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Noether's problem for transitive permutation groups 
of degree 6 

Kiichiro Hashimoto and Hiroshi Tsunogai 

Abstract. 

Suppose that a finite group G is realized in the Cremona group 
Cr m ( k), the group of k-automorphisms of the rational function field 
K of m variables over a constant field k. The most general version of 
Noether's problem is then to ask, whether the subfield KG consisting 
of G-invariant elements is again rational or not. This paper treats 
Noether's problem for various subgroups G of 6 6 , the symmetric group 
of degree 6, acting on the function field Q(s, t, z) over k = Q of the 
moduli space M 0 ,6 of lP'1 with ordered six marked points. We shall 
show that this version of Noether's problem has an affirmative answer 
for all but two conjugacy classes of transitive subgroups G of 6 6 , by 
exhibiting explicitly a system of generators of the fixed field Q( s, t, z )G. 
In the exceptional cases G ~ 2t6 , 2t5 , the problem remains open. 

§0. Introduction 

0.1. General version of Noether's problem (GNP) 

Let k be a field and x1, ... , Xn be independent variables. The group 
of k-automorphisms of the rational function field K = k(x 1 , ... , xn) is 
called the Cremona group of dimension n over k, and denoted as Crn(k) 
in case we need not specify the variables. Suppose now a finite sub
group G of Crn(k) is given. Then one can ask whether the subfield K 0 

consisting of G-invariant elements of K is again rational, i.e., purely 
transcendental, over k or not. This question will be referred to as the 
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most general version of Noether's problem, GNP for short, while its orig
inal version (Perm-NP, for short) is the case where the action of G on 
K is induced from the permutation of x 1 , ... ,xn (cf. [Noe], [Sw1]). If 
GNP has an affirmative answer, one can find n algebraically indepen
dent elements u 1 , ... , Un E K which satisfy KG = k(u1 , ... , un) and a 
polynomial f(X) E k(u1 , ... ,un)[X] whose splitting field is K. Thus 
f(X) is a G-polynomial with n free parameters. In some cases including 
that of Perm-NP, it turns out that f(X) is a generic G-polynomial over 
k in the sense of [De],[KM]. This is the most significant motivation to 
study Noether's problem. 

Unfortunately, however, there are many finite groups for which the 
answer to Noether's problem is either unknown yet or negative, even 
for Perm-NP. Cyclic groups of order 8m (m E N) are among those 
groups for which the answer to Perm-NP over Q is negative. Here it is 
noteworthy that the answer to Noether's problem depends on the base 
field k and the way by which G acts on K. As an illustration, we note 
that the original version of Noether's problem for finite abelian groups 
always has an affirmative answer over an algebraically closed field of 
characteristic 0 (cf. [Fi]). Let a be a Q-automorphism of Q(x, y) defined 
by 

a: (x,y) r-+ y, -- . ( 1 +x) 
1-x 

Then (a) is a cyclic subgroup of Cr2 ( Q) of order 8. In contrast to the 
above mentioned fact, however, one can show that Q(x,y)(a) = Q(u,v) 
for suitable u,v E Q(x,y) (see [HHR]). 

Thus an important question arises: in how many ways a given finite 
group G can be realized as a subgroup of the Cremona group Crn(k), up 
to conjugation, and how the answer to GNP depends on its realization? 

Obviously, among all possible realizations of Gin Crn(k), the case of 
smaller dimension n should be more interesting, since n is the number of 
parameters of a G-polynomial f(X) obtained from the extension K/ KG 
as explained above. Even more interesting are the cases in which f(X) 
is a generic G-polynomial. This is in fact the case we treat in this paper 
for the realization of the symmetric group 6m of degree min Crm_3 (k) 
(cf.[HT]). 

0.2. Cross-ratio Noether problem (CR-NP) 

Here we assume that k is an arbitrary field of characteristic 0, and 
n ::0:4. Recall first that Cr1 (k) ~ PGL(2,k), i.e., any k-automorphism 
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of k(x) is expressed as a linear fractional transformation 

ax+b 
A: x H A(x) := --, 

cx+d A=(~ ~)EGL(2,k). 

191 

One can extend this action diagonally to Ln = k(x1 , ... , xn), by putting 
Xi H A(xi) (1 ~ i ~ n), and denote by Kn := LnPGL(2,k) the subfield 
of Ln consisting of the invariant elements under this action. One can 
describe the field Kn in a geometric way as follows. Let Mo,n be the 
moduli space of lP'1 over k with ordered n-marked points: 

Mo,n : moduli space of lP'1 with ordered n-marked points 

= ( (1P'1 )n "- (weak diagonal)) /PGL(2) 

= { (xl, ... , Xn) I xi E lP'1, Xi =f. Xj ( i =f. j)} /PGL(2). 

Then Kn is the function field of Mo,n over k. Since Mo,n is of 
dimension ( n- 3), K n / k is an extension of transcendental degree ( n- 3). 
In fact, Kn/k is a purely transcendental extension, and is generated by 
the (n- 3) cross-ratios 

To see this, we take a normalized representative for P = [x1 , ... , Xn] := 

(x1, ... , Xn) mod PGL(2) E Mo,n· Since the action of PGL(2) on lP'1 is 
sharply 3-transitive, there exists a unique A E PGL(2) such that 

A simple computation shows that A( xi) = Yi is a cross ratio of x1, x2, x3, 
Xi as given above, for 4 ~ i ~ n. Thus each point P can be uniquely 
represented in a normalized form [0, oo, 1, y4, ... , Yn], where Yi ( 4 ~ i ~ 
n) are regarded as functions on Mo,n- These Yi 's give an isomorphism 
Mo,n-::::: (1P'1 "- {0, 1,oo})n-3 "-(weak diagonal). It follows that we have 
Kn = k(y4, · · ·, Yn)· 

Now a crucial point is that the permutations of x1 , ... , Xn commute 
with the diagonal action of PGL(2) on Ln, hence they induce the action 
on Kn as k-automorphisms. Thus we have a realization of the symmetric 
group 6n of degree n in Crn_3 (k). We shall study Noether's problem 
in this context, calling it CR-NP for short, in the case n = 6 and G is a 
transitive permutation group of degree 6. 
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We remark that the same problem for the case n = 5 has been 
already settled by present authors [HT], in which there are five transitive 
permutation groups up to isomorphism. 

We also remark that the original Noether problem is related to CR
NP as follows (cf. [Tsu]). Let B (resp. U) be the Borel (resp. unipotent) 
subgroup of PGL(2, k): 

PGL(2,k)~B:={G :)}~U:={G ~)}~{1}, 
and denote its fixed field by L;[ (resp. L!;{). We easily find that 

L!;{ = k (Xi - x1 I i = 2, ... , n) ("the field of differences"), 

L;: = k (Xi - Xl I i = 3, ... , n) ("the field of ratios of differences"). 
Xi- X2 

Let G be a subgroup of 6n. Then we have the following picture of the 
fixed fields. 

Thus, if K:f is rational ( CR-NP holds) and if all steps of the succes
sive extensions L~ ~ (L!;{) 0 ~ (L![) 0 ~ K;! of relative dimension one 
are relatively rational, we can conclude that L~ is rational (the original 
NP holds). 

Transitive permutation groups of degree n have been classified in 
[B-MK] for n <:::: 11. There are 16 classes in the case n = 6, which are 
labelled by 6T1, ... , 6T16 respectively (see Table 1, and Fig. 1 of §3). 
We shall show, for each of these subgroups G except for 6T15 and 6T12, 
that the answer to Noether's problem is affirmative by exhibiting a sys
tem of generators of K;!. For the whole group 6 6 = 6T16, we shall work 



Noether's problem of degree 6 193 

with the geometry of abelian surfaces with the level 2 structure, while for 
small subgroups we shall employ a more direct computational method. 
For simplicity the labels 6Tn will denote here specified subgroups al
though they usually really denote conjugacy classes of subgroups. 

The answer to CR-NP for 6Tl, 6T2, 6T3, 6T9, 6T13 (resp. 6T4, 
6T6, 6T7, 6T8, 6Tll) were obtained by K. Kusumori [Kus] (resp. 
Y. Ohta [Oh]) in his master's thesis in Sophia University under the 
suggestion of the second author. Although the arguments as well as the 
description of the fixed fields presented here have been simplified, the 
basic ideas are due to them. 

§1. Geometric background 

We describe here an interpretation of the action of <Sn on Kn ·
k(Mo,n) in the setting of arithmetic geometry. 

Let f(x) E k[X] be a monic separable polynomial of degree n =2: 5, 
and let W1 be the set of its roots ink, the algebraic closure of k. To j(x) 
one can associate the hyperelliptic curve X 1 defined by the equation 

(1.1) Xf: y 2 = f(x). 

Then X 1 is viewed as a double cover of IP'1 by the map 

7r : X f ----+ IP'l, (X' y) f------7 X 

which ramifies exactly at the following points 

{ 
{(x,O)[xEWJ} 

{(x, 0) [ x E WJ} U {(oo, oo)} 

(n : even) 

(n : odd). 

It follows that the genus g of X f is determined by 

n=2g+l (n: odd), n = 2g + 2 (n : even). 

Now we recall the well-known fact that if g(x) E k[X] is also a monic 
separable polynomial of degree n having W9 as the set of its roots, then 
the following three conditions are equivalent: 

• XJ ~X9 , 

• g(x) = (ex+ d)n f(A(x)) for some A= ( ac db) E GL(2, k), 

• W1 ~ W9 mod PGL(2, k). 

To connect the above argument with Kn := k(Mo,n), we need to 
introduce an order, or a labelling, x1 , .. , Xn into Wf. This is given by 
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the level 2 structure on the jacobian variety Jf := Jac(X 1) of the curve 
X f with the Galois action. To describe it in a concrete way, we shall 
identify Jf with Pic0 (X1 ): 

Jf ~ Pic0 (Xt) := Div0 (Xt )/rv (linear equivalence). 

Our first observation is the following description of the 2-torsion 
subgroup Pic0 (X1 )[2] of Pic0 (X1) (see [Dol2]). We put Pi= (xi, 0) and 
P00 = (oo, oo). 

• Ifn = 2g+1 is odd, the principal divisors of the functions (x-ai), y 
are given by 

(1.2) { 
div(x ~ ai) = 2(Pi- Poo) (1 ~ i ~ 2g + 1), 

d1v(y) = (P1 + · · · + P29+l)- (2g + 1)P00 . 

It follows that 

(1.3) 

For S C {1, 2, ... , n = 2g + 1} we put 

es :=Lei. 
iES 

From the second equation of (1.2) we have 

(1~i~2g+1). 

• If n = 2g + 2 is even, we need a slight modification. We see from 

(1~i,j~n), 

that the class e{i,j} E Pic0 (Xt) defined by 

(1.4) (1 ~ i, j ~ 2g + 2) 

is a 2-torsion element. For each subset S <;;:; {1, 2, ... , n = 2g + 2} 
satisfying lSI = 2m = o mod 2, let s = 8 1 u · · · u Sm be a disjoint 
decomposition with ISil = 2 (1 ~ i ~ m), and put 

m 

es := L es,. 
k=l 

One can show that this definition does not depend on the decomposition 
of S, and es = e5. Thus we have the following concrete description of 
the 2-torsion subgroup of J1 [2] ~ Pic0 (X1) (cf. [Mum]): 
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Proposition 1.1. The 2-torsion subgroup Pic0 (Xt)[2] ofPic0 (XJ) 
is given by 

with es + er = es6T (8/':,.T:=SUT-SnT). 

Proposition 1.2. The field generated by 2-torsion points Jf [2] of 
Jac(Xt) is the splitting field of f(x) over k: 

(1.6) 

Suppose now that f(x) E k[x] is a polynomial of degree n = 2g + 2 
and regard its Galois group Gal(!, k) over k as a subgroup of 6 29+2 , 

then the Galois representation 

(1.7) Pt,z : Gal(k/k) ---+ GSp(2g, F2 ) = Sp(2g, F2 ) 

attached to Jf [2] factors through the inclusion 

(1.8) Gal(k(Jt[2])/k) ~Gal(!, k) >----> 629 +2, 

where GSp(2g, F2) denotes the symplectic similitude group of degree 2g 
over F2 , which is nothing but Sp(2g, F 2 ), the symplectic group of degree 
2g over F2 . Since Gal(!, k) is isomorphic to 6 29+2 for general f, this 
implies that there is an embedding of the groups for g 2:: 2 

(1.9) 

which is an isomorphism for g = 2: 

(1.10) 

Remark 1.3. For g = 1 (n = 4), since the cross ratios of x 1 , x 2 , x 3 , x4 

are invariant under the Klein four group V4 := {id., (12)(34), (13)(24), 
(14)(23)}, the action of 6 4 on K 4 = Q(s) factors through its quotient 
64/V4 ~ 63 so that we have an injection 

(1.11) 

which is, in fact, an isomorphism. 

In our study of CR-NP it is important to have a concrete descrip
tion of the above embedding (1.9) in terms of the geometry over F 2 . 

Asyzygetic systems give an answer to this question. 
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§2. Realization of 6 29+2 in Sp(2g, F2 ) by Asyzygetic systems 

Let V := F 2 ffi 29 be the vector space of dimension 2g over F 2 with 
the standard skew symmetric form 

g 

(2.1) F(x, if) = L XiYi+g- YiXi+g· 
i=l 

Thus we have 

Aut(V, F) = GSp(2g, F 2 ) = Sp(2g, F2). 

We introduce a notion of Asyzygetic systems (e.g. [Me]). 

Definition 2.1. A matrix X := (xi,j h:o;i,j:::;2g+2 of degree (2g + 2) 
with entries in V is called an Asyzygetic system, A-system in short, if 
it satisfies the following conditions 

{ 
(i) ~i,j + x~k + !k,i: i5 (for any i,j, k), 

(n) F(xi,j, Xi,k)- 1 (for any distinct i,j, k). 

Some immediate consequences of (i), (ii) are xi,i = 0, Xi,j 
and 

Xi,j = Xi,2g+2 + Xj,2g+2 (for all 1 <::: i, j <::: 2g + 2). 

Putting Xi := Xi,2g+2 (1 <::: i <::: 2g + 1), we see that the Gram matrix of 
{ x1, ... , x29 } is expressed as 

and it satisfies G 2 

V. We also have 
!29 . It follows that { x1, ... , x29 } form a basis of 

(1:S:i:S:2g). 

Since F is nondegenerate it follows that 

The above arguments can be reversed to recover an A-system from a 
given basis {x1 , ... ,x29 } ofV. 
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Now for each a E 62g+2 we put 

Then any linear relation between some of the Xi,j is satisfied by the 

x1 i,j. In particular, it follows that a(X) is again an A-system, namely 
the system (i? i,j) satisfies the relation (i) (ii) of Definition 2.1. Since the 
entries of X contains a basis { x1 , ... , x29 } of V, the map a is extended 
uniquely to a linear automorphism Mu of V which preserves the skew 
symmetric form F. Thus we obtain an embedding: 

(2.2) Px : 629 +2 >---+ Aut(V, F) ~ Sp(2g, F2), a f-----7 rf!u· 

One can apply the above argument to the vector space Pic0 (X f) [2] ~ 
J1 [2] over F 2 equipped with the Weil pairing, and obtain the following 

Theorem 2.2. For a separable polynomial f(x) of degree (2g+2), 
let X f be the hyperelliptic curve defined by (1.1), and put 

(1:::; i,j:::; 2g+2). 

Then the matrix X:= (xi,jh:s;i,j:S: 2g+2 forms an A-system in 1t[2] with 
respect to the Weil pairing. Furthermore, the action of the Galois group 
Gal(!, k) on J1[2] is realized via the embedding (1.8), (2.2). 

Now we assume that g = 2. Following the above argument we can 
give an explicit from of the isomorphism (1.10). For this purpose we first 
note the following fact which can be proved by a direct computation. 

Lemma 2.3. Suppose that X:= (xi,j ) 1::;i,j:s;6 is an A-system. Then 
the vectors 

(2.4) 
rh = x1,6 + x2,6 + x3,6, 

a4 = x1,6 + x2,6 + x4,6 

form a symplectic basis with respect to F i.e., we have 

It follows that, if we express the linear automorphism rf!u E Aut(V, F) 
by a matrix Mu using the basis { a1, ... , a4}, for each a E 65, then the 
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map u f---7 Ma gives the desired isomorphism. We tabulate below some 
of u E 6 6 and corresponding MaE Sp(4, F2) . 

!J E 65 Mu !J E 65 Mu 

(l 
0 1 

~) (! 
1 1 

~) (12) 
1 0 

(13) 
1 0 

0 0 0 1 
0 0 1 1 

(~ 
0 1 1 

(! 
1 1 

J (14) 
1 1 1 

(15) 
0 1 

0 1 0 0 1 
0 0 1 1 1 

(~ 
0 0 

~) (16) 
1 0 
0 1 
0 0 

(1 
0 1 

l) (! 
1 0 

!) a= (123456) 
1 1 

(3 = (14)(23)(56) 
0 0 

1 1 0 0 
0 1 0 1 

(i 
1 0 1 

(! 
1 1 

J (} = (14)(25)(36) 
0 1 0 

/'1 = (135) 
0 1 

0 0 1 0 1 
0 1 0 1 1 

(l 
0 1 

J (~ 
1 0 

~) /'2 = (246) 
1 1 

0 = (14)(2563) 
0 0 

0 0 0 0 
0 0 0 1 

(1 
0 1 

~) (1 
1 0 

1) T1 = (14)(25) 
0 1 

T2 = (14)(36) 
1 1 

1 1 1 0 
1 0 1 1 

(1 
1 1 

~) 'P = (15243) 
1 0 
0 1 
0 1 

§3. Transitive permutation groups of degree 6 

Transitive subgroups of 6 6 have been classified long time ago. Up 
to conjugacy there are 16 such groups, as tabulated below. The symbol 
+ indicates that it is contained in 2{6 . 
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[B-MK] order sign structure generators (CR-NP) 
6T1 6 c6 a 0 
6T2 6 63(6) a2, (3 0 
6T3 12 D6 a,(3 0 
6T4 12 + 214 a 2, 71,72 0 
6T5 18 63xC3 6T2,r1 0 
6T6 24 214xC2 6T4,e 0 
6T7 24 + 64(+) 6T4, (3e 0 
6T8 24 64(-) 6T4, (3 0 
6T9 36 v4 K (C3xC3) 6T3,/1 0 

6T10 36 + c4 K (C3xC3) a 2, a(3, /1, o 0 
6T11 48 64xC2 6T4, (3, e 0 
6T12 60 + 21s (6) 6T4, <p ? 
6T13 72 D4 K (C3xC3) 6T9,o 0 
6T14 120 6s(6) 6T8, <p 0 
6T15 360 + 216 6T7, <p ? 
6T16 720 66 6T15, (3 0 

- - - .. 0-a- (123456), (3- (14)(23)(56), e- a - (14)(25)(36), 
/1 = (135),/2 = (246),0 = (14)(2563), 

71 = (14)(25), 72 = (14)(36), <p = (15243). 

Fig. 1. The transitive groups of degree 6 
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In Fig. 1, the upper labels n stand for 6Tn, and the lower labels 
stand for the corresponding orders. 

§4. CR-NP for 6T16, 6T15 

Our problem CR-NP for G <;;: 6 6 is stated in a concrete form 
as follows. The group 6 6 is realized as the group of automorphisms 
of Q(M0 ,6 ) = Q(s, t, z) which are induced from the permutations of 
x 1 , ... , x 6 , where s, t, z are cross-ratios 

( 4.1) 

determined by the normalization [0, oo, s, 1, st, sz] = [0, oo,l, s- 1 , t, z]. 
Here we make the following interpretation of CR-NP for G <;;: 6 6 in 

00 

terms of the ring of Siegel modular forms. Let A(f(2)) = EB Mk (f(2)) 
k=O 

be the graded ring of Siegel modular forms of genus two with respect to 
the principal congruence subgroup f(2) of Sp( 4, Z) of level 2, and de
note by F0 (A(f(2))) the field consisting of the quotients Fd F2 (F1 , F2 E 

Mk(f(2))) of forms of the same weight which have rational Fourier co
efficients. Then the natural action of Sp(4, Z) on Mk(f(2)) induces the 
action of Sp(4, Z)/f(2) '?" 6 6 on F0 (A(f(2))) (cf. [Ig1]). 

On the other hand, by Torelli's theorem one can identify the moduli 
space A 2,2 of principally polarized abelian surfaces with level 2 struc
ture and the moduli space M 0 ,6 of lP'1 with ordered six marked points. 
Namely to each point [x1 , .. , x6 ] E M 0 ,6 one can associate the class of 
abelian surface Jf '?" Pic0 (X f) with level 2-structure as in Proposition 
1.1, which induces the following commutative diagram 

1 1 1 
where 5) 2 is the Siegel upper half plane of degree 2 and A2 (resp. M 2 ) 

denotes the moduli space of principally polarized abelian surfaces (curves 
of genus 2). From the arguments of §1 and §2, we see that this identifi
cation preserves the action of 6 6 . In other words, we have the following 
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Proposition 4.1. There is an isomorphism ¢ F0 (A(f(2))) -+ 
K = Q(Mo,6) such that the following diagram commutes for any a E 

66: 

Fo(A(f(2))) ~ Q(Mo,6) 

ul lu 
Fo(A(f(2))) ~ Q(Mo,6)· 

We refer to [Ru] for the details. By this identification our prob
lem CR-NP for G ~ 65 is reduced to the rationality of the fixed field 
F0 (A(r(2))) 0 . In particular we have for G = 6 6 

(4.2) F0 (A(f(2))) 66 = F0 (A(Sp(4, Z))) 

and it is well-known that the field F0 (A(Sp(4, Z))) is rational (see [Igl], 
and also [Doll]). Thus we have 

Theorem 4.2. The answer to CR-NP for G = 6 6 over Q is affir
mative. Namely the field Q(M0 ,6 ) 66 = Q(s, t, z) 66 is again a rational 
function field Q(a, b, c) for suitable a, b, c E Q(s, t, z). 

We shall briefly sketch how we find a, b, c in the above theorem 
explicitly. Let S(2, 6) be the ring of invariants for the binary sextics. 
Then there is an injective ring homomorphism p : A(Sp( 4, Z)) -+ S(2, 6) 
which preserves the weight and degree ratio, such that F0 (Im(p)) = 

F0 (S(2, 6)). Recall now from the classical invariant theory that the ring 
S(2, 6) is generated by five homogeneous elements A, B, C, D, E which 
are expressed by the roots x1, ... , x 6 of generic sextic as 

(15terms), 

(lOterms), 

(60terms), 

D := II (ij?, 
1Si<jS6 
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where (ij) denotes (xi- Xj), and the sum (resp. product) for A (resp. 
E) is taken over the 15 decompositions {i1,i2} U {i3,i4} U {is,i6} = 
{1, ... , 6}. Furthermore, it is known that A, B, C, D are algebraically 
independent, and E 2 can be expressed by a polynomial in A, B, C, D. 
Now put 

a:=B/A2 , b:=C/A2 , c:=D/A5 , d:=E2 /D 3 , e:=E/(BD). 

Then we see that a, b, c, d are homogeneous of degree 0, while e is 
not. In fa:ct a, b, c, d can be expressed as rational functions in three cross
ratios s, t, z defined above, so that F0 (S(2, 6)) = Q(a, b, c, d). Moreover, 
from results of [Ig1] we can deduce that they satisfy the following relation 

( 4.4) 
40310784( d-3125)c3 -87 48(27 +2200a-58000a2 -12000b+240000ab )c2 

+324(3a2 +239a3 -1828a4 + 128a5 -18ab-2688a2 b+ 14640a3 b+9540ab2 

+27b2 -28800a2 b2 -10800b3)c- (1 +80a-384b) ( a3 - (a-3b) 2 ) 2 = 0. 

Since this equation is linear in d, it follows that Q(M0 ,6 ) 66 = F0 (S(2, 6)) 
= Q(a,b,c). This proves the rationality of the field Q(s,t,z) 66 . 

Since D is the discriminant of the generic binary sextic whose roots 
are x 1 , ... , X6, the CR-NP for the alternating group Qt6 is reduced to the 
rationality of a hypersurface in A 4 : 

Corollary 4.3. Q(M0 ,6 )2l6 is isomorphic to the function field of 
the hyper surface in A 4 defined over Q by the equation obtained from 
(4.4), replacing a, b, c, d by x, y, u, w2 respectively. 

§5. CR-NP for smaller subgroups (preparation) 

In the following sections, we shall give an affirmative answer of CR
NP for smaller transitive subgroups by a more computational method. 
Here in this section, we choose a system of generators (cross-ratios) of 
Q(Mo,6) used in our actual computation, and explain how to compute 
the action of 6 6 on these generators. 

We take a system of generators a, b, c of K := Q(M0 ,6 ) by the 
following symmetric uniformization: 

(5.1) [xl,xz,x3,x4,xs,x6] = [o,a,1, 1 ~b,oo, c~ 1] 

= [ oo, a: 1 , 0, b, 1, 1 ~ c] = [ 1, 1 ~a, oo, b ~ 1 , 0, c] . 
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In terms of X1, ... , X5, a, b, care expressed as 

We have K = Q (a, 1 ~ b, c ~ 1) = Q(a, b, c). The action of 6 6 on 

Q(a, b, c) can be calculated by the following renormalization technique. 
For example, consider the action of the element a= (1 2 3 4 5 6). Put 

[ 1 c~1] 
P=[x1 , ... ,x6]= O,a,1, 1 ~b'oo,-c-. 

Recall that the action of 6 6 on K is defined as the pull-back of the 
action on M 0 ,6 , i.e. for a E 6 6 and f E K = Q(M0 ,6 ), a(f) is defined 
to make the following diagram compatible: 

Mo,6 ~ 1P'1 

II 

Mo,6 ~ 1P'1 , 

so that a(f)(P) = f(a- 1 (P)) for P E M 0 ,6 . We can calculate a-1 (P) 
as 

[ 1 c~1 ] 
a-1 (P) = [x2 ,x3 ,x4 ,X5,X6,X1] = a, 1, 1 ~ b'OO' -C-,0 

~ [ (1~a)(1~b+bc) 1~b+bc ~a(1~b+bc) ] 
~ 0, ' 1, ( ) 'oo, ( ) ( ) ' 1 ~ a + ab c 1 ~ a + ab 1 ~ c 1 ~ a + ab 

where the renormalization is given by 

/

1 
~~a 1_b~a (1~b+bc)(~~a) 

~ r-+ ~ ~ !8 _1_ ~ !8 = (1 ~a+ ab)(1 ~ c + c~)" 
c 1-b c 

Thus we obtain 
a(a)= (1~a)(1~b+bc) 

1 ~a+ ab ' 
and also 

( 1) 1~b+bc 
a 1 ~ b = c(1 ~a+ ab)' 

( c~1) ~a(1~b+bc) 
a -c- = (1 ~ c)(1 ~a+ ab)' 

from which we can easily derive the expressions for a( b), a( c) (see below). 
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§6. CR-NP for 6T3 and its subgroups 

The subgroup named 6T3 in [B-MK] is the stabilizer of the necklace 
permutation (1, 2, 3, 4, 5, 6), which is generated by a := (1 2 3 4 56), f3 := 

(1 4)(2 3)(5 6), and is isomorphic to the dihedral group D6 of degree 6. 
The action of 6T3 on Q(M0 ,6 ) is described as follows: 

a: 

(1- a)(1- b+ be) 
aN~--~------~ 

1- a+ ab 
bN (1-b)(1-c+ca) 

1-b+bc 
( 1 - c) ( 1 - a + ab) 

eN , 
1-c+ca 

{3: 

b(1-c+ca) 
a N ---'-----.,.-'-

1- a+ ab 
b N a(1- b +be) 

1-c+ca 
c(1-a+ab) 

eN . 
1-b+bc 

The action of a 2 and af3 is quite simple: 

{
aN b 

a 2 : b N c 

eN a, 

{
aN1-b 

af3: b N 1- a 

c N 1- c. 

Put 

x := a(1- b), y := b(1- c), z := c(1- a), and p :=abc. 

Note that x, y, z are determined respectively by the following normal
izations of the generic point P = [x1, ... , x6] E Mo,6 

[0, x, *, 1, oo, *]' [oo, *, 0, y, *, 1], [*, 1, oo, *, 0, z], 

and that Q(x, y, z) is a subfield of K = Q(a, b, c) with [K: Q(x, y, z)] = 
2, over which K is generated by p. To show this, we observe first the 
following identities 

(1-y)a=x+p, (1-z)b=y+p, (1-x)c=z+p, 

so that K = Q(x, y, z,p). By eliminating a, b, c we obtain the quadratic 
equation of p over Q(x, y, z): 

(6.1) p2 + (x + y + z- 1)p + xyz = 0. 

Next one can express the action of a, f3 on these elements as follows: 

{

xNy 

yNx 
f3 : ' ZNZ 

pNp 

{

XNZ 

yNx 
a: 

zNy 

p 1--t (1- a)(1- b)(1- c) = 1- (x + y + z)- p. 
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In this section, we deal with the following subgroups of 6T3: 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

Z(6T3) = (B) '::::' Cz, 

6T1 := (a) '::::' C5, 

6T2 := (a2 , (3) = 6 3 , 

6T3 = (a, (3) = D6, 

6T3 n Qt6 = (a2 , a(3) = 6 3 , 
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where we put():= a 3 = (1 4)(2 5)(3 6) and denote the center of 6T3 by 
Z(6T3). Though the groups Z(6T3) and 6T3 n Qt6 are not transitive, 
they will play some important roles in our computation. 

6.1. Z(6T3) 

The action of () on the elements above is as follows: 

(1- b)(1- c + ca) 
a c--+ -"------'--'------'--

1-b+bc 

() : b c--+ ( 1 - c) ( 1 - a + ab) 
1-c+ca 

(1- a)(1- b +be) 
c f---t ' 1- a+ ab 

{

X f---t X 

yc--+y 

zc--+z 

pc--+1-(x+y+z)-p. 

It follows that () fixes x, y and z, so Q(x, y, z) c K(e). On the other 
hand, we have [K : Q(x, y, z)] = 2 as is observed above. We have thus 
shown that K(e) = Q(x, y, z) and, in particular, K(e) is rational over Q. 

6.2. 6T3 

We note that 
6T3/Z(6T3) = (a, /3) '::::' 63 

and that the action of this group on KZ(6T 3) = Q(x, y, z) is nothing but 
the standard permutation. Hence we have 

K6T3 = (KZ(6T3))6T3/Z(6T3) = Q(s, t, u), 

where s := x + y + z, t := xy + yz + zx, u := xyz are the fundamental 
symmetric polynomials in x, y, z. 

6.3. 6T1 

By what we have proved in the previous subsection, the problem for 
6T1 is reduced to the rationality of 

K6Tl/Z(6T3) = Q(x, y, z)(a) 
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where (a) is isomorphic to Ql3 as a subgroup of 6T3/Z(6T3) ~ 63. So 
the fixed field is given as 

K6Tl = Q(x, y, z)(a) = K6T3(d), 

d := (x- y)(y- z)(z- x), 

and this field is known to be rational, since the original Noether's prob
lem (Perm-NP) for Ql3 is settled affirmatively. Here we review this clas
sical result, because it is referred to again and again in this article. Let 
D(s, t, u) be the discriminant form of T 3 - sT2 + tT- u: 

Our basic ingredient to Perm-NP for Ql3 is the following 

Lemma 6.4. By a birational change of variables 

and 

D(s, t, u) is expressed as 

Then we have K 6T3 = Q(s1 ,t1 ,ul) and K 6T1 = K 6T3(dl) where d1 

satisfies a relation di = 4u1 - 27( s1 - 1 j2. Hence we obtain K 6T 1 = 
Q(s1 , t 1 , dl), which is rational over Q. 

6.5. 6T2 

We can show that K 6T 2 = K 6T 3 (p) by observing that 6T2 fixes p 
and that a(p) =J p. Since we also have p2 + (s- l)p + u = 0, K 6T 2 = 
Q(s, t,p) = Q(t, u,p). 
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6.6. 6T3 n Ql6 

Put 

a':= 2a -1, b' := 2b- 1, and c' := 2c- 1. 

Then the action of a 2 and a(3 on them is 

{
a' c-+ b' 

a 2 : b' c-+ c' 

c' c-+ a', 

{

a' c-+ -b' 

a(3: b' c-+ -a' 

c' c-+ -c'. 
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This is the permutation action by 6 3 twisted with the signature. The 
difference product d' := (a'- b')(b'- c')(c'- a') = 8(a- b)(b- c)(c- a) 
is fixed by this action. We can easily show that 

(tl I d') (a2 ,a{3) _ _ 3!.._ _ 
Q(a,b,c) -Q ,2, ,3, ,2 ' 

s s s 

where s' :=a'+ b' + c', t' := a'b' + b' c' + c' a', u' := a'b' c' are the funda
mental symmetric polynomials in a', b' and c'. 

§7. 6T13 and its subgroups-(3, 3)-imprimitive subgroups 

The subgroup named 6T13 in [B-MK] is the stabilizer of the par
tition { {1, 3, 5}, {2, 4, 6} }. Hence 6T13 is a maximal (3, 3)-imprimitive 
subgroup of 6 6 , which is isomorphic to C 2 l63 = C2 ~ (63)2. 

Adding to the notation in the previous section, we put 1 1 := (1 3 5), 
/2 := (2 4 6) and N := (/1, /2J '::::'. c3 X C3. Then we see that a 2 = /1/2 E 
N, and that N is the unique (normal) 3-Sylow subgroup of 6T13. We 
also put 

r5 := (1 4)(2 56 3). 

Then it satisfies the relations 

o4 = e2 = 1, eo= r5- 1e 

where e = a 3 = (1 4)(2 5)(3 6). It follows that r5 and e generate a 
subgroup isomorphic to D 4 , which is in 6T13 a complementary group to 
N: 

(7.1) 

(7.2) 

6T13 = (e, r5) ~ N, 

6T13/N = (1J, b) c::- D4. 
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In this section, we deal with four transitive subgroups of 6 6 . 

(7.3) 6T5 := (862 ) 1>< N = (a2 ,/3,'/1), 

(6(6T5)6-1 = (B) 1>< N = (a, '/1),) 

(7.4) 6T9 := (B, 62) 1>< N = (a, (3, '/1), 

(7.5) 6T10 := (6) 1>< N = (a2 ,a/3,"(1,6) = 6T13n2l6, 

(7.6) 6T13 = (8,6) 1>< N = (a,/3,"(1,6). 

7.1. 6T9 

@ .. 
.... ·· ···· ... 

9 •••• ······~·To-.. 
• 3 ·· •• q(V 

EID' .. ······ 
\ 

\ 
3 

·. . ....... t .... ····· ····· ... $ 
.. ·· ... ... 

/C3~· 

••••••••••• )-:S-

Fig. 2. 6Tl3 and its subgroups 

The group 6T9 has 6T2 = (a2, /3) = (/3) 1>< ('11 '12) as its normal 
subgroup. The quotient group 6T9/6T2 is isomorphic to 6 3 : 

6T9j6T2 = ('12, e) '::::!. 63. 

Recall that K 6T 2 = Q(s, t, u,p) is a quadratic extension of Q(s, t, u) 
generated by p which satisfies p2 + ( s ~ 1 )p + u = 0 by ( 6.1). The action 
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of '/2, 7J on K 6T 2 is as follows: 

s 
s r-t --

p 

t 
t r-t-

p2 

u 
ur-t-

p3 

u 
p r-t -2, 

p 

We can also observe that 

lsr-+s 

t r-t t 

7J: ur-+u 

pr--+1-s-p=~-

1-s+t-u 
'/2 (1 - s + t - u) = 2 . 

p 

Put 

p u 
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1-s-p 
rl := ' 1-s+t-u 

r2 := - ' 
1-s+t-u 

T3 := . 
1-s+t-u 

{ 
r1 r-t r2 

'/2 : r2 r-t r3 

r3 r-t r1, 

{ 

T1 r-t T3 

7J : r2 r-t r2 

r3 r-t r1. 

Hence the action of 6T9j6T2 ""' <53 on K 6T 2 = Q(r1 , r 2, r3) is deter
mined by the natural permutation of its generators r 1 , r 2 and r 3 . Putting 

we conclude that K 6T 9 = Q(s9 , t 9 , u9 ), which is rational over Q. 

7.2. 6T5 

The group 6T5 is an intermediate group of 6T9j6T2, which corre
sponds with 213 via 6T9/6T2""' <5 3 . The rationality of K 6T 5 follows from 
this. In fact, if we put d5 := (r1 -r2)(r2 -r3)(r3 -r1), K 6T 5 = K 6T 9(d5) 

with d~ = D(s9 , t 9 , u9 ), which is rational over Q by Lemma 6.4. 

7.3. 6T13 

The group 6T13 is generated by 6T9 together with 6 = (14)(2 56 3). 
The action of 6 on K 6T 9 is as follows: 

{ 

Sg r-t 1- Sg 

6 : tg r-t tg 

Ug r-t -Ug. 
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2s9 -1 
Hence we have K 6T 13 = Q(s13, t13, u13), where we put s13 := --

ug 

t 13 := t 9 , u 13 := u§. In particular, K 6T 13 is rational over Q. 

7.4. 6T10 

Consider the fixed fields of the subgroups of 

6T13/N = (1J, J) ~ D4. 

- -2 
First look at 6T9jN = (8, 8 ) ~ C2 x C2. Three intermediate fields 
between K 6T 9 and KN are K 6T 5 = K 6T 9 (d5 ), K 8 (6T 5)o- 1 = 8(K6T 5 ) = 

K 6T 9 (8(d5 )) and KN2 , where N2 := (82) K N = 6T9 n 12l5. Hence we 
have KN2 = K 6T 9 (d10 ), where d10 := d5 8(d5 ). Next look at 6T13/N2 = 

(1J, J) I (52) ~ c2 X c2. Since dlO is 8-invariant and 

we have K 6TlO = K 6T 13 (d10 ) = Q(s13 , t 13 , u13 , d10). The relation among 
these generators is 

d2 = 1296su2 - 1152st4u- 4s5t 2u3 + 136s3t3u2 - 4u- 144s4 tu3 

+ 11664u2 - 32t5 + 120st3u + 12s2u2 - 4st2u + 4s6 u4 - 12s4 u3 

- 2s2t4 u - 32s2t 5u + 1080s2t2u2 + 256t6 + 8s3t2u2 + s4 t4 u2 

+ 144tu - 7776stu2 - 1512t2u + 3456t3u + 432s3u3 + t4 , 

where in the equation above we omit the subscripts for simplicity. Un
fortunately this equation is so complicated that we can not determine 
whether K 6TlO is rational or not, at least, at the present time via this 
equation. Hence we must take a different way for 6T10, though the way 
above looks natural. 

b-a 
Put f 6 := The 6T10-orbit of f 6 is {!I, ... , f 6 }, where 

1-a+ab 

f ·- 1 _ b be 
1.- + ' 1 - e + ea 1 - a + ab 1 - b + be 

e-b 
h := 1- b+ be' 

f ·- 1 _ e ea 
3.- + ' 1 - a + ab 1 - b + be 1 - e + ea 

a-e 
!4 := ' 1-e+ca 

f ·- 1 _ a ab 
5.- + ' 1 - b + be 1 - e + ea 1 - a + ab 

b-a 

1- a+ ab' 
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and we can see that 6T10 acts on this set as permutations of indices. 
Since 

(1- !4)(1- !5) + !5!6 a = - -:------;--;------.,.-'------,-
(1- !I)(1- !6) + fd4) 

b =- (1- !6)(1- !I)+ !Ih 
(1- h)(1- h)+ hf6) 

(1- h)(1- h)+ hf4 c = - ...:....____:_......:...cc__--C.....-'---'----=--

(1- !5)(1- !4) + f5h) 

we have Q(fi, ... , f 6 ) = Q(a, b, c)= K. Put 

F1(T) = T 3 - hnT2 + h12T- h13 := (T- fi)(T- h)(T- j5), 

Fz(T) = T 3 - hz1T2 + hzzT- h23 := (T- h)(T- j4)(T- j5). 

Then a direct calculation shows that 

and hu + h21 = 3. 

Denote the difference product of their roots by d1 := (!I - h)(h -
j5)(!5- !I), dz := (h- j4)(f4- !6)(!6- h) and put do := dl/dz. We 
consider the fixed fields of N and N 2 . First we claim that 

Claim 7.4.1. KN = Q(hn,h13,hz3,dl,dz) andKN2 = Q(hn,h13, 
hz3,do). 

Proof. Since /l (resp. /z) permutes the roots of F1 (resp. Fz) 
cyclically and fixes the roots of F2 (resp. F1), Q(hu, h13, h23, d1, d2) 
is included in the fixed field KN of N = (/lJ 12 ). On the other hand, 
since the Galois groups of both F1 and F2 over Q(h11 , h13 , h23 , d1, d2) 
are cyclic and K is generated by their roots JI, ... , j 6 , we have [K : 
Q(hu,h13,h23,d1,d2)] :::; 9. Hence we obtain KN = Q(hn,h13,h23, 
dl,d2)· 

Since 52 = (2 6)(3 5) fixes h11 , h13 , h23 and maps d1 (resp. dz) 
to -d1 (resp. -d2), Q(h11 , h13, h23, do) is included in the fixed field 
KN2 • On the other hand, since di = D(h11 ,h11 ,h13) E Q(hn,h13,h23) 
and d2 = dl/d0 , we have [KN : Q(hn, h13, h23, do)] :::; 2. Since [KN : 
KN2 ] = 2, we obtain KN2 = Q(hn, h13, h23, do). Q.E.D. 

Next we shall show the rationality of KN2 = Q(hn, h13, h23, do). 
We have a relation 

d6 = D(hn, hn, h13) 
D(3- h11,3- h11,h23) 

-27hi3 + 1sh13hi1 + hfl - 4hrl h13 - 4hrl 
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among hu, h13, h23 and d0 . By a birational change of variables 

hu 

and 

gl=-
3 

3(3- hu - 3h23) 
g2 = hu(3- hu) 

3(hu - 3hl3) 
g3 = hu(3- hu) ' 

Hence we obtain KN2 = Q(g2, g3, do), which is rational over Q. 
Now we determine K 6TlO = (KN)(Ii) and show its rationality. The 

action of 15 on K N is 

hu 1---t 3 - hu 

hl3 1---7 h23 

h23 1---7 hl3 

dl 1---7 -d2 

d2 1---7 dl' 

Hence we finally obtain 

which is rational over Q. 

hence { 

g2 1---7 g3 

g3 1---7 g2 

1 
do 1---t --. 

do 

§8. 6Tll and its subgroups-(2, 2, 2)-imprimitive subgroups 

The subgroup named 6Tll in [B-MK] is the stabilizer of the parti
tion { {1, 4}, {2, 5}, {3, 6}}. Hence 6Tll is a maximal (2, 2, 2)
imprimitive subgroup of 65, which is isomorphic to 63 I C2 = 6 3 ~ 
(C2)3 '::::' 64 X c2. The center Z(6Tll) of 6Tll is (B)'::::' c2, which coin
cides with the center Z(6T3) of 6T3 discussed in 6.1, whose fixed field 
KZ(6Tll) = Q(x, y, z). 

Adding to the notation in the previous section, we put 
T1 := (1 4)(2 5), T2 := (1 4)(3 6) and M := (Tl, T2, B) '::::' (C2) 3. Then 
we have 6Tll = 6T2 ~ M, where 6T2 = (a2 , (3) '::::' 6 3 . We also put 
M+ := Mn2i6 = (T1,T2). 
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Fig. 3. 6Tll and its subgroups 

In this section, we deal with five transitive subgroups of 6 6 . 

(8.1) 6T4 := (o?) 1>< M+ = (a2 , T1 , T2 ), 

(8.2) 6T6 := (a2 ) 1>< M = (a,T1 ,T2 ) = (6T4,8), 

(8.3) 6T7 := (a2 ,aj3) 1>< M+ = (a2 ,aj3,T1 ,T2 ) = (6T4,j38) 

= 6Tll n S2l6, 

(8.4) 6T8 := 6T2 1>< M+ = (a2 ,j3,T1,T2 ) = (6T4,j3), 

(8.5) 6Tll = 6T2 I>< M = (a, (3, Tl, T2) = (6T4, (3, e). 

Three subgroups 6T6, 6T7, 6T8 correspond to three proper subgroups of 
6Tll/6T4 = (/3, e) c::' c2 X c2. Both 6T7 and 6T8 are isomorphic to 64, 
but they are not conjugate in 6 6 . We also have 6Tll = 6T7 x Z(6Tll). 

8.1. 6Tll 

Put x' := 2x- 1, y' := 2y- 1, z' := 2z- 1: KZ(6Tll) = Q(x, y, z) = 

Q ( x', y', z'). Note that we can consider these elements through the fol
lowing normalization: 

(8.6) 

(8.7) 

(8.8) 

[0, x, *, 1, oo, *] = [-1, x', *, 1, oo, *], 

[oo, *, 0, y, *, 1] = [oo, *, -1, y', *, 1], 

[*, 1, oo, *, 0, z] = [*, 1, oo, *, -1, z']. 

The induced action of 6Tll/Z(6Tll) c::o 6T7 = 6 4 on KZ(6Tll) = 
Q(x', y', z') is canonically identified with the action of 6T7 restricted on 
it. Then we have the following remarkable proposition: 
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Proposition 8.2. The action of 6Tll/Z(6Tll) 6 4 on 
Q(x', y', z') can be identified with the standard action of 64 on the reg
ular octahedron in the 3-dimansional Euclidean space. Hence the fixed 
field Q(x', y', z') 6Tll/Z( 6Tll) = K 6T 11 is rational over Q. 

Proof. We have 

where their action on x, y, z etc. are as follows: 

{
xc-+y 

a 2 = (1 3 5)(2 4 6) : y Hz 

ZHX, 

{

XHX 

af3 = (1 5)(2 4): y Hz 

zc-+y, 

{

XHX 

T1 = (1 4)(2 5): y H 1- y 

z H 1- z, 

{
xc-+1-x 

T2 = (1 4)(3 6): Y H y 

z H 1- z, 

{ 
x' H y' 

y' Hz' 

z' H x', 

{ 
x' H x' 

y' Hz' 

z' c-+y', 

{
x' c-+x' 

y' H -y' 

z' H-z', 

{ 
x'c-+ -x' 

y' H y' 

z' H-z'. 

Thus we have K 6T 11 = Q(x', y', z') 64 = Q(s11 , t 11 , u11 ), where 

,2 ,2 ,2 t ,2 ,2 + ,2 ,2 + ,2 ,2 Sn = X + y + Z , 11 = X y y Z Z X , 

I I I 
Uu =X y Z. 

We have another typical 6Tll-invariant element 

Wu = xyz(1- x)(1- y)(l- z) E K 6T11 . 

Q.E.D. 

Since it holds that t 11 = 64w11 - 1 + s11 + ui1 , we have also K 6T 11 = 
Q(s11 , u 11 , w11 }. 
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8.3. 6T6 

The subgroup 6T6 corresponds with 2(4 C 6 4 via 6Tll/Z(6Tll) c:::: 
6 4 . Thus K 6T 6 = (Kz(6T 11l) 6T 6/Z(6Tll) = Q(x', y', z')m4 is rational by 
a classical result. 

Presicely, it is easy to see that K 6T6 = K 6T11 (d), where 

d - ( ,2 ,2)( ,2 ,2)( ,2 ,2) - x -y y -z z -x . 

Since d2 is the discriminant of T 3 - s 11 T 2 + t 11T- ui1 , there is an 
algebraic relation 

(8.9) d2 = -27uf1 + 18ui1sntn + si1ti1 - 4sf1ui1 - 4tf1 . 

By a birational change of variables 

and 
u5(s6- 3) 

un = -'------'-
t6 

8.4. 6T8 

d = d5(s6- 3)(t6u~(s6 - 3)2)- s~ 
t~ 

Put vs := 2(p-B(p)) = tr(71 ,72 ) (p) + 1, where p = abc. The stabilizer 
of vs in 6Tll is 6T8. Hence K 6T 8 = K 6T 11 (p) = Q(s11 ,t11 ,u11 ,v8 ). 

Moreover we have B(v8 ) = -v8 , hence v§ E K 6T 11 . In fact, v§ = s 11 -

2u11 -1. Therefore we obtain that K 6T 8 = Q(t11 ,u11 ,v8 ). 

8.5. 6T4 

The quotient group 6Tll/6T4 is isomorphic to c2 X c2, and has 
three proper subgroups corresponding 6T6 = (6T4, B), 6T7 = (6T4, /38) 
and 6T8 = (6T4, /3). Since 6T4 = 6T6n6T8, we have K 6T4 = K 6T6 K 6T8 

= K 6T6(v8) = Q(s6, u6, d6)(vs). Since 

3s6- 2u6(s6- 3) 
v§ + 1 
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it follows that 
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(vg + 1)(d~ + 3) + 24u~ 
86 = 4( vg + 1 - 3u~ + 2u~) 

Hence we have K 6T4 = Q(s6,u6,d6,vs) = Q(u6,d6,vs). 

8.6. 6T7 

We look at the extension K 6T 4 I K 6T 11 whose Galois group 1s 
Gal(K6T 4 I K 6T 11 ) = (71, /3) ~ V4 . The action of 71,73 on K 6T 4 is as 
follows: 

{ 

U5 f--7 U6 { U5 f--7 U5 

71 : d6 f--7 d6 73 : d6 f--7 -d6 

v8 r-+ -v8, v8 r-+ v8. 

In fact, we already have Q( u6, d~, vg) = K 6T 11 , Q( u6, d6, vg) 
K 6T6 and Q(u6 ,d~,v8 ) = K 6T8. By the observation above, we obtain 
that K 6T7 = (K6T 4 )(f3e) = Q(u6 ,d~,d6v8 ) is rational over Q. 

Thus we have shown that CR-NP for all solvable transitive sub
groups of 6 6 are affirmative. 

§9. 6T14-65 transitively embedded in 6 6 

9.1. The exotic 6 6-action 

The subgroup named 6T14 in [B-MK] is isomorphic to the symmet
ric group 6 5 of degree 5. There are two conjugacy classes of subgroups of 
66 which are isomorphic to 65. One consists of the stabilizers of one of 
the indices among {1, ... , 6}, and the other consists of the conjugates of 
6T14, where they are interchanged by a non-trivial outer automorphism 
of 65. We hope to understand 6T14 in the context of the 6 6-action 
twisted by its non-trivial outer automorphism. 

Let 86 := {1, ... , 6} be the set consisting of six points with the 
standard 6 6-action. To describe the 6 6-action twisted by an outer 
automorphism, we introduce the exotic 6 6 -set 

where the projective linear group PGL(2, F5) of degree 2 over F5, which 
is isomorphic to 6 5, acts from the right: g : i r-+ i o g, and 6 6 acts on 
X6 from the left: a: [i] r-+ [a o i]. Then, 6T14 (resp. 6T8, 6T2) is the 
stabilizer of one point (resp. ordered two points, ordered three points) 
of X 6 • 

To combine the calculation in previous sections, we take a point 
[io] E X6 where io maps ( -2, 0, +2, + 1, -1, oo) to (1, 2, 3, 4, 5, 6) in this 



Noether's problem of degree 6 217 

order, and define 6T14 to be the stabilizer of [to]. Then each element 
a E 6T14 induces an element g E PGL(2, F 5 ) which satisfies a o to = 
too g. Moreover we put t 1 : ( +2, 0, -1, + 1, -2, oo) r-+ (1, 2, 3, 4, 5, 6) and 
t 2 : (-1,0,-2,+1,+2,oo) r-+ (1,2,3,4,5,6). Then 6T8 (resp. 6T2) in 
the previous sections coincides with the stabilizer of the ordered two 
points ([to], [t1]) (resp. the ordered three points ([to], [t1], [t2])). In fact, 
the generators a 2 = (1 3 5)(2 4 6), (3 = (1 4)(2 3)(5 6), T1 = (1 4)(2 5) 
and T2 = (1 4)(3 6) of 6T8 induces linear fractional transformations 

1 -~ + 2 2~ 
~ r-+ -1 c, -c--, -~ - 1 and -c - on lP'1 ( F 5 ) respectively. The quo-

-" "+1 "-2 
tient set 6T14/6T8 can be identified with the orbit X 6 ......_{[to]} of [t1], 
on which 6T14 c:::- 65 acts by permutations. The group PGL(2, F5 ) has 
a translation ~ r-+ ~ + 1 of order 5, which is not included in 6T8. This 
corresponds to <p := (1 5 2 4 3) E 6T14. The group 6T14 is gener
ated by 6T8 together with <p, and {<pi I i = 0, ... , 4} forms a system of 
representatives of 6T14/6T8. 

9.2. 6T14 

By the consideration in the preceding subsection, we know that 
6T14 c:::- 6 5 acts by permutations on the (<p)-orbit of an element in 
K 6T 8 which is not fixed by <p. We shall find an element in K 6T 8 suitable 
for our computation. First we observe the action of t.p: 

<p = (1 5 2 4 3) : 

a(1- b) 
a r-+ - --'-----'-

1- a+ ab 
1 

b f--7-
a 
1-c+ca 

Cf--7 
1-c 

Put w0 := - 2- E K 6T 8 and wi := <pi(w0 ) fori= 1, ... , 4. Then we 
2- v8 

have 

1 1 
wo = = 

1 - p + B(p) 2 - a - b- c + ab +be+ ca - 2abc' 

w1 = (1- c)(1- a+ ab)wo, w2 = -abcw0 , 

w 3 = (1- b)(1- c + ca)wo, w4 = (1- a)(1- b + bc)wo. 

Since 

1- Wo- W3 1- Wo- W4 
a-------

- 1- w2- w1' 
b = __ 1_-_w_0_-_w_l 

1- w2- w4' C=- ' 
1- W2- W3 
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we have Q(wo, ... , w4) = Q(a, b, c)= K. Put 

4 4 

II 5 "\:"' i F(T) := (T- wi) =: T + L CiT . 
i=O i=O 

Then direct calculation shows that C4 = -2 and C2+C3 = 1. Hence, by 
putting Sl4 := c2, h4 := cl and Ul4 := Co, we have Q(sl4, tl4, Ul4) c 
K6Tl4 and 

(9.2) 
F(T) = X 5 -2X4+(1-s14)X3+s14X2+t14X +u14 E Q(s14, t14, U14)[T]. 

Moreover since the roots w 0 , ... , w 4 generate K = Q(a, b, c), we have 
K 6T 14 = Q(s14 , t 14 , u14 ), which is rational over Q. 

We give a remark on the fixed field of 6T12 c::: Ql5. Since 6T14 c::: 
6 5 acts on the roots w 0 , ... , w 4 of F(T) by permutations, K 6T 12 is 
generated by the difference product 

d14 := II (wi- wj) 
o:::;i<j:=:;4 

of the roots of F(T) over K 6T 14 . Hence the CR-NP for 6T12 is reduced 
to the rationality of a hypersurface in A 4 : 

Corollary 9.3. Q(M0 ,6 ) 6T 12 is isomorphic to the function field of 
the hypersurface in A 4 defined over Q by the following equation: 

d2 3125u4 - (750s2 - 450s - 108 - 5000t)u3 

-(108s5 + 3s4 + 110s3 - 900s3 t + 27s2 + 470s2t- 432st 

+2000st2 - 108t- 1800t2)u2 - 2(s2 - 4t)(8s4 + 36s3t + 2s3 

-35s2t- 9st- 160st2- 4t2)u + t 2 (s2 - 4t) 2 (4s + 16t + 1). 
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