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Smoothness and jet schemes

Shihoko Ishii

Abstract.

This paper shows some criteria for a scheme of finite type over an
algebraically closed field to be non-singular in terms of jet schemes. For
the base field of characteristic zero, the scheme is non-singular if and
only if one of the truncation morphisms of its jet schemes is flat. For
the positive characteristic case, we obtain a similar characterization
under the reducedness condition on the scheme. We also obtain by a
simple discussion that the scheme is non-singular if and only if one of
its jet schemes is non-singular.

§1. Introduction

In 1968 John F. Nash introduced the jet schemes and the arc space
of an algebraic and an analytic variety and posed the Nash problem ([7]).

The jet schemes and the arc space are considered to be something
to reflect the nature of the singularities of a variety. (The Nash problem
itself concerns a connection between the arc space and the singularities.)
By looking at the jet schemes over a variety, we can see some properties
of the singularities of the variety (see (2}, [3], [5], [6]) : for example, if
X is locally a complete intersection variety, the singularities of X are
canonical {resp. terminal) if and only if the jet scheme X, is irreducible
(resp. normal) for every m € N.

For a non-singular variety X, the jet schemes are distinguished: the
m-~jet scheme X, is non-singular for every m € N and every truncation
morphism s m : Xy — X, is smooth with the fiber Aim,_m) dim X
for m’ > m > 0. Then, it is natural to ask whether these properties
characterize the smoothness of the variety X.

Our results are rather stronger, i.e., only one jet scheme or one
truncation morphism is sufficient to characterize the smoothness of the
variety X. In this paper we prove the following:
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Proposition 1.1. Let k be a field of arbitrary characteristic and f :
X —Y a morphism of k-schemes. Then the following are equivalent:
(i) - f is smooth (resp. unramified, étale);
(ii) For everym € N, the morphism fm : Xm — Yy, induced from
[ is smooth (resp. unramified, étale);
(iii)  There is an integer m € N such that the morphism fr, : X —
Y., is smooth (resp. unramified, étale).

As a corollary of this proposition, we obtain the following:

Corollary 1.2. Let k be a field of arbitrary characteristic. A scheme
X of finite type over k is smooth if and only if there is m € Zx>q such
that X,, is smooth.

Theorem 1.3. Let k be an algebraically closed field of characteristic
zero. A scheme X of finite type over k is non-singular if and only if there
is a pair of integers 0 < m < m' such that the truncation morphism
Yt om + Xmr — X 95 a flat morphism.

Here, we note that the assumption of the characteristic of the base
field in Theorem 1.3 is necessary. We will see a counter example of this
staterent in positive characteristic(Example 5.3).

If we assume that the scheme X is reduced, then we have a similar
criterion as Theorem 1.3 also for the positive characteristic case.

Theorem 1.4. Let k be an algebraically closed field of arbitrary
characteristic. Assume the scheme X of finite type over k is reduced.
Then X is non-singular if and only if there is a pair of integers 0 < m <
m’ such that the truncation morphism Ym: m + Xmr — X is flat .

This paper is motivated by Kei-ichi Watanabe’s question. The au-
thor expresses her hearty thanks to him. The author is also grateful to
Mircea Mustata for his helpful comments and stimulating discussions.

§2. Preliminaries on jet schemes

In this paper, a k-scheme is always a separated scheme over a field

Definition 2.1. Let X be a scheme of finite type over k and K D k
a field extension. A morphism Spec K[t]/(t™*1) — X is called an
m-jet of X.

2.2. Let X be a scheme of finite type over k. Let Sch/k be the cat-
egory of k-schemes and Set the category of sets. Define a contravariant
functor FX : Sch/k — Set by

FX(Y) = Homy (Y Xspeck Speck[t]/(t™+1), X).
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Then, FX is representable by a scheme X, of finite type over k, that is
Hom (Y, Xon) =~ Homy (Y Xspeck Speck[t]/(t™1), X).

This X,, is called the scheme of m-jets of X or the m-jet scheme of
X. For m < m’ the canonical surjection k[t]/(t™+1) — Kk[t]/(t™1)
induces a morphism @bﬁ,’m : Xmy — X, which we call a truncation
morphism. In particular, for m = 0 1/’%,0 : X;m — X is denoted
by 7X. We denote i/)ﬁ,’m and 7X by ¥ m and 7, respectively, if
there is no risk of confusion. By 2.2, a point z € X,, gives an m-
jet a : Spec K[t]/(t™*!) — X and 7% (2) = a,(0), where K is the
residue field at z and 0 is the point of Spec K[t]/(t™*!). From now
on we denote a point z of X,, and the corresponding m-jet a, by the
common symbol a.

2.3. The canonical inclusion & — k[t]/(t™*!) induces a section
X X < X, of mX. The image X (z) of a point x € X is the trivial
m-jet at x and is denoted by z,,.

2.4. Let f : X — Y be a morphism of k-schemes. Then the

canonical morphism f,, : X, — Y, is induced for every m € N such
that the following diagram is commutative:

Xn Iy,
7T,Xn | lﬂ,lz .
f

X — Y

Pointwise, for a € X, , fin(@) is the m-jet
foa:SpecK[t]/(tm+!) 2 x Loy

83. Proof of Proposition 1.1

Proof of Proposition 1.1. (i)= (ii): This implication for smooth
and étale cases is already mentioned in [1] and [4]. For the reader’s
convenience, the proof is included here. Assume for an integer m > 0, a
commutative diagram of k-schemes:

fm

Xm — Y
T T
A A

is given, where Z’ — Z is a closed immersion of affine schemes whose
defining ideal is nilpotent. This diagram is equivalent to the following
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commutative diagram:

X AN Y

: 1 ~
Z' x Speck[t]/(t™*1) —  Z x Speck[t]/(t™)

Here, we note that Z’' x Speck[t]/(t™+!) — Z x Speck[t]/(t™T!) is
a closed subscheme with the nilpotent defining ideal. If f is smooth
(resp. unramified, étale), there exists a (resp. there exists at most
one, there exists a unique) morphism Z x Spec k[t]/(t™*!) — X which
makes the two triangles commutative. This is equivalent to the fact
that there exists a (resp. there exists at most one, there exists a unique)
morphism Z — X,,, which makes the two triangles in the first diagram
commutative.

()= (iii): trivial.

(iii)=> (i): Assume a commutative diagram,

f

X — Y
(1) @1 T
zZ' — Z

is given, where Z’ — Z is a closed immersion of affine schemes whose
defining ideal is nilpotent. For an integer m > 0, by composing with
the sections 0X : X — X, 0¥ : Y < Y;,,, we obtain the commutative
diagram:

X, I v,

U U

(2) x L v
¥ T

A

1
A s

Now, if f,, is smooth (resp. unramified, étale), there exists a (resp.
exists at most one, exists a unique ) morphism Z — X,,, such that the
two triangles are commutative in the diagram (2). By composing this
morphism Z — X,,, with 7% : X,,, — X, we obtain that there exists
a (resp. exists at most one, exists a unique ) morphism Z — X such
that the two triangles in the lower rectangle are commutative. Q.E.D.

Proof of Corollary 1.2. In Proposition 1.1, let Y = Speck. Q.E.D.
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84. jet schemes of a local analytic scheme

For the proofs of the theorems, here we set up the jet schemes for
local analytic schemes. Let k be an algebraically closed field of arbitrary
characteristic. The representability of the following functor follows from
[8]. Here, we show the concrete form of the scheme representing the
functor.

Proposition 4.1. Let A,’CV be the affine scheme Spec (Q/AN\Q, where

Oan g s the local Ting of the origin 0 € AV and (’Xz\r\’O is the completion

of Oun o at the mazimal ideal. Let fﬁ,’“N : Sch/k — Set be the functor

from the category of k-schemes to the category of sets defined as follows:
FA(Y) := Homp (Y Xspeck Spec k[t]/(t™+1), AN).

For a morphism w:Y — Z in Sch/k,

FA (u) - Homy(Z x Spec k[t]/(t™+1), AN)

— Homy (Y x Speck[t]/(t™+"), AN)

is defined by f — fo (u x id).

N
Then, fﬁl’“ is representable by the scheme
(AkN)m = Spec k[[.’l)o’l,xo,z, . ,(L‘()’N]][atl,l, e 3TNy ,xm,l, e ,JJm’N]

= Spec ]{}[[Xo]][xl, R ,Xm],

where we denote the multivariables (z;1,Ti2,...,%in) by x; for the
simplicity of notation.

Proof. We may assume that Y is an affine scheme Spec R over k.
Then,

Homy(Y x Spec kft]/ (™), AY) = Homy (k([xol], R[]/ (1))
Here we have a bijection:
Honmy (K{[xol], RIt]/ (™)) = Hom (K{[xol], B) x R™
by ¢ — (m0 0 @, m1@(T01), s T1P(TON)s ey T @(T01)s s Tm@(Zo,N)),

where,
7 : R[t]/(t™) — R (i=0,1,..,m)
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is the projection of R[t]/(t™"!) = R® Rt ® --- & Rt™ ~ R™*! to the
i~th factor. Indeed it gives a bijection, since we have the inverse map

Homy (k[[xo]], B) x B™ — Homy, (k[[xo]}, RIt]/ (™))

by
(g00,a171, vy BNy -3 Am, 1, ...,ava) =@

where ¢ € Homy(k[[xo]], R[t]/ (™)) is defined as follows: 4
For v(zo1,%0,2,.--,%o,n) € k[[X0]], substituting Z;’;O x;,;t* into
Zo; (j =1,...,N) in v, we obtain

o0
'Y(E x;t') = E VitfseesiordsLinggn * 7 Ligygs |

=0\, ie=i,1<je<N

in k[[xo,X1,...,Xm,t]], where vi, j,, i, € k[xo]]. Define p(y) €
R[t]/(t™*1) by

p(7) = Z Z 00 (Vis g seoiorde )i 1 " Qigtrgs | 1

i=0 \ Y, 40=1,1<, <N
On the other hand, It is clear that there is a bijection
Homy. (k[[Xol X1, - X}, R) = Homi (k[[o]l, B) x R™

by w = ((p|k[[xo]]7 (;D(xl,l)a sy (P(xl,N)’ () (P(wm,l), sty (P(-Tm,N)) By thiS,
we have

Homy, (k[[xo]], R[t]/(t™)) ~ Homy (k[[x0]][X1, -, Xm], R),
which implies
Homy (Y x Speck[t]/(t™+), @) ~ Homy(Y, Spec k[[xo]][X1, -y Xim])
This completes the proof. Q.E.D.
By this proposition, we have the following:

Corollary 4.2. Let X C @ be a closed subscheme. Let I be the

defining ideal of X in AY. Define a functor FX : Sch/k — Set for
this X in the same way as in the previous proposition.

For a power series f € k[[xo]] we define an element F,, € k[[xo]][x1,
.y Xm] as follows:

m
FO xith) = Fy+ Fit+ Fat> + -« + Frpt™ + - -
1=0
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Then, the functor FX is represented by a scheme X,,, defined in (X}y)m =
Spec k[[xo]][x1,- .-, Xm] by the ideal generated by F;’s (i < m) for all
fel. (It is sufficient to take F;’s (i < m) for all generators f € 1.)

Proof. We use the notation in the proof of the previous proposition.
There, we obtained bijections :

Homy (k[[xo]], R[]/ (™)) ~ Homy (k[[xo]], R) x B™Y

2 Homy (E[[Xo]][X1, .-, Xm], R)-
Here, for Y = Spec R, we have the fact that
Fa () = Homy (k[xoll/I, RIt]/(£™+1))
is the subset
{0 : Kl[xo]] — RIt]/ (™) | p(v) = 0 for generators v € I}

of Homy (k[[xo]], R[t]/(t™*1)). The condition ¢(y) = 0 is equivalent to
the conditions m; o p(y) = 0 (i = 0,1,...,m). Therefore, this subset is
mapped by ¥ o ® to the subset

{o: k[[xo0]][%1, ..., Xm] — R | @(:;) = a;;, for generators y € I,

> PO(Yin,in,..oriordgs )Qin s -~ Gigyjy = 0 (1 =10,1,...,m) }.
¥, ie=i,1<je<N

Let the ideal J C k[[xo]][X1, ..., Xm] be generated by

E : Yi1,51,0s,ds Lingr 0 Pisogs
Yo te=i,1<5e <N

for generators v € I, then it follows that our subset is equal to
Homy (k[[%o]][x1, ---, Xm]/J, R).
Q.E.D.

Remark 4.3. Let X C AkN be a closed subscheme containing the
origin 0, Ix the defining ideal and X the affine scheme Spec(?)a).
Note that the defining ideal I of X in @ is generated by Ix. For
a polynomial f € k[xo] we define an element F,, € Ak[xo,xl...,xm]
in/ihe same way as in the previous corollary. Then X,, is defined in
(AN, = Speck[[xo]][x1, - . ., Xm] by the ideal generated by Fi’s ( < m)
for generators f € Ix.
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Corollary 4.4. Under the notation of Remark 4.3, it follows that
)?m = X Xx Xm.
Proof. Note that F; € k[xo,X1,...,Xm] for a generator f of Ix and
I is generated by Ix. Now the expressions

Xm = Speck[xo, X1, ..., Xm|/(Fi)rerx

X, = Spec k[xo])[x1, - - Xm]/ (F) perx
give the required equality. Q.E.D.

Corollary 4.5. Under the notation of Remark 4.3, let X and w;Xn\
be the canonical projections X,, — X and X,, — X, respectively.
Then, we obtain the isomorphism of schemes:

(@X)"1(0) = ()~ (0).

Corollary 4.6. Under the notation of Remark 4.3, replacing X by
a sufficiently small neighborhood of 0, we obtain the equivalence that the
truncation morphism X, — X is flat if and only if the truncation
morphism )/fmf — Am is flat.

Proof. “Only if” part follows from the base change property for flat-
ness. “If” part follows from the fact that the homomorphism Ox o —

Ox.o is faithfully flat. Q.E.D.

Definition 4.7. A monomial x = Hle Tiy g, € k[[xo]][x1,. .., %Xm]
is called a monomial of weight w if w = 22:1 3. For an element F' €
k[[xo]][x1, . - -,%m] the order ord F is defined as the lowest degree of the
monomials in xg, ..., X, that appear in F.

Note that every monomial in F,, has weight m for f € k[[xo]].
The next lemma follows from the definition of F,,:

Lemma 4.8. Let f be a non-zero power series in k[[xo]] of order
> 1.
(i) When char k= 0, a monomial [[,_, zoj, appears in f if and
only if for every iy > 0, the monomial

r
H Tig,je
=1

appears in F,, where Y ,ip = m.
Hence, ord F,, = ord f, and in particular F,, # 0 for every
m.
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N
(ii)  For any characteristic, a monomial H acgfj appears in [ if and
=1
only if for every iy > 0, the monomial

N
€j
H Zij i
Jj=1

appears in Fp, where m =3, €ji;.

Proof. The statement of “if” part follows immediately from the
definition of F}, for both (i) and (ii). Now assume that g = [T,_, %o j, is
a monomial in f. By substituting }°,~, %, ;t* into zo ; in this monomial,
we obtain -

g(szt’) = GO + Glt + Gztz + e
i>0

Therefore, G, is the sum of the monomials of the form [],_; z;,,;, with
iy > 0 and Y, 4, = m. If the characteristic of k is zero, the coefficients
of each such monomial is nonzero. And each monomial [],_, z;, j, in
Gy, is not canceled by the contribution from the other monomials of
f, because the collection (ji, .., je,-.,jr) assigns the source monomial
IT;—; o,j,- This shows the statement of “only if” part of (i). For the
proof of only if part of (i), let g = []; mgf ; and define G; in the same
way as in the previous discussion. Then, the monomial [] j :cf; j appears
with coefficient 1 in G, for m = 3 e;i;. Therefore, the coefficient of

[1; 27 ; in Fy is the same as the coefficient of [[; z¢’; in f.  QE.D.

Remark 4.9. The statement (i) of Lemma 4.8 does not hold for
positive characteristic case. For example, let p > 0 be the characteristic
of the base field k and f = xf, € k[[zo,1]]. Then Fy, = zf, for m = pi
and F,, = 0 for m # 0 (mod p).

As we saw in the previous section, Corollary 1.2 follows immediately
from Proposition 1.1. But here we give another proof of Corollary 1.2
for an algebraically closed base field, since we think that it gives some
useful insight into jet schemes.

Proof of Corollary 1.2. We may assume that (X,0) C (K{Y, 0) is
a closed subscheme with a singularity at 0, where IV is the embedding
dimension of (X,0). Then every element f € Ix has order greater than
1. By this, every element F; of the defining ideal Ix,, of X, in (AY),,
has order greater than 1. Here, note that Ix,, # 0, since Ix # 0 and
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Fy = f for f € Ix. Therefore the Jacobian matrix of Ix , is the zero
matrix at the trivial m-jet 0, € X,, at 0, which shows that 0,, is a
singular point in X,, for every m. Q.E.D.

§5. Proofs of theorems 1.3, 1.4

5.1. For the proof of the theorems, we fix the notation as follows:
Let (X,0) C (AY,0) be a singularity of embedding dimension N. Let
0 <m < m, Ry = k[[x0]][x1,...,%m], I C Ry, the defining ideal of
X in (A ), R = k[[x0]][X1, .., Xm, ..Xm’] and I’ C Ry, the defining
ideal of X,,,» in (Al ). Let M be the maximal ideal of R, generated
by X0, -+« Xm-

Lemma 5.2. Under the notation as in 5.1, if there is an element

F e I'NMR,, suchthat F & MI'+IR,,, then the truncation morphism
¢m’,m : X — X, 18 not ﬂat.

Proof. The truncation morphism ¥, m : Xm — Xy, corresponds
to the canonical ring homomorphism R,,/I — R, /I'. The non-
flatness follows from the non-injectivity of the canonical homomorphism:

M/I ORI RmI/I, — Rm//I/.
Since we have an isomorphism of the first module
M/I®g,, /1 R/ /T = MRy /(MI' + IRpy),

the existence of an element F' € I' " MR,,,» such that ' &€ MI' + IR,
gives the non-injectivity. Q.E.D.

Proof of Theorem 1.3. Assume that the base field k is algebraically
closed and of characteristic zero and (X, 0) is a singular point of a scheme
X of finite type over k. Then we will deduce that every truncation
morphism Y m : Xm — X (m' > m > 0) is not flat. For this, it is

.

sufficient to prove that ¥, m : X — )/(\m (m’ > m > 0) is not flat by
Corollary 4.6. So we may assume that X is a closed subscheme of AYY
with the embedding dimension N. Let Ix be the defining ideal of X in

Al. We use the notation of 5.1. Let f be an element in Ix with the
minimal order d. Note that d > 2, as N is the embedding dimension.
Then, by Lemma 4.8, (i), Fi,+1 is not zero and presented as

Frt1 = g1(%0)Tm41,1 + - - + gN(X0) Tt 1,8 + 9" (X0, - - -y Xm),

where ord F,,,+1 = d and some of g¢;’s are not zero. We should note
that ordg; = d — 1 for all non-zero ¢;’s. As ordg; > 1, for every ¢ and
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ordg’ > 1, the element F,,; is in M R,,.. It is clear that F,,41 € I'.
On the other hand, as ord I = ord I’ = d, it follows that ord MI' > d+1
and the initial term of an element IR, of order d is the initial term of
an element of I. Hence, the initial term of an element in MI’' + IR, of
order d should be the initial term of an element of I, therefore it should
be a polynomial in xq, ..., X,;,. However, the initial term of F,, 1 is not
of this form, which implies F,,+1 ¢ MI’' + IR,,,. By Lemma 5.2, the
non-flatness of Ym/ m : X — X, follows for every pair (m,m’) with
0<m<m. Q.E.D.

Example 5.3. The condition chark=0 is necessary for Theorem
1.3. Indeed, there are counter examples for Theorem 1.3 in case of
positive characteristic. For example, let X be a scheme defined by xé”l
in A} = Spec k[zo,1] over a field k of characteristic p. Let r be an integer
with 0 < r < p Then, for any positive integer ¢, we have

Xpg+r = Specklzo,1, 1,1, -, Tpgtr1]/ (20 1, -, Tq 1)

and
Xpq = Speck[To,1,T1,1, .- prJ]/(xg,la s xg,1)~

It is clear that X,q, is flat over X4, while X is singular.

Proof of Theorem 1.4. As in the proof of the previous theorem,
we will show the non-flatness of the truncation morphisms, if (X,0)
is singular. As X is reduced, some fiber of the truncation morphism
Ymm + Xm' — Xm has dimension < (m’ — m)dim(X, 0) for a small
affine neighborhood X of 0, if ¢, r, is flat. (If X is of equi-dimensional,
then the fiber has dimension (m’ — m)dim(X,0).) Hence, if ¥/ m is
flat, by Corollaries 4.5, 4.6, the d1mens1on of the fiber over a closed
point in (7X)~1(0) by the morphism P m : Xy — Xpm is < (m/ —
m) dim(X,0). With remarking this fact and Corollary 4.6, we may as-
sume that X is a singular closed subscheme of Al for the embedding
dimension N of (X,0).

First assume m’ < d(m + 1). Note that for every g € Ix,

—é,;:Gi(O,.--,O,Xm+1,~~'ax’i):0

for i < d(m+1). This is because every monomial in G; has a factor xg ;
with £ < m, since the weight of G; is i (< d(m + 1)) and ordG; > d.
Let 0,5, be the trivial m-jet at 0. As ] (Op,) is defined in A(™'—m™N
by the ideal generated by G;’s with i < m/’ for g € Ix, it follows that

ﬂlm(om) ~ AN(m'—m)7
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which is a fiber of dimension N(m' —m) > (m' —m) dim(X, 0). There-
fore, Y¥m/ m is not flat, because otherwise the fiber dimension would be
(m' — m)dim(X, 0) as we saw before.
Therefore, we may assume that m’ > d(m + 1), where d = ord Ix.

Let f € Ix have the order d. Let Hj ngj be a monomial with the
minimal degree in f. Then, 3 € = d and therefore e; < d for every j.
Let e be one of non-zero e;’s. By the assumption m' > d(m + 1), there
is a positive integer ¢ such that m < ie < m/. Let s be minimal among
such i’s. Then Fs. € I’ is clear and also we have F;c € M R, under the
notation of 5.1. Indeed, if a monomial [],_; zi,,;, of Fs. has a factor
T;,,j, With ¢g > m+1, let this ¢, be i;. Then4; > m+1> (s —1)e. By
this,

Zi¢<se-—(s—1)e=e§d§u.

£#£1
Therefore, there is at least one £ such that iy < 1 < m. Hence every
monomial of Fy, is contained in M R,,,. Now let e = e1. As

| J Et
J
is a monomial of f of the minimal order d, by Lemma 4.8,

54 H mg{j
J#1
is a monomial of F,.. Therefore, ord Fs. = d. This monomial does not
appear in any element of MI’' 4+ IR,,,. Indeed, ord MI' > d+1 and the
initial term of an element of I R,,/ of order d must be the initial term of
an element of 7, because of ord I = d. Therefore, every initial monomial
of an element of IR,  of order d is of the form

Hzie,je’ (Z” <m),
4 £

since I is generated by F;’s with i <m for f € Ix. As x5, Hj?ﬂ :cgfj is
not of this form, we obtain Fs. ¢ IR, + MI'. By this and Lemma 5.2,
it follows that X,,, — X, is not flat for m’ > m > 0. Q.E.D.

Remark 5.4. In the proof of Theorem 1.4, we used the condition
m > 1. It is not clear if the same statement as in the Theorem 1.4
follows for m = 0 in positive characteristic case, i.e., If the base field is
of positive characteristic, X is reduced and 7pm: = Ym0 : Xy — X is
flat for some m’ > 0, then is X non-singular?
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But in particular, if m’ = 1, it holds true. This is seen as follows:
For an affine scheme X of finite type over k, the fiber of a point = €
X by the projection m; : X3 — X is the Zariski tangent space of
the point. Therefore dim7; !(x) = embdim(X,z). If (X,0) is singular
and reduced, dim 77 (z) > dim(X,0), while there are points in a small
neighborhood of 0 such that the fiber dimension is dim(X, 0). Hence,
is not flat.
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