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Geometric interpretation of double shuffle relation
for multiple L-values

Hidekazu Furusho

Abstract.

This paper gives a geometric interpretation of the generalized (in-
cluding the regularization relation) double shuffle relation for multiple
L-values. Precisely it is proved that Enriquez’ mixed pentagon equa-
tion implies the relations. As a corollary, an embedding from his cyclo-
tomic analogue of the Grothendieck—Teichmiiller group into Racinet’s
cyclotomic double shuffie group is obtained. It cyclotomically extends
the result of our previous paper [F3] and the project of Deligne and
Terasoma which are the special case N = 1 of our result.

§0. Introduction

Multiple L-values L{ki,--- ,km;C1,--+ ,(m) are the complex num-
bers defined by the following series

nLL L (Mm

(01) L(kl,"',km;Ch"' 7<m) = Z —11;1——7/?*

- .. m
0<ni< - <nm L Tim

for m, ki,..., km € N(= Zsg) and (1, .., € pn(: the group of
N-th roots of unity in C). They converge if and only if (kn,,(m) #
(1,1). Multiple zeta values are regarded as a special case for N = 1.
These values have been discussed in several papers [AK, BK, G, R]
etc. Multiple L-values appear as coefficients of the cyclotomic Drinfel’d
associator 4511\(]2 (1.5) in U§n41: the non-commutative formal power
series ring with N + 1 variables A and B(a) (a € Z/N7Z).

The mixed pentagon equation (1.3) is a geometric equation intro-
duced by Enriquez [E]. The series ¥, satisfies the equation, which
yields non-trivial relations among multiple L-values. The generalized
double shuffle relation (the double shuflle relation and the regulariza-
tion relation) is a combinatorial relation among multiple L-values. It
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is formulated as (2.2) for h = ®¥,. It is Zhao’s remark [Z] that for
specific N’s the generalized double shuffle relation does not provide all
the possible relations among multiple L-values.

Our main theorem is an implication of the generalized double shuffle
relation from the mixed pentagon equation.

Theorem 0.1. Let UFn1 be the universal enveloping algebra of
the free Lie algebra Fn4+1 with variables A and B(a) (a € Z/NZ). Let h
be a group-like element in U N1 with cpoy(h) = 0 satisfying the mizved
pentagon equation (1.3) with a group-like series g € UF2. Then h also
salisfies the generalized double shuffle relation (2.2).

As a consequence we get an embedding from Enriquez’ cyclotomic
associator set Pseudo(N, Q) (Definition 1.4) defined by the mixed pen-
tagon (1.3) and the octagon (1.4) equations into Racinet’s double shuffle
set DM R(N, Q) (Definition 2.1) defined by the generalized double shuf-
fle relation (2.2).

Theorem 0.2. For N > 0, Pseudo(N,Q) is embedded into
DMR(N,Q). In more detail, we have embeddings of torsors

Pseudo(,,,,)(N,Q) C DM R,,,)(N,Q)
for (a,u) € (Z/NZ)* x Q and of pro-algebraic groups
GRTMi,1)(N,Q) € DMR(1,)(N,Q)

(for GRT M1 1y(N, Q) see Definition 1.6).

It might be worthy to note that we do not use the octagon equation
to show Pseudo(N,Q) C DMR(N,Q). By adding distribution rela-
tions (1.7) to both sides, we also get the inclusion Psdist(, ,.\(N,Q) C
DMRD,,,)(N,Q) (for their definitions see Remark 1.7 and 2.2).

The motivic fundamental group of the algebraic curve G,,\un is
constructed and discussed in [DG]. It gives a pro-object of the tan-
nakian category of mixed Tate motives (constructed in loc.cit.) over
Z[un,1/N], which yields an action of the motivic Galois group (: the
Galois group of the tannakian category) Gal™ (Z[un,1/N]) on Fyi1. It
was shown that the action is faithful for N = 1 in [Br] and N = 2,3,4,8
in [De08]. The image of its unipotent part in AutFy.41 is contained in
GRTMD1y(N,Q) and DM RD 1 )(N, Q), which follows from a geo-
metric interpretation of the defining equations of GRT'M D1 1y(N, Q).
It is a basic problem to ask if they are equal or not.

The contents of the article are as follows: We recall the mixed pen-
tagon equation in §1 and the generalized double shuffle relation in §2. In
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§3 we calculate Chen’s reduced bar complex for the Kummer coverings
of the moduli spaces My 4 and Mg 5. Two variable cyclotomic multiple
polylogarithms and their associated bar elements are introduced in §4.
By using them, we prove theorem 0.1 in §5. §6 proves several auxiliary
lemmas which are essential to prove Theorem 0.1.

§1. Mixed pentagon equation

This section is to recall Enriquez’ mixed pentagon equation and his
cyclotomic analogue of the associator set [E].

Let us fix notations: For n > 2, the Lie algebra t, of infinitesimal
pure braids is the completed Q-Lie algebra with generators t¥ (i # j,
1 < 4,j €< n) and relations

t9 = 9% [t % 4 17%) = 0 and [tY, "] = 0 for all distinct 4, j, k, [.

We note that t; is the 1-dimensional abelian Lie algebra generated by
t'2. The element z, = 37, ;1" is central in t,,. Put ) to be the
Lie subalgebra of t,, with the same generators except t'®.  Then we have
t, = t2 ® Q- 2,. Especially when n = 3, {3 is a free Lie algebra Fo of
rank 2 with generators A := t'2 and B = t?3. For a partially defined
map f:{1,...,m} = {1,...,n}, the Lie algebra morphism t, — t,, :
gl =z W) g uniquely defined by

(tij)f — Z ti/j/ )
vef-1(i),j'ef ()

Definition 1.1 ([Dr]). The associator set M (Q) is defined to be the
set of pairs (1, g) € Q x exp 2 = exp t] satisfying the pentagon equation
: 0
in exp ty

1,2,3
g .

(1.1) gli234gl23.4 _ 12,3,4 1,234
and two heragon equations in exp F2 = exp t3
(1.2)  g(A, B)g(B,A) =1,

exp{E219(C, ) expt B 19(B, C)expl 2 Jo(4, B) =1
with C = —A — B. For u € Q, the set M,(Q) is the subset of M(Q)
with (u,g) € M(Q). Particularly the set GRT;(Q) means M(Q).

For any field k of characteristic 0, M (k) and GRT (k) are defined in
the same way by replacing Q by k.
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By our notation, the equation (1.1) can be read as
g(E12, 123 1 £24)g(£13 1423, 134) = g (123, 134) g (£12 4 13, 424 1 134) (112, 123,

In [Dr] it is shown that GRT:(Q) forms a group, called the Grothendieck—
Teichmaller group, and the associator set M,(Q) with p € Q* forms a
GRT;(Q)-torsor.

Remark 1.2. Tt is shown in [F2] that the two hexagon equations
(1.2) are consequences of the pentagon equation (1.1).

Remark 1.3. The Drinfel’d associator Pz = Pz (A, B) € C{(4, B))
is defined to be the quotient @z = G1(2) ' Go(z) where Gy and G
are the solutions of the formal KZ (Knizhnik-Zamolodchikov) equation

Lo =(2+-L

dz z z-—1

such that Go(z) ~ 24 when 2 — 0 and G1(2) = (1 — 2)® when 2z — 1
(cf.[Dr]). The series has the following expression

Drz(A,B) =1+ (=1)"C(kr, -, km)AFmIB ... AR71B

+ (regularlzed terms)

and the regularized terms are explicitly calculated to be linear combina-
tions of multiple zeta values ((ki,- - ,km) = L(k1,...,km;1,...,1) in
[F1] Proposition 3.2.3 by Le-Murakami’s method [LM]. Tt is shown in
[Dr] that the series belongs to M,,(C) with y = 27y/—1. This is achieved
by considering monodromy in the real interval (0,1) and the upper half
plane in Mg 4 (see §3) and the pentagon formed by the divisors y = 0,
z = 1, the exceptional divisor of the blowing-up at (1,1), y = 1 and
z=01in Mgy (see §3).

For n > 2 and N > 1, the Lie algebra t,, ;v is the completed Q-Lie
algebra with generators

P @<i<n), Ha) (i£5,2<0j <n,a€Z/NZ)
and relations
t(a)? = t(—a)’", [t(a)ij t(a-+b)"* +1(b)’*] = 0,

tlz tlj + Z Z_] t ]_O, [tli’tlj + Z

c€Z/NZ c€Z/NZ
[t ()] =0 and [t(a)¥,t(b)*] =0
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for all a, b € Z/NZ and all distinct 4, j, k, [ (2 < 4,5, k,1 < n). We
note that ¢, is equal to t, for n > 2. We have a natural injection
t,—1 N < t, n. The Lie subalgebra f, n of t, n generated by ¢'™ and
tla)™ (2 <i<n-—1,a € Z/NZ) is free of rank (n — 2)N + 1 and
forms an ideal of t, . Actually it shows that t, x is a semi-direct
product of f, n and t,—1 n. The element 2z, y = Zl<i<j<n 19 with
t9 =3 ez/nz t(@)7 (2 <i<j<n)is central in ¢, n. Put ) y to be
the Lie subalgebra of t,, y with the same generators except t!™. Then we
have t, v =t} y ® Q- 2, n. Occasionally we regard ) 5 as the quotient
6, n/Q - zn . Especially when n = 3, tg’N is free Lie algebra §y1 of
rank N + 1 with generators A := t'? and B(a) = t(a)?® (a € Z/NZ).

For a partially defined map f : {1,...,m} — {1,...,n} such that
f(1) = 1, the Lie algebra morphism t, n — tp, v = +— zf =
2 T W) g uniquely defined by

(t(a)?) = > t(a)' (i#4,2<i,5<n)

vef—1(9),5'ef~1(5)

and

] s/ 1 YY)
LAY - 1 1
(tﬂ)_'zltﬂ_kz‘ Z | Z #(c)i'
J'ef=1J) 3,3 €f~(4) c€Z/NZ
+ ) Y e @<i<n).

VALEfT1(1),5'€f~1(j) c€Z/NZ

Again for a partially defined map ¢ : {2,...,m} — {1,...,n}, the Lie
algebra morphism t, — t, ny ¢ — 29 = 29 (197" i uniquely
defined by

()9 = 3 107 (i #£5,1<4,5<n),

i'egTH(i),j €9 (5)

Definition 1.4 ([E]). The cyclotomic associator set Pseudo(N, Q)
is defined to be the collection of Pseudo(, (N, Q) for (a,u) € Z/NZ x
Q which is defined to be the set of pairs (g,h) with ¢ € expF2 and
h =3 w.wora Cw (M)W € expFn 41 satisfying g € M,(Q), cp)(h) =0,
the mized pentagon equation in exp ti N

(1.3) B1:2:34),12,34 _ 92,3,4h1,23,4h1,2,3
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and the octagon equation in exp Fni+1

(1.4) h(A, B(a), Bla+1),...,B(a+ N — 1))—1exp{l‘32(@)}.
h(C,B(a), B(a—1),...,Bla+1—N)) exp{ﬁ}.
h(C,B(0), B(N —1),.. .,B(l))‘lexp{&(m}.

2
h(4, B(0), B(1),...,B(N — 1)) exp{%} =1
with A+ Y, 0705 Bla) +C = 0.
By our notation, each term in the equation (1.3) can be read as
RE2 - R($12,423(0) + £24(0), £22(1) + £24(1), ...
(N — 1)+ t**(N - 1)),
1284 — p(t'S 4 Zt23 ),14(0),£%4(1),..., (N — 1)),

9> = g(1*(0), t34(0))’
pl234 h(tlz NI ZtQS t24(0) -+ t34(0), e

(N = 1) + (N — 1)),
RY23 = R(#2,473(0), 473 (1), ... , 13 (N — 1)).
Remark 1.5. In loc.cit.  the cyclotomic analogue ®%, €

expEn+1(C) of the Drinfel’d associator is introduced to be the renor-
malized holonomy from 0 to 1 of the KZ-like differential equation

LHE -G+ ¥ 2me)
N

V4
a€Z/NZ

with (y = exp{%}, ie., ®¥, = H; 'Hy where Hy and H, are the
solutions such that Ho(z) ~ 24 when z — 0 and Hi(z) = (1 — 2)P©
when z — 1 (cf.[E]). There appear multiple L-values (0.1) in each of its
coefficient;

(1.5)
@N
=14 (=)™ L(k1, ki1, &n) AP Blay,) - - A1 B(ay)

+ (regularized terms)
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with & = (¥, ..., &uor = (7“1 and &, = (3™, where the
regularized terms can be explicitly calculated to combinations of multiple
L-values by the method of Le-Murakami [LM]. In [E] it is shown that
(Prz, P ;) belongs to Pseudo_1 5. /=1)(N,C). This is achieved by
considering monodromy in the pentagon formed by the divisors y = 0,
z = 1, the exceptional divisor of the blowing-up at (1,1), y = 1 and
z=0Iin Mg{\é) (see §3) to get (1.3) and in the octagon formed by 0, 1,
oo and (y in ./\/l((ﬁ) = G\ to get (1.4).

Definition 1.6 ([E]). The set GRTMj,1)(N, Q) means the subset
of Pseudo(i o) (N, Q) satisfying the special action condition in exp tg N

(1.6) A+ Y Ad(rah™")(B(a))
a€Z/NZ

+ Ad(h-l -h(C, B(0), B(N —1),... ,3(1)))(0) )

where 7, (a € Z/NZ) is the automorphism defined by A — A and
B(c) —~ B(c+a) for all c € Z/NZ.

In loc.cit. it is shown that GRT' M3 1y(N,Q) forms a group and
Pseudo, ,)(N,Q) with (a,u) € (Z/NZ)* x Q* forms a
GRT Mz 1y(N,Q)-torsor. In the case of N = 1 we have g = h and
then M, (Q) = Pseudo(; (N, Q) and GRT1(Q) = GRT M 1)(N, Q).
It is not known for general N whether GRT M3 1)(N, Q) is equal to
Pseudo(i gy(N, Q) or not.

Let N,N’ > 1 with N'|N. Put d = N/N’. The morphism

TNt v

is defined by t!* +— dt'* and tY(a) — tY(a) (i # j, 2 < 4,j < n,
a € Z/NZ), where & € Z/N'Z means the image of ¢ under the map
Z/NZ — Z/N'Z. The morphism

ONN' ity N = bty
is defined by t'* + t'* and t¥(a) v t¥(a/d) if dla and tY(a) ~ 0 if
dta (i+#34,2<47j<n,a€ Z/NZ). The morphism mypn- (resp.
ONN') : taN —> toNv induces the morphisms Pseudo, .)(N,Q) —
Pseudo,,)(N', Q) which we denote by the same symbol mxn- (resp.

O0nn+). Here @ means the image of a by the natural map Z/NZ —
Z/N'Z.

Remark 1.7. In [E], the distribution relation in exp tg’ N

(1.7) myn(h) = eXp{CB(O) (mnn(R))B(0)}onn- (R)
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is also discussed and Psdist(q,,)(N,Q) (resp. GRTMD11)(N,Q)) is
defined to be the subset of Pseudo(q,,)(N,Q) (resp. GRT M1 1)(N, Q))
by adding the distribution relation (1.7) in exp tg} y for all N'|N. In
loc.cit. it is shown that GRTM D y(N,Q) forms a group and
Psdist(q,,)(N,Q) with (a,u) € (Z/NZ)* x QX forms a
GRTMD 1y(N, Q)-torsor and the pair ($xz, PY ;) belongs to it with
(a7 /J‘) = (_17 277\/‘_1)

Remark 1.8. In [EF] it is proved that the mixed pentagon equation
(1.3) implies the distribution relation (1.7) for N’ = 1 and that the
octagon equation (1.4) follows from the mixed pentagon equation (1.3)
and the special action condition for N = 2. It is also shown that the

duality relation shown in [B] is compatible with the torsor structure of
Psdist(2,Q) and a new subtorsor Psdist™(2,Q) is discussed in [EF].

§2. Double shuffle relation

This section is to recall the generalized double shuffle relation and
Racinet’s associated torsor [R].

Let us fix notations: Let §y, be the completed graded Lie Q-algebra
generated by Y, o (n > 1 and a € Z/NZ) with degY, , = n. Put Uy,
its universal enveloping algebra: the non-commutative formal series ring
with free variables Y, , (n > 1 and a € Z/NZ).

Let

7y : USN+1 = USyy
be the Q-linear map between non-commutative formal power series rings
that sends all the words ending in A to zero and the word A™""~1B(a,y,)
< Am~1B(ay) (n1,...,nm > 1 and a4, ...,a,, € Z/NZ) to

(=1)"Yn,,,
Define the coproduct A, of UFy, by

~amYnm71,am~am-1 o 'Ynl,a2~a1-

Av(Yna)= > Yp®Y,. (n>0andacZ/NZ)
k+l=n,b+c=a

with Yoo == 1ifa=0and 0if a # 0. For h = Y 1, qew (MW €
US w1, define the series shuffle regularization

hy = heorr * Ty (h)

with the correction term

oo 1
(2.1) hecorr = €xp (Z (=1 CA"‘lB(O)(h)er,LO> .

n=1 n
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Definition 2.1 ([R]). For N > 1, the set DM R(N, Q) is defined
to be the set of series h = > . o qcw (M)W € expFn41 satisfying
ca(h) = cp(oy(h) = 0 and the generalized double shuffle relation

(2.2) A (hi) = h.Bh..

For (a,p) € Z/NZ x Q, the set DM R, (N, Q) is defined to be the
subset of DM R(N, Q) defined by

. (23) CB(ka)(h) - CB(Aka)(h) = %12; {CB(a)(h) - cB(—a)(h)}

for 1 <k < N/2and

2
CAB(0) (h) = %Z ifN=1,2,
cB(a)(h) —cp(—a)(h) = —QVQ_TQ)” if N > 3.

(2.4)

In loc.cit. it is shown that DM R ¢)(N,Q) forms a group and
DMR, (N, Q) with (a, ) € (Z/N)* x Q* forms a DM R )(N, Q)-
torsor.

Remark 2.2. In [R], DMRD(N,Q) (vesp. DMRD,,)(N,Q)) is
introduced to be the subset of DMR(N,Q) (resp. DMR, (N, Q))
by adding the distribution relation (1.7) in exp t& N = eXpEnr41 for
all N'|N. The series #% , belongs to DMRD, ,y(N, Q) with (a,p) =
(—1,2my/—1) because regularized multiple L-values satisfy the double
shuffle relation and the distribution relation (loc.cit). It is shown by
Zhao |Z] that for specific N’s all the defining equations of
DMRD,,,)(N, Q) do not provide all the possible relations among mul-
tiple L-values.

§3. Bar constructions

This section reviews the notion of the reduced bar construction and
calculates its 0-th cohomology for ./\/l((ﬁ) and Méﬁ’.

We recall the notion of Chen’s reduced bar construction [C]. Let
(A®* = ©2 A%, d) be a differential graded algebra (DGA). The reduced
bar complex B*(A) is the tensor algebra &2 ,(A*)®" with A® = © A
where A = A!/dA® and A® = A**! (i > 0). We denote a1 @ --- ® a,
(a; € A®) by [a1]---|a,]. The degree of elements in B*(A) is given by
the total degree of A®. Put Ja = (—1)?"'a for a € AP. Define

k
dlaa]--Jar) =Y (~1)'[Ja|- - |Ja; 1|dai|assa] - - |ax]

i=1
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and
k .
d’[ay] -+ lax] = > (=1 Jaa| - [Jai1|Ta; - aiga]aiya| - - |ak]:

Then d'+d" forms a differential. The differential and the shuffle product
(loc.cit.) give B*(A) a structure of commutative DGA. Actually it also
forms a Hopf algebra, whose coproduct A is given by

A([a1| s |a7’ Z[a1| |as] ® as+1| “lag].

For a smooth complex manifold M, Q*(M) means the de Rham
complex of smooth differential forms on M with values in C. We denote
the 0-th cohomology of the reduced bar complex B*(Q(M)) with respect
to the differential by H°B(M).

Let Mo 4 be the moduli space {(z1, - ,z4) € (PE)*|z; # z;(i #
)}/ PGLy(C) of 4 different points in P'. It is identified with {z €
Pglz # 0,1,00} by sending [(0, 2, 1,00)] to z. Denote its Kummer N-
covering

by M((){Z)- The space HB (M((ﬁ)) is generated by
wo := dlog(z) and we :=dlog(z —¢) (¢ € un).

We have an identification H OB(M((]]’?) with the graded C-linear dual of
USN —+1
BMPY) ~UFN @ C,

by Exp Q" : ZX% X0, 8l | lwi] € Uy i@l OB(MSY).

Here the sum is taken over m > 0 and 41, - ,%, € {0} U puy and
Xo = A and X; = B(a) when ¢ = (%. It is easy to see that the
identification is compatible with Hopf algebra structures. We note that
the product Iy - lo € HOB(ME,]’?) for Iy, Is € HOB(MS{?) is given by

bba(f) o= 32 (7)) for £ € USnan ©C with A(f) = 32, /7
f2 Occasionally we regard H°B (M(N)) as the regular function ring of
Fx41(C) = {g € USn+1 ® Clg : group-like} = {9 € USn+1 ® Clg(0) =
LA(g) =g®g}

Let Mg,s be the moduli space {(z1,-- ,z5) € (Pg)%|z; # z;(i #
J)}/PGLy(C) of 5 different points in P'. It is identified with {(z,y) €
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G2l # 1,y # 1,2y # 1} by sending [(0, 2y, y, 1,00)] to (x,y). Denote
its Kummer N2-covering

{(w,y) € GLJa™ # 1,y # 1, (wy)™ #1}
by Mé{g). It is identified with Wy /C* by (z,4) — (zy,y, 1) where
Wi = {(22, 23, 24) € G|z # sz(z # 7))}

The space H°B (Mé]\é)) is a subspace of the tensor coalgebra generated
by

wi,; := dlog z; and w; ;(a) := dlog(z; — (%z;) (2<1i,7<4,a€Z/N).
Proposition 3.1. We have an identification
H°B(MGY) ~ (Ut y)* @ C.

Proof. By [K], H°B(Wx) can be calculated to be the 0-th co-
homology HYB*(S) of the reduced bar complex of the Orlik-Solomon
algebra S®. The algebra S* is the (trivial-)differential graded C-algebra
S* = @257 defined by generators

wi,; = dlogz; and w; j(a) = dlog(z; —(xNz;) (2<4,5<4,a€Z/NZ)
in degree 1 and relations
wij(a) =wji(—a),  wi(a) AMwir(a+b) +w;k(b)} =0,

{wii +wiy + Z w(c)ij} Aw(a)i; =0,
c€Z/NZ

wi AMwig+ Y w(e)y} =0,
c€Z/NZ
wii Aw(a)jk =0 and w(a)i Aw(b)r =0

for all a, b € Z/NZ and all distinct ¢, j, k, | (2 < i,5,k,1 < n). By
direct calculation, the element

4
D hi®wnit > tij(a) ® wij(a) € (tan) i ¥ @ 57
=2 2<i<j<4,a€Z/NZ

yields a Hopf algebra identification of HB(Wy) with (Utyn)* ® C
since both are quadratic.
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By the long exact sequence of cohomologies induced from the G-

bundle Wy — M(()AQ =Wn/C*, we get

0 — H'MY) = H' (Wy) = HY(Gp) = 0

and
H'(MSD) ~ H(Wy) (i >2).

It yields the identification of the subspace H°B (M(()]\?) of H'B(Wy)
with (Ut} v)* ® C. Q.E.D.

The above identification is induced from
Exp O =3 "ty ot @ wy, | lwi] € Ut yBqHBMTY)
where the sum is taken over m > 0 and J1,---,Jn € {(1,7)]2 < i <

13 U{(i,5,0)|2<i<j<4,a€Z/NZ}.
Especially the identification between degree 1 terms is given by

Q(N) _ Zthdlog 2 + Z Z t; J dlog C]avzj)

2<i<j<4 a€Z/NZ

Ctn® HDR(M(N))
In terms of the coordinate (z,y),
O = typdlog(wy) + tisdlogy + Y tas(a)dlogy(x — &)
+ Z toa(a)dlog(zy — () + Z tsa(a)dlog(y — (x)
= tipdlogz + thg Ydlog(x — (R) + (t12 + tis + t23)dlogy

+ Z tza(a)dlog(y — (%) + Z taa(a)dlog(zy — CR)-

It is easy to see that the identification is compatible with Hopf algebra
structures. We note again that the product Iy -l € H OB(M(()]\Q) for

I, Iz € H'B(MSY) is given by Iy - Iy (f) == 3, i (F)(£57) for f €
Ut} y ® C with A(f) = 3, f (l) (1) (A: the coproduct of Ut] ).

Occasionally we also regard H OB(M((L 5)) as the regular function ring of
K} (C) = {g € Ut} y ® C|g : group-like}.
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By a generalization of Chen’s theory [C} to the case of tangential
basepoints, especially for M = M(N) or MO 5 , we have an isomorphism

p: HB(M) ~ I,(M)

as algebras over C which sends >, _; . . erlw,| - |wy] (cr € C)
to > et f wi, o -ow;,. Here Y eIt f wi, o+ ow; means the
iterated integral defined by
(3.1)
Yoo Wiy (Y(tm)) * Wiy (Y(Em—1)) -+ - wiy (7(t1))
T

O<ty <o <t 1<tm <1

for all analytic paths v : (0,1) — /\/l( ) starting from the tangential
basepoint o (defined by -2 7 for M = M 0.4 ) and defined by -4 7, and % for

M= ./\/l(N)) at the origin in M (for its treatment see also [De89]§15)
and I, (./\/l) stands for the C-algebra generated by all such homotopy
invariant iterated integrals with m > 1 and wi,, ... ,w;,, € Hhr(M).

84. Two variable cyclotomic multiple polylogarithms

We introduce cyclotomic multiple polylogarithms, Li,(((2)) and
Liap(C(x),n(y)), and their associated bar elements, I§ and lg(ﬁ)’"(y),
which play important roles to prove our main theorems. 7

For a pair (a,{) with a = (a1,--- ,ax) € Z¥, and { = (¢1,..., (k)
with ¢; € pn: the group of roots of unity in C (1 < ¢ < k), its weight
and its depth are defined to be wt(a,() = a; +--- +ax and dp(a, () = k
respectively. Put ((z) = (¢1,---,Cr_1,Cx). Put z € C with |2] < 1.
Consider the following complex analytic function, one variable cyclo-
tomic multiple polylogarithm

SR

a1

(4.1) Lia(((2)) =

0<my <---<my my - mk~1 mk
It satisfies the following differential equation
4 1Li<a1, aniae-1)(C(2)) i ag £ 1,
d_LZa(Z(Z)) = Ck — Ll(ala © 0k 1)(C17 sy Ck*Qa Ck—lz> if ap = 17 k 7& 17
z
i ifap=1,k=1.

G-
It gives an iterated integral starting from o, which lies on I,(M (N))
Actually by the map p it corresponds to an element of the Q—structure
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USyy, of H B (M((ﬁ)) denoted by lg. It is expressed as
(1.2)

Ig = (= 1)F[wo| - -~ lwo |we 1| wol -+~ |wo |we-1c-1 Jwo] - |wolwe-1...c-1]-
ap—1 ag-1—1

By the standard identification p ~ Z/NZ sending {n = exp{2—”\1\/,3} >
1, for a series ¢ = Y .00 4 cw (@)W it is calculated by

lg(‘P) = (_1)kcAﬂk*I’B(*ek)Aak—l_lB(fek7ek_1)--AAal‘IB(—ek—n-—el)((p)
with ¢; = (y (e; € Z/NZ). B
Fora= (a1, - ,a;) € ZEo, b= (b1, -+ ,by) € ZLo, C = (C1y- -+, Ch),
7= (m,...,m) with {;,n; € uy and z,y € C with |z| < 1 and |y| < 1,
consider the following complex function, the two variables multiple poly-
logarithm
(43) Lla,b(g(x% ﬁ(y))
. T Gt (Ge) ™ ey ()™
T Z Qp—1 b1 bi—1 b,

al
0<my <---<my, mit -yt mek gty
<ngp<---<ny

It satisfies the following differential equations.

= Liap(C(e),7(0)
fle@, as—,ax-1),6(C(®), 7(1)) if ag #1,
Ck — Lz(al, Cak—1), b(Cls- oy Ch—2, Co—12,7(y)) — <% + Ckflle) ’
Litay - an—y,b1), b2y 51) (C1s -+ - Che1, KT, M2y - -5 M1, TIY)
ifag=1,k#1,1 41,
= = Lin(n(y) - (% + zrl_—z) Li(by), (0o ) (QINE 0255 i1, T0Y)
fag=1k=1,14#1,
Ck_l =t Li(ar,ar1)b1 (C1y - ooy Gem1Z, 1Y) — (% + g;ll_x> :
Litay - an 1,60 (C1s - ~7<k 1, Gk zy) ifap=1k#11=1,

= Liny (my) = (£ + ) i (Gmay) i o = Lk =1,1=1,
d
@Lz b(C(z),7(y))

%Lia,(bl,--- 7b141,bl41)(§($), ﬁ(y)) if bl 7£ 17

= 711_yL7;a,(b1,-~~,bzfl)(g(m)anla-~'777l*277]l*1y) if bl = 1’l 7é 1)

™

=i Lia(((may)) ifhy=1,0=1.
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By analytic continuation, the functions Lia(C(), 7(y)), Lib,a(7(y), {(z)),
Lia(C(z)), Lia(C(y)) and Lia(¢(zy)) give iterated integrals starting from

0, which lie on IO(M(()J,\Q). They correspond to elements of the Q-
structure (Ut} y)* of HOB(M&%)) by the map p denoted by lg’(g)’ﬁ(y),

lgfg)’f(m), 5@ 11 ang 5 respectively. Note that they are expressed

as
(4.4) Z CrlWin, |+ Jwiy ]
I=(tm, - ,41)

for some m € N with ¢; € Q and w;, c {dz de ﬂ,zdi zdyruds (- ¢

-y’ (—zy
pn)}-

§5. Proofs of main Theorems

This section gives proofs of Theorem 0.1 and Theorem 0.2.

Proof of Theorem 0.1. Let a = (a1,...,ax) € Z%,, b= (b1,...,b) €

>0; C - (Cl,"‘ack) and n = (7717"7'7771) with Cza’r]j € un C C
I <i<kandl <4 <) Put {(z) = (¢, Ck—1,C2x) and
7(y) = (..., m—1,my). Recall that multiple polylogarithms satisfy
the following analytic identity, the series shuffle formula in IO(Mé{\é)):

Lia(C(2)) - Lin(aw) = Y Lz,ﬁ',i(ii M)

oESh<(k,l)
Here Sh<(k l) = UL 1{0 : { k+1} — {1,---,N}|o is onto,
o(l) < (k),o(k+1) - < 0(k:+l)} o(a, b) = (c1, - ,enN)
with
as+bt p if 071(i) = {s,t} with s < ¢,

if 071(i) = {s} with s <k,

if 071(i) = {s} with s>k,
and o((z) (z1,-. ) with

Ty if 071(i) = {s,t} with s < ¢,

2 =} Ts if o71(i) = {s} with s <k,

Ys—k if o71(i) = {s} withs>k,
for @5 = G (i # k), G (i = k) and y; = n; (j # 1), myy (G = D). Since p
is an embedding of algebras, the above analytic identity immediately im-
plies the algebraic identity, the series shuffle formula in the Q-structure
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* = N
(U )" of HOB(MY))

] (y) _ o({(=),7(y))
(5.1) R D DI i
o €Sh<S (k)

Let (g,h) be a pair in Theorem 0.1. By the group-likeness of h,
ie. h € expFni1, the product h1?>*p1:23 is group-like, i.e. belongs to
exptg’N. Hence A(hL234p123) = (R1234p123)Q(A1234p123) | where
A is the standard coproduct of U t] v Therefore

lg(w) _lz(y)(h1,23,4h1,2,3) :(lg(x)@@lz(y))(A(h1’23’4h1’2’3))
:lg(m)(h1,23,4h1,2,3) . lz(y)(h1’23’4h1’2’3).

Evaluation of the equation (5.1) at the group-like element h1234p1:23
gives the series shuffle formula

(5.2) HORAOENED S
oc€Shs (k1)

for admissible pairs' (a,¢) and (b,7) by Lemma 6.1 and Lemma 6.2
below because the group-likeness and (1.3) for h implies ¢o(h) = 1 and
ca(h) =0. B B

By putting 117 (h) := —T and 1$9(h) := I§(h) for all admissible
pairs (a, (), the series regularized value I$° (h) in Q[T] (T: a parameter
which stands for log 2. cf. [R]) for a non-admissible pair (a, ) is uniquely
determined in such a way (cf.[AK]) that the above series shuffle formulae
remain valid for [$%(h) with all pairs (a, ().

Define the integral regularized value 1$T(h) in Q[T for all pairs
(a,¢) by I$7(h) = IS(eTBOp). Equivalently 1S (h) for any pair (a, ()
can be uniquely defined in such a way that the iterated integral shuffle
formulae (loc.cit) remain valid for all pairs (a,) with [}/(h) == =T
and 197 (k) := I5(R) for all admissible pairs (a, () because they hold for
admissible pairs by the group-likeness of h (cf. loc.cit).

A pair (a,¢) witha = (ay,--- ,ax) and ¢ = (i, ..., (k) is called admissible
if (ak, Ck) # (1,1).
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Let L be the Q-linear map from Q[T to itself defined via the gen-
erating function:

. u™ 0 u™
(5.3) L{expTw) Z L(T"™) —'— = exp {— Z l,ll”(h)}—l—}

n=1

<: exp {Tu - Z l;(h)%}) .

Proposition 5.1. Let h be an element as in Theorem 0.1. Then
the regularization relation holds, i.e. 1$°(h) = L(I$1(h)) for all pairs
(a,0).

Proof. We may assume that (a, () is non-admissible because the
proposition is trivial if it is admissible. Put 1™ = (1,1,---,1). When

——

a = 1" and ¢ = 1", the proof is given by the same argument to [F3] as
follows: By the series shuffle formulae,

- im—k Fm41
SRS () - Lo (h) = (m o+ DI ()
k=0

for m > 0. Here we put l 5(h) = 1. This means

T i Tm+1
S (CDMES () S = Y (m DI
k,120 m>0
Put f(u) = 3,50 l}Z’S(h)u". Then the above equality can be read as
kll S h k __ d 1
SO DM ()t = - log f ().
k>0

Integrating and adjusting constant terms gives

n _ un
> S () exp { — Z(-nnz:;s(h)7

nz20 nzl }

Il

— e - (UM (h)
nzl
because I15(h) =

e [(h) = 13(h) for n>1 and 155(h) = M (h) = -T.
Since li:’l(h) = D7

LI
D™ we get 11mS (h) = L(l}:’l(h)).

)
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When (a, () is of the form (a’1’,{’1!) with (a’,{’) admissible, the
proof is given by the following induction on {. By (5.1),
& 1! o (¢ 11
lg,(x)(h’) -l}l(y)(h') _ Z lagi'(fl)) (y))(h/)
oEShE (k1)
for b/ = T (0)+22(0)+£74(0)} 1,234 1,23 with k = dp(a’). The group-
likeness and (1.3) for h implies ¢p(h) = 1 and ca(h) = 0 and the group-

likeness and our assumption cg()(h) = 0 implies cg@y»(h) = 0 for
n € Zg. Hence by Lemma 6.3 and Lemma 6.4,

& 11,1 o (¢,18),1
ORI ORI S S (O
oceSh< (k1)
Then by our induction assumption, taking the image by the map IL gives

, 7 711 o 7’,71 S
HOR ORI GO R S W O}
o#ideSh< (k,l)

Since lg’s(h) and lﬂ’s(h) satisfy the series shuffle formula, ]L(lg’I (h))
must be equal to [$° (h), which concludes Proposition 5.1. Q.E.D.

Embed Ugy,, into U§n+1 by sending Yy, o to —A™ 1 B(—a). Then
by the above proposition,

195 () = LUS" () = L(E("2On)) S(M TEOry (h))
:l§<exp{—ffz;f< }

—lg(exp{ TY10+Z

=15(e"TV10h,)

CAn-1B(0) (h)Yf?o} -y (h))

for all (a, () because I}(h) = 0. As for the third equality we use
(L ®qid) o (id®q 1$) = (id ®q I$) o (L ®q id) on Q[T] ®q UFn11.

All % (h)’s satisfy the series shuffle formulae (5.2), so the I§(e~TY1.0h,)’s
do also. By putting T' = 0, we get that I$(h.)’s also satisfy the series
shuffle formulae for all a. Therefore A.(h,) = h«®h,. This completes
the proof of Theorem 0.1. Q.E.D.
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Proof of Theorem 0.2. The first statement follows from Theorem
0.1.

Let (g,h) € Pseudo,,)(N,Q) with (a,p) € (Z/NZ)* x Q. By
comparing the coefficient of B(a) in the octagon equation (1.4),

—CB(O)(h) + g —CA(h)-FCB(O) (h)— % +CA(h) —CB(—a) (h)—l—CB(a) (h) =0.

Thus cp(a)(h) — cp(—a)(h) = (5 — 5
Next by comparing the coefficient of B(ka) in (1.4) for 2 < k < N/2,
— cp((k-1)a)(h) = ca(h) + cB(—(k-1)a)(h)

_ % +ca(h) = cp(—ka)(h) + cB(ka)(h) = 0.

Thus cp(ka)(h) = cB(—ka)(h) = cB((k-1)a) (h) = CB(~(k—1)a) (R) + &
By combining these equations we get (2.3) and (2.4) for N > 3.

Since we have cap(g) = g—z for g € M,(Q), we have (2.4) for N = 1,2
by cag(9) = cap(o)(h). Q.E.D.

§6. Auxiliary lemmas

We prove all Lemmas which are required to prove Theorem 0.1 in
the previous section.

Lemma 6.1. Let h € UFn 1 withco(h) =12 and ca(h) = 0. Then
lg(z)(h1,23,4h1,2,3) _ lg(h),
lg(y)(h1’23’4h1’2’3) - lg(h),
lg(zy)(hl,23,4hl,2,3) _ lg(h),
lg’(i),ﬁ(y)(h1,23,4h1,2,3) _ lf;g(h)
for any pairs (a,¢) and (b,7).

Proof. Put U ti n the universal enveloping algebra of tg’ N- Con-
sider the map M((){\é) — M(()]’\Q induced from Mg 5 — Mo : [(z1,- -, 25)]
~ [(z1,x2,23,25)]. This yields the projection py : Utg’N — U N1
sending t'4,t%(a), t**(a) > 0, t*2 — A and t*3(a) — B(a) (a € Z/NZ).
Express 1S as (4.2). Since (ps ® id)(EXpQéN)) = EpriN) (x) €

2The symbol co(h) stands for the constant term of h.
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USNH(/X\)QHOB(M(()%)) o HOB(M(N)) ®CHOB(M( )) it induces the
map
pi HOBMGY) = HOBMGY)

which gives p3([%]) = [£] and pj([%5]) = (25 ]. Hence

Then lg(w)(h1,23,4h1,2,3) - lg(p4(h1’23’4h1’2’3)) _ Zg(h) because ps (h1:23:4)
= (0 by our assumption c4(h) = 0.

Next consider the map M(()J\g — M( ) induced from Mos —
Mo,a: (&1, ,z5)] = [(21, 23, T4, T5)]. Th1s induces the projection py :
Ut] v - U3n1 sending 12,423 (a), **(a) > 0, t'% +¢'% + 1% — A and
£34(a) = B(a) (a € Z/NZ). Since (py ® id)(ExpQ{")) = Exp{V(y) €
U3N+1®QHOB(M%)) =~ HOB(ME)]’X))*@C HOB(M(()],\Q), it induces the
map

* D] N D N
Dy HOB(M((),4)) - HOB(Mé,s))

which gives p3([%£]) = [9] and p3([s25]) = [;]. Hence

P2 (ZC) ZC(y
Then lg(y)(h1*23’4h1’2’3) = I (po(R1234R123)) = IS(h) because po(h123)
=0.

Similarly consider the map M(N) — Mgﬁ) induced from Mg s —
Moa: [(z1, - ,25)] — [(:cl,mz,:c4,m5)] This induces the projection
p3 : Ut] y — U1 sending t'3,6%3(a),t3*(a) — 0, t'* — A and
t?4(a) — B(a) (a € Z/NZ). Since (p3®zd)(EpréN)) = EprELN)(:vy) €
USNH@QHOB(M(()%)) o~ HOB(MOA )® HOB(ME{\;)), it induces the
map

p HO (M(N))——)HO (M(N))

which gives p3([£]) = [£ + —] and p3([=22-]) = [244vde] Hence

v—z (R —=y

Pi(Ig) = 5.

Then [§"Y) (A128:4R12:3) = 1§ (ps (h123:4h1:28)) = [§(h) because ps(h''23)
= 0 by our assumption c4(h) = 0.

Consider the embedding of Hopf algebras 4123 : USny1 < Ut] y
sending A — t'? and B(a) ~ t?3(a) along the divisor {y = 0}. Since
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(i12,5 ® id)(Expf")) = ExpQf™ (2)12% € Ul yBHBM(Y) ~
HOB(ME){?))*@cHOB(Mé{X)), it induces the map

N N
i3 HB (M( )) — H°B (M( ))
V‘ihid} gives if,%,3([d7y]) = iT,2,3([gf:—?iy]) = iiz,s“%
lC(m)’"(y) and lg(my) as (4.4). In the expression each term contains at

dy dy zdy+yda
- A T
v & % —ay Therefore we have

]) = 0. Express

least one or

Z1,2,3(l (@) y)) =0and i}, 3(14( V) =

Thus lgfﬁ),ﬁ(y)(hl,zz) — Z-123(ZC($) My(h) = 0 and lg(my)(hm,g) _

i7,2,5(a"")(h) = 0.

Next consider the embedding of Hopf algebras i1 234 : UFn41 —
Ut] y sending A — ' + '3 4+ ¢ and B(a) — t**(a) + t**(a) (geomet-
rically caused by the divisor {z = 1}.) Since (41234 ® id) (Eprle )) =
Exp{") (2)1234 € U y8qHOB(MSY) ~ HOBMSY)*®cH B(MSY),
it induces the map

01,234 H°B (M(N))%HOB(M(()J,X))

which gives iT,23,4([d_;E‘]) =0, 7193 4([%}) = [f;-gi_z]a ii23,4([%]) -
{%]7 iT,23,4([g;g—liy]) = [g;@v,z} and 21,23,4([zg§tﬁm]) = {Cj‘giz]’ As is
[

same to the proof of [F3] Lemma 5.1,

Z1 23, s (1? n(y)) ZCZ and i>1k,23,4(lg(my)) = lg
can be deduced by induction on weight. Thus lC(x) n(y)(h1 28,4y — 157 ().

Let § be the coproduct of HOB(M(N)) Express 5(1;% WY = > uell
with degl; = m] and degly = mj] for some m; and m] such that
ml +m! = wt(a, () + wt(b,n). If m! # 0, I/(h"*3) = 0 because
I is a combination of elements of the form l)‘(w)’” @ and 2% for
some pairs (c, A), (d, i) and (e, 7). Since 5(l<(m) 77(y))(l(X)hl BApl23) =
5(l4(m) n(y))(h1 234 @ p1.23) it follows that lC(r) n(y)(h1 2BARL23)
Y, U(RI234) @ 17/ (h128) = 1S TW) (p1234) = lﬁﬁ(h). For the second
equality we use the assumptlon co(h) =1. Q.E.D.
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Lemma 6.2. Let (g,h) € U2 x UFnN+1 be a pair satisfying co(h) =

1, ca(h) = 0 and (1.3). Suppose that (a,() and (b,7) are admissible.
Then . .
lz(y),c(w)(h1,23,4h1,2,3) — ZZC (h)
,a a *

Proof. 1t follows co(g) = 1 by our assumptions cg(h) = 1 and
(1.3). Consider the embedding of Hopf algebra iz 34 : UF2 — UtgyN
sending A — t?3(0) and B > t3*(0) (geometrically caused by the ex-
ceptional divisor obtained by blowing up at (z,y) = (1,1)). Since
(l2,34 ® id)(EXinN)) = EXinN)(,2)2’3’4 € UtQ,N@)QHOB(MOA) o~
HOB(M(()%))*@)C}{OB(MOA)’ it induces the morphism

i;}3’4 : HOB(M((){Z—:)) — HOB(MOA)

which gives 13,3,4([%1) =0, i§7374([flf—z]) = [%], i§,3,4([g§—fz]) =0
(a # 0), 35a([P]) = 0, 554(12%]) = [1%5] and i3 5,4([m25])) = 0
(a #0), i§’374([$dy+yd1]) =0 (a € Z/NZ). In each term of the expres-

2 CR—zy
sion lgfg)’qw) = I ir) ST Wi | - - |wi, ], the first component w;,, is
de dy _d d =
always one of 2%, ?y, C%f — and q‘vgy for a # 0 because both (a, () and

(b, 7) are admissible. So 45 3 4(I;) = 0 unless mj = 0. Therefore
lzfg),ﬁ(x) (92,3,4h1,23,4h1,2,3) _ Z l;(g2,3,4) ® l;’(h1’23’4h1’2’3)
_ lzfg),f(z)(h1,23,4h1,2,3)

by co(g) = 1. So by our assumption,

lzgz)’é(m)(h1’23’4h1’2’3) _ lzfg)((r) 2,3,4h1,23,4h1,2,3)

(g
_ lzgg)’dz)(h1’2’34h12’3’4).

By the same arguments to the last two paragraphs of the proof of
Lemma 6.1,

(6.1) i3 (D) =0, i) =0,
a0 lp ) = i) = 18

for admissible pairs (a, {) and (b, 7), from which we can deduce
lzfg),é(w)(h1,2,34h12,3,4) _ lzg(h).

Q.E.D.
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Lemma 6.3. Let h € UFn41 with cg(h) =1 and c4(h) = 0. Then

lg(ac)(eT{t23(O)+t24(0)+t34(0)}h1,23,4h1,2,3) _ lg’I(h),

lg(y)(eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3) _ lg,l(h)7
lf(xy)(eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3) _ lf,l(h)
a a ?

lﬁfﬁ)’ﬁ(y) (eT{t23(0)+t24(0)+t34(0)}h1’23’4h1’2’3) _ ZEZ’I(h)
for any pairs (a, ) and (b, 7).

Proof. By the arguments in Lemma 6.1 and our assumption
ca(h) =0,

lg(a:) (eT{t23(O)+t24(0)+t34(0)}h1,23,4h1,2,3)

= 23 24 34 = =
_ lg(p4(€T{t (0)+t**(0)+¢ (0)}h1,23,4h1,2,3)) _ lg(eTB(O)h) _ lg’l(h),

lz(y) (eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3)

_ ZZ(p2(eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3)) _ lZ(eTB(O)h) _ ZZ’I(h),

lg(wy) (eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3)

_ lg(p?)(eT{t23(O)+t24(O)+t34(0)}h1,23,4h1,2,3)) _ lg(eTB(O)h) _ lg,l(h).
By co(h) =1,
lf;(ﬁ),ﬁ(y) (eT{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3)
_ lgfi)’ﬁ(y)(eT{t24(0)+t34(0)}h1’23’4) _ lgz(eTB(o) h) = ZSZ’I(h).

As for the last equation, we use the following trick:
eTt23(0)6T{t24(0)+t34(0)}h1,23,4h1,2,3 _ eT{t24(0)+t34(0)}eTt23(0)h1,23,4h1,2,3

— eT{t24(0)+t34(0)}h1,23,4eTt23(0)h1,2,3.

Q.E.D.

Lemma 6.4. Let (g,h) € U2 xUFn+1 be a pair satisfying co(f_L) =
1, ca(h) = cp(oy~(h) = 0 for alln € N and (1.3). Suppose that (a,() is
admissible. Then

7 C(x 23 24 34 A
lgfg),C( )(eT{t (0)+t24(0)+t (0)}h1,23,4h1,2,3) :lgg(h)‘
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Proof. Express 5([2?2)’5(@) = >, i ® 1! with degl; = mj and
deg!!! = m}/ for some m} and m/ such that m;+m; = wt(a,( )—I—wt( 7).
Since (a, () is admissible, i3 5 4(I7) is of the form o2 |---[{%] with

a € Q. But by our assumption cg(y(h) = 0, 753 4(I;) = 0 unless
mj = 0. Thus

lz(g) (@) (eT{t% (0)+£24(0)+£34 (0)}h1,23,4h1,2,3)

— lz(g)f(w) (92,3,46T{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3).

By (1.3),

g2,3,4€T{t23(0)+t24(0)+t34(0)}h1,23,4h1,2,3

_ eT{t23(0)+t24(0)+t34(0)}g2,3,4h1,23,4h1,2,3
_ eT{t%(0)+t24(0)+t34(0)}h1,2,34h12,3,4
_ eT{t23(O)+t24(0)}6Tt34(0)h1)2,34h12,3,4

_ 6T{t23(O)+t24(0)}h1,2,34eTt34(0) pl2:34

By (6.1),
lz(y)f(z) (eT{t23(0)+t24(0)}h1,2,34eTt34(0) h12,3,4)‘
,a

— Zng)f(z) (eT{t23 (0)+t24<0)}h1v2,34)
= 15 (eTPOh) = 5T (B) = 15 (h).

The last equality follows from the admissibility of (a, () Q.E.D.
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