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A quantization of the sixth Painlevé equation

Hajime Nagoya

Abstract.

The sixth Painlevé equation has the affine Weyl group symmetry
of type Dfll) as a group of Backlund transformations and is written as a
Hamiltonian system. We propose a quantization of the sixth Painlevé
equation with the extended affine Weyl group symmetry of type Dfll).

§1. Introduction

The Painlevé equations Py (J=I,...,VI) were discovered by Painlevé
and Gambier around the beginning of the twentieth century, as a result
of seeking new special functions as solutions of second-order nonlinear
ordinary differential equations without movable singular points [11], [3].
After the discovery of the Painlevé equations, the sixth Painlevé equa-
tions was derived from the monodromy preserving deformation by R.
Fuchs [2].

As for the problem of quantization of the monodromy preserving
deformation, it was noticed by N. Resehtikhin [12] that a quantization of
the Schlesinger equations which are deformation equations that preserve
the monodromy of the rational connection with regular singularities can
be viewd as the Knizhnik—Zamolodchikov equations in the conformal
field theory. As the argument in his paper, one hope that one would
obtain “a quantization of the sixth Painlevé equation” from the Knizhik—
Zamolochikov equation in the special case and no one suceeds to obtain
it so far.

On the other hand, the Painlevé equations are integrable systems
in some sense. For example, they are closely related with the soliton
equations (for example, see [6] and reference therein). Quantization of
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the soliton equations has been studied since 90’s (for example, see [1]
and reference therein), however, quantization of (continuous) Painlevé
equations had not been studied.

We attack the problem of quantization from the symmetry. K.
Okamoto showed that the Painlevé equations, except the first Painlevé
equation, have affine Weyl group symmetries as a group of Backlund
transformations [10]. The sixth Painlevé equation, which we deal with
in this article, has the affine Weyl group symmetry of type Dfll). The
Painlevé equations are written as Hamiltonian systems and their hamil-
tonians are polynomials in the canonical coordinates. We consider the
following problem: does there exist a quantization of Painlevé equations
with affine Weyl group symmetry? What we mean by quantization is
the canonical quantization, that is, a Poisson bracket is replaced with a
commutator.

In [7], we constructed a quantization of differential systems with
affine Weyl group symmeties of type ,Al(l) [8] which includes the quantum
second, the quantum fourth and the quantum fifth Painlevé equation,
which has the affine Weyl group symmetry of type Agl), Agl) and A:(,,I),
respectively. The first Painlevé equation does not have an affine Weyl
group symmetry and its quantization is uniquely determined because its
hamiltonian does not include unseparated terms between the canonical
coordinate p and g.

In this article, we construct a quantization of the sixth Painlevé
equation with the extended affine Weyl group symmetry of type Dfll).
We hope that this is a first step to understand the quantum Hamilton-
ian reduction of the Knizhnik—Zamolodchikov equations or the relation
between quantum soliton equations and quantum Painlevé equaions.

§2. The sixth Painlevé equation

Let us recall the Hamiltonian and the Béicklund transformations
of the sixth Painlevé equation. We follow the notation from [9]. The
Hamiltonian of the sixth Painlevé equation is given by

(1) 7 == [Pala = g — ) = p{(o0 ~ Dala = 1) +aaala —

tas(g —1)(g — 8)} +az(ar +a2)(g - 1)],

where ¢, p are functions of t and «; (i = 0,1,2,3,4) are parameters in
C such that @ + a1 + 203 + a3 + a4 = 1. The sixth Painlevé equation
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is expressed as the Hamiltonian system

do_0H dp __oH

@ i~ op A o

and we have
(3) 1t~ 15 =2pala ~1)a 1) ~ feala— (g 1)
+asq(q —t) + (a0 — 1)g(g — 1},

d
(4) t(t— 1)71%' =-p?(3¢> —2(1 +t)g+t) + p{2(co + @3 + a4 — 1)q
—ag(l+1t) —agt —ag + 1} — sy + az).

It is known that the sixth Painlevé equation has the extended affine
Weyl group symmetry of type Dfll). To illustrate this, let us consider
the field of rational functions
(65) K =C(w, 02,3, 04, ¢, D, t).

Let K be equipped with Poisson bracket defined by

6) A{p,q}=1,
(M) {pai} ={g,a} ={pt} ={g,t} ={t, i} =0 (1 <i<4).

Moreover, we set
(8) wo=aq—t wi1=1, @2=-p, wzs=q-1, @si=q

We define automorphisms s; (0 <i < 4) and 7y, r3, 74 on K as follows:
Q; ..
(9) si(oy) = aj —aiagy,  si(e;) = @5+ {es, ?j}a (0<i,5<4),

where A = (a;;) is the Cartan matrix of type Dfll):

2 0 -1 0 0
0 2 -1 0 0
(10) A=|-1 -1 2 -1 -1,
0 0 -1 2 0
0 0 -1 0 2
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and
(11) ri(ao) = o1, ri(on) =0, ri(a2) = as,
(12) 7‘1(0&3) = Q4, 71 (a4) = a3,
tlg—1) _ _(@=t((g—t)p+a2)
(13) ri(q) = a—t ri(p) = — tt—1) ;
(14) r3(ao) = as, r3(01) = a4, ri(az)=as,
(15) r3(az) = ap, ra(as) = au,
(1) ral@) =L rap)— -1,
(A7) ra(ao) = as, ralon) =03, Ta(a2) = oo,
(18) 7‘4(0[3) =, T‘4(CK4) = Oy,
(19) 1“4((]) — g__:__i’ 7’4(;0) _ _(q_l) ((;1:11)23"'042)'

Then automorphisms s; (0 < ¢ < 4) and 71, 73, 74 give a representation

of the extended affine Weyl group of type Dfll), and commute with %.

This describes the extended affine Weyl group symmetry of type Dfll)

on the sixth Painlevé equation.

§3. Quantization of the sixth Painlevé equation

Let K be the skew field over C with generators §, p, a1, a2, as, ag,
t and the commutation relations defined by

(20) [p,4] = h
(21) [P, ] = [§, il = [, 8] = [§,8] = [t,a] =0 (1 <i<4).

This commutation relations correspond to the Poisson bracket on the
rational function field K.
Let an element H in K be defined by

(22)

t(t—1)H = [qp(q — 1)p(G—t) + (4~ 1)p(G — t)pd + (G — )pap(d — 1)
+(q —t)p(d — 1)pd + (¢ — 1)pdp(g — t) + o(q — t)p(g — 1)]
~ 5 [(e0 = 1)@~ 1)+ (a ~ Vpi) + 0s(d(d — 1)

+(q — 1)pg) + aa((§ — 1)p(§ — t) + (§ — )p(G — 1))]
+ a(a1 + a2)(§ —t),
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where ag = 1 — a1 — 200 — a3 — ay. This element H is a canonical
quantization of the Hamiltonian of the sixth Painlevé equation. We
define transformations s; (0 < ¢ < 4) and ry, 73, 74 for the generators of
K as follows:

(23) si(og) = a; — ouag,  si(p;) =5+ [SOu%]hf, (0 <i,5<4),

where A = (a:;)o<i j<4 is the Cartan matrix of type D" (10) and where
@; are defined by

(24) Qozﬁ—t, (151:13 @2:—137 92)3:(]/\_1; 954211,

and

(25) ri(ag) = a1, ri(on) =g, ri(az) = ay,

(26) 7'1(&3) = Q4, 7‘1(054) = (3,

@ n@="U=h ne- -SRI Led o))
(28) r3(ao) = as, r3(on) =au, r3(an) = as,

(29) 7‘3(@3) = Qp, T3(Oé4) =Qq,

60 m@=z )= -2

(31) 7"4(00) =0y, r4(0n) =03, ri(az)=ay,

(32) 7‘4(0[3) = 0, T4(Oé4) = O,

(33) T4((j) — g:i, 7’4(]3) (q ) ( - 1)1—" Oég(q - 1)

Proposition 1. Transformations s; (0 <i<4) and r1, 13, 74 pre-
serve the fundamental commutation relations (20), namely, they become
automorphisms on K.

Proof. We can check that by straightforward calculations. For ex-
ample, we check that r1 preserves (20):

(d-t)p(g -1 t(d—l)]
tt—-1) 74—t

(9 (@] = -

Q.ED.
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Lemma 1. The automorphisms s; (0 <i<4) act H as follows:

(34)
so(H) = fI + t(ta_o ) (d - ao% — oy — (00 + 01+ 2a2)t) ;
(35)
si(H) = H,
(36)
Sz(ﬁ) = f‘j + t(t 1_ 1) ((1 —og + Oél)azt — 012(061 + ag + 043)),
(37)
sa(lD) = 1+ (222D
(38)
84(ﬁ) =H+ (Oé() — 1)044

Proof. These relations immediately follows from the definitions of
the Hamiltonian H and automorphisms s;. For example, we check (37):

t(t — 1)s3(H)

= t(t—1)H + %3 {—4qp(q —1) —4(g —t)pq

~2(¢— 1)png:1t) - 2q;q__1t)p(q —1)+ 6———0‘33(?_1 ‘) }
— a3 {—(ao —1)g—gp(g—1t) — (g~ t)pg + %Z—(i——;—t—) —ay(q — t)}

+ (a2a3 + as(ar + az + as))(g — t)
= t(t — 1)H + (ap — 1)ast.

Q.E.D.
Let § be the C-derivation oh K defined by

(39) 5(6) = 7 [A,6l+ 52 (peK)



Quanutm Pvyr 297

We write down 6(¢) and §(p) in the following.

(40)
t(t—1)d(q) =4(4d — 1)p(g — t) + (¢ — t)pd(g — 1)
—{aa(@—1)(g—t) + a3d(§ —t) + (a0 — 1)d(g — 1)},
(41)
t(t — 1)6(p) = — (PGP + G4 + Gpap) + 2(1 + t)pap — tp*
+ (0 + a3 + oy — 1)(pg + GP)
+p{—aa(1+1¢) —ast — ap + 1} — az(eg + az).

Theorem 1. The automorphisms s; (0 < i < 4) and r1, r3, 14

define a representation of the extended affine Weyl group of type D(l)
and commute with the C-derivation 6.

Proof. We can check by straightforward calculations that s; (0 <
i < 4) and ry, r3, 74 satisfy the following relations:

(42) si=1, s;is;=s;8 (i,j%#2),

(43) 8;828; = 828;82 (1 =0,1,3,4),

(44) =1 (i=1,3,4), mr=rm ({kl,m}=1{1,34}),
(45) TiSj = So;(j)Ti (i=1,3,4; =0,1,2,3,4),

where o; (i =1, 3,4) are the permutations defined by
(46) o1 = (01)(34), o3 =(03)(04), o4 = (04)(13).

This proves the first statement.

For the second statement, it is enough that we show §(s;(®;)) =
5i(0(¢:)) for ¢ = 0,1,2,3,4, and 6(ri(p)) = ri(6(p)) and 6(ri(q)) =
ri(6(§)) for (i = 1,3,4). From Lemma 1, s;(H) are equivalent to the
Hamiltonian H plus commutative parts. Then, the computation to con-
firm commutativity between § and s; is the same as the classical case.
As for commutativity between é and r;, also we can check that by direct
computations.

Q.E.D.
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