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Dimensions of moduli spaces of finite flat models

Naoki Imai

Abstract.

In this survey paper, we explain a moduli space of finite flat models
and a dimensional bound of the moduli spaces. We also explain some
variant of the moduli space and a conjecture.

§ Introduction

Let K be a finite extension of the field Q, of p-adic numbers. We
assume p > 2. Let e be the ramification index of K over Qp, and k
be the residue field of K. We consider a finite-dimensional continuous
representation Vg of the absolute Galois group Gk over a finite field F of
characteristic p. By a finite flat model of W, we mean a pair of a finite
flat group scheme G over O, equipped with a structure of an F-vector
space, and an isomorphism Vg —— G(K) that respects the action of G
and the structure of F-vector space. If e < p — 1, the finite flat model of
VF is unique by Raynaud’s result (Theorem 2.2). In general, there are
finitely many finite flat models of V.

A finite flat model of V§ corresponds to a linear algebraic object,
which is called a Kisin module. Using theory of Kisin modules, Kisin
constructed a moduli space of finite flat model of Vg and studied it to
deduce a theorem comparing a deformation ring and a Hecke ring, which
is called R = T theorem, in [Ki]. A study of the connected components
of the moduli space is important for the application to R = T theorem.
For studies of the connected components, see also [Ge], [Im1] and [He2].

The moduli space of finite flat models itself is an interesting geomet-
_ ric object. Even in some simple case, classical geometric objects such as
Schubert varieties appear in this moduli space (cf. [Hel, Theorem 3.9.

(b)))-
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In this survey paper, we explain a dimensional bound of this moduli
space in the case dim Vg = 2. The bounds of the dimensions are given by
using ramification index e, and this result gives a dimensional general-
ization of Raynaud’s result [Ra, Theorem 3.3.3] in the case dim V§ = 2.

In [Ca], Caruso consider a variant of the moduli space of finite flat
model, and give a dimensional bound in the setting. We also explain his
result and conjecture.

Acknowledgments. The contents of this paper are based on the au-
thor’s talk in the meeting “Galois-theoretic Arithmetic Geometry”. He
would like to thank the organizers of the very nice meeting for inviting
him and giving him a chance to talk there.

Notation

Throughout this paper, we use the following notation. Let p > 2
be a prime number, and k be a finite field of characteristic p. The Witt
ring of k is denoted by W (k). Let Ky be the quotient field of W (k),
and K be a totally ramified finite extension of Ky. The ring of integers
of K is denoted by Ok. Let F be a finite field of characteristic p. For
a ring A, the formal power series ring of u over A is denoted by Al[ul],
and we put A((u)) = Al[u]](1/u). For a field F', we denote the algebraic
closure of F' by F, the separable closure of F by F*P and the absolute
Galois group of F' by Gp. Let v, be the valuation of F((u)) normalized
by v, (u) = 1, and we put v,(0) = co. For z € R, the greatest integer
less than or equal to z is denoted by [z]. The category of sets is denoted
by Set. For a positive integer d, the d-dimensional affine space over F is
denoted by A% and the d-dimensional projective space.over F is denoted

by Pg. Let G, be Af — {0}.

81. Kisin module

In this section, we recall a definition and properties of a Kisin module
with coefficients in an F,-algebra.

We put & = W(k)[[u]]. We define an action of ¢ on & by the
Frobenius action on W (k) and u — wP. For an F,-algebra A, we put
64 = 6 ®p, A and extend the action of ¢ on & to an A-linear action
on & 4. We put e = [K : K] until the end of the section 3.

Definition 1.1. A Kisin module with coefficients in an Fp-algebra A
is a finite projective & 4-module I with ¢-semi-linear map ¢gn : M — M
such that the cokernel of the induced G-linear map

6 Rp,c M — M; s Q@ m +— spop(m)
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is killed by u®.

The category of the Kisin modules with coefficients in an Fp-algebra
A is denoted by (Mod /&) 4.

Remark 1.2. The definition of a Kisin module with coefficients in
an [Fp-algebra depends only on the ramification index e of K over Ky
“and not on K.

Let (F-Gr/Ok) be the category of finite flat group schemes over O
with a structure of an F-vector space.

Theorem 1.3. There exists an equivalence of categories
Gr: (Mod /&) — (F-Gr/Ok).

Proof. This follows from [Br2, Théoréme 4.2.1.6] and [Ki, Propo-
sition 1.1.11]. Q.E.D.

Let O¢ be the p-adic completion of &[1/u]. There is a p-adically
continuous action of ¢ on Og determined by the Frobenius action on
W (k) and u — uP. We fix a uniformizer m of Ok, and choose elements
m € K such that 7o = = and ﬂ'an = m,, for m >0, and put K, =
Um0 K (7m)-

Let ®Mo, r be the category of finite (Og ®z, F)-modules M equipped
with ¢-semi-linear map ¢ : M — M such that the induced (Og ®z, F)-
linear map

Of ®p,0e M = M; s@m — sng(m)
is an isomorphism. Let Repp(G k) be the category of finite-dimensional
continuous representations of Gk, over F. By the theory of norm fields,

there is an isomorphism G ~ Gyu)) (cf. [Brl, 2.1]). Then the
functor

T : ®Mo, ¥ — Repp(Gi..); M — (k((1))*® ®pcuy M)*™

gives an equivalence of abelian categories as in [Ki, (1.1.12)]. Here ¢
acts on k((u))%°P by the p-th power map.

Let V& be a continuous finite-dimensional representation of G over
F. We take a ¢-module My € ®Mo, r such that T'(My) is isomorphic
to Vr(—1)|gx - Here (—1) denotes the inverse of the Tate twist.

Proposition 1.4 ([Ki, Proposition 1.1.13]). For an object M of
(Mod /&)y, there exists a canonical isomorphism

T(0 ®e M)(1) = Gr(M)(K)|ox,,

as Gk -representations. Here (1) denotes the Tate twist.
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Remark 1.5. In this paper, we consider only Kisin modules and ¢-
modules that are killed by p. Therefore we do not need to introduce the
coefficient rings & and Og. However, we introduce them for consistency
with usual notation as in [Ki].

§2. Moduli space

In this section, we explain the moduli spaces of finite flat models
constructed by Kisin in [Ki].
First, we recall the definition of a finite flat model.

Definition 2.1. A finite flat model of Vg, is a pair of a finite flat
group scheme G over O, equipped with a structure of an F-vector space,
and an isomorphism Vg — G(K) that respects the action of Gk and
the structure of F-vector space.

Theorem 2.2 (Raynaud). If e < p — 1, then Vg has at most one
finite flat model.

Proof. This follows from [Ra, Théoréme 3.3.3 and Corollaire 3.3.6].
QE.D.

Next, we explain the moduli space of finite flat models. We define

a functor
G : {F-algebra} — Set

by putting G(A) to be the set of finite projective (k[[u]] ®F, A)-sub-
modules M 4 of My Qp A satisfying
(1) 94 generates My Qp A over k((u)) ®F, A
(2) My is stable by ¢pr ® id4 and the action of ¢y ® idg makes
M 4 a Kisin module with coefficients in A
for F-algebra A. Then the functor G is represented by a projective
scheme ¥ Zv, o over F by [Ki, Proposition 2.1.7].
The scheme ¥Zv; o is called a moduli space of finite flat model,
because we have the following proposition.

Proposition 2.3. For any finite extension B’ of F, there is a natural
bijection between the set of isomorphism classes of finite flat models of
Vir = Ve @ F' and g%VW’O(F,).

Proof. This follows from Theorem 3.4 and the construction of the
scheme Y Zv; o. Q.E.D.

'Remark 2.4. Theorem 2.2 for Vi, where F/ ranges over all finite
extension of I, says that if e < p — 1 and ¥%v; 0 is not empty, then
Y Xv,,0 zero-dimensional and connected.
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§3. Bound of dimensions

To fix the notation, we recall the definition of the zeta function of a
scheme of finite type over a finite field.

Definition 3.1. Let X be a scheme of finite type over F. We put
gr = |F|. The zeta function Z(X;T) of X is defined by

Z(X;T) :exp(i |X(IE‘T%”HTT"),

m=1
where

exp(£(T) =) — A1) € QIT]
m=0 )

for f(T) € TQ[[TY].

Theorem 3.2. We assume that dimpVF = 2. We put dy, =
dim%Zv, 0 and n = [k : F,]. Then followings are true.

(1) After extending the field F sufficiently, we have

dV]F
Z( G Rve0;T) = [[(1 — |F[T)~™
i=0
for some m; € Z such that Mgy, > 0.
(2) Ifn=1, we have

If n > 2, we have

n+1 e n—2|[e+1 e+2
< < .
Odv“{ 2 Hpﬂh{ 2 Hpﬂ%[wl]

Here, [z] is the greatest integer less than or equal to x for z € R.
Furthermore, each equality in the above inequalities can
happen for any finite extension K of Qp.

Remark 3.3. If e < p — 1, Theorem 3.2 also implies that 4%v; o
is zero-dimensional. Therefore it gives a dimensional generalization of
Raynaud’s result for two-dimensional Galois representations.

The connectedness of ¥Zv, o is completely false in general. For
example, we can check that if K = Q,({,) and Vg is trivial representa-
tions then ¥%v; o consists of Pi and two points (c.f. [Ki, Proposition
2.5.15(2)]).
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In the remaining of this section, we explain an outline of a proof of

Theorem 3.2.
From now on, we assume F, C F and fix an embedding & — T.

This assumption does not matter, because we may extend F to prove
Theorem 3.2. We consider the isomorphism

O¢ ®z, F = k((u)) @, F = H F((u)) ;
oc€Gal(k/Fy)

(Z aiui) ® b (Z U(ai)bu’)J

and let ¢, € k((u)) ®r, F be the primitive idempotent corresponding
to 0. Take 01,---,0, € Gal(k/F,) such that 0;1.1 = 0; 0 ¢ '. Here
we regard ¢ as the p-th power Frobenius, and use the convention that
On+i = 0;. In the following, we often use such conventions. Then we
have ¢(e5,) = €5,,, and ¢ : Mg — My determines ¢ : €;, M — €5, , M.
For (A;)1<i<n € GLo (F((u)))n, we write

My ~ (A1, Ag, ..., Ap) = (As);
i
if there is a basis {et,e}} of €,, My over F((u)) such that ¢ (Z}) =
2

i+1

A; (zzl+1>' We use the same notation for any sublattice Mp C My
2

similarly. Here and in the following, we consider only sublattices that

are (6 ®z, F)-modules.

Let A be an F-algebra, and 94 be a finite free (k[[u]] ®F, A)-
submodule of My ®r A that generates My ®r A over k((u)) ®F, A. We
choose a basis {el, e5}; of M4 over k[[u]] ®r, A. For B = (B;)1<i<n €
GLy(F((u)) ®F, A)n, the (& ®z, A)-module generated by the entries
of <Bl- (Z} > for 1 < ¢ < n with the basis given by these entries is

2
denoted by B-9t4. Note that B-914 depends on the choice of the basis

of My. We can see that if Mr ~ (A;); for (4;)1<i<n € GLo (F((u)))n
with respect to a given basis, then we have

B - My ~ (¢(Bl)Az(Bl+1)'1)

1
with respect to the induced basis.
Lemma 3.4. Suppose F' is a finite extension of F, and =z €

Sj,i ..
GRve0(F') corresponds to My, Put M, p = ((u(; 52;’)) - My

%



Dimensions of moduli spaces 257

for 1 <53 <2, 854t €Z and vj; € F'((u)). Assume My p and My 5
correspond to x1,22 € YRv, o) respectively. Then ©1 = z2 if and
only if

81 =824, t1; =to; and v1; —va; € u i [[u]] for all .

Proof. The equality x1 = x5 is equivalent to the existence of B =
(Bi)i<i<n € GLo(F'[[u]])™ such that

B (W v ) Ut vy
? 0 utl,i - 0 th,i

for all ¢. It is further equivalent to the condition that

uS2i 81,4 ,U2’Au*t1,i _ u52,i—31,i4t1,iv1,,
(g e ) € GLy(F1ul)

for all 4. The last condition is equivalent to the desired condition.
Q.E.D.

The claim on existence of a zero-dimensional moduli space follows
from the following example.

Example 3.5 ([Im2, Proposition 1.3]). If My ~ ((% 1{)) , then
G R, 0(F') is one point for any finite extension F' of F. '

We explain the outline of a proof of Theorem 3.2 only in the case
where Vg is not absolutely irreducible. A proof in the case where Vg is
absolutely irreducible is similar, but more complicated.

Extending the field F, we may assume that V is reducible. Let
Mor be a lattice of My corresponding to a point of ¥%Zv; o(F). Then
we take and fix a basis of Mo r over k[[u]] ®r, F such that Moy ~

0 Biubosi -

K3
F[[u]]. For any finite extension F’' of F, we put Mo r = Mo r Qr F’ and
My = My ®p F'. By the Iwasawa decomposition, any sublattice of My

a.uaﬂ,i wo 5
(( * 0,8 ) for o, B; € F*, 0 < agy,bo; < e and wp,; €

S; /
can be written as ((uo 5;@)) Mo p for s;,t; € Z and v; € F'((u)).

We put

I={(a,b) €Z" X Z" | a = (ai)1<i<n, b= (bi)1<i<n, 0 < ai,b; < e},
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and

Si 4
G 0,0b(F) = {((u() 5;)) Mo 5 € GRvi0(F') ‘

(2

ity € Z,v} € F'((u)), a; = ao; + psi — Siv1, bi = bos + pti — ti+1}

for (a,b) = ((ai)lgigm (bi)lgz’gn) € I. Then we have

GRBveo(F) = | 9%vi0.0s(F),
(a.b)el

and this is a disjoint union by Lemma 3.4.

sS4 /
Take My = ((uo 5&)) Mo w € YR, 0,0,p(F") with the basis

0 ﬁiubi
some (w;)1<i<n € F'[[u]]™. We note that a; +b; — v, (w;) < e for all ¢ by
the condition u*Mp C (1 ® ¢) (" (Mw)).

induced from the basis of My pr, then My ~ ((aiu oW >> for

0 1
for some (v3)1<i<n € F'((w))”. With the basis induced from My, we

have
, 1 ¢w)\ feuu®  w; 1 -y
e N<(0 DS ) o 1>>

| (et wi = aguiogga + Bubi dlv;)
B 0 Biubt ;

We are going to examine the condition for (v;)1<;<n € F/'({u))™ to give

Now, any My, € G Zv;,0,0,6(F') can be written as ((1 Ul)) My
i

l’UZ'
0 1

we may assume that Y% v, 045F) =0 if and only if ¥%v;, 0,05(F) =0
for each (a,b) € I and any finite extension F’ of F.

a point of ¥%v, 0.44(F) as (( )) - M. Extending the field F,
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For (vi)i<i<n € F'((u))", we have My = (((1) 11’)) - My €

G Ry 0,0,0(F) if and only if

vy (W — u®vigg + 5;’“’2"(1’(%'))2 0 and

vu(@iu) + vy (Biu®) — vy (wi — cuu® i1 + Biub @(v;)) < e for all 4,

by the condition uw*Mg, C (1 ® @)(¢*(Mp)) C Mp,. This is further
equivalent to

Vg (aiu‘”'uiﬂ — ﬂiubiqb(vi))z max{0, a; + b; — e},

because v, (w;) > max{0,a; + b; — e}.
We define an F'-vector space Ny 5 by

NQ,Q,]F' = {(Ula cee 7’Un) € F/((u))n ’
VU (aiuaiviﬂ - Biubid)(vi))z max{0, a; + b; — e} for all @}

We note that Ny pp D F/[[u]]”, and put N, pp = Ny p /F'[[u]]™. Then
we have a bijection Ngpr — Y%, 0,00(F) by Lemma 3.4. We put
dgp = dimp Ny p r, and note that dimg NV, p 7 is independent of finite
extensions F' of F.

We take a basis (v;)i1<j<d,, of Ngpr over F, where

v; = (vj1,..,0n) € F((u)"

Then an (F[[u]] ®F F[X1,..., X4

a,b

])-module

1 Y0 Xs
Mex,,.... x4 :<(0 2 f J)) - (M ®p F[X1,...,Xq,,])

&,E] 'a
7

gives a morphism fg : A](;ﬂ’k — YA, 0 such that fup(F') is injective
and the image of fy »(F') is ¥%v; 0,0,6(F’). Then we have the claim on
the zeta functions and

{dg,b}-

dve = max
(a.b)EI, G Rvg,0,0,6(F)#0

We can express dq p explicitly and bound it by combinatorial arguments.
We can also give an explicit ¢-module My such that dim¥%Zv; o

coincide with the upper bound. See the proof of [Im2, Proposition 2.1]
for more details.
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Remark 3.6. In the case where Vf is not absolutely irreducible, we
have decomposed ¥ Zv; o into affine spaces in the level of rational points
after extending the field F. However, in the case where Vf is absolutely
irreducible, we have to decompose ¥Zv; 0 into Afé, Ag_l X G r and

Agﬂ X an,F in the level of rational points after extending the field F.

§4. Variant and conjecture

In this section, we explain a variant of the moduli space of finite flat
models after Caruso. We also explain his result and conjecture in some
case.

We consider a ring homomorphism

bop : k(1) = k((u)); Zau > Za(ai)ubi

for o € Gal(k/F,) and b € Z>o.

Remark 4.1. If we change k to I, and F to k in the notation in
the section 1, then ¢ is equal to ¢, , for the p-th power map o.

Let M be a finite k((v))-module equipped with ¢ ;-semi-linear map
¢up : M — M such that the induced k((u))-linear map

k(W) ®gk((uy) M — M; s@m = sppr(m)
is an isomorphism. For any positive integer e, we define a functor
Fe.: {k—algebra} — Set

by putting F<.(A) to be the set of finite projective (k[[u]] @ A)-sub-
modules M 4 of M ®; A satisfying

(1) 94 generates M @k A over k((u)) Q@ A
(2) Wi, is stable by ¢ ® idyg and the cokernel of the induced
(k[[u]] Rk A)-linear map

kl[u]] ®4, 4 k() Ma = My; a@m— alpy ®ids)(m)

is killed by u*®
for a k-algebra A. Then the functor Fx. is represented by a projective
scheme X<.(¢ar) over k.

Theorem 4.2 ([Ca, Théoreme 2}). We assume that M has a basis
{ei}1<i<a over k((w)) such that ppr(e;) = e; for 1 <i <d. If o # idy,

we have
d? e—b+2 d? e
T < <|= |- .
{4} [ b+ 1 ]‘dlm&e(w)*[zx} b+ 1
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If o =idy, we have

d?] [e—b+2 , dd—1)  [d2] e
F] ] st < R [5] 5

In fact, Caruso considered also a more general moduli space and gave
some bound of the dimension of the moduli space (cf. [Ca, Théoréme 4
and 5]).

Conjecture 4.3 ([Ca, Conjecture 4.5]). We fix M as a k((u))-
module. There are constant real numbers by, c1 and co satisfies the
following:

If b > by, then we have

1) dim Xeo ($a7) < ¢ +[d—2}~ ‘
SAPMI =TT b

for all positive integer e and

2 dim X, > il
(2) im X<e(Prr) > —c2 + PR

- for all sufficiently large integer e.

Remark 4.4. The upper bound in Theorem 3.2 is compatible with
(1) in Conjecture 4.3. Furthermore, there is no contradiction between
the strict lower bound in Theorem 3.2 and (2) in Conjecture 4.3, because
we fix e and change Mg in Theorem 3.2 and, on the other hand, fix M
and change ¢3; and e in Conjecture 4.3.
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