the action and the Teichmiiller lego (mark that these are highly 
nontrivial ingredients), one can test whether these actions paste into an 
action on the full group f(S). By the way, we are in the range where the 
congruence subgroup property is known to be valid, which is relevant 
here. Whether or not this compatibility of the local actions takes place 
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can be expressed as an explicit relation between the parameters of Fa 
and F 1 . If it does, we say that (Fa, F 1 ) constitutes a compatible pair 
and If is nothing but the set of such pairs. One then checks that it 
is a group, which is almost by definition and that Fa and F1 actually 
determine each other, which shows that If can be realized (in at least 

two ways) as a subgroup of Gr. 
We can now add an item in our nested sequence, to get: 

Gal(Q) c If c Gr c Out*(F2 ). 

This does prompt remarks, some of which the reader will find at the 
end of [L1]. As to the strictness of the inclusions, whether Gal(Q) 
and If coincide or not is clearly an important question, with loads of 
potential consequences. For the reader who is used to the prounipotent 
setting, this is of course the (full profinite, any genus) counterpart of the 
possible isomorphism between the Deligne-Ihara algebra (over Qe) and 
the graded Lie algebra grt 0 Qg. 

At the other end we used Out*(F2 ) rather than Aut*(F2 ) because 
the former is somewhat 'smaller' and does not require using a splitting 
(sometimes called a Belyi lifting) via a tangential base point. But that 
is a detail and the last containment is quite ample-Out* ( F 2 ) is a huge 
and somewhat amorphous group. The middle inclusion however is quite 
interesting. A priori Gr and If differ only by one relation taking place 
on a surface of type (1, 2) and they may look very similar if not equal. 

But from a motivic viewpoint, the prounipotent group GT(Q) should 
control (i.e. determine the Galois group of the Tannakian category of) 
the mixed Tate motives over Z, whereas the prounipotent avatar of If, 
still to be investigated, should have to do with 'modular motives', i.e. 
mixed motives attached to the 9J19 ,n's, which are not only not Tate, but 
are not even defined to-date (at least for g > 2). 

10.3. Automorphisms of profinite Teichmiiller groups 

We have seen in §10.1 that the determination of the automorphism 
group of the curve complex (Theorem 9.1), coupled with the fact that all 
the group automorphisms are inertia preserving (assertion iii) in §10.1) 
is the key to unlocking the structure, not only of the automorphisms of 
the Teichmiiller groups, but also of all their cofinite subgroups. 

In the profinite situation, Conjecture 9.8, which by now the reader 
may perhaps find more 'natural' and which is true in genus 0, should 
play the same role. But first we do not know how to prove that all 
automorphisms are inertia preserving and this looks really hard, even 
in genus 0 (see however [HM2], especially Introduction, Theorem A). Of 
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course it would be a consequence of a positive answer to Question 8.4 
but that also seems quite hard (yet, see the epigraph as usual...). Let 
us just list the question for the sake of the record: 

Question 10.1. Let S be hyperbolic with d(S) > 1; is it true that 
all the automorphisms of the attached profinite Teichmuller group f(S) 

A ? A 

are inertia preserving: Aut*(r(S)) ~ Aut(r(S)). 
Does this hold more generally for the open subgroups of f(S)? 

So per force we limit ourselves to exploring the subgroup Aut*(f(S)). 
Let us now mention a result whose proof is completely independent of 
the above. Indeed by building on the work of a number of people ( espe­
cially H. Nakamura, P.L.-L. Schneps, D. Harbater-L. Schneps; see [BL] 
for references), one can show: 

Theorem 10.2. ([BL}, Proposition 4.14) For every n ~ 5: 

Out*(fo,[nJ) =Gr. 

This is certainly a nice piece of information, featuring the profinite 
counterpart of what Y. Ihara elaborated around 1990 in the pronilpotent 
framework. However it seems clear that even in this restricted context, 
the proof is not really satisfactory and for instance cannot deal with the 
automorphisms of the open subgroups. 

In fact we have already encountered in §8.4 the obstacles which stand 
in the way of applying Conjecture 9.8 (granted its validity) to the group 
automorphisms, i.e. of comparing graph theoretic and group theoretic 
automorphism groups. Without going into detail and in group theoretic 
parlance, a basic point is again that one would need to recognize a 
simplex O" E 'i(S) from the associated group, and indeed 'virtually' so, 
e.g. from the normalizer of any open subgroup of the associated group 
(see §8.4.4). 

The reader will find in [L1], §5 more material on the subject, in­
cluding the by now rather natural if conjectural description of the auto­
morphism groups of all the open subgroups of the profinite Teichmuller 
groups. Let us content ourselves here with stating the obvious, recalling 
that the notion of topological genericity has been defined above Conjec­
ture 9.8: 

Conjecture 10.3. Let S be topologically generic (e.g. S :::: 8 1 ,3 ), 

then: Out*(f(S)):::: Ir. 

Of course one expects that Out*(f(S)) coincides with Out(f(S)) 
(see Question 10.1 above). One may note that the notion of 'tower' ('tour 
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de Teichmuller' in Grothendieck's Esquisse) has disappeared completely, 
whether in the graph or the group theoretic setting. In particular, in 
Theorem 10.2 and Conjecture 10.3, the Grothendieck-Teichmuller group 
appears as the (outer) automorphism group of a single group, and ditto 
for the complexes in Conjecture 9.8 or Theorem 9.12. The point is that 
the structure of the tower, or at least its first few levels, which suffices 
by the two-level principle, can be recovered from within a given group 
or especially graph (see [BL], beginning of §4, for the graph theoretic 
viewpoint). 

In closing I formulate the hope that this guided tour may inspire 
some readers to undertake a deeper foray into a nacsent field where 
there obviously remains a lot to be done, including from a fundational 
viewpoint, and where new and specific techniques are sorely needed. 
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