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Lagrangian fibrations and theta functions
Yuichi Nohara
Abstract.
It is known that holomorphic sections of an ample line bundle
L (and its tensor power Lk) on an Abelian variety A are given by
theta functions. Moreover, a natural basis of the space of holomorphic
sections is related to a certain Lagrangian fibration of A. We study
projective embeddings of A given by the basis for Lk, and show that
moment maps of toric actions on the ambient projective spaces, restricted to A, approximate the Lagrangian fibration of A for large k.
The case of Kummer variety is also discussed.

§1.

Introduction

Let (X, w) be a symplectic manifold of dimension 2n. A Lagrangian
fibration is a map 1r: (X,w)----. B such that its general fiber n- 1 (b) is
a Lagrangian submanifold (i.e. wln-l(b) = 0 and dim n- 1 (b) = n). We
allow Lagrangian fibrations to have degenerate fibers. Any Lagrangian
fibration is locally given by a completely integrable system. In particular, if the fibers are compact, general fibers are Lagrangian tori.
For a polarized Kahler manifold (X, L), our interest is a relation
between a Lagrangian fibration of X and a basis of the space H 0 (X, L) of
holomorphic sections. A typical example is the case of toric varieties. For
a polarized toric variety (X, L) of complex dimension n, H 0 (X, Lk) has a
basis consisting of Laurent monomials z 1 = z: 1 • • • z~n. Let 1r : X ----. ]Rn
be the moment map of a natural torus action and denote the moment
polytope of X by .6. = n(X) c JRn. Then each monomial corresponds
to a lattice point in .6.:

This relation can be interpreted in terms of geometric quantization. Geometric quantization is a method to associate, for a symplectic manifold, a
vector space (or a representation of a certain group or Lie algebra) which
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is called the space of wave functions. This vector space is constructed
from a line bundle L with a unitary connection such that its curvature is proportional to the symplectic form, and an additional structure
which is called a "polarization" 1. A complex structure is an example
of such polarizations, and the corresponding vector space is the space
H 0(X, Lk) of holomorphic sections. On the other hand, a Lagrangian
fibration gives another polarization. If X is compact, then the vector
space for this polarization is identified with the space formally spanned
by Lagrangian fibers satisfying the Bohr-Sommerfeld condition of level
k. We say that a fiber n- 1 (b) satisfies the Bohr-Sommerfeld condition
of level kif the restriction £kl7r-l(b) of Lk has trivial holonimies. In the
toric case, it is easy to see that n- 1 (b) satisfies the Bohr-Sommerfeld
condition of level k if and only if bE L\ n -kzn
A similar relation can be observed for Abelian varieties. Let A =
en jozn + zn be an Abelian variety with a Kahler form
(1)

wo

A"
L...t9ijdz'. 1\ dz1. = - ""'
L...t dx'. 1\ dy',.

= - 2-

where 0 is an n x n symmetric matrix with positive definite imaginary
part Im 0 = (9ij) - 1 , and z = Ox + y. Then w0 is the first Chern
form c 1 (L, ho) of a Hermitian line bundle (L, h 0 ) ---+ A. In this case,
holomorphic sections of Lk are given by theta functions. We consider
the following Lagrangian fibration
n :A

--+

Tn ,

z

= Ox + y f------* y .

Then H 0(A, Lk) has a basis { sb}b indexed by k-torsion points b E
fzn jzn of Tn (see [5]). This is also interpreted in terms of geometric quantization.

Proposition 1.1 (Weitsman [14]). A fiber n- 1 (b) of 1r satisfies the
Bohr-Sommerfeld condition of level k if and only if b E -kzn ;zn. In
particular, the space of wave functions for the Lagrangian fibration 1r is
isomorphic to H 0 (A, Lk).
This relation can be also understood in terms of mirror symmetry
for Abelian varieties. A mirror partner A of A is given by dualizing the
torus fibers of n : A ---+ rn. Since the dual torus parametrizes flat line
bundles on a torus fiber of n, the line bundle Lk defines a Lagrangian
1 In the context of geometric quantization, a polarization means a Lagrangian distribution on the complexified tangent bundle, not an ample line
bundle.
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section sk of the dual torus fibration fr: A---t rn. We identify rn with
the zero section S 0 of fr. Then 7f- 1 (b) satisfies the Bohr-Sommerfeld
condition of level k if and only if bE Son Sk. The following is a part of
the mirror symmetry for Abelian varieties.

Theorem 1.2 (Polischuk-Zaslow [9], Fukaya [4]). The Floer homology H F(So, Sk) of So and Sk is given by
HF(So, Sk)

=

EB

C[b],

bEtzn;zn
and

Sb

f---+

[b] gives an isomorphism

In these notes, we study the Lagrangian fibration of A using projective embeddings given by the basis { sbh· Before that, we go back to
the toric case. We consider the projective embedding ~k : X '----' CJP'Nk =
lP' H 0 (X, Lk)* defined by monomials. Let

be the moment map of a natural TNk_action, where ilk is the moment
polytope of CJP'Nk. Since the embedding is torus equivariant, the restriction 1fk = ILk o ~k : X ___, ilk of ILk to X is invariant under the
rn-action. In particular, 7fk : X ___, ilk is also a moment map of X.
However, the situation is not so simple in the case of Abelian varieties.
Let ~k :A___, ClP'kn- 1 be the projective embedding given by {sb}b, and
consider the restriction 1fk of the moment map of ClP'kn - 1 . Then 7fk is
not a Lagrangian fibration, since the moment map image Bk of A is a
2n-dimensional object. Nevertheless, 1fk looks "close" to 7f for large k.
In fact 7fk is invariant under the translations
!lx

+ y 1---+ !1 (X + a) + y ,

We see in this article that

Theorem 1.3. {1fk} converges to 7f as maps between compact metric
spaces.

The precise statement is given in the next section.
Kummer varieties is discussed in Section 3.

The case of
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§2.

L

The case of Abelian varieties
Let A = en jD7ln + 7ln be an n-dimensional Abelian variety, and
A a principal polarization defined by

~

L =(en x

q; cv,

where

for A = DA. 1
where

+ A. 2

E D7ln

+ 7ln.

( -1) A : A

Then L is symmetric, i.e. ( -1 )A. L
--+

A,

z

f----+ -

~

L,

z

is the inverse morphism.
Remark 2.1. The choice of L is not essential. In fact, any other
principal polarization can be obtained as a pull-back of L by some translation on A. We remark that the symmetricity condition is necessary
when we consider the case of Kummer varieties.
Let w0 be the standard Kahler metric defined in (1). Then wo represents the first Chern class c 1 (L) of L. We fix a Hermitian metric h 0
on L such that c1 (L, ho) = w0 (such ho is unique up to constant multiples). Let T f and Tb be n-dimensional tori ~n j7ln, and identify A with
Tf x Tb by Dx + y ~ (x, y). Then the projection
n: A--+ Tb,

Dx + y

f----+

y

is a Lagrangian fibration with respect to w0 .
For each k E N, we denote the subgroup of k-torsion points in Tb
by
Tf

= ~7ln /7ln =

{bi}i=l, ... ,kn C Tb ·

Then the collection of

gives an orthonormal basis of H 0 (A, Lk) with respect to the £ 2 -inner
product, where
{} [~] (D, z)

=

L
lEZn

exp( nHt(z + a)D(l +a)+ 2nHt(z + a)(z +b)),
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and Cis a constant depending only on 0 (and ho) (see [6] for a proof).
An important property for our purpose is that Sb, becomes concentrated
1 (bi) ask-+ oo. More precisely,
on the fiber

1f-

Lemma 2.2.
Sbi(z)

Sbi

has the following asymptotic behavior

=Ck'i exp

(1f2ktz(Im0)- z)
1

(2)

~t(z- bj)0- 1 (z- bj)) (1 + ¢)

· exp (

with

1¢1 = 0

(

~)

'

ld¢1 = 0(1).

See Lemma 2.2 in [7] or the proof of Lemma 4.2 in [6].
We consider a projective embedding of A given by {sb}b:

Recall that the moment map of a natural torus action on ((]P'kn- 1 is
given by
.

1 .

.

/-lk . (Z .....

z kn )

f------+

1
( 1 2
I: 1Zil2
IZ I ' ... ' IZkn I2) '

where (Z 1 : · · · : zkn) is the homogeneous coordinate of CIP'kn- 1 , and
the dual (LieTkn- 1 )* of the Lie algebra of Tkn- 1 is identified with

We set Bk := f-tk([k(A)) and 1fk := f-tk o [k : A -+ Bk as above. We
denote the restriction of the normalized Fubini-Study metric to X by

Then Wk also represents c1 (L).
As we remarked in the previous section, we have dim Bk = dimJR A =
2n, while dim yn = n. We thus compare 1r : (A, wo) -+ Tb and 1fk :
(A, wk) -+ Bk as maps between metric spaces. For that purpose, we
need to define distances on Tb and Bk. We define a metric on Tb in such
a way that 1r : (A, w0 ) -+ Tb is a Riemannian submersion. The distance
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on Bk is induced from a metric on the moment polytope /).k· The metric
on /).k is also defined in such a way that

is a Riemannian submersion in the interior of
Now we can state our main theorem.

/).k·

Theorem 2.3 ([6]). The sequence of maps 1fk : (A, wk)
verges to 1r : (A, wo) ----+ Tb in the following sense.

(i)

(ii)
(iii)

----+

Bk con-

{wk} converges to Wo in the c=-topology ask----+ 00. In particular, the sequence {(A, wk)} of Riemannian manifolds converges to (A, w 0 ) with respect to the Gmmov-Hausdorff distance.
{Bk} converge to Tb as k----+ oo with respect to the GromovHausdorff distance.
{1rk} converges to 1r as maps between metric spaces.

Before proceeding to the proof, we recall definitions of the GromovHausdorff convergence and the convergence of maps. First we recall
a definition of the Hausdorff distance. Let Z be a metric space and
X, Y C Z two subsets. We denote the c:-neighborhood of X in Z by
B(X, c:). Then the Hausdorff distance between X andY is given by
d~(X, Y) = inf {c:

> 0 IX

C B(Y,c:), Y C B(X,c:)}.

For metric spaces X andY, the Gmmov-Hausdorff distance between X
and Y is defined by
daH(X, Y) = inf{d~(X, Y) I X, Y

'-----*

Z are isometric embeddings}.

Next we recall the notion of convergence of maps (see also [8]). Let
fk: Xk----+ Yk and f: X----+ Y be maps between metric spaces. Suppose
that Xk and Yk converge to X andY respectively with respect to the
Gromov-Hausdorff distance. Then, by definition, there exist isometric
embeddings X, Xk '-----* Z and Y, Yk '-----* W into some metric spaces Z
and W such that Xk (resp. Yk) converges to X (resp. Y) with respect
to the Hausdorff topology in Z (resp. W). We say that {fk} converges
to f if, for every sequence Xk E Xk converging to x E X in Z, fk(xk)
converges to f (x) in W.
Outline of the pmof (i) is a direct consequence of the following
theorem.
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Theorem 2.4 (Ruan [10], Zelditch [15]). Let (X,w) be a compact
Kahler manifold and (L, h) --.X a Hermitian line bundle such that w =
c1(L,h). For each k » 1, we take a basis {s 0 , ... ,sNk} of H 0 (X,Lk)
and consider a projective embedding Lk :X <---t CJP'Nk given by {si}· Set
Wk = (1/k)LkWFS· If the basis is orthonormal with respect to the L 2 inner product for each k » 1, then, for each q, there exists a constant
Cq > 0 independent of k such that

For the proof of (ii), we decompose TCJP'Nk into the horizontal and
vertical components:

(3)
where Tc:wNk/b.k,P = kerdf.Lk is the tangent space to the fiber of f.Lk and
(TcrpNk/b.k,P)j_ is its orthogonal complement with respect to the FubiniStudy metric. Similarly we decompose the tangent space of A:

(4)
where (TAjTb,z)j_ is the orthogonal complement ofTA/Tb,z = ker d1r with
respect to w0 . Then the metrics on f:l.k and Tb are the restrictions of Wk
and w 0 on the horizontal subspaces, respectively. Since we know from
(i) that w0 and Wk are "close" for large k , it suffices to show that also
the decompositions (3) and (4) are "close".
Lemma 2.5.

(ii)

!fryE (TA/Tb,z)j_, then
ldLk('fl)vl:::;

~1771·

This lemma follows from the asymptotic behavior (2) of theta functions. By using the above estimates, we have
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In fact, we can show that the composition
'Pk

= 7rk o O"o : Tb ------> Bk

of the zero section O"o : Tb ----> A and 7rk is "almost isometric" (a (C I Vk)Hausdorff approximation (see [3] for the definition)).
(iii) easily follows from the proof of (ii).

§3.

The case of Kummer varieties

Let (A,L) be a polarized Abelian variety as above. The Kummer
variety of A is an orbifold defined by

X= AI(-1)A.
Since L is symmetric, there is a line bundle M
p*M ~ L 2

---->

X satisfying

,

where p : A ----> X is the natural projection. From the fact that p* :
Pic( X) ----> Pic( A) is injective, we have p* Mk ~ L 2 k. It is easy to see
that p* : H 0 (X, Mk) ----> H 0 (A, L 2 k) is injective and the image is spanned
by
Sb; + 8-b; '
bi E T~k
(see [1] and [11]). We identify H 0 (X,
Note that

Mk)

with its image in H 0 (A, L 2 k).

Let w be an orbifold Kahler metric induced from the flat metric 2w0 on
A. Then [w] = c1(M). Moreover we have a Lagrangian fibration
7r :

induced by

1r:

A---->

Tb.

(X' w)

---->

B

= Tb

I (-1)

We set

~(sb; + s_bJ,
ti

=

{

1
~Sb;,

Then {ti} is an orthonormal basis of H 0 (X, M k).
We denote by Lk : X ----> <CJP'Nk a projective embedding given by
{ti}, 7rk : X ----> B~ the restriction of the moment map of <CIP'Nk, and
Wk = f/kWFS· Then the same theorem holds for X.
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Theorem 3.1 ((7]). The sequence of maps 7rk: (X,wk) ____, B~ converges to 1r: (X,w) --->B ask____, oo in the following sense.
(i) {(X, wk)} converges to (X, w) as k ____, oo with respect to the
Gromov-Hausdorff distance.
(ii) {BD converge to B with respect to the Gromov-Hausdorff distance.
(iii) {nk} converges to 1r as maps between metric spaces.
Outline of the proof. (i) follows from an orbifold version of Theorem
2.4:

Theorem 3.2 (Dai-Liu-Ma (2}). Let (X,w) be a compact Kahler
orbifold of dimension n ~ 2 and (M, h) ____, X an orbifold Hermitian
line bundle with c 1 (M, h) = w. For k » 1, we consider a projective
embedding Lk :X____, CJP>Nk given by an orthonormal basis of H 0(X, Mk),
and set Wk = kt'kwFs as above. Then there exist constants Cq, 8 > 0
such that
!!w- Wkilc•,z:::; Cq

(~ + k~e-Mr(z) 2 )

,

where II . II C• ,z is the cq -norm at z E X' and r( z) is the distance between
z and the singular set Sing (X) of X.

(ii) Note that each singular fiber is isomorphic to Tn/(-1) and appears on the singular set Sing( B)= TV( -1) of B. For each bE Sing( B),
we denote the J(1/8k)logk-neighborhood of the singular fiber n- 1 (b)
by
Nb,k =

{z EX I d(z,1r-

1

(b)):::;

y(k;gk}
8f: ,

where 8 is the constant in Theorem 3.2, and set

X(k) =X\

U

Nb,k.

bESing(B)

Then we can show that n(Nb,k) and 7rk(Nb,k) are small for large k (their

J(

diameters can be bounded by 0 (
1 j k )log k)). Thus the neighborhoods of singular fibers do not affect the Gromov-Hausdorff convergence. On the other hand, we have the same estimates as in Lemma 2.5
on X(k). Hence we can apply the arguments for A to this situation.
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