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Geometries and symmetries of soliton equations and
integrable elliptic equations

Chuu-Lian Terng

§1. Introduction

In the classical literature, a differential equation is called “inte-
grable” if it can be solved by quadratures. A Hamiltonian system in
2n-dimensions is completely integrable if it has n independent commut-
ing Hamiltonians. By the Arnold-Liouville Theorem, such systems have
action-angle variables that linearize the flow, and these can be found by
quadrature. This concept of integrability can be extended to PDEs, and
one class consists of evolution equations on function spaces that have
Hamiltonian structures and are completely integrable Hamiltonian sys-
tems in the sense of Liouville, i.e., there exist action angle variables. We
call this class of equations soliton equations. The model examples are the
Korteweg-de Vries equation, the non-linear Schrédinger equation (NLS
equation), and the Sine-Gordon equation (SGE equation). For example,
the action-angle variables are constructed for the KdV equation in [33],
for the NLS equation in [34], and for flows in the SL(n)-hierarchy in [5].
Besides the Hamiltonian formulation and complete integrability, these
soliton equations have many other remarkable properties including:

(1) infinite families of explicit solutions,

(2) a hierarchy of commuting flows described by partial differential equa-
tions,
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3) a Lax pair,

(

(4
(5
(
(

an algebraic-geometric description of certain solutions,
a scattering theory,

)
)
)
6)

an inverse scattering transform to. solve the Cauchy problem,

7) a construction of solutions using loop group factorizations (dressing
actions).

We will give a brief review of properties (1), (2), (3), and (7), and
refer the reader to [32, 46, 47, 53, 73, 74] for (4), and to [3, 4] for (5)
and (6).

The existence of a Lax pair is one of the key properties of soliton
equations. This was first constructed for the case of the KdV equation
by Lax [49], who observed that the KdV equation can be written as the
condition for an isospectral deformation of the Schrodinger operator on
the line. Later, this was shown to be equivalent to the zero curvature
condition of a family of connections ({2, 76]). Roughly speaking, a PDE
for g : R™ — R™ is said to have a zero curvature formulation if there is
a family of connections 8, on R™, (defined by ¢ and its derivatives, and
a holomorphic parameter A defined in some open subset of C) so that
the condition for 65 to be flat for all A is that ¢ solve the given PDE.
The connection 8, = Z:L 1 As d:vl is flat if d@) = —85 A 0 for all A, or
equivalently the n operators {2~ 75. +Ai | 1 <i<n} commute, ie.,

P P
Y A = L
oz A g, T =0 1A

We call 65 a Lax pair if n = 2, and a Laz n-tuple for general n. A Lax
n-tuple naturally gives rise to a loop group factorization, which in turn
provides a method for constructing explicit solutions and symmetries of
the equations.

Another class of integrable PDEs are non-linear elliptic equations.
Although these equations do not have Hamiltonian formulations, they
do have zero curvature formulations that give rise to loop group fac-
torizations, and hence the techniques developed for soliton equations
can also be used to construct solutions and symmetries of these elliptic
equations. In particular, we can find solutions of the equation by factor-
izations. One class of model examples are the equations for harmonic
maps from C to a compact Lie group.

Some goals of this paper are to give a brief survey of the following:
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—A systematic construction of integrable hierarchies associated to
a complex semi-simple Lie algebra and finite order automorphisms.

—Some geometric integrable PDEs arising in differential geometry.

—Construction of solutions using loop group factorizations.

Another goal of this paper is to put some known results of evolution
soliton equations and integrable elliptic systems together so that we can
compare and see similarities and differences in these two theories.

The literature of integrable systems and their applications to dif-
ferential geometry is huge. In this article, the author only covers a
part of these research areas and the references are correspondingly re-
stricted. We refer readers to the following survey books and articles
(1, 25, 32, 34, 38, 46, 53, 54, 59, 58, 63|, and articles in this volume for
more complete references.

G-hierarchy

The ZS-AKNS construction of the n x n-hierarchy of soliton flows
works equally well when we replace sl(n,C) by any complex, simple Lie
algebra G. In fact, let a € G, G, = {y € G | [a,y] = 0} the centralizer
of a, and G& = {¢ € G| (£,y) = 0 for all y € G,}. Here (,) is a
non-degenerate ad-invariant bilinear form of G. It can be shown that
there exists a sequence of polynomial differential operators on the space
C(R,G}) of smooth functions from R to Gy,

{Qu,j(u) | b€ Ga, Gy = Ga, §>0 integer}.

These @ j(u) are determined uniquely from the following recursive for-
mula

(Qb,5(u)z + [u, Qp,j(w)] = [Qb,j+1(u), a],
Qb,O = b) Qa,l(u) = Uu.

The (b, j)-flow is ux = (Qp;(u))z + [u, @s,;(u)], which commutes with
the (b',j')-flow. The hierarchy of these commuting flows is called the
gAKNS-hierarchy in [75], and the G-hierarchy in [69].

It follows from the recursive formula that u is a solution of the
(b, 7)-th flow if and only if

0y = (aX + w)dz 4+ (DN + Qpa(WN ™1 + -+ + Qp ;(u))dt

is flat for all A € C. In other words, ) is a Lax pair of the (b, j)-flow.
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There are several ways to construct subhierarchies from the G-
hierarchy by finding suitable invariant submanifolds (sometimes called
restrictions). For example, there are many works concerning the KdV
type equations (cf. [26, 30, 31, 62, 70]). In this paper, we explain several
restrictions of the G-hierarchy using finite order automorphisms of G (cf.
[41, 48, 63, 70]).

o-twisted G-hierarchy

If o is an order k£ automorphism of the complex Lie group G, then the
(b,nk+1)-flow in the G-hierarchy leaves C(R, GL N Gp) invariant, where
Go is the fixed point set of do. on G. The hierarchy of the restriction
of these flows to C(R, G- N Gy) is called the o-twisted G-hierarchy. The
Kupershmidt-Wilson hierarchy is an example with G = sl(n,C) and
k =n ([48]).

U-hierarchy

Suppose T is a conjugate linear Lie algebra involution of G, and U
is the fixed point set of 7, i.e., U is a real form of G. Then the (b, j)-flow
leaves C(R, G N U) invariant. The hierarchy restricted to C(R, G- N U)
is called the U-hierarchy. For example, the NLS equation occurs as the
second flow in the SU(2)-hierarchy, and the 3-wave equation as the first
flow in the SU(3)-hierarchy.

U/Ugp-hierarchy

Suppose T is a conjugate-linear involution, and o is an order k£ com-
plex linear, Lie algebra automorphism of G such that o7 = 77lo7 L.
Then the (b, nk + 1)-flow leaves C(R, G NUp) invariant, where Uj is the
Lie subalgebra of G that is fixed by both ¢ and 7. The hierarchy re-
stricted to C(R, GL NUp) is called the U/Up-hierarchy. For example, the
3rd flow in the SU(2)/S0(2)-hierarchy is the modified KdV equation

with £ = 2.
U/Up-system

Let U/Up be the rank n symmetric space given by involutions 7, o
of G, U = Uy + U the Cartan decomposition, and A a maximal abelian
subspace of U;. Let {a1,---,a,} be a basis of A. By putting the
(ay,1),- -+, (an,1)-flows in the U/Up-hierarchy together, we get the U/Uy
-system for maps v : R"® — L{j{ NU:

[aivvirj] - [aj’vl'i] = [[aiav]v [aj7v]]v ¢ # Js



Integrable equations 405

where Ug = {y € U | [y,£] = 0V € € A}. Note that v is a solution of
the U/Up-system if and only if

0 = Z (@A + [as,v]) dz;
j=1

is flat for all A € C, i.e., 6, is a Lax n-tuple of the U/Up-system.
The —1-flow associated to U

There is also a sequence of negative flows associated to G (cf. [26,
31, 69]). We review the first one in this sequence (the —1-flow) below.

Let a,b € U such that [a,b] = 0. The —1-flow associated to U is the
following system for g : R? — U:

(97"92)¢ = [a, 9 "bg),
with constraint ¢g~'g, € U}. The —1-flow has a Lax pair

(aX+ g7 g )dx + A "tg 7 by dt.

Elliptic (G, 7)-systems

The m-th elliptic (G, 7)-system is the equation for (ug,- -+ ,um) :
C — @247 so that

O = Z N ujdz + N (uy)dz
=0
is flat for all A € S*. The first (G, 7)-system is the equation for harmonic
maps from R? to U, where U is the fixed point set of 7.

Elliptic (G, 7,0)-systems

Suppose o is an order k automorphism of G such that o7 = 70. Let
G; denote the eigenspace of o, on G with eigenvalue e*%*. We call the
m-th elliptic (G, 7)-system with constraints u; € G.; the m-th elliptic
(G, T,0)-system. Solutions of the first (G, T, 0)-system is the equation
for primitive maps studied by Burstall and Pedit [15].

Dressing actions

To explain the symmetries and the construction of solutions of in-
tegrable systems, we need the dressing action of Zakharov and Shabat
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[76]. Suppose G, G_ are subgroups of G and the multiplication map
from G4 x G_ to G is a bijection. Then every g € G can be factored
uniquely as g = g+g— with g+ € G4 and g— € G_. Moreover, the space
of right cosets G/G_ can be identified with G, so the canonical action
of G_ on G/G_ by left multiplication, g_ - (9G_) = g_gG_, induces an
action * of G_ on G4. The action * is called the dressing action. The
dressing action can be computed by factorization. In fact, g— x g4+ = g+,
where g_g, = §+§-— with gy € G4 and g € G_. If the multiplication
map from G, x G_ to G is injective but only onto an open, dense subset
of GG, then the dressing action * is a local action, but the corresponding
Lie algebra action is well-defined.

Iwasawa and Gauss factorizations

There are two well-known factorizations associated to a complex
simple Lie group G. The Iwasawa factorization is G = KAN, where
K is a maximal compact subgroup of G, A is abelian, and N is unipo-
tent. We also refer to G = K B as the Iwasawa factorization of G, where
B = AN is a Borel subgroup. Let 4 be a Cartan subalgebra of G,
N, N_ the spaces spanned by all positive and negative roots respec-
tively, and A, N4, N_ the corresponding Lie subgroups of G. Then the
multiplication map from N_ x A x N_ to G is injective and onto an
open dense subset of G. The set N_AN, is called a big cell of G. The
so-called Gauss factorization associated to G refers to the fact that any
g in the big cell can be factorized uniquely as n_an, withny € Ny and
a € A. For example, for G = SL(n,C), let K = SU(n), B,, the sub-
group of upper triangular matrices with real diagonal, A,, the subgroup
of diagonal matrices, and N4 (n), N_(n) the subgroups of strictly upper
and lower triangular matrices. The Iwasawa factorization of SL(n,C) is
K By, which can be done using the Gram-Schmidt process. The Gauss
factorization for the big cell is N_(n)A,Ni(n), which can be carried
out using the Gaussian elimination.

Loop group factorizations

We review three types of loop group factorizations that are needed
for the study of symmetries of soliton equations and elliptic integrable
systems. Let L(G) denote the group of smooth maps f : S' — G, L+ (G)
the subgroup of f € L(G) that are the boundary values of holomorphic
maps defined on [A| < 1, and L_{G) the subgroup of f € L(G) that can
be extended holomorphically to [A| > 1in S? and f(co) =e. Let U be a
maximal compact subgroup of G, and L.(U) the subgroup of f € L(G)
such that the image of f lies in U and f(1) = e (the identity of G).
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—The Gauss loop group factorization (or the Birkhoff factorization)
states that there is an open dense subset L’ of L(G) such that any g € L’
can be factored uniquely as g+g— with g3 € Ly (G).

—The Iwasawa loop group factorization, proved in [57], states that
the multiplication map from L.(U) x L4 (G) to L(G) is a bijection.

—Let e >0, O ={\N € C||\N <e¢€},and Or = {\ € §? =
CU{oo} | |\l > 1/e}. Let C* = {A € C | X # 0}, and Q7(G) the
group of holomorphic maps f : (O. U O;/) N C* — G that satisfy
the (G,7)-reality condition T(f(1/X)) = f(X), Q5 (G) the subgroup of
f € Q7(G) that extend holomorphically to C*, and Q7 (G) the subgroup
of f € Q7(G) that extend holomorphically to O, U O; /. and f(o0) = e.
MeclIntosh proved ([51]) that the multiplication map from Q7 (G) x Q7 (G)
to Q7(QG) is a bijection.

These loop group factorizations play central roles in the study of inte-
grable PDEs.

Solutions of soliton flows via loop group factorizations

Let O1/c = {X € C| || > 1/¢}, and A™(G) the group of holomorphic
maps [ : O/ — G that satisfies the U-reality condition

T(f(N) = fV),

where 7 is the involution on G that defines the real form /. Note that
f(r) € U for real r. Let A7 (G) denote the subgroup of f € A™(G) that
extend holomorphically to C, and A” (G) the subgroup of f € A™(G)
that extend holomorphically to 1/e < |A| < oo and f(oo) = e. The
Gauss loop group factorization implies that the multiplication map from
A7 (G) x AZ(G) to A™(G) is injective and its image is open and dense.

The Lax pair 8, of a soliton flow in the U-hierarchy is a flat G-
valued connection 1-form that satisfies the U-reality condition 7(65) =
Ox. So O5(z,t) can be viewed as a map from (z,t) € R? to the Lie
algebra A7 (G) of AT (G), or equivalently a A7 (G)-valued connection 1-
form on R2. Therefore the trivialization F(z,t) of 0,(z,t) can be viewed
as a map from R? to A7 (G). Given g_ € AT (G), let E(z,t) denote
the dressing action of g_ on E(z,t), i.e., E(x,t) is obtained using the
Gauss loop group factorization to factor g_E(x,t) = E(z,t)g(x,t) with
E(z,t) € A7L(G) and §(x,t) € AT(G) for each (z,t). It can be shown
that E(z,t) is again a trivialization of some solution of the soliton flow.
This defines an action of AZ(G) on the space of solutions, which we
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denote by *. Moreover, 0 is a solution. If g_ € A7 (G) is rational,
then g_ * 0 can be computed explicitly and is a rational function of
exponentials. These are the pure soliton solutions. For general g_ €
A7 (G), g— %0 is a local analytic solution of the soliton flow. Algebraic
geometric solutions are included in the orbit AT (G) * 0. To construct
general rapidly decaying solutions for the flows in the U-hierarchy, we
need a new type of loop group factorization. Namely, factor fg as gf,
where f, f € L, (G) so that fp, fo are the identity e € G at A = —1 up to
infinite order and g, g are loops in U that have an essential singularity
at A = —1. Here f,()\) and fi()\) denote the B-component of f()\) and
f()\) in the Iwasawa, factorization G = UB for each A. For more details
see section 5.3 and [69].

Solutions of elliptic systems via loop group factorizations

The Lax pair 6, of the m-th (G, 7)-system satisfies the (G, 7)-reality
condition

(g(1/2) = g(N).

+ The trivialization E of 8 is a map from C to Q7 (G). It follows from
the McIntosh loop group factorization that the dressing action of Q7 (G)
induces an action on the space of solutions of the (G, 7)-systems. Since
there are constant solutions for the (G, )-system, the Q7 (G)-orbits
through these constant solutions give rise to a class of solutions. But
these are not all the solutions. The (G, 7)-reality condition implies that
the restriction of the trivialization E of a solution to the unit circle
| A| = 1liesin U, i.e.,, E can be viewed as a map from C to L(U).
Dorfmeister, Pedit and Wu ([27]) use meromorphic maps and the Iwa-
sawa loop group factorization L(G) = L.(U)L4(G) to give a method
of constructing all local solutions of the (G, 7)-systems. This is the so-
called the Weierstrass representation or the DPW method.

Although methods of constructing solutions for both the U-hierarchy
and the elliptic (G, 7)-systems are similar in spirit, initial data and tech-
niques used are somewhat different. Moreover, while there is a canonical
choice of initial data used in the factorization method to solve soliton
flows, there is no clear canonical choice of meromorphic data for the
(G, 7)-hierarchy. Since the (G, 7)-hierarchy contains the equation for
harmonic maps from a domain of R? to U, the main interest has been
to understand the relation between the initial meromorphic data of the
factorization method and the global geometry; for example, to find prop-
erties of meromorphic data which corresponds to a harmonic map from
a complete surface M to U. This has been done when M is S? and more
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generally for harmonic maps of finite uniton numbers ([72, 14, 39]), and
also when M is T? ([45, 56, 13]). For a detailed survey of results con-
cerning harmonic maps, loop groups, and integrable systems, we refer
the reader to [38].

When we study a geometric problem concerning maps f from a
manifold M to a homogeneous space U/Up, it is often useful to find
a good lifting f : M — U and write down the geometric condition
imposed on the map f in terms of the flat U-valued 1-form f~1df. If
there is a natural holomorphic deformation Fy : M — G of such maps
so that Fy = f and the flatness of F LdF) for all \ is equivalent to the
flatness of f —1d f in some natural coordinate system on M, then the
corresponding geometric PDE is often an integrable system with a zero
curvature formulation.

Integrable systems in differential geometry

One of the main interests in classical differential geometry is to find
natural geometric conditions for surfaces in R® so that there are many
explicit solutions and deformations. It is now known that the Gauss-
Codazzi equations for surfaces with constant mean curvature, constant
Gaussian curvature, and isothermic surfaces in R? studied by classical
differential geometers are integrable systems and Béacklund and Rib-
aucour transformations can be constructed naturally using loop group
factorizations (cf. [6, 10, 12, 17, 18, 37, 44, 56, 58, 67, 70, 71]).

In this paper, we give a brief review of the following subset of the
known integrable geometric problems:

(i) The Gauss-Codazzi equations of n-submanifolds with constant sec-
tional curvature in R™, 8™ and hyperbolic space H™ are the U/Up-
system associated to certain real Grassmannian manifolds U/Up (cf.
[10, 19, 36, 66, 68]).

(ii) The Gauss-Codazzi equations of flat Lagrangian submanifolds of
CP"™ is the SU(n 4+ 1)/SO(n + 1)-system.

(iii) Indefinite affine spheres in R? are given by solutions of the —1-flow

in the SL(3,R)/R*-hierarchy ([7]).

(iv) Solutions of the —1-flow in the U/Up-hierarchy give rise to harmonic
maps from the Lorentz space RY! to U/Uy. (These are called sigma-
models by physicists.)
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(v) The first elliptic (G, 7)-system is the equation for harmonic maps
from R? to U ([72]). The first elliptic (G, 7, o)-system is the equation
for harmonic maps from R? to the symmetric space U/Uy if the order of
o is two ([13]), where Uy is the fixed point set of ¢ in U.

(vi) The equation for minimal surfaces in CP? is the first (SL(3, C), 7, 0)-
system, where 7,0 gives the 3-symmetric space SU(3)/T? ([11, 9]).

(vii) Equations for minimal Lagrangian surfaces in CP?, minimal Legen-
drian surfaces in S°, and minimal Lagrangian cones in R® = C3 are given
by the first (SL(3,C),,0)-system, where 7,0 give the 6-symmetric
space SU(3)/S0(2) ([52]).

(viii) The equation for Hamiltonian stationary surfaces in CP? is the
second elliptic system associated to the 4-symmetric space SU(3)/SU(2)

([43]).

Note that there may be several geometric problems associated to
one integrable system. For example:

—The SGE equation is the equation for surfaces in R? with Gaussian
curvature K = —1, and is also the equation for harmonic maps from R!:!
to S2. The reason here is that if M is a surface in R? with K = —1,
then the second fundamental form II of M is conformally equivalent to
the flat Lorentzian metric and the Gauss map v : M — S? is harmonic
when M is equipped with metric II.

—The U(n)/O(n)-system is the equation for flat Lagrangian sub-
manifolds in R?" that lie in %!, the equation for flat Lagrangian
submanifolds in CP™!, and also the equation for flat Egoroff metrics.
These three geometries are related as follows: the preimage of a flat
Lagrangian submanifold in CP™! via the Hopf fibration = : §2"~1 —
CP"~! is a flat Lagrangian submanifold in R?” that lies in S?"!, and
the induced metrics on these flat Lagrangian submanifolds are flat Ego-
roff metrics.

We now know that there is a very large collection of integrable geo-
metric PDEs. In this paper, we only discuss a small subset of these
examples. For a more extensive review of integrable systems in differen-
tial geometry, we refer the readers to the books [37, 58, 67], articles in
this volume, and references therein.

Most of the integrable geometric PDEs mentioned in this paper are
either the U/Up-system, the —1-flow, or the (G, 7, o)-systems. We would
like to end this introduction by proposing a program: Find geometric
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problems whose equations are given by the U/Up-system, the —1-flow,
or the m-th (G, 1,0)-system. Most examples given in this paper have
U = O(m) or SU(m). We believe the success of this program for general
compact Lie groups U should provide new natural classes of subman-
ifolds in symmetric spaces and in homogeneous Riemannian manifolds
with exceptional holonomy. This program also makes sense for any semi-
simple, non-compact, Lie group U. We believe that interesting classes
of submanifolds in pseudo-Riemannian symmetric spaces, in SL(n,R)-
geometry (affine geometry), and in U-geometry will arise naturally from
this program.

The author would like to thank Martin Guest for many helpful com-
ments and suggestions.

§2. Soliton equations

We review the method of constructing a hierarchy of n x n soliton
flows developed by Zakharov-Shabat [76] and Ablowitz-Kaup-Newell-
Segur [2]. Their method works equally well if we replace the algebra
of n x n matrices by a general semi-simple, complex Lie algebra G (cf.
[41, 60, 69, 75]). We also review the construction of new hierarchies of
flows by restricting the G-hierarchy to submanifolds naturally associated
to finite order automorphisms of G. Many interesting equations in differ-
ential geometry and mathematical physics are flows in these restricted
hierarchies.

2.1. The G-hierarchy

Let (, ) be a non-degenerate, ad-invariant bilinear formon G, a € G
regular, i.e., the centralizer G, of a in G is abelian, and Qj‘ = {¢ €
G| (£,G.) = 0}. Let S(R,GL) denote the space of rapidly decaying
maps from R to gal.

There is a unique family of G-valued maps @ ;(u) parametrized by
{b € G| G» = G.} and positive integer j that satisfies the following
conditions:

(2.1.1)  (Qbj(u)e + [u, Qpj(u)] = [@bj+1(u),al,  Qpo(uw) =0,

fes)
(2.1.2) Z Qs,j(W)A77 is conjugate to b as an asymptotic expansion.
—
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These conditions imply that @ ;(u) is a polynomial in u, d;u, ..., 0. u
(cf. [60, 69]). The G-hierarchy is a family of evolution equations on
S(R,G}) parametrized by (b, j), where b € G, such that G, = G, and j
is a positive integer. The (b, j)-flow is

(2.1.3) ue = (@b ()2 + [u, Qb5 (w)] = [Qpj+1(u), al.

Recall that a G-valued connection 1-form 6 = Y7 | A;(z)dz; is flat if
do = -0 A 9,

ie.,

'_(Ai)mj + (A])z, + [Al,A]] =0, 1<1< ] <n.
The flatness of 6 is equivalent to the solvability of the following linear
system:

(2.1.4) E.,,=FEA;,, 1<i<n.
Note that (2.1.4) can also be written as E~'dE = 6.

Definition 2.1.1. Let 8 be a flat G-valued connection 1-form on
R™. A map E : R"” — G is called a trivialization of 6 if E-1dE = 0.
A trivialization E of € is called a frame of 0 if E satisfies the initial
condition E(0) = e, where e is the identity element of G.

The recursive formula (2.1.1) implies that u is a solution of the
(b, j)-flow (2.1.3) if and only if

(2.1.5)  6x = (ar+u) dz+ (BN + Qpa(w)N ™"+ + Qp j(u)) dt

is a flat G-valued connection 1-form on the (z,t) plane for all A € C. In
other words, the (b, j)-flow has a Lax pair.

The Cauchy problem with rapidly decaying initial data for the (b, 5)-
flow (2.1.3) in the G-hierarchy is solved by the inverse scattering method
(ctf. [3]).

Theorem 2.1.2. ([3]). Suppose a € G such that G, is a mazimal
abelian subalgebra A of G. Then there is an open dense subset Sy of
S(R, At) such that if ug € So, then the Cauchy problem for the (b, j)-
flow in the G-hierarchy,

{ut = (Qu,3(w))z + [u, Qp (w)),

u(z,0) = uo(z),

has a unique solution u. Moreover, u(z,t) is defined for all (z,t) € R?
and u(-,t) € S(R, AL).
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The following is well-known, and the proof can be found in many
places (cf. [1, 69]).

Theorem 2.1.3. Let X, ; denote the vector field on S(R, AL) de-
fined by

(2.1.6) Xp,j(u) = (Qp,5(w)z + [u, Qb 5 (w)]-

Then [ Xy j, Xv ;7] = 0 for all b,b' € A and positive integers j,j'. In
other words, the (b, 7)-flow commutes with the (V' j')-flow.

Example 2.1.4. The SL(2,C)-hierarchy (cf. [1, 54]).
Let G = SL(2,C), a = diag(i, —i). Then G, = A = Ca, and

gmﬁ:{(g g)’q,re(C}.

Let u = (2 g) Use (2.1.1) and (2.1.2) and a direct computation to

get the first three terms of Qg j(u):

Qui(w) =, Qualu) = (__1 _gﬂ) ,

2 2
re=ger ez | LT
Quat) = | T e oy
’ e

Then the (a, j)-flow, j = 1,2, 3, in the SL(2, C)-hierarchy is the following
evolution for ¢ and 7:

gt =4z, Tt = Tz,

7 )
qt = '2'(qxx - 2(]27'), Tt = _‘2‘(sz - 2qT2)7

3 T 3
gt = —qazm + 5979z Tt = zZZ + 547z

2.2. The U-hierarchy

Let 7 be an involution of G such that its differential at the identity
e (still denoted by 7) is a conjugate linear involution on the complex
Lie algebra G, and U the fixed point set of 7. The Lie algebra U of U
is a real form of G. Let U, denote the centralizer of a in U, and Z/laL
the orthogonal complement of U/, in . Note that Z/lal = g; NU. It is
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known that the (b, j)-flow in the G-hierarchy leaves S(R,U; )-invariant
(for more details see [70]). The restriction of the flow (2.1.3) to S(R,U;")
is the (b, j)-flow in the U-hierarchy. The Lax pair 6, defined by (2.1.5)
is a G-valued 1-form, and 6, satisfies the U-reality condition:

(2.2.1) T(@;\) = 9)\‘
Note that £ = Zj &N satisfies the U-reality condition if and only if
& €U for all 5.

Example 2.2.1. The SU(2)-hierarchy.

Let 7 be the involution of sl(2,C) defined by 7(£) = —£*. Then the
fixed point set of 7 is the real form U = su(2). Let a = diag(i, —i) € U.
Then U, = A = Ra, and

(% oes)

So C(R, A+ NU) can be identified as C(R, C), and the SU(2)-hierarchy
is the restriction of the SL(2,C)-hierarchy to the subspace r = —g. The
first three flows in the SU(2)-hierarchy are

qt = 4z,
1
¢ = 5 (daa +2lgq),
1

Note that the (a, 2)-flow in the SU(2)-hierarchy is the NLS equation.

2.3. The o-twisted G-hierarchy

Let o be an order k group automorphism of G such that its differen-
tial at the identity e (still denoted by o) is a complex linear Lie algebra
homomorphism of G. Let

G=Go+ -+ Gk,

where G; is the eigenspace of o with eigenvalue e . Note that G =G,
if ¢ = j mod k, and
[gja gr] - gj+r-

Let A be a maximal abelian subspace in G;, and a € A regular in G,
ie.,

{r € G |[z,a] =0} = A.
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It is known (cf. [70]) that if the image of u lies in Go N G, then

(23.1) Qe.5(u) € G1—;.
Since a € Gy, the right hand side of the (b, mk + 1)-flow satisfies

(Qb,mik+1(w))z + (U, Qb,mik+1(v)] = [Qb,mik+2,a] € G_mi = Go.

In other words, the (b, mk + 1)-flow leaves S(R, G NGy) invariant. The
o-twisted G-hierarchy is the restriction of the (b,mk + 1)-flow in the
G-hierarchy to S(R, G+ N Gy) for m =1,2,---.

It follows from (2.3.1) that the Lax pair of the (b,mj + 1)-flow in
the o-twisted G-hierarchy satisfies the (G, o)-reality condition:

(2.3.2) (0 _zg: ) = Ox.

Note that £ = >, &; M satisfies the (G, o)-reality condition if and only
if £; € G; for all j.

Example 2.3.1. Kupershmidt- Wilson hierarchy ([48]).

Let G = SL(n,C), and o the order n automorphism of SL(n,C)
defined by o(g) = C~1gC, where C = ea; +esa+- - +€nn—1+€1n is the
permutation matrix (12---n). Here e;; denote the (4, j)-th elementary
matrix in gl(n). The eigenspace Gr of o on sl(n,C) with eigenvalue
o= e is the space of all y = (y;;) such that y;41 j41 = aFy,; for all
1 <i,j5 <n. Let a = diag(l,a,--- ,a""!) € G, and A = Ca. Then
A is a maximal abelian subalgebra of G;. The (SL(n,C),o)-hierarchy
is the restriction of the (jn + 1)-th flow in the sl(n,C)-hierarchy to
S(R,GoNGL). For example, for n = 2,

q€ (C} .

1_J{0 ¢
Go 1 Ga _{(q 0)

The first flow is the translation Gt = qz, and the third flow is the complex
modified KdV equation

NNy

gt =

2.4. The U/Up-hierarchy

Let 7 be a conjugate linear involution of G, U its fixed point set,
and o a complex linear, order k& automorphism of G such that

~1,-1 _ -1

TO =0 g T
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Let G; denote the eigenspace of o with eigenvalue e*% . We claim that
7(G;) C G;. To see this, let &; € G;. Then
o(r(§))) = (071 (&)) = T(a77g) = a7IT(g;) = oI 7(§y),

27i

where oo = e* , proving the claim. Let i; = G; NU. Then we have

U=Uy+ -+ U_1.

Let A C U, be a maximal abelian subspace in U;. An element a € A is
reqular in Uy if

{€ely | [¢a]=0}=A

Let b € A, and u € G} NUy. Then Qp ;(u) € U;_; for all j > 0 ([70]). So
the (b,mk + 1)-flow in the o-twisted G-hierarchy leaves S(R, G+ N i)
invariant. The restriction of these flows to S(R,G NU,) is called the
U/U,-hierarchy.

The Lax pair 8, of the (b, mk+1)-flow in the U/Up-hierarchy satisfies
the U/U,-reality condition:

(2.4.1) T(@;\) = 9)\, U(@A) =0 27 .

ek A

Note that £ =3 ;& M satisfies the U/Up-reality condition if and only if
& € U; for all 5.

When the order of ¢ is 2, the condition 70 = ¢~*7~! implies that
7 and o commute, U/Up is a symmetric space, and U = Uy + U is a
Cartan decomposition for the symmetric space U/Up.

Example 2.4.1. The SU(2)/SO(2)-hierarchy.

Let 7(¢) = —€* and o(£) = —£* be involutions of sI(2,C) that give
the symmetric space SU(2)/S0(2). Then

Uo = s0(2), Uy ={if | € sl(2,R), symmetric}
with SU(2)/S0(2) the corresponding symmetric space. Let a = diag(i,
—i). Then G NUy = s0(2). So S(R,G+ NUy) can be identified as
S(R,R). The (a,1)- and (a, 3)-flow in the SU(2)/S0O(2)-hierarchy are
qt = qx,
1 2

Note that the (a, 3)-flow is modified KdV equation (mKdV equation).
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Example 2.4.2. The SU(n)/SO(n)-hierarchy.
Let 7 and £ be involutions of sl(n,C) defined by

T(é) = —gta a(§) = _gt-

Then 70 = o1, U = su(n), Uy = so(n), and U, is the space of iY €
su(n), where Y is real and symmetric with trace zero. The corresponding
symmetric space is U% = ggﬁzg Let A denote the space of diagonal
matrices in su(n). Then A is a maximal abelian linear subspace in U,
and At NUy = so(n). An element a = idiag(as,--- ,a,) is reqular
in Uy if ay,--- ,ay are distinct. Let a € A be a regular element, and
b = idiag(b1,--- ,bn) € A The (b,1)-flow in the gggzg—hierarchy on

S(R, so(n)) is the reduced n-wave equation

bi —b; b —b; b —b o
(uij)e = a]~ (uij)z + Z (a: —L - k) UskUkj, ©F ]
J k

2
a; — a; a; — ag

Example 2.4.3. Let U/Uy be a symmetric space, U = Uy +U; a
Cartan decomposition, .4 a maximal abelian subspace in Uy, a € A reg-
ular, and b € A. Note ad(a) ™! maps UL NUy and U;- N4, isomorphically
onto U+ Ny and UL N Uy respectively. So ad(b)ad(a) ™ (UL NUy) C
UL NUy. The recursive formula (2.1.1) implies that

(2.4.2) Qp1(w) = ad(b)ad(a) ™! (u).

So the (b,1)-flow in the U/Up-hierarchy is the equation for maps u :
R2 — UL NUy:

(2.4.3) ug = ad(b)ad(a) " (uz) + [u, ad(b)ad(a) ! (u)].

This is the reduced n-wave equation associated to U /Uy, which has a Lax
pair

(2.4.4) 0y = (a}\ + u)dz + (bX + ad(b)ad(a) " (u))dt.

2.5. The U/Up-system

Let 7 be a conjugate linear involution of G, o a complex linear in-
volution of G such that 7o = o7, U the fixed point set of 7, and Uy the
subgroup of U fixed by . Let U = Uy +U; denote the Cartan decompo-
sition of the symmetric space U/Uy. Let A be a maximal abelian linear



418 C.-L. Terng

subspace of Uy, and ay,--- ,a, a basis of A. The U/Up-system is the
following system for v : R® — U}‘ NUy:

(2'5'1) {aivvxj] - [aj’vﬂﬂi] = [[CL,’,U], [ajvv]L ( 7‘/: J-

It has a Lax n-tuple,

n

(252) 0 = Z(ai)\ + [ai,v])dxi,

i=1
which satisfies the U/Up-reality condition (2.4.1). Moreover, the follow-
ing statements are equivalent for smooth map v : R® — Z/{j{ NU:

(i) v is a solution of the U/Up-system (2.5.1),
(ii) 6 defined by (2.5.2) is a flat G-valued connection 1-form on
R™ forall A € C,
(iii) @, is flat for some r € R.

We claim that the U/Uy-system is independent of the choice of basis
of A. If by,--- ,b, is a basis of A, then there exists a constant matrix
(cij) such that a; = E?:l ¢i;b;. The U/Up-system defined by the new
base by,--- , b, is

[b:, vy,] = [0, vy, ] = [[bi, v], [b5, v]]-
This is the same system as (2.5.1) if we make the coordinate transfor-
mation y; = > 0, ¢jiT;
The U/Up-system is given by the first commuting n-flows in the
U/Up-hierarchy, i.e.,

Proposition 2.5.1. ([68]). With the same notation as above, let
ai, - ,ay, be a basis of A such that ay,--- ,a, are reqular. Let a = a;.
Then v : R™ — Ux NUy is a solution of the U/Uy-system (2.5.1) if and
only if u(x) = [a,v(x)] satisfies the (a;, 1)-flow in the U/Uq-hierarchy,

Uz,

forall<j<n.

= ad(a;)ad(a) ™ (ua, ) + [u,ad(a;)ad(a) ™ (u)],

As a consequence of Theorem 2.1.2 and Proposition 2.5.1 we have

Corollary 2.5.2. ([68]). Suppose a = a; € A is reqular inUy. Then
there exists an open dense subset So of S(R,U- NUy) such that given any
vo € 8o there ezxists a unique solution v of (2.5.1) defined for all x € R™
such that v{z1,0,---,0) = vo(z1) and v(-, 32, -- ,x,) € SR,UL NU).
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Next we give some examples.
Example 2.5.3. The U-system.

Let 7 be a conjugate linear involution of G, and U the fixed point
set of 7. Let mo(z,y) = (7(x),7(y)) and o(z,y) = (y,z) be involutions
of G x G. Then 70 = o7, and the corresponding symmetric space is
(UxU)/AU) ~ U, where A(U) is the diagonal group {(g,¢9) | g€ U}.
The (U x U)/A(U)-system is the U-system (2.5.1) for maps v : R" —
AL NU, where A is a maximal abelian subalgebra of i/ and {a1,--- ,an}
is a basis of A.

Example 2.5.4. The b%fg)(—ﬁj-system.

Here U/Uj is the symmetric space 5(710)(3"7)("), G=002n,C), m(g) =
g, 0(9) =Innyg I;’z, where I, , is the diagonal matrix with a;; = 1
forl1 <i<nanday; = -1forn+1 <1t < 2n Sold = so(2n),
Uy = so(n) + so(n), and

Uy = {<_0£t g) l ¢ e gl(n,R)}.

The linear subspace A spanned by
{a; = —€inti+entii | 1 <i<n}
is a maximal abelian subspace of Uy, and
UnAt = {(_(},t l(*;) ‘F = (fij) € gl(n,R), fiy =0 for 1 <4 < n} .
The corresponding U/Ug-system (2.5.1) written in terms of F' = (f;;) is

(fig)z: + (fi)z; + 2 op frifrs =0, if i # 7,
(2.5.3) (fis)z; + (fji)es + 224 fiefie =0, ifi#7,

(fij)ar = finfrj, if 4, 7, k are distinct.
The Lax n-tuple 6 (2.5.2), written in matrix form is
(2.5.4)
SFt — F§ .Y .
8, = ( \S —FQH—(SF) , Wwhere § = diag(dzy,--- ,dxy).

Note that the first and the third equations of (2.5.3) imply that § F* — F'§
is flat, and the second and third equations of (2.5.3) imply that —F*§ +
O F is flat.
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Example 2.5.5. The ggzg -system.

Here G = gl(n,C), 7(¢) = —&¢, and o(€) = —¢&'. Then U = u(n),
Up = o(n), and

U = {iF | F = (fi;) € gl(n,R), fi; = fji}.

The linear subspace A spanned by
{a; =ie;; | 1<j<n}
is a maximal abelian subspace of U;, and
UNAL = {iF | F = (fi;) € gl(n,R), fi; = fyi, fis =0for 1 <d,j <n}.

The corresponding U/Up-system written in terms of F is the restriction
of system (2.5.3) to the linear subspace of F' = (f;;) such that f;; = f;:.

So the %%%—system is the system for symmetric F' = (f;;):
(2.5.5) (fij)z: + (f”)z] + Zk fiefie =0, ifi#j,
o (fij)zr = fik i, if 4, j, k are distinct.

Or, equivalently, [6, F] = 6F — F¢ is flat.

Example 2.5.6. The gggzg—sys‘sem.

Here G = sl(n,C), 7(¢) = —¢¢, and o(¢) = —¢¢ for £ € G. Then
U = su(n), Uy = so(n), and

Uy = {iF | F = (fi;) € gl(n,R), fij = fji, »_ fii =0}
=1

The linear subspace A spanned by
{bj =i(ej; —en) | 2<j <n}
is a maximal abelian linear subspace of Uy, and
AUy = [iF | F = (fi;) € gl(n,R), fij = fyi, fis =0 for 1 <i,5 <n}.

The

(n
n

gg( g -system is

(256) [bi,th] — [bj;Fti] = [bi,F], [bj,F]] 2 < ) #] <n.
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Example 2.5.7. The U/Uy = m—ﬁ%—%-system (18)-
Here G = gl(4,C). For X € gl(4,C), write

(X1 X2 ‘
X = (X3 X4)’ X; € gl(2,0).

Let 7 be the involution of G defined by

J 0\~ /(Jt 0 0 1\
T(X)—(O J)X<0 J—l)’ WhereJ—(_1 O)'

The fixed point set I of T is the subalgebra of X € G such that JX,;J~! =
X; forall 1 <i <4 ie., X; lies in the fixed point set of the involution of
gl(2,C) defined by 75(Y) = JYJ~1. A direct computation implies that
the fixed point set of 79 is :

(2

Note that R x su(2) is isomorphic to the quaternions H as an associative
algebra via the isomorphism

. (i 0) . [0 1 (0 i /(10
=l 2= () =) =600,

(It is easy to check that ij = k, jk = i, ki = j.) So we can view
U = gl(2,H), i.e., the algebra of 2 x 2 matrices with entries in the
quaternions H.

z1,22 € (C} =R x su(2).

Let o be the involution on gl(4,C) defined by

oY) = (é —01) Y (3 —01>_1'

Then o7 = 70, and

o{(
|

u={(
Let

(25.7) o = (12 15) 4z = (_OJ g)) .

103 g)}P,Qe]Rxsu@)},
0 P
Q 0

> P,QE]Rxsu(Z)}.
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The space A spanned by a; and as is a maximal abelian linear subspace
of Uy, and AL NI is the space of all matrices of the form

0 (pl ’f?')
—D2 D1

q1 132 0
—p2 q1

The m?%)—z—system is

(p2)y +i(p2)e = —Ip1|*> + @1]?,
(2.5.9) (@ +p1)z = 2i (P2 — p2)(q1 — p1),
(@1 — p1)y = —2(p2 + P2)(q1 + p1)-

Its Lax pair (2.5.2) is 0 =

zZ W —iZ Y )
(—W 2) kA dot (—Y iZ) o
o -Z W t .\ —iZ -\ |%
W -z - Y  iZ
where
(2510) Z:—2Zp2, W:’l,((jl—pl), Y:((jl —|—p1)

Let po = 81 +iB2, (1,02 € R. Equate the imaginary part of the first
equation in system (2.5.9) to get (82)y + (81)z = 0. So there exists u
such that §; = — % and (2 = %, and hence p; = —'L;%’—. Substitute
this into (2.5.9) to get

Ugz + Uyy = 8(ip1|2 - |(11|2)7
(2.5.11) (@1 +p1)e = (@1 — 1),
(@1 = p1)y = 2 (@1 +p1)-

Uy
2

Ly
2

System (2.5.11) is gauge equivalent to system (2.5.9). To see this, we
recall that v is a solution of the U/Uy-system (2.5.1) if and only if 8 is
flat. So 6y is a (R x su(2)) x (R x su(2))-valued flat connection 1-form.
The R x R-component of 6y is

o (2621 0 2611 0 (T 0
90_(0 —2ﬁ21>d‘”+< 0 2511)dy’<0 —du )
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e"/41 0
9= < 0 e_"/41) ’

The gauge transformation of 8y by g is

[T 0
g*@g—(o 7_2), where

Let

= Hoyde ~ady) @ —p1)dz + (@1 + p1)dy
i(qr — p1)dz — (q1 + P1)dy — L dy) ’
_ Md_a—%_dw —i(q1 — p1)dz — (q1 + p1)dy '
—i(qy — p1)dz + (@1 + p1)dy ~ Ao iady)

The connection g * 8y is flat if and only if (u,p;,q1) is a solution of

(2.5.11). So g * 6 is a Lax pair of (2.5.11). In other words, system

(2.5.11) is gauge equivalent to the m%?%)—z—system.

Suppose (u,p1,491) is a solution of (2.5.11) and ¢; is real. Let p; =
B; +iBs. Equate the imaginary part of the second and third equations
of (2.5.11) to get

(B2)z = —ugB2/2, (B2)y = —uyBa/2.

So By = ce~*/? for some constant ¢, and (2.5.11) becomes the following
system for real functions wu, ¢, B;.

Ugz + Uyy = 8(c2e™ + BE — %),
(2.5.12) (g1 + B1)e = (a1 — By),
(@1 = B1)y = % (q1 + B1).

If p; is also real, i.e., ¢ = 0 in (2.5.12), then system (2.5.12) becomes the
following system for real functions u, q1, p1:

Uz + Uyy = (p% - q%)?
(2.5.13) (@1 +p1)z = (@1 —p1),
(g1 —p1)y = B (q1 +p1)

2.6. The —1-flow

Let U be the real form defined by the involution 7 on G, a,b € U
such that [a,b] = 0. The —1-flow associated to U defined by a,b is the
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following system for u : R — U N U
(2.6.1) us = [a, g bg], where g7'g, = u.
This system has a Lax pair
O = (aX +u)dz + \"1g 7 bg dt, where g:R?® - U, g 'g, =u.

Note that 6, satisfies the U-reality condition (2.2.1).

Theorem 2.6.1. ([68]). The —1-flow (2.6.1) commautes with all the
flows in the U-hierarchy.

1 1

Let 0 be an order k automorphism of G such that r¢ = ¢7 7~
and U =Uy + -+ - +Ug—1 as in section 2.4 Let a € U a regular element,
and b € Up—1 such that [a,b] = 0, then the right hand side of (2.6.1)
is a vector field on C(R,Uy NUL). The flow (2.6.1) restricted to the
space C(R,Uy NU) of smooth maps from R to Uy NU is the —1-flow
associated to U/Uy, and ) satisfies the U/Up-reality condition (2.4.1).

We can also write the —1-flow (2.6.1) associated to U (or U/Uy) as
an equation for g : R? — U (g : R? — Uj respectively):

(2.6.2) (97 9z)¢ = la, g™ bg],
where g7 lg, € UL (€ Up NU respectively). Its Lax pair is

(2.6.3) Oy = (aX + g7 g, )dx + X\~ Lg Tbgdt.

Example 2.6.2. The —1-flow associated to SU(2)/S0O(2).

g ing
COS 5 s 2

Let o = diag(é, —3), and b = —%. Let g = ( .
4 —sind cosi

> . Then

u=glg, =% (_(31 qg’), and the —1-flow (2.6.2) associated to
SU(2)/50(2) is the sine-Gordon equation (SGE equation):

qzt = sin g,
and its Lax pair is

ix Iz iX (cosq sing
- 2 _Z
O (—52& —i)\> dz 4 (sinq cosq dt

Example 2.6.3. The —1-flow associated to U/Uy = SL(3,C)/R*.
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Here R is the subgroup
Rt = {diag(r,»~*,1) | » > 0}

of SL(3,R), G = SL(3,C), 7(g9) = g, and o is the order 6 automorphism
of SL(3,C) defined by

0 o* 0 .
o(g) =C (¢")"*'C™"', where C=|a 0 0}, and a=e"5.
0 0 1

The induced automorphism o on sl(3,C) is
o(A) = —CA'C™L.

Note that the order of o is 6, o is complex linear on si(3,C), and o7 =
7151, Let B =% =e%. A direct computation implies that Y; lies
in the eigenspaces G; of (3 if

s 0 O 0 0 s
YO =0 —s 0 y Yl = | 82 0 0 y

0 0 0 0 s O

0 0 0 s 0 0
Yo=10 0 s}, Y5={0 s 0 ’

-s 0 0 0 0 —-2s

0 0 s 0 s1 O
Yo=|0 0 0}, Ys5=10 0 s

0 —s O ss 0 0

The fixed point set of 7 is U = sl(3,R), and U; = sl(3,R) N G;.
Let

eU, b=

Q
Il
o = O
-0 O
OO -

0
1 ceU_1 =Us.
0

-0 O
S O

Note that [a,b] = 0. The fixed point set
group

S

o of o on U is the abelian

Up = {diag(r,r~*,1) | r > 0}.
A smooth map g : R? — Uy is of the form
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for some smooth function w. So g~'g, = w,diag(1, —1,0), and

0 e 0
g tbg=10 0 e¥
e" 0 0

Hence the —1-flow (2.6.2) associated to SL(3,R)/Up is
wyrdiag(l, —1,0) = (¥ — e ?*)diag(1, —1,0),

i.e., the Tzitzeica equation:

(2.6.4) Wyt = ¥ — e,

The corresponding Lax pair 6y (2.6.3) is

wy 0 A 0 e 2w
(26.5) = A -—w, O) de+X [0 0 e¥]| dt
0 X 0 e 0 0

Note that 8 satisfies the %-reality condition:

2ni

(2.6.6) 85 =0\, —CO,C™" =055, where f=¢% =—e

EX R
Example 2.6.4. The —1-flow associated to SL(n,R)/(R*T)"" L.

Let G = sl(n,C), 7(€) = ¢, and o(€) = CEC™L, where

C = diag(l,a,--- ,a" 1)

and o = e™»'. Then the order of ¢ is n and 7o = o—17~!. The fixed
point set U of 7 is sl(n,R). The eigenspace G; of o with eigenvalue
e is spanned by {e;1;; | ¢ = 1,--- ,n}, where e;; is the elementary
matrix and e;; = ey if i =4’ and j = 7' mod n. Let U; = G; NU,
a=eg1+ep+--+eyn-1+em, andb=ea+en+ - -+e,_1n+en.
Then a € Uy, b € U_q, and [a,b] = 0. Let g = diag(e™,--- ,e%") with
S,ui = 0. So g7tg, = diag((v1)s, -+, (un)z). The —1-flow (2.6.2)
associated to G, 7,0 is:

(ui)pe = € 7H= —MITH L 1 <<,

where un,+1 = w1 and ug = Uy,.
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2.7. The hyperbolic systems

Let U be the real form defined by the involution 7 on G. The hyper-
bolic U -system is the following system for (ug,uy,vo,v1) : R? — H?:l U:

(u1)e = [u1,vo],
(271) (UO)t = (’U())z + [Ul,'Ull + [UQ,'UQ],
(v1)z = —[uo, v1]-

It has a Lax pair
(2.7.2) Q= (Ut A + uo)dz + (A" 'vy + vp)dt,

which satisfies the U-reality condition (2.2.1).

L7, and

Let ¢ be an order k£ automorphism of G such that 7o = o~ n
U = Uy + --- + Ur_1, where U; is the intersection of I/ and the 5
eigenspace of 0. The hyperbolic U/Uy-system is the restriction of the
hyperbolic U-system (2.7.1) to (uo,u1,v0,v1) € Up X Uy X Uy X U_1.
The corresponding Lax pair (2.7.2) satisfies the U/Up-reality condition

(2.4.1).

83. Geometries associated to soliton equations

We give geometric interpretations of certain soliton equations. For
example, solutions of the O(2n)/O(n) x O(n)-system give rise to or-
thogonal coordinates of R” and flat submanifolds in R?", solutions of
the U(n)/O(n)-system give Egoroff flat metrics and flat Lagrangian sub-
manifolds of R?" = C", a subclass of solutions of the GL(2,H)/(SU(2) x
R*)2-system give rise to Bonnet pairs in R3, and the —1-flow associated
to SL(3,R)/R* (the Tzitzeica equation) is the Gauss-Codazzi equation
for affine spheres in the affine 3-space. If U/Uj is a rank n symmetric
space, then we can associate to each solution of the U/Up-system a flat
n-submanifold in U/Uy and a flat n-submanifold in the tangent space
of U/Uy. We also give a brief review of the relation between harmonic
maps from RY! to U and solutions of the hyperbolic U-system.

3.1. The method of moving frames

Let (N, g) be an (n + k)-dimensional Riemannian manifold, V the
Levi-Civita connection of g, and X : M™ — N an immersion. We set up
some notation next. The first fundamental form I is the induced metric.
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Let ¢ be a normal vector field on M, v a tangent vector field, (V,&)?
and (V,£€)” the tangential and normal components of V& respectively.
The induced normal connection on the normal bundle v(M) is defined
by
Vi€ = (Vo€)”.
The second fundamental form II is a smooth section of S*(T*M)®v(M)
defined by
HE(Uh U2) = —g(vmg» UQ)'

Next we express I, II, V¥ using a moving frame. Let (e1,--- ,en4k) be a

local orthonormal frame on M such that e, - ,e, are tangent to M.
We use the following index convention:

1<ABC<n+k, 1<i,jk<n, n+1<a,8,v<n+k.
Let w4 denote the dual coframe of e 4, and write

Ves = Z'LUBA637 wap +wpa = 0.
B

Then we have
dX = Z W;€;,

deZ—E wap ANwp, wap+wpa =0,
B

dwap = — Z wac Nwep + Z Rapcp we ANwp,
C cD

where Rapcp are the coefficients of the Riemann tensor of g. The
first fundamental form of M is I = Zz w? Let w;, = Zj h?jwj. Since
W = 0, dwe = — >, Was A w; = 0. This implies that h$; = hg;. The
second fundamental form and the normal connection are

— — o
II = E Wi Wi € = E hijwiwjea,
1,

37,0

V”(ea) = ngae@
i
respectively. The normal curvature is the curvature of V¥, i.e.,

leg = dwaﬂ + ZU)CW A Wyg.
Y
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The normal bundle is flat if the normal connection is flat, i.e., Q;ﬁ =0
for all a, 3. The Levi-Civita connection of I is (w;;), and the curvature
is

Z Rijriwi A wp = dwi; + Zwik NWgj = — Z Wia A Waj + Rijki.
kl k a
Note that given I,1I, V' is the same as given Wi, Wia, Wag- Moreover,
the Levi-Civita connection of I can be obtained by solving
dwi:—Zwij/\wj, W4 +wji:0.
J

The Gauss-Codazzi equation is

(3.1.1)
dwij + Zk Wik N Wgj = — Za Wig N\ Wej + Zkl Rijpiwe A wy,
dwia = =D 4 Wia NWaa + Dy Riakiwe A wy,

dWap + 32 Way AWy = = 32, Wai AWig + 3255 Rapijwi A w;.

The Fundamental Theorem for Submanifolds states that I,II and V*
together with the Gauss-Codazzi equation (3.1.1) determine the sub-
manifold M up to isometries of V.

The mean curvature vector field is defined as the trace of II with
respect to I, i.e.,

H=trl =) hieq.
i

The normal bundle v(M) is said to be non-degenerate if the dimension
of the space of all shape operators of M, {4, | v € v(M),} is equal to
codim(M) for all p € M.

If X : M — N is a submanifold of a space form N™** then the
frame F = (X, e1,- -, entk) given above is a lift of X to Iso(N) and the
Gauss-Codazzi equation for M is exactly the flatness of F~'dF. When
M satisfies certain geometric conditions, we often can find special coor-
dinates and frames F on M so that F'~'dF takes a special simple form.
If moreover, such submanifolds admit a natural holomorphic deforma-
tion, then the Gauss-Codazzi equation for M is likely to be an integrable
system. On the other hand, if the Lax n-tuple of the U/Uy-system can
be interpreted as the connection 1-form of a submanifold, then we can
read its geometry from the Lax n-tuple. This gives a natural method to
find interesting submanifolds whose equations are integrable. We have
had some success when U is an orthogonal group or a unitary group,
but very little is known for other simple Lie groups U.
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3.2. Orthogonal coordinates and the a%m-system

A local coordinate system (z1, - , @) of R™ is called an orthogonal
coordinate system if the flat metric written in this coordinate system
is diagonal, i.e., of the form Y., gii(z)dz?. The theory of orthogonal
coordinate systems of R™ was studied extensively by classical differential
geometers (cf. Darboux [24]).

An elementary computation gives:
Proposition 3.2.1. The Levi-Ciwita connection 1-form (w;;) of the

72 N 32002
metric ds* =Y ., bidx; is

(i), (bj)a;

So the Levi-Civita connection 1-form w of ds? = 2?21 b2dz? written
in matrix form is
. (bi)a . )
f
w = (w;) = 6F — F'S, where f;; = et ]
fii=0, if1<i<n.

Let gl.(n) denote the space of £ = (;;) € gl(n,R) such that &; =0
for 1 <14 < n. Recall that F' = (f;;) : R* — gl.(n) is a solution of the
Wo)(fﬁo)(T)—system (2.5.3) if and only if both §F — F*§ and 6F? — F§ are
flat connection 1-forms. Note that both connections have the same form
as the Levi-Civita connections of orthogonal metrics. In the rest of the
section, we try to answer the following question: Are there orthogonal
coordinate systems of R” whose Levi-Civita connections are 6F — F*§

and §Ft — Fé67

Given F': R™ — gl.(n), there is a diagonal metric whose Levi-Civita
connection 1-form is

w=0F—F'
if and only if there exist positive functions b1, -- , b, so that
(3.2.1) (bi)x; = fisby, i F# .
However, if system (3.2.1) is solvable for by,---,b,, then the mixed
derivatives must be equal. This implies that

It is a classical result that this condition is also sufficient for (3.2.1) to
be solvable:
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Theorem 3.2.2. Given a smooth function F = (fi;) : R™ — gl.(n),
system (3.2.1) is solvable for (b, --- ,by) if and only if F satisfies (3.2.2).
Moreover, given n smooth one variable functions b, -- b2, there exists
a unique local solution (by,- -+ ,by) of (3.2.1) such that b;(0,- - ,2;,0,---
0) = b9(x;).

Corollary 3.2.3. The space of local n-dimensional orthogonal met-
rics that have the same Lewvi-Civita connection 1-form is parametrized
by n smooth positive functions of one variable.

—O(Qg(n)—system (2.5.3), then F is a solu-

If F' is a solution of the PR
tion of (3.2.2). So by Theorem 3.2.2 we can construct orthogonal coordi-
nates of R", whose Levi-Civita connections are §F' — F'*§ and §F* — F§6.
Therefore we have

Proposition 3.2.4. Let F = (f;;) be a solution of the b%ng)(n“)'

system (2.5.3), 11 = 0F*— F§, 7o = §F — F5, and af,- - ,al,b%,--- ,b°
smooth positive functions of one variable. Then there exist unique flat
local orthogonal metrics g1 = Y i, a(z)dz? and g = Y., b;(z)?dx?
such that

(i) ai(0, -+ ,2;,0, ) = a?(z;) and b;(0,--- ,3;,0,---) = b(x;),
(ii) the Levi-Civita connection 1-form for g1 and gs are 71 and 5 re-

spectively,

(#3) there exist O(n)-valued maps A = (&1, ,&,) and B = (1, -+ ,1n)
such that A='dA =1 and B~1dB = 1,

(iv) there exist ¢ and v defined on a neighborhood of the origin in R™
such that

dp = aimdz, dp =y bifidz;,

(v) ¢ and ¢ are local orthogonal coordinates on R™ with Levi-Civita
connection 71 and Ty Tespectively.

The next theorem states that a subclass of orthogonal coordinate
systems of R can be obtained using trivializations of 7, and 5.

Theorem 3.2.5. Let F' = (fi;) be a solution of (2.5.3), and A =
(ai;), B = (bi;) smooth O(n)-valued maps defined on an simply con-
nected domain O of R™ satisfying

(3.2.3) A7'dA = 0F" - Fé, B™'dB = §F — F'.
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If amj, by never vanish on O for all 1 < j,m < n, then:

(i) ds?, = a2,,dx? + - - - + a2,,,dz> is a flat metric with 6F — F'§ as its
Levi-Civita connection,

(ii) d§2, = b2,;dx? + -+ + b2, dz? is a flat metric with SF* — F§ as its
Levi-Civita connection,

(iii) there exists a smooth map X : O — gl(n,R) such that dX = BJA",

(iv) the m-th column X,, and the m-th row Y, of X are local orthogonal
coordinates for R™ such that the standard metric on R™ written in these
coordinates are ds2, and d32, respectively.

Proof. Let &; denote the i-th column of A. W claim that

(3.2.4) (&G)ar = finke, J# k-
Note that (3.2.3) gives
(3.2.5) & - d&; = fidz; — fijdz;, i # J.

This implies
(&)ze - & =0, if 4,7,k distinct.

Since &;-& =1, (&), - = 0. By (3.2.5), &k - (&§5)z, = fjk- This proves
(3.2.4). Equate each coordinate of (3.2.4) to get

(@mj)zy, = fikQmr, 1<m<n, j#k.
By Proposition 3.2.1, the Levi-Civita connection of ds2, is
Qi a .
(amj)a,, dz; — S_"ﬂ””_fdwk = fipdz; — fridzs,
Amk amj

i.e., the Levi-Civita connection 1-form for ds?, is F — F'*6. This proves
(). A similar argument gives (ii).

Since F' is a solution of (2.5.3),

b — SFt — F§ —6A
AT S\ SF — Ft§

is flat. Let h = (61 g) Then h='dh = 6, = (

The gauge transformation of 8y by h is

dFt — F§ 0
0 SF—F'% )"

Cp 1 a1 0 —)ASB!
O, = hyh~! — dhh _<)\B<$At o)
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Since 0, is flat for all A € C, ©) = h * 0, is flat for all A, ie., dO) =
-0 A O). This gives

0 —dct —CtAC 0 _
)\(dc 0>+A2< 0 —CACt>_O’

where ( = B6A?. Compare coefficients of ) to get d{ = 0. Since O is
simply connected, there exists X such that

(3.2.6) dX = BOA!.
This proves (iii). Equate the m-th column and row of (3.2.6) to get
(3.2.7) dXm = B(amidzy, -, amndz,)t.

Recall that A = (&1, - ,&,). Write equation (3.2.7) using columns of A
and B to get dX,, = Y. ; amidz;n;. Let ; denote the i-th row of X,
and Y = X*. Then dY = A6B! and dY,, = Y, bmidz;&;. This proves
(iv). Q.E.D.

. o2
3.3. Flat submanifolds and the Tn)(x—%-system

The O—(%—system can also be viewed as the Gauss-Codazzi
equations for flat n-dimensional submanifolds in R?” with flat and non-
degenerate normal bundles. In fact, there is an isomorphism from the
space of local n-dimensional flat submanifolds in R?>" with flat and
non-degenerate normal bundle modulo rigid motions to the space of

(Fye1,- - ,¢n), where F' is a local solution of the O—(;lo)(f—yg(n—)—system

(2.5.3) and c1,- - ,c, are positive functions of one variable. We state
this more precisely in the following two known theorems (cf. [68]):

Theorem 3.3.1. Let M™ be an n-dimensional flat submanifold of
R?™ with flat and non-degenerate normal bundle. Then there exist lo-
cal coordinates x1,--+, Tpn, a parallel normal frame epy1,--- ,€2n, aN
O(n)-valued map A = (a;;), and a map b = (by,--- ,b,) such that the
fundamental forms of M are

I=5"_b2dzs2
(3.3.1) lel i 4%
II= Z biaﬁdmienﬂ».

ij=1

Moreover, let fij = (bi)z,;/bj for 1 <i#j<mn, fiu =0 for 1 <i < mn,
and F = (fij). Then F is a solution of the ﬁ%—system (2.5.3).
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Theorem 3.3.2. Let F be a solution of the O—(g%-system (2.5.3),

and by, -+, b2 be n smooth positive functions of one variable. Then there
exist an open subset O of the origin in R™, smooth maps A : O — O(n)
and

(3.3.2) 6= (g f) . 0 - GL2n+ 1,R)

with g: O — 0(2n), X : O - R?", and by,--- ,b, : O — R such that

A"'dA =6F" - F§,

0 ~A5 0
¢o~ldp = | 6A' SF-F% w|,
0 0 0

bi(0, -+, 25, 0,---) = b(z;), 1<i<n,

where w = (bydzry,- -+ ,bpdzy)t. Moreover,

(i) X is an immersion of a flat n-dimensional submanifolds of R*™ with
flat and non-degenerate normal bundle,

(i) g = (én+1,- " ,€2n,€1, - ,€n) ts a local orthonormal frame for X
such that epy1,- -+ €2, are parallel normal field,

(iii) B;(0,- - ,24,0,--- ,0) = b (x;) for 1 <i <,
(iv) the fundamental forms of the immersion X are given as in (3.3.1),

(v) the Levi-Civita connection for the induced metric is 6F — F*6.

E Cartan proved that a flat n-dimensional submanifold cannot be
locally isometrically immersed in S™** if k < n — 1, but can be locally
isometrically immersed into $2"~1. Moreover, the normal bundle of a
flat n-dimensional submanifold of S?"~! is flat, and is non-degenerate
viewed as a submanifold of R?®. By Theorem 3.3.1, flat n-dimensional
submanifolds in S?"~! give rise to solutions of the #(f’g(—ﬂ-system

(2.5.3). This gives the following theorem of Tenenblat ([66]):
Theorem 3.3.3. ([66]). Let X : M™ — S?"~1 be an immersion of a

flat submanifold. Then there exist local coordinates x1,- - , Ty, a parallel
normal frame eny2,--- €2, and a smooth O(n)-valued map A = (a;;)
such that

n n
E : 2 2 § :
I= ah-da:i, II= aliaﬁdzienﬂ.
i=1

i=1,j=2
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Set fi; = (a1i)a, /a1y fori # j, fii =0, and F = (f;;). Let e; = X,, /aq;

for 1 < i< n, and g = (X,ent2,- - ,€2n,€1, -+ ,€,). Then F is a
solution of the Tgf—%-system (2.5.3) and
0 —Aé
—1 _
(8:33) g dg= <5At —Ft6+5F> :

Conversely, let F = (fi;) be a solution of (2.5.3), A = (ai;) an O(n)-
valued map such that A='dA = §Ft — F§ and g € O(2n) a solution of
(3.3.3). Ifa;; >0 for all 1 < j < n on an open subset O of R", then
the i-th column of g is an immersion of a flat submanifold in S**~! and
the corresponding solution of (2.5.3) is F.

Corollary 3.3.4. Let M™ C S?"~1 be a flat submanifold, ¢ a paral-
lel normal field such that the shape operator A¢ is non-degenerate. Then
€ is an immersion of a flat n-submanifold in S*"~'. Moreover, the so-
lution of (2.5.3) corresponding to £ is the same as the one corresponding
to M.

3.4. Egoroff metrics and the ggzg-system

The %%%—system is the restriction of the —O—%ﬁ—syswm to the

subspace of symmetric real n x n matrices F. We have seen that each
solution F' of the a%—system gives rises to an o(n)-connection of
some flat diagonal metric. In this section, we show that such a diagonal

metric takes a special form:

Proposition 3.4.1. Let ds* = Y I b2dz? be a metric, fi; =
(bi)z, /bj for 1 < i # j < n, and F = (fi;). Then F = F* if and
only if there exists a function ¢ such that b? = ¢, for all 1 < i < n.

Proof. Since f;; = (b"b)j"j (F'=Fifandonlyif Cpt = W 2
j- This is equivalent to (b?)z, = (b3)s, for all i # j. Q.E.D.

Definition 3.4.2. An Egoroff metric is a flat metric of the form
S ¢z,da? for some smooth function ¢.

It follows from Proposition 3.2.4, Theorem 3.2.5, and Proposition
3.4.1 that:

Theorem 3.4.3. Let F be a solution of the g—gz%—system (2.5.5),
and ay, ---, an smooth positive functions of one variable. Then there
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exists a smooth function ¢ defined on a simply connected open subset O
of R™ such that

¢$1(07 707xiy0a"' ,0) 3012(2',‘)

for 1 <i < n and the Levi-Civita connection for Y i, ¢z, dz? is [6, F].
Moreover, let A = (a;j) be an O(n)-valued map such that A~'dA =
[6,F]. Then:

(i) ds2, = >"r_, a%,,dz? is an Egoroff metric with [6, F| as its Levi-Civita
connection,

(i) there exists a smooth map X from O to the space of symmetric
matrices such that dX = ASAY,

(iii) the m-th column Xy, of X s a local orthogonal coordinate system
for R™ and the flat metric of R™ written in this coordinate system is ds2,
as in (i).

3.5. Flat Lagrangian submanifolds and the g—("—;—system

(n

In this section, we explain the relation between solutions of the
%ﬁ—;—system and the Gauss-Codazzi equations for flat, Lagrangian sub-
manifolds of R?". If these submanifolds also lie in S?"~!, then they are
invariant under the S'-action of the Hopf fibration. Hence the projection
of these submanifolds are flat Lagrangian submanifolds of CP"~!. For
more details of the geometry of flat Lagrangian submanifolds of CP™!

see [20].

Let {, ) and w be the standard inner product and symplectic form
on C" = R?" respectively, i.e.,
(X,Y) =Re(X'Y), w(X,Y)=Im(X'Y), X,Y eC".
Write Z € C" as Z = X+4iY € R"+iR", and A € gl(n,C) as A = B+iC
with B,C € gl(n,R). Then A € gi(n,C) is identified as g _BC in
gl(2n,R). This identifies u(n) as the following subalgebra of o(2n):

u(n) = {(g _BC) € o(2n)

The standard complex structure on R?" is

/()= (¥)

B € o(n),C € gl(n,R) symmetric} .
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Definition 3.5.1. An n-dimensional submanifold M of C* = R?"
is Lagrangian if w(vi,ve) = 0 for all v1,v3 € TM, or equivalently,
J(TM)=v(M).

The proposition below follows from the definition of Lagrangian sub-
manifold:

Proposition 3.5.2. Let X : M™ — R?" be a Lagrangian sub-
manifold, and (e1, --- ,e,) a local orthonormal tangent frame. Then
(Jei, - ,Jey) is an orthonormal normal frame. Moreover, if

gz(Jela”' aJenvely”' 7€n)

3

where £ is an o(n)-valued 1-form and n is a 1-form with values in the
space of symmetric matrices. Conversely, if M™ has a local orthonormal
frame g = (en+t1, -+ ,€2n,€1,- - ,€p) such that ey, --- , e, are tangent to
M and g~ 'dg is u(n)-valued 1-form, then M 1is Lagrangian.

then g='dg is a u(n)-valued 1-form, i.e., it is of the form (57 —77)’

Proposition 3.5.3. Let F = (f;;) be the solution of the 5%-

system (2.5.3) corresponding to the flat n-submanifold M of R®*™ with
flat and non-degenerate normal bundle as in Theorem 3.3.1. Then the
following statements are equivalent:

1) F' is a solution of the ﬂ"—)-system 2.5.5),
O(n) .

(i) F = F?,

(#i) M is Lagrangian.

Proof. Tt is obvious that (i) and (ii) are equivalent. Let z1,--- , &n,
bi, -+ ,bn, €ng1, -+ , €2, and A = (a;;) be as in Theorem 3.3.1. Let

X, '
e; = 7+, and g = (en+41, - ,€2n, €1, ,€n). Then

(0 -4
g dg = (5At 65, F])

To prove (ii) implies (iii), let

- - A 0
¢:(en+1a'”76271761’""6"):‘9(0 I)

Then €,41, - , €2, are normal to X, and

(3.5.1) ¢ tdo = ([5’5F] [5??«“])'
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Proposition 3.5.2 implies that M is Lagrangian.

(iii) implies (ii): Since M is Lagrangian and (en41, - ,€2yn) is an
orthonormal normal frame, (Jen41,- - - Jeg,) is an orthonormal tangent
frame for M. So there exists an O(n)-valued map h such that

- I 0
g:= (en+1y"‘ €2, Jenyr, o aJeQn) =g (0 h_1> .

Then
igs_ (0 —ASh~!
9 9= \hsAt h(6F — Ft§)h=' —dhh™')"

But g—1dg is u(n)-valued. Hence

3.5.2
( ) ASht = hé At

{h((SF — Ft§)h~Y — dhh~! =0,

The second equation of (3.5.2) gives aijxhjr = hixajk for all 4, j, k. This
implies that the i-th rows (or ¢-th columns) of A and h are proportional.
Since both A and h are in O(n), we have h = A. So h~'dh = A=1dA =
0F — F5. But A='dA = §0F! — F§. Hence

SFt — F6 = 0F — F'.

Equate the ij-th entry of the above equation to get fj;dx; — fi;dr; =
fijd:vi - fjidﬁﬂ]‘. So F'is symmetric. QED

As a consequence of Proposition 3.5.3, Theorem 3.3.3, and Corollary
3.3.4, we have

Corollary 3.5.4. Let F be a solution of the -gg—:;—system (2.5.5),
A = (a;j) an O(n)-valued map satisfying A=*dA = [§,F], and § an
U(n)-valued map satisfying

[0 —AsA!
g dg*(AaAt 0o )

(Here U(n) is embedded as a subgroup of O(2n)). Let epmyn denote the
m-th column of g for 1 < m < n. If am1, -+, @mn never vanishes in
an open subset O of R™, then epym : O — 8?1 is an n-dimensional
immersed flat submanifold of S?"~! that is Lagrangian in R?". Con-
versely, if M™ is a flat submanifold of S**~! that is Lagrangian in R*",
then F defined in Theorem 3.3.3 is a solution of the g(—zg—system (2.5.5).
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Proposition 3.5.5. Let F' be a solution of the %g%-system (2.5.5),

M™ a flat submanifold of S corresponding to F' as in Corollary 3.5.4,
and w: 8?1 — CP"~! the Hopf fibration. Then M = = (n(M)) and
(M) is a flat Lagrangian submanifold of CP™1.

Proof. Let S act on R?” = C™ by
e (21, ,2n) = (921,520, , € 2,).
This action leaves $2"~! invariant, the orbit space S?"~1/St is CP"~!,
and the projection 7 : $?»~1 — CP™~! is the Hopf fibration.

It suffices to show that M is invariant under the S'-action on $2"~1.
Let X be the immersion, (21, ,Zn), 9 = (X, €nt2," "+ ,€2n,€1, " ,€n),
and A = (a;;) as in Theorem 3.3.3. First we change coordinates from
Ty, ,&y to ty, -+ ,t, such that

T1=t —la—-—1tn
Tj=t;j+t, 2<7<n

0 _ 9 ... 0 g
Then—ét—l—azl—l— Jer - Since

0A 0\
ATV =[5, F) | = | = (I, F] =0,
6. (5 ) = A
we have 24 = 0. Here I, is the identity n x n matrix. Let § =

oty
g (I" £t>‘ Since A~1dA = [5, F],

0
[0 —AsAl
g dg= (AaAt 0o )

So we have
ag 0 -I
=—199 _
(3.5.3) g ot (I 0 )
This implies that

g(tla"’ 7tn) = eitlg(lat%”' 7tn)'

But the first column of g and of g are the immersion X. So X is invariant
under the S'-action on §%"~1. Q.E.D.
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It follows from elementary submanifold theory that M is a flat La-
grangian submanifold of CP"~! if and only if w‘l(]\;[ ) is a flat sub-
manifold of §2"~! that is Lagrangian in R?". Hence the Gauss-Codazzi
equations for flat, Lagrangian submanifolds of CP™ ! is the gi(%-system

(2.5.5), or equivalently the gggzg -system.

3.6. Bonnet pairs in R? and the (S—g{‘z#——ﬁm-system

Let X : M — R? be an immersion. Locally, there exists a conformal
coordinate system (z,y), i.e., the induced metric is of the form I =
e*(dz? + dy?) for some smooth function u. Let H denote the mean
curvature function of M. Since II — HI is traceless, there is a smooth
complex valued function A = h; + ihs such that

II— H 1= hi(dz? — dy?) — 2hodzdy = Re(hdz?),
where z = z + 3y. The two fundamental forms of M are

I = e*(dz? + dy?),
(3.6.1) II = H I+ Re(h(dz + idy)?)
= (He" + h1)dz? — 2hodzdy + (He® — hy)dy?.

Let e; = Xe™%, e = Xe"z'7 and es = e; X ey, where X is the cross-
product. Let wy,ws, w3 be the dual coframe: w;, = efdzr, wy =
etdy, ws = 0. Let g = (e1,ez,e3), and (wij) = g~ 'dyg, ie., de; =
22:1 wjiej, 1 <4 <3. Then

wiz = 3 (uydz — uzdy),
(3.6.2) wiz = (He? + hje™%)dx — hoe™ % dy,
woz = —hge"2dx + (He* — hie™2)dy,

The Gauss-Codazzi equations for M express the flatness of (w;), i.e.,
3
dw;; = —Zwik N wgs, 1F# 7.
k=1

Write this equation in terms of u, H, h = hy + ithy to get
(3.6.3)

Uss + Uy = =2 (H?e" — (hi + h3)e ™),

(He? +hie™ %)y + (hee™ %), = L (uy(He? — hie™

$), = 1 8
2
(H@% - hle_%)z + (hge_%)y = % (um(He% + hie” ) — ’U,yhze_%) .
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A surface M in R3 is called isothermic if there exists a conformal line
of curvature coordinate system, i.e., there is a coordinate system (z,y)
such that both I and II are diagonalized, or equivalently, ha = 0 in
(3.6.1). In this case, the Gauss-Codazzi equations (3.6.3) become

Uzz+uyy =-2 (H2eu ——h2 _u)’
(Het + me™h), = buy (He¥ —he ),
(He% —h]_e_%)z = % (Hez + hie” 2)-

This implies that (u,p1, q1) is a solution of (2.5.13), where p; = %l eu/2

and q1 = 5 e“/ 2

A pair of surfaces (M, M) in R3 is called a Bonnet pair if there is an
isometry f: M — M so that H = H o f, where H and H are the mean
curvature functions of M and M respectively and H is not a constant
function. The following is a consequence of the Gauss-Codazzi equation

(ct. [8]):

Proposition 3.6.1. ([8]). Let (M, M) be a Bonnet pair in R®.
Then away from umbilic points there exist a conformal coordinate sys-
tem (x,y), and smooth real functions u, hy and hy such that the two
fundamental forms for M, M are as follows: '

I = e¥(dz? + dy?),
(3.6.4a) Il = H 1+ Re(h(dx + idy)?)
= (He* + hy)dz? — 2hadzdy + (He® — hy)dy?,

I = e*(de? + dy?),

(3.6.4b) Il = H 1+ Re(h(dz + idy)?)
= (He* + hy)dz? + 2hodzdy + (He* — hy)dy?

Since both (u, H, hy, h2) and (u, H, h1, —h2) are solutions of (3.6.3),
we get

Ugy + Uyy = 2(—H?e* + (h] + h3)e™),
(he*/? + hie~%/?), = & (He"/2 — hie v/,

(3.6.5) (hoe™%/2), = —%e hye™"/2,
( u/2 h16_U/2)$ — u_;_(Heu/2 + hle—u/Z,
(hoe™u/?), = _%l(hae—“/z-

Note that the third and the fifth equations of (3.6.5) imply (h2)z =
(h2)y = 0. So hg is a constant, and we have
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Theorem 3.6.2. ([8]). Let (M, M) be a Bonnet pair in R®, and
(u, H,h1, ha) the corresponding solution of (3.6.5). Then hy is a con-
stant. Moreover, set p1 = %(hl —ihg)e™%, and q; = %He%. Then
(u,p1,q1) 1s a solution of the m—f)%%—system (2.5.11). Conwversely,
if (u,p1,q1) 1s a solution of system (2.5.11) and g1 s real, then there
is a Bonnet pair with fundamental forms given by (3.6.4), where H =

2q1e7%/? and hy — ihy = —2i pre*/2.

3.7. Curved flats in symmetric spaces

Let U/Uy be a rank n Riemannian symmetric space, o the corre-
sponding involution on U, U = Uy +U; the eigenspace decomposition of
do. on U corresponding to eigenvalues 1 and —1, A a maximal abelian
linear subspace of U7, and a1, - - - , a, an orthonormal basis of A. In this
section, we associate to each solution of the U/Up-system (2.5.1) a flat
submanifold in ;. We also review the construction of curved flats in
U/U, given by Ferus and Pedit [35].

Theorem 3.7.1. Let v:R™ — U; N AL be a solution of the U/Up-
system (2.5.1), and E(xz, A) the frame of the corresponding Lax n-tuple
O (2.5.2), ie.,

E7YdE =0, = Z(ai)\ + [a;,v))dz;, E(z,0) =e,
i=1

SetY = %%E‘ly r=0- ThenY is an immersed flat submanifold in U,
such that the tangent plane of Y is a maximal abelian subalgebra of Uy
at every point. Conversely, locally all such flat submanifolds in UY can
be constructed this way, where UY is the subset of regular points in U;.
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Proof. Write Ex(z) = E(z, A). Since E7'dE = Y, (a; A ]a;, v])dz;,
a direct computation gives

0 oF
Y___ i -1 _ 7 -1 —1
d < 8}\(dE))E 5 B EE -

= % (E (21: a;\ + [ai,v]) dﬂ?z) E~!
-YE, (Z[ai, v] dm,-) E;t

= Z(YEo[ai,U]EO_I + aniE(;_l — YEo[ai,’U]EO_I) dzx;

A=0

= Z aniEa-ld.’L‘i.
i=1

Because 0 satisfies the U/Ug-reality condition, 7(Ex) = E5 and 0(E)) =
E_x. So Eyg € Uy. Let e; = Ep a; Eo_l. Since aq, - - - , a, are orthonormal
and Ey(x) € Ug, {e; | 1 <i < n}is an orthonormal tangent frame of Y.

Hence Y is an immersion, and the induced metric is .., dz?.

Since ad(a1)?, - - ,ad(a,)? are commuting symmetric operators, there
exist a set A of linear functionals of A, an orthonormal common basis
{pa | @ € A} for AL NU;, and an orthonormal basis {ks | @ € A}
for K N K} such that ad(a)(pa) = a(a) = ks, ad(a)(ka) = —a(a)pa,
forall1 <i <nand o € A. Then e, = EopaEy ! is an orthonormal
normal frame for the immersion Y in U;. Write the solution v of the
U/Up-system as v(x) = Y, Va(2)pa with respect to the decomposition
ANy =Y R pa. Since dEy = Ey Y, [ai, v]dz;, a direct computation
gives

de,- = Eo[EO_IdEQ,(I,']EO_I = ZEO[[aj,v],ai]EO—lda:j,
5,7
= - Z vao(a;)ofa;)dzjeq.
7,
Hence wi, = vea(a;) Y, ; a(aj)dz;. So the normal curvature ) wiq A
Wjq 1S Zero.

To prove the converse, let M be a flat submanifold of ¢; such that
TM, is a maximal abelian subalgebra of U;. Let z be a local flat,
orthonormal coordinate of M, and e; = % the orthonormal frame. Let
A be a maximal abelian subspace of i;. Then every maximal abelian
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subspace of U; is of the form kAk~! for some k € Up. Since M C UY,
we may assume that there exist A-valued maps &; and a Up-valued map
g such that e; = g&;g~!. It follows from (de;,e;) = 0 and the fact that
(, ) is ad-invariant that d§; = 0 for all i. So & = a; is constant. In
other words, e; = ga;g~'. Note that if h is an A-valued map, then e; =
ga;g~' = gha;h~'g~'. Choose an A-valued map h so that (dh)h~! =
—m(g~'dg), where  is the projection onto U NUp. Let § = gh. Then
e; = ga;g~* and §~'d§ € Ux NUp. Let X be the immersion of M into
Uy. Then dX = Y eidz; = S i, Gaig~'dz;. Hence (§a;g~1)z, =
(§ga;g=')s, for all 4,j. This implies [§7*Gx,,a;] = (77 G, a;]. So there
exists an AL N U;-valued map v such that §71g,, = [a;,v]. But this
means Y ;_, |a;,v]dz; is flat and v is a solution of (2.5.1). Q.E.D.

Given an involution o of U, there is a natural U-action on U defined
by g *x = gro(g)~!. The orbit at e is

M ={go(9)™" | g€ U}.

Since the isotropy subgroup at e is Up, the orbit M is diffeomorphic to
U/Uy. Next we claim that M is totally geodesic. To see this, note that
the map f(g) = (0(g))~! is an isometry of U. So the fixed point set F
of f is a totally geodesic submanifold of U. Note that df. = —do.. So
TF. = U, and the dimension of F is equal to dim(Z4). But M is fixed
by f and TM, = {z —do.(z) | t € U} = U;. So M is an open subset of
F. This proves the claim. This is the classical Cartan embedding of the
symmetric space U/Uy in U as a totally geodesic submanifold.

Note that Uy acts on U/Uy (g-(hUy) = ghUy). An element z € U/Uy
is regular if the Up-orbit at z is a principal orbit.

Theorem 3.7.2. ([35]). With the same assumption as in Theorem
3.7.1, set Y(z) = E(x,1)E(z,—1)" . Then v is an immersed flat sub-
manifold of the symmetric space U/Uy which is tangent to a flat of U/Uy
at every point. Conversely, locally all such flat submanifolds in N’ can
be constructed this way, where N’ is the open dense subset of regqular
points in U/Uy.

Proof. The reality condition implies that E(x,1) € U and

Y(z) = E(z,)E(z,—1)"" = E(z,1)o(E(z,1))"".
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So the image of 9 lies in the symmetric space U/Uy = {go(g)~* | g € U}.
A direct computation gives

Y ldy =2 E_1a;E”{dz;.

=1
Thus ¢ is a flat immersion into U/Uy and 2(zy, - - ,,) is an orthonor-
mal coordinate for the induced metric. The rest of the theorem can be
proved in a similar manner as for Theorem 3.7.1. Q.E.D.

Ferus and Pedit called the flat submanifolds obtained in Theorem
3.7.2 curved flats.

3.8. Indefinite affine spheres in R? and the —1-flow

Affine geometry (cf. [55]) studies the geometry of hypersurfaces in
R™*! invariant under the affine transformations z — Az + v, where
A € SL(n+ 1,R) and v € R™™!. There are three local affine invari-
ants, the affine metric, the Fubini cubic form, and the third fundamen-
tal form. These invariants satisfy certain integrability conditions, the
Gauss-Codazzi equations. We first give a brief description of these in-
variants for affine surfaces in R3, then explain the relation between the
Tzitzeica equation and indefinite affine spheres. Recall that the Tz-
itzeica equation is the —1-flow associated to SL(3,R)/R™ (see Example
2.6.3).

Let X : M — R? be a surface with non-degenerate second funda-
mental form, g = (e1,ez,e3) a local frame on M such that e, ez are
tangent to M, es is transversal to M, and det(ej,ez2,e3) = 1. Let w'
denote the dual coframe of e;, i.e., dX = w'e; + w?ey. Let (w;) denote
the si(3,R)-valued 1-form g~'dg, i.e., de; = Z?zl wfej, 1 <4 <3,
Then we have the structure equation:

) s . s .
(3.8.1) dw' = =3 g wi Aw =3 w Awj, 1<i<2
dwl = =30 wl Awk, 1<4,5<3.

Since w3 =0 on M,

2
(382) wf = Zhijwj, hij = hji.
Jj=1
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A direct computation shows that the quadratic form
(3.8.3) ds? = | det(hiy)| % Y hyjw'nw?
j
is invariant under change of affine frames, and it is called the affine

metric of M. An affine surface is called definite or indefinite if the
affine metric is definite or indefinite respectively.

We can choose a vector field ez transversal to M so that
1
(3.8.4) w3 + Zd(log | det(hsj)]) = 0.

Then .
V= |det(hij)|263

is an affine invariant. The vector field v is called the affine normal of
M.

Take the exterior derivative of (3.8.2) to get

2 2
(3.8.5) > dhij + higuw + > (hakw} + higwf) Aw? =0
j=1 k=1
for 1 < j < 2. Define hyjx by
2 2
(3.8.6) Z hijk’wk = dhij + hing + Z hikw;? + hk]'wf.
k=1 k=1

Then (3.8.5) implies that hijx = ;. But hy; = hj. So hyjp is sym-
metric in 4, j, k. The Fubini-Pick cubic form,

J = Z hijrw'wi wk,
1,5,k
is an affine invariant.
Exterior differentiation of (3.8.4) gives >, w} A w} = 0. Write w} =
AL w?. The third fundamental form,
IIT = hiwiw?,

is also an affine invariant. The trace of III with respect to the affine
metric ds? is the affine mean curvature

1 L .
L= §|det(hij)|4 Zhijfj.

]
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The three affine invariants ds?, J and III are completely determined
by w' and wg, which satisfy the Gauss-Codazzi equations for affine
surfaces. Conversely, suppose ds?,J and III are given and satisfy the
Gauss-Codazzi equations. Then h;j, hijk, w',w?, wj, and wi can be
computed from these three invariants. Moreover, we can find wf by
solving the linear system consisting of (3.8.6) and the first equation of
(3.8.1). Then the Gauss-Codazzi equations, written in terms of w', wg,

are (3.8.1), i.e., the connection

A
_ (W T
2= (7 5)

is flat, where 7 = (w', w?, 0)t. Hence there exists

_(9 X
v= (0 7)
such that ¢ ~1dy = Q, where g = (e1, e2,e3) € SL(3,R) and X € R3. It
follows that X is an immersion, e, ez are tangent to X, es is the affine
normal, and ds?, J and III are the affine metric, Fubini-Pick form, and

the third fundamental form for X respectively. This is the fundamental
theorem for affine surfaces in R3.

A surface is called a proper affine sphere if there exists pp € R3
such that the affine normal line p + tv(p) passes through pg for all p €
M. We explain below the well-known fact (cf. [7]) that the equation
for proper affine spheres with indefinite affine metric is the Tzitzeica
equation (2.6.4).

Let w be a solution of the Tzitzeica equation (2.6.4), and 6, the
corresponding Lax pair defined by (2.6.5), and E(x,t, A) the solution of
E~YE =0,, E(0,0,)\) =e.

(Here e is the identity matrix in SL(3,R).) Fix a non-zero r € R, let
ei(z,t) denote the i-th column of E(z,t,r). We claim that X = —e3 is
an immersed indefinite affine sphere. To see this, we first note that

wedr rTle ?%dy rdz
0, = rdx ~wgdr v le¥dy | = E(r)" dE(r).
r~le%dy rdx 0

Since 6, is an sl(3,R)-valued flat 1-form, E(r) is a map from R? to
SL(3,R). Fix r, and let e; denote e;(r). Equate each column of dE(r) =
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E(r)8, to get

dX = —des = —rdz e; — r 'e¥dy e,
dei = wydz e; +rdz ea +r~Le®dy es,
dey = rYe ?%dy e; — wydz es + rdx es.

This implies that e, e2 are tangent to X,

w' = —rdx, w?=—r"te¥dy,
wy =r teYdy = —w®, wi =rdr = —w',
w% = —wl, ’wg = —w2, wg = 0.
So hi11 = hay = 0, h1o = —1 and the affine metric is 2¢"dxdy. Since

det(h;;) = —1 and wi = 0, (3.8.4) is satisfied. Hence the affine normal
is
V= |det(hij)|i€3 = €3.

But X = —e3 implies that all affine normal lines pass through the origin.
In other words, X is an indefinite proper affine sphere.

Conversely, suppose X is an indefinite proper affine sphere in R3.
We want to show that there exist a special coordinate system and a
special affine frame so that the Gauss-Codazzi equation for X as an
affine sphere is the Tzitzeica equation. First note that there exist a
local asymptotic coordinate system (x,y) and a smooth function w such
that the affine metric is

ds? = 2% dzdy.
Let ey = X;, ex = X, and e3 parallel to the affine normal such that
det(el, €2, 63) =1.

Then
w' =dz, w?=dy, w=eYdy, wi=edz.

So det(h;j) = —e*”. We may assume that all affine normal lines pass
through the origin. So X = fes for some function f. Exterior differen-
tiation of X = fes gives

wle; + w?ey = dfes + fudes + flwier + wies).

Equate the coefficients of e3 to get df + fw3 = 0. Since e3 is parallel to
the affine normal, w3 satisfies (3.8.4). Therefore f = c | det(h;;) | /4 =
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ce®™ for some constant c. By rescaling, we may assume ¢ = 1. Equate
coefficients of e; and e to get

wi = e Vdz, wi=e "dy.

Therefore £1! = ¢22 = 0 and ¢1? = ¢! = ¢=3%, So the affine mean
curvature is L = 1. Use (3.8.5) to get

h h
w? = ——lemdp wl = ey,
2 2
Use dw' = -3, wi Aw’ to conclude that wi = wydz, wi = wydy.
Substitute w5 into dw} = =37, wi Awf fori=1,j =2andj=1,i=2

to get
(hlne_“’)y = 0, (h2226_w)z = 0

So hi11 = ui(z)e® and hgge = ua(y)e” for some smooth function uq, uz
of one variable. By making a coordinate change to (Z,7) = (Z(z), %(y)),
we may assume that

ws = e Ydy, w?=e Vdz.

To summarize, we have shown that

wedr e Vdy e “dx
g ldg=|evdzx wydy e “dy]|,
evdy e*dr —dw

where g = (e1,e2,e3). Change the frame g to § = gdiag(l,e”",e¥).
Then
wedx e *dy dx
g ldg=| dr —wgdr e¥dy
e”dy dx 0

This is the Lax pair 0y (2.6.5) at A = 1. So w is a solution of the
Tzitzeica equation.

3.9. The —1 flow, hyperbolic system, and the sigma model

Let RY! denote the Lorentz space equipped with metric 2dxzdt. In
this section, we discuss the relation between harmonic maps from R! to
a Lie group U and solutions of the —1-flow and the hyperbolic U-system.

First we recall a theorem of Uhlenbeck ([72]):

Theorem 3.9.1. ([72]). Let s : RYY — U be a smooth map, A =

1s71s;, and B = $s71s,. Then the following statements are equivalent:
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(i) s is harmonic,
(i) A¢=-B,=[A,B]
(iii) Q2 =(1-XNAdz+(1—-A"1HB dt is flat for all A € C\ 0.

Corollary 3.9.2. ([72]). Suppose 05 = (1 — A\)Adz + (1 — A=) Bdt
is flat for all A € C\ 0, and F)\ salisfies E/\_ldE)\ =0y. Then s = E_3
is a harmonic map from RV into U such that s~'ds = 2Adx + 2Bdt.

The following Proposition is well-known:

Proposition 3.9.3. Leti: Ng — N be a totally geodesic submani-
fold of N. A smooth map s : M — Ny is a harmonic map if and only if
108: M — N is a harmonic map.

Proposition 3.9.4. ([68]). Let U be the real form of G defined by
the involution 7, a,b € U such that [a,b] = 0, g : R? — U a solution of
the —1-flow (2.6.2) associated to U, and Ex(z,t) = E(x,t,\) the frame
for the corresponding Lax pair 8y (2.6.3), i.e.,

E~Y4E = (aX + g7 g, )dz + A" tg 7 bg dt, E(x,t,0) =e.

Then s = E_1E[! is a harmonic map from RY! to U. Moreover, if o
is an order k = 2m automorphism such that ¢ = o~ 1, a € U N G;,
and b e UNG_q, then s = lLlEl_1 is a harmonic map from RY! to the
symmetric space U/H, where H is the fixed point set of the involution
o™ and G; is the eigenspace of 0 on G.

Proof. Note that the gauge transformation of 6 by Fy is E1 %6y =
E10\E7' —dE\E; = (1 — NEjaE; ! de + (1 — X Y)E g 'bgET ! dt.
Let ¢ = E,\El_l. Then w;ldw,\ = FE; % 8,. By Corollary 3.9.2, s =
Y1 = E_lEl_1 is a harmonic map from RV to U and s~ ls,, s7ls; are
conjugate to 2a, 2b respectively.

If the order k of ¢ is 2, then 70 = ¢~ 7 = o7 and ¢ leaves U

invariant. Let K denote the fixed point set of ¢ in U, and U = K +
P the decomposition of eigenspaces of o on U with eigenvalues 1, —1
respectively. Note that the reality condition is

T(@j\) :9,\, 0'(9,\) 39_)\.
So FE) satisfies the reality condition
T(E;\) -:9)\, O’(EA) ZE_)\.

This implies that s = E_;E;' = E_10(E_1)~!. So the image of s lies
in the totally geodesic submanifold M = {go(g)™" | g € U} of U. But
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M is the Cartan embedding of the symmetric space U/Up into U as a
totally geodesic submanifold. It follows from Proposition 3.9.3 that s is
a harmonic map to the symmetric space M = U/K.

If the order of o is k = 2m, an even integer, then FE) satisfies the
(G, T, 0)-reality condition

T(Ej\) = E)\, U(E,\) =F 2xi .

e2m A\

Hence we have 0™ (E)) = E_x.So E; = 0™(E_1),and s = E_j0™(E_1)~ L.
Therefore s is a harmonic map from RY! into the symmetric space
U/H. QE.D.

Example 3.9.5. Let G = SL(2,C), 7(¢) = —¢¢, and a(¢) = —¢*.
Note that

- {( )

and the Cartan embedding of SU(2)/S0(2) is the totally geodesic 2-

sphere
woar
ir =W

The —1-flow associated to SU(2)/SO(2) is the SGE equation, so so-
lutions of the SGE ‘equation give rise to harmonic maps from R'! to
S2.

Example 3.9.6. Let w : R2 — R be a solution of the Tzitze-
ica equation (2.6.4), the —1-flow associated to the homogeneous space

z,w € C, [wf* + |2)? = 1} = S,

reR, zeC, 7’2+|w|2:1.}

iﬁéi—‘m given in Example 2.6.3. For this example, the order of o is 6.
Let 65 be the corresponding Lax pair (2.6.5), and E) the frame of 8,.
A direct computation shows that

03(€) = —PA'P, where P =

O = O
O DO =
O O

So the fixed point set of the involution ¢ in sl(3,R) is so(2,1), where
S0O(2,1) is the isometry group of the quadratic form 2z172 + 23 on R3.
Hence E_ 1 E] ! is a harmonic map from RL! to the symmetric space

SL(3,R)

50210

The proof of Proposition 3.9.4 also implies
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Proposition 3.9.7. Let (ug,u1,vo,v1) : R — H?zll,{ be a solution
of the hyperbolic system (2.7.1) associated to U, and E(xz,t,\) the frame
of the corresponding Laz pair (2.7.2). Then s = E(-,-,—1)E(-,-,1)7! is
a harmonic map from RYY to U. Moreover, if o is an involution on U,
U = Uy + U,y is the eigenspace decomposition, and ug,ve € Up, u1,v1 €
Uy, then the image of s lies in the symmetric space U/Uy (embedded in
U via the Cartan embedding) and is a harmonic map from RY! to U/Uy.

84. Dressing actions and factorizations

Suppose that G is a Lie group, and that G4, G_ are subgroups of
G such that the multiplication maps G4 X G_ — G and G_ x G4 —
G defined by (g4+,9-) — g+9— and (g—,g+) — g_g+ respectively are
bijections. Thus given any g € G, there exist unique gy € G4 and
g— € G_ so that g = g+g—, and unique hy € G4+ and h_ € G_ such
that ¢ = h_hy. The dressing action of G4 on G_ is defined as follows:
Factor g+g_ as g—g+ with g3 € G1. Then the dressing action of G
on G.. is gy * g— = §—. The dressing action of G_ on G, is defined
similarly.

If the multiplication maps are injective and the images are open
dense subsets of GG, then the dressing actions are defined on an open
neighborhood of the identity e in G1. Moreover, the corresponding Lie
algebra actions are well-defined.

There are two well known factorizations for a semi-simple Lie group,
the Iwasawa and the Gauss factorizations. The analogous loop group fac-
torizations are those given by Pressley and Segal in [57] and the Birkhoff
factorization respectively. The dressing actions of these loop group fac-
torizations play important roles in finding solutions and explaining the
hidden symmetries of integrable systems. We will review these loop
group factorizations.

4.1. Iwasawa and Gauss factorizations

Let G be a complex, semi-simple Lie group, U a maximal compact
subgroup, and B a Borel subgroup. The [wasawa factorization of G
is G = UB, i.e., every g € G can be factored uniquely as ub, where
v € U and b € B. Let A be a maximal abelian subgroup of G, and
N, and N_. the unipotent subgroups generated by the set of positive
roots and negative roots with respect to a fixed simple root system of
A respectively. The multiplication map from N_ x A X Ny to G is
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injective and the image is an open dense subset of G, called a big cell of
G. The Gauss factorization is the factorization of a big cell of G, i.e.,
every element g in the big cell can be factored uniquely as n_any with
ny € Ny and a € A. Let By = AN,. We call the factorization of ¢
in the big cell as n_by with n_ € N_ and by € B, again the Gauss
factorization.

Example 4.1.1. Let G = SL(n,C), A4 (n) the subgroup of upper
triangular g € SL(n,C), and A_(n) the subgroup of lower triangular
matrix g € SL(n,C) with 1’s on the the diagonal. The multiplication
maps A4 (n)x A_(n) —» SL(n,C) and A_(n) x Ay (n) — SL(n,C) are
injective and the images are open and dense. Moreover, the factorization
of g € SL(n,C) can be carried out using Gaussian elimination on rows
and columns of g. This is the Gauss factorization of SL(n,C).

Example 4.1.2. Let G = SL(n,C), U = SU(n), and By(n) the
subgroup of upper triangular matrices with real diagonal entries. The
multiplication maps By (n) x U(n) — SL(n,C) and U(n) x By (n) —
SL(n,C) are bijective. Moreover, the factorization can be carried out
by applying the Gram-Schmidt process on rows and columns of g. This
is the Iwasawa factorization of SL(n,C).

4.2. Factorizations of loop groups

Let G be a complex, semi-simple Lie group, 7 an involution of G
that gives the compact real form U, and ¢ an order k automorphism of
G. Let B be a Borel subgroup of G such that G = UB is the Iwasawa
factorization. Given an open subset O of S2, let Hol(O, G) denote the
group all holomorphic maps f : O — G with multiplication defined by

(f9)(A) = fF(A)g(N). Let e >0,
§2=Cu{oo}, C*={reC|A#0},
O.={AeC| Al <€}, Ope={reS?||N>1/eh
To explain symmetries of soliton flows we need to consider the following
groups:
A(G) = Hol(CN Oy, G),
A4 (G) = Hol(C, G),
A_(G) = {f € Hol(Oy/,,G) | f(oo) = e}

The following is the Gauss loop group factorization (the Birkhoff factor-
ization):
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Theorem 4.2.1. The Gauss loop group factorization. The
multiplication maps from A4 (G) x A_(G) and A_(G) x A+(G) to A(G)
are injective and the images are open and dense. In particular, there
exists an open dense subset A(G)o of A(G) such that given g € A(G)o,
g can be factored uniquely as g = g1g— = h_hy with gy, hy € AL(G)
and g—,h_ € A_(G).

Suppose 70 = o~ 'r. Let G = Go + -+ + Gr—1 be the eigenspace
decomposition of o, and U; =UNG;. Let 7 and & be the automorphism
of A(G) defined by

(4.2.1a) #(g)(A) = T(g(N)),
(4.2.1b) 5(g)(\) = a(g(e™% N)).

Let A?(G) denote the fixed point set of & on A(G). Since 70 = 0717, a
direct computation implies that 7 leaves A?(G) invariant. Let A™7(G)
denote the subgroup of g € A(G) that is fixed by 7 and 5. Let A"(G)
denote the subgroup of A(G) fixed by #. Then

AT(G) = {f € A(G) | f satisfies U—reality condition (2.2.1)},
AT (G) = {f € A(G) | f satisfies U/Up—reality condition (2.4.1)},
AL(G) = A7(G) N A=(G),
AL7(G) = A7 (G) N A+(G).

Corollary 4.2.2. Suppose g € A(G) is factored as g = gLg_ with
9+ €A (G) and g- € A_(G). If To = o071, then

(i) g€ A™(G) implies that g+ € AT (G),
(i) g€ A™(G) implies that g+ € A}’ (G).

To explain symmetries of the elliptic integrable systems, we need to
consider the (G, 7)-reality condition

(4.2.2) T(g(1/X) = g(N),
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and the following groups:

L(G) = C>(SY,G),

L (G)={f € L(G) | f extends holomorphically to | A| < 1},

Le(U) = {f € C=(S",U) | f(1) = e},

Q" (G) = {f € Hol((O U O;,c) NC*,G) | f satisfies the (G, T)—reality
condition (4.2.2)},

QL(G) ={f € U (G) | f extends holomorphically to C*},

QT (G) ={f € A (G) | f extends holomorphically to O. U Oy,
andf(oc0) =1}.

For the (G, 1,0)-system, we also need the subgroup of g € Q7(G) that
satisfies the (G, , o)-reality condition:

(4.2.3) T(g(1/N) = g(N), algle™ X)) = g(N).

Theorem 4.2.3. ([51]). The multiplication map from Q7 (G) x
Q7 (G) to Q7(G) is a bijection.

Corollary 4.2.4. Given g4 € Q1 (G) andg_ € Q7 (G), g_g+ can be
factored uniquely as g4 g— with g+ € QL (G) and g € Q7 (G). Moreover,
if To = o1 and g4, g— satisfy the (G, T, 0)-reality condition (4:2.3), then
g+ € QY7(G) and g_ € Q77 (G).

Theorem 4.2.5. The Iwasawa loop group factorization ([57]).
The multiplication maps L.(U)x L (G) — L(G) and L (G)x L.(U) —
L(G) are bijections.

85. Symmetries of the U-hierarchy

Let 7 be a conjugate linear involution of GG, and U its fixed point
set. In this Chapter, we assume U is compact. Let A be a maximal
abelian subalgebra of . The U-hierarchy has three types of symmetries,
i.e., three actions on the space of solutions of the (b, j)-flow in the U-
hierarchy:

—An action of the infinite dimensional abelian algebra ./i+ of poly-
nomial maps from C to A® C.

—An action of A”(G).
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—An action of the subgroup of f € L7 (G) such that the infinite jet
of fy —Tat A\ = —1is 0, where f = f,fp with f, € U, f» € B, and
GG = UB is the Iwasawa factorization.

The first two symmetries arise naturally from the dressing actions of the
factorization theorems given in section 4.2. The third action comes from
the dressing action of a new factorization.

5.1. The action of A7 (G)

It follows from the Gauss loop group factorization 4.2.1 that the
group AT (G) acts on A7 (G) by local dressing action. This induces an
action of AT (G) on the space of germs of solutions of the (b, j)-flow
(2.1.3) in the U-hierarchy at the origin as follows: Let u : R? — AL+ NUY
be a solution of the (b, j)-th flow (2.1.3), 85 the corresponding Lax pair
(2.1.5), and E(x,t,\) the frame of u, i.e., E is the solution of

E-'E, =a)\+u,
E7YE, =377 Qo j—i(w)XY,
E(0,)) =e.

Then E(z,t)(A\) = E(z,t,A) is holomorphic in A € C, i.e., E(z,t) €
A4 (G) for all (z,t). Since 8, satisfies the U-reality condition 7(65) = 6.,
E(z,t) satisfies 7(E(z,t)(\)) = E(z,t)()\). In other words, E(z,t) €
A7 (G). Given g € AT (G), by the Gauss loop group factorization 4.2.1
and Corollary 4.2.2 there is an open subset O of the origin in R? such
that the dressing action of g at E(x,t) is defined for all (x,t) € O. Let
g* E(z,t) denote the dressing action of g at E(x,t). This is obtained as

follows: Factor gE(z,t) as
gE(z,t) = E(z,t)§(z, t)
with E(z,t) € A7(G), and §(z,t) € A”(G). Then
g* E(z,t) = E(z,t).
Expanding §(z)(A) at A = oo we have:
9@, t)(A\) =1+ g1(@, )A ™" + ga(z, A2 + -
The following results are known (cf. [70]):

(i) @ = u + [a, ¢1] is again a solution of the (b, j)-flow.
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(ii) g * u = U defines an action of A” (G) on the space of local solutions
of the (b, j)-flow.

(iii) E(x, \) is the frame of i.

(iv) Suppose g € A"(G) is a rational map with only simple poles, i.e., g
satisfies the U-reality condition and is of the form g(A) = I+3_7_, )‘E’aj
for some &; € G and o € C\ {0}. Then g*u can be computed explicitly

in terms of g, u, E.

(v) If U is compact, g € A™(G) is rational, and u is a smooth solution
defined on all (x,t) € R? that is rapidly decaying in z, then g * u is also
defined on all R? and is rapidly decaying in z.

We claim that A7 (G) acts on the space of solutions of flows in the
U/Up-hierarchy. To see this, let E be the frame of a solution u of the
(b,mk + 1)-flow in the U/Up-hierarchy. Then E(z,t,-) € AL°(G). By
Corollary 4.2.2, g* E satisfies the (G, 7, 0)-reality condition. Hence gx*u
is a solution of the (b, mk + 1)-flow in the U/Up-hierarchy. We give an
explicit example next.

Example 5.1.1. ([10]). Let 7(y) = ¢, and o(y) = L., y I}, be
the involutions of O(2n,C) that give the symmetric space 5(7?)(%0)(5 as
O(2n)

. 0 F .
in Example 2.5.4. Let v = (—Ft 0) be a solution of the IOEION

system (2.5.3), 65 the corresponding Lax n-tuple (2.5.4), and E the
frame of v. We give an explicit construction of the action of certain
rational map with two poles in A”?(G) on v below. Let W, Z be two
unit vectors of R™, 7 the projection of C?* onto the complex linear

s € R non-zero, and

subspace spanned by (g ,

(5.11)  hisa(N) = <7r+ ;js(l— ”)) (7” ifiiﬂ‘ ﬁ) '

8

A direct computation shows that h;s » € A”7(G). Then we have:

(1) his o E(z) = E(z)hisyﬁ(z), where #(x) is the Hermitian projection
onto the complex linear subspace spanned by

(3) - (1)
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(2) (W,iZ)! is a solution of the following first order system:

(512) (ZV;) = —(—is a; + [a;,0]) (g) .

Tj

(3) Given v, system (5.1.2) is solvable for (g) if and only if v is a
solution of (2.5.3).
(4) Let € = (&), ¢(€) = € =3, Esieis, and F = F — 2s ¢(7). Then

b w0 FN_(0 F
18,7 __Ft 0 - —Ft O .

E = hs» * E is the frame of F= hisx * F.

5.2. The orbit AT (G) %0

Note that u = 0 is a trivial solution of the (b, j)-flow in the U-
hierarchy and the corresponding Lax pair is 8y = aAdx + b\ dt. So the
frame E° of u = 0 is E%(x,t,\) = exp(azA + bAt). Given g € AT (G),
to compute g * 0, the first step is to factor

(5.2.1) gE°(z,t) = E(z,t)j(z, 1),

with E(z,t) € AT(G), §(z,t) € A7(G). The second step is to expand
g(z,1) as

Gz, )N =T+ Gu(z, OA ™ + Ga(m, A2+ -

Then g %0 = [a, §1] is a solution of the (b, j)-flow.

The orbit AT (G) * 0 contains several interesting classes of solutions
cf. [69]):

(
(1) If g € A (G), then g =0 is a local analytic solution of the (b, j)-flow.

(2) If g € AT (G) is a rational map, then the factorization 5.2.1 can be
carried out using residue calculus and linear algebra. In fact, § can be
given explicitly in terms of a rational function of exponentials. Hence
g * 0 can be written explicitly as a rational function of exponentials.
Moreover, (g * 0)(x,t) is defined for all (z,t) € R?, is rapidly decaying
as |z| — oo for each t € R, and is a pure soliton solution.
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(3) If g € A™(G) such that g~!(\)ag()) is a polynomial in A™!, then
g*0 is a finite type solution, and g =0 can be obtained either by solving
a system of compatible first order differential equations or by algebraic
geometric methods.

5.3. Rapidly decaying solutions

A global solution u(z, t) of the (b, j)-flow in the U-hierarchy is called
a Schwartz class solution if u(z,t) is rapidly decaying as |z| — oo for
each t € R. The orbit A” (G) * 0 contains soliton solutions, which are
Schwartz class solutions. But most Schwartz class solutions of the (b, j)-
flow do not belong to this orbit. We need to use a different loop group
factorization than the ones given in section 4.2 to construct general
Schwartz class solutions.

Since we assume U is the compact real form of G, there is a Borel
subgroup B such that G = UB (the Iwasawa factorization). Let SD7
denote the group of meromorphic maps g : C\ R — G that satisfying
the following conditions:

(a) ¢ has an asymptotic expansion g(\) ~ I + giA™! + gaA™2 4+ -+ at
A =00,

(b) g satisfies the U-reality condition (2.2.1),
(c) im, o+ g(r + i) = g+(r) is smooth,

(d) hy — I is in the Schwartz class, where g = vy hy with vy € U and
hy4 € B. The U-reality condition implies that g_ = 7(g4).

Let D7 denote the subgroup of g € SD7 that is holomorphic in
C\R. Then DT is isomorphic to the subgroup of f € L, (G) such that
f — I vanishes up to infinite order at A = —1. To see this, we consider
the following linear fractional transformation

(5.3.1) A=¢(z) =i(l —2)/(1+ 2).
Note that ¢ has the following properties:

(i) ¢ maps the unit circle |z| = 1 to the real axis,

(i) ¢(—1) = oo,
(iii) ¢ maps the unit disk |z| < 1 to the upper half plane.

Theorem 5.3.1. ([69]). Let g € DT, ¢ the linear fractional trans-
formation defined by (5.3.1), and ®(g)(z) = g(¢(2)) for |z| # 1. Then:

(1) ® is one to one,
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(2) ®(g)(€®) and ®(g_)(e*®) are the limit of ®(g)(z) as z — € with
[z| <1 and |z| > 1 respectively. Moreover, ®(g4+) € LT (G).

(3) ®(g) satisfies the (G, T)-reality condition, T(®(g)(1/N)) = ®(g)(A).

(4) Let G = UB be the Iwasawa factorization of G. Factor ®(g) = fufs
with f, € U and fy, € B. Then the infinite jet of fy — 1 at z = —1 is
zero.

The above Theorem identifies g € DT with ®(g) € L7 (G), whose B-
component is equal to the identity up to infinite order at z = —1. Recall
that the frame of the trivial solution u = 0 of the (b, j)-flow in the U-
hierarchy is E°(z,t)()\) = e?®***ttXt Note that ®(E°(z,t))(z) is smooth
for all z € S' except at 2 = —1, where it has an essential singularity. So
we cannot use the dressing action from the Gauss factorization L(G) =
L (U)L+(G) and the identification ® to induce an action of D at u = 0.
However, we can still factor gE° as Eg with E € AT(G) and g € D7.
Intuitively speaking, the essential singularity at z = —1 is compensated
by the infinite flatness of 7(®(g+)) " '®(g4)(2) at 2 = —1.

Theorem 5.3.2. ([69]). There is an open dense subset D of SDT
such that if g € D then for each (x,t) € R2, We can factor

gN)e* N = Bzt N)g(a,t, \)

uniquely such that E(z,t,-) € A7(G) and g(z,t,-) € SD". Moreover,
(i) E=YE, is of the form a\ + u(z,t),

(i) u(z,t) is a Schwartz class solution of the (b, 7)-flow,

(ii) E is the frame of u.

Let g#0 denote the solution u constructed in Theorem 5.3.2. Then:
Theorem 5.3.3. ([69]).
(1) (D740) N (AT(G) = 0) = {0}.

(2) SD7H0 is open and dense in the space of Schwartz class solu-
tions of the (b, j)-flow in the U-hierarchy.
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5.4. The action of an infinite dimensional abelian group

Let j > 0 be an integer, b € A, & ; € AT(G) defined by & ;(A) = bM,
and e ;(t) the one-parameter subgroup of A7 (G) defined by & ;, i.e.,

en;(t)(N) = e,

Let A, be the subgroup of A7 (G) generated by {es;(t) | b€ A j €

N,t € R}. The Lie algebra A, of A, is the subalgebra of A7 (G) gener-
ated by {&,; | b€ A,j € N}. It follows from Theorem 5.3.2 that given
f € AT (G) we can factor f~te, 1(z) = E(z)m ™' (z) with E(z) € AT(G)
and m(z) € SD”. Expand m(z)(\) at A = oo to get

m(z)(A) =1+ m1(ZE))\-1 + mg(x))\‘z 4,
Define F(f) = u/ := [a, my]. Then F is a map from SD™(G) to S(R, A+N
U).

Given b € A, a positive integer j, and f € SD7, it follows from
Theorem 5.3.2 that we can factor

fteq1(x)es,;(t) = E(z, t)ym(z, t)™*
with E(z,t) € A7(G) and m(z,t) € SD7. A straightforward direct
computation implies that (cf. [69]):
(i) E7YE,(z,t,\) must be of the form aA+u(z,t) and u = [a, m;], where

my is the coefficient of A~! of the expansion of m as

m(z,t)(A) = I+m1($,t))\_l + mQ(z’t))\_2 e

(ii) w is a solution of the (b, j)-flow in the U-hierarchy.

By definition of the dressing action, m(x,t) = (eq,1(x)ep ;(t)) * f. Hence
the (b, j)-flow arises naturally from the dressing action of Ay C A7 (G)
on SD7. Moreover,

Fleng * f) = u® D = ¢y 5 (6)(uwf) = 5 ()(F(f)),

where ¢ ;(t) is the one-parameter subgroup generated by the vector field
Xp,; corresponding the (b, j)-flow in the U-hierarchy (i.e., X; ; defined by
(2.1.6)). In other words, the infinitesimal dressing action of the abelian
algebra /i.,. on SD” gives the U-hierarchy of commuting flows. For more
details of this discussion see [69].
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5.5. Geometric transformations

Let g € A”7(G), v a solution of some integrable system associated
to U/Up, and E the frame of v. Factor gE as Eg with E(z,t) € A} (G)
and § € AT7(G). Then g*v = ¥, and g * E = E is the frame of g * v.
We have seen in Chapter 3 that geometries associated to solutions of an
integrable system can often be read from their frames at some special
value A = XAg. So E), — g * E), gives rise to a geometric transforma-
tion for the corresponding geometries. For example, it is known that
solutions of the SGE equation correspond to surfaces in R? with con-
stant Gaussian curvature K = —1. The Lax pair of the SGE equation
satisfies the SU(2)/S0(2)-reality condition, and the dressing action of
Jisn(A) = 7+ :\\ +:; (I — ) on the space of solutions of the SGE equa-
tion corresponds to the classical Backlund transformation of surfaces in
R? with K = —1 (cf. [70]). In this section, we use another example to
demonstrate this correspondence between the dressing action and geo-
metric transformations. We describe the geometric transformation of
flat submanifolds that corresponds to the action of the rational element

his.x (defined by (5.1.1)) on the solutions of the m—o(—n) system.

First, we need to recall the following definition given by Dajczer and
Tojeiro in [21, 22].

Definition 5.5.1. Let M" and M" be submanifolds of $2"~! with
flat normal bundle. A vector bundle isomorphism P : v(M) — v(M),
which covers a diffeomorphism ¢ : M — M, is called a szaucour Trans-
formation if P satisfies the following properties:

(a) If € is a parallel normal vector field of M, then Po¢ ol is a parallel
normal field of M.

(b) Let £ € v(M), and 7, ¢ the normal geodesic with £ as the tangent
vector at ¢ = 0. Then for each § € v(M);, Yz ¢ and vy(z),p(e) intersect
at a point that is equidistant from = and ¢(x) (the distance depends on

(c) If n is an eigenvector of the shape operator A¢ of M, then £,(n) is an
eigenvector of the shape operator Ap() of M. Moreover, the geodesics
Ya.n and Ye(z),¢,(n) intersect at a point equidistant to x and ¢(z).

Dajczer and Tojeiro used geometric methods to prove the existence
of Ribaucour transformations between flat n-submanifolds of §2*~! in
[21]. These Ribaucour transformations are exactly the ones obtained
from dressing actions of h;s » given in Example 5.1.1, i.e.,
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Theorem 5.5.2. ([10]). Let F be a solution of the 5%—

system (2.5.3), and E the frame of the corresponding Lax n-tuple (2.5.4).

Let his» € AT°(G) defined by (5.1.1), F = hisx* F, and E = hjs» x E
as in Example 5.1.1. Let M be a flat n-submanifold in S*"~! associated
to F' as in Theorem 3.3.3. Then there exist a flat n-submanifold M in
S?7=1 and a Ribaucour transformation P : v(M) — v(M) constructed

f7:0m EZ = hisn * E such that the solution of the ng—"o—)m—system for
MisF=h,xF.

5.6. The characteristic initial value problem for the —1-
flow

Given a,b € U such that [a,b] = 0, the —1-flow in the U-hierarchy
defined by a, b is the following equation for g : R2 — U

(5.6.1) (97" 92)¢ = [a, 97 "bg]
with the constraint g~'g, € [a,U]. It has a Lax pair

Oy = (a\+ g7 gz )dx + A" g bgdt.
Equation (5.6.1) is hyperbolic, and the z-, t-curves are the characteris-
tics. The characteristic initial value problem (or the degenerate Goursat
problem) is the initial value problem with initial data defined on two

characteristic axes, i.e., given hy, hy : R — U satisfying h7 ! (h1), € [a,U]
and hy(0) = ha(0), solve

(4g2)c = la,g"bg],

If we write u = g~1g,, v = g~ 'bg, then the —1-flow equation (5.6.1)
becomes the following system for (u,v),

(5.6.3) ur = [a,v], vy = —[u,v],
The Lax pair is
(5.6.4) 0 = (aX + u)dx + A" tvdt.

Let M, denote the adjoint U-orbit in ¢ at b. Since u(z,0) = h]'h}(z)
and v(0,t) = ha(t)~'bha(t) € My, the characteristic initial value problem
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(5.6.2) becomes the following initial value problem for (5.6.3): given
€:R — [a,U] and n: R — My, find (u,v) : R? — [a,U] x M, so that

uy = [a,v], v = —[u,v],
u(z,0) =¢(z), v(0,t) =n(t).

In [28], Dorfmeister and Eitner use the Gauss loop group factorization
to construct all local solutions of the Tzitzeica equation (2.6.4). Their
construction in fact solves the characteristic initial value problem (5.6.5)
for the —1 flow in the U-hierarchy:

Theorem 5.6.1. ([28]). Let &, : R — [a,U] x M} be smooth maps,
and Ly (z, ) and L_(t,\) solutions of

{ (L+) " (L4)s = aX + £(x), { (Lo)"M(L-)e = A Mn(8),

(5.6.5)

Li(0,)) =1, L_(0,)) =1,
respectively. Factor
(5.6.6) L7, A Ly (2, A) = Vi (2,8, V. (2,8, )
with Vi(z,t,-) € L+(G) via the Gauss loop group factorization. Set
Gz, t,A) = Lo, \)Vi(z,t,A) = Ly(z, \)V_(=z,t, N).
Then ¢~ ¢, = aX + u(z,t) and ¢~¢; = A\"'v(z,t) for some u,v, and

(u,v) solves the initial value problem of the —1-flow (5.6.5) in the U-
hierarchy.

Proof. Differentiate ¢ = L_V, = L, V_ to get
¢ e = VI Had + &(z))Ve + VL), = VI (VL )e.
So ¢~ ¢, € L4(G) and |
¢ pe = 1 (VI (ad + €(2)) Vo),

where 7+ is the projection of £(G) onto L£4(G) with respect to the
decomposition £(G) = £4(G) + L_(G). Expand

Vo(z,t,\) =T +my(z, )\ 4.
A direct computation shows that

T+ (VI ad + €(@))V2) = a) + £(x) + [a, ma(z, t)].
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Hence ¢~ ¢, = aX +u(z,t), where u = £ + [a,m1]. A similar argument
implies that

¢ e = T (VTN () V4) = A go(z, t)n(t)gg (. t),

where go(x,t) is the constant term in the expansion

Lz, t, ) Zgjxt

This implies that (u,v) is a solution of (5.6.3), where

u(z, t) = £(J}) + [av m (JI, t)]? ’U(CE, t) = 90(‘7"7 t)n(t)QO (:E, t)_l

It remains to prove (u,v) satisfies the initial conditions. This can be
seen from the factorization 5.6.6. Note that

L_(0,\)"'Ly(x,\) = Vi (2,0, \)V_(z,0,\)"".

Since L_(0,A) = I, the right hand side liesin L (G). Hence V_(z,0, ) =
I, which proves that mq(z,0) = 0. Therefore u(z,0) = £(z). A similarl
argument implies that v(0,t) = n(¢). Q.E.D.

They also show that every local solution of (5.6.3) can be constructed
using suitable £(z) and n(t). To see this, let (u, v) be a solution of (5.6.3),
and ¢(x,t, \) the trivialization of the corresponding Lax pair:

¢t = (aX + w)dx + A\ tvdt,  $(0,0,)\) =1
Use the Gauss loop group factorization to factor
o(z,t,-) = L_(x,t,)Vi(z,t,-) = Ly(z,t,)V_(x,t,-).
Differentiate the above equation to get
LINL )y =7 (Vi(ad +w)ViH) =0
L) =m (VA oVih) = A govgy ',

L) =71 (Vo(ad+w) V1) = a\ +u + [my, a,
LiNLy)e =7 (Vo hovh) =0,
where gg is the constant term in the power series expansion of V4 (z,t, \)

in A and m; is the coefficient of A= of V_. This implies that (L_), = 0,
(L4): =0, L7Y(L4)e = aX +u(z,0) and LZ'(L_), = A~10(0, t).
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Let 7 be the involution of G with the real form U as its fixed point
set, and o an order k automorphism of G such that o7 = 7716 71. Let G;
denote the eigenspace of o, of G with eigenvalue eg%l, and U; =UNG;.
Let a € G1, b € G_1 such that [a,b] = 0. The —1-flow in the U/Uy-
hierarchy is the restriction of the —1-flow in the U-hierarchy (5.6.3)
to the space of maps (u,v) : R? — [a,U_1] x Ad(Up)b. It is easy to
see that the solution constructed for initial data £ : R — [a,U_1] and
1 : R — Ad(Up)(b) in Theorem 5.6.1 is a solution of the —1-flow in the
U/Up-hierarchy. In other words, the characteristic initial value problem
for the —1 flow in the U/Up-hierarchy can be solved by the algorithm
given in Theorem 5.6.1.

§6. Elliptic systems associated to G, 1,0

Let G be a complex Lie group, and 7 a conjugate linear involution
of G, and ¢ an order k complex linear automorphism of G such that
To = oT. Let G; be the eigenspace of o with eigenvalue e*%*. So we
have G; = G, if j = m (mod k), and

G=Go+Gi+ - +Gk—1, [5G CGjsr.
We claim that 7(G;) C G_;. To see this, let 0(§;) = a’¢;, where a =

27i

e % . Then
a(1(§)) = 7(0(&)) = 7(a’&;) = & 7(&;) = a7 7(&5)-

Let U be the fixed point set of 7, and U, denote the fixed point set of o
on U. Since o7 =70, o(U) C U and o | U is an order k automorphism
of U. The quotient space U/U, is called a k-symmetric space.

We will construct the sequences of U- and U/U,- systems.

6.1. The m-th (G, 7)-system
The m-th (G, T)-system (also called the m-th elliptic U-system) is
the following system for (uo,--- ,um): C — [[~, G:
(6.1.1) (u5)z = iy [uwgs 7(ws)), if1<j<m,
(uw0)z = ((u0))> = 32770 [us, T(wi)).
It has a Lax pair:

(6.1.2) 0\ = Z u;A"Idz + T(uj) N dz.
j=0
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Equation (6.1.1) is also referred to as the m-th elliptic U-system, where
U is the fixed point set of 7.

The Lax pair (6.1.2) satisfies the (G, 7)-reality condition (4.2.2), i.e
7'(61/:\) = 9)\.
Note that £ = Y, &M satisfies the (G, 7)-reality condition if and only
if §_; =7(&;) for all j.

6.2. The m-th (G, T,0)-system

The m-th (G, T,0)-system is the following equation for (ug, -+ ,um) :
C— g,
(6.2.1) (uj)z Z‘:oJ [Witj, T(wi)], if 1< j<m,
—(uo)z + (1(uo))= + ijo [uj, 7(uz)] =0.
It has a Lax pair
(6.2.2) Ox =) wA"'dz + r(u;) \dz.

1=0
Note that:

(i) The m-th (G, 7, o)-system is the restriction of the m-th (G, 7)-system
to the space of maps (up, - -+ ,um) with values in &7 G_;.

(ii) The Lax pair of the m-th (G, T, 0)-system satisfies the (G, T,0)-

reality condition 4.2.3, i.e.,

T(gl/;) = 9)\, (9)\) =0 25

ek A

(i) E(A) = >, &M satisfies the (G, 7, o)-reality condition if and only if
& € G; and §_- = 7(&;) for all j.

Let U be the fixed point set of 7, and U, the fixed point set of o on
U. System (6.2.1) will also referred to as the m-th elliptic U/U,-system.

A direct computation gives the following Proposition:

Proposition 6.2.1. Let 7 be an involution, and o an order k au-
tomorphism of G such that 617 = 70, and 1 < m < g If Y :C—->Uis
a map such that

(6.2.3) VY, =tot U €Go+G1 + -+ G,
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then (ug, -+ ,Um) is a solution of the m-th (G, 7, 0)-system. Conversely,
if

(wo, - -+ yum) s a solution of the m-th (G, T, 0)-system (6.2.1), then there
exists ¥ : C — U such that ¥~ 1dy = Yo ujdz + 7(uj)dz.

Definition 6.2.2. Let 7,0, k, and U be as in Proposition 6.2.1, and
1<m< % Amap:C — U is called a (6,m)-map if y~1¢, €
@gnzlg_j.

Definition 6.2.3. ([15]). Let U/U, denote the k-symmetric space
(with k > 3) given by 7,0, and 7 : U — U/U, the natural projection. A
map ¢ : C — U/Ujy is called primitive if there is a lift ¢ : C — U (i.e.,
wo1) = ¢) so that ¥~ 1, € Go + G_1. In other words, there is a lift 1
that is a (o, 1)-map.

By Proposition 6.2.1, the equation for (¢, m)-maps is the m-th (G, 7,
o)-system, and the equation for primitive maps is the first (G, 7,0)-
system. We refer the reader to [15] for a more detailed study of primitive
maps.

i 0 10

Example 6.2.4. Let G = sl(3,C), 7(§) = —€¢,and D= | -1 0 0

0 0 1
Let 0(£) = —D¢&' D=1 Note that D! = Dt o2(¢) = diag(—1, —1, 1)¢diag
(—1,-1,1), o has order 4, and o7 = 70. A direct computation shows
that the eigenspaces G; with eigenvalues (v/—1 )7 are:

_J(s 0
0 0 a
G = 0 0 b a,be C 3},
ib —ia O
G, = C diag(1,1,-2),
0 0 a
Ggs = 0 0 b a,beC
—ib da 0

The 2nd (G, o, 7)-system (or the second elliptic SU(3)/SU(2)-system)
is the system for (ug,u1,u2) : C — Gg X G_1 X G_a:

(U2)2 =0,

(624) —(Ul)g + [ul, T(UO)] + [UQ, T(ul)] = 0’
—(u0)z + (7(u0))= + [uo, 7(uo)] + [ur, 7(ur)] = 0.
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Example 6.2.5. ([38, 51]). Let G = si(n,C), 7(¢) = —&, and
o(&) = CEC™L, where C = diag(1,, -+ ,a™ ') and @ = e’". Then
70 = o1, and the eigenspace G; of ¢ is spanned by {e;;+; | 1 < i <n}.
Here we use the notation that e;; = ey if i+ = ¢’ and j = j' (mod n).
The first (G, 7, 0)-system is the equation for Ay = diag(u1,---,u,) and
Ay = Y1 vie; -1 so that

0\ = (A() + Al)\_l) dz — (/16 + /\Atl) dz

is flat for all A\. If v; > 0 for all 1 <7 < n and vy ---v, = 1, then flatness
of 8 implies that we can write u; = (w;), and v; = €**~"i~1 for some
wy, -+ ,wp. The first (G, 7,0)-system written in terms of w;’s is the
2-dimensional elliptic periodic Toda lattice:

2(w;) .z = e2(wit1—wi) _ o2(wi—wi—1)

6.3. The normalized system

The normalized m-th (G, T)-system or the normalized m-th U -system

is the system for vq,--- , v, : R? — G:
m—j m
(6.3.1) )z = D [virs ()] = D _[vj,7(i)], 1<j<m.
i=1 i=1
It has a Lax pair
m
(6.3.2) Or=Y (A7 —1)v; dz+ (¥ - D)7(vy) dz,
j=1

which satisfies the (G, 7)-reality condition (4.2.2).

We claim that the Lax pair (6.3.2) is gauge equivalent to the Lax
pair (6.1.2) for the m-th (G, 7)-system (6.1.1). Hence system (6.3.1) and
(6.1.1) are gauge equivalent. To see this, let (ug,--- ,um) be a solution
of (6.1.1),

Oy =D ujATdz + 7(u;) N dz
j=0
its Lax pair, and E(z, z)(\) the frame of ), i.e.,

m

E7'E, =) uA™, ET'E: =) r(u;)N, E(0,0)(\) =e.
j=0 7=0
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Let g = E(-,,1). Since 6, satisfies the (G, 7)-reality condition, E satis-
fies
T(E('v K 1/)‘)) = E('a E ’\)‘

Hence E(-,-,A) € U if | A | = 1. In particular, g € U. The gauge
transformation of 8y by g is

“l—dggTt =Y (A — 1)gujgT dz + (N — 1)gr(uy)gTdz

0x = gbxrg
j=1
m
= z()\_j —1)gu;gtdz + (N — 1)7(gujg~t)dz.
j=1
So (v1,*+ ,vm) is a solution of (6.3.1), where v; = gujg~?!, and

F(z,2)(A) = E(z, 2) \)(E(z, 2)(1)) ™"

is the frame of 5.

87. (Geometries associated to integrable elliptic systems

Let 7 be the involution of G whose fixed point set is the maximal
compact subgroup U of GG, and o an order k automorphism of G such
that o7 = 70. Let G; denote the eigenspace of o, on G with eigenvalue
e“¥". Since o = 70, we have o(U) C U, and oly is an order k au-
tomorphism of U. Let U, denote the fixed point set of ¢ in U. The
quotient U/U, is a symmetric space if k = 2, is a k-symmetric space if
k> 2.

It is known that the first (G, 7)-system is the equation for harmonic
maps from C to U ([72]). The first (G, T, 0)-system is the equation for
harmonic maps from C to the symmetric space U/U, if the order of ¢ is
2, and is the equation for primitive maps if k¥ > 2 ([15]). It is also known
that a primitive map ¢ : C — U/U, is harmonic if U/U, is equipped
with a U-invariant metric and G is isotropic ([15]).

The first (G, 7, 0)-system also arises naturally in the study of sur-
faces in symmetric spaces with certain geometric properties. For exam-
ple, constant mean curvature surfaces of simply connected 3-dimensional
space forms N3(c) ([56, 6]), minimal surfaces in CP? ([11, 9]), minimal
Lagrangian surfaces in CP? ([50, 52]), minimal Legendrian surfaces in
S® ([64, 42]), and special Lagrangian cone in R = C3 ([42, 52]).
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The only known surface geometry associated to the m-th (G, 1,0)-
system for m > 1 was given by Hélein and Roman. They showed that the
equations for Hamiltonian stationary surfaces in 4-dimension Hermitian
symmetric spaces are the second elliptic system associated to certain
4-symmetric spaces (cf. [43]).

If the equation for surfaces with special geometric properties is the
m-th (G, 7, 0)-system, then the techniques developed for integrable sys-
tems can be applied to study the corresponding surfaces. In particular,
the finite type (or finite gap) solutions give rise to tori with given geo-
metric properties. This has been done for constant mean curvature tori
of N3(c) in [56] and [6], for minimal tori of CP? in [11, 9], and for
minimal Legendrian tori of S% in [64, 52].

We will give a very brief review of some of the results mentioned
above. For more details, we refer the readers to {38, 39] for harmonic
maps, to [56, 6] for constant mean curvature surfaces in 3-dimensional
space forms, to [11, 9] for minimal surfaces in CP2, and to [43] for
Hamiltonian stationary surfaces in four dimensional Hermitian symmet-
ric spaces.

7.1. Harmonic maps from R?> to U and the first (G,7)-
system

First we state some results of Uhlenbeck ([72]) on harmonic maps
from C or S? to U(n).

Theorem 7.1.1. ([72]). Let G be a complex semi-simple Lie group,

U the real form defined by the conjugate linear involution 7, s : C — U
1.1

a smooth map, and A = —3557"s,. Then the following statements are
equivalent:

(i) s is harmonic,

(i) Az = —[A, T(4)],

(11i) A"t — 1)A dz + (A — 1)7(A) dz is flat for all A € C\ {0}, i.e.,, A
is a solution of the normalized 1st (G, T)-system.

Corollary 7.1.2. ([72]). Suppose
Or = (A1 = 1)A(z, 2)dz + (A — 1)7(A(z, 2))dz

is a flat G-valued 1-form for all A € C\ 0, and E\ the corresponding
frame (i.e., E/\‘ldEA = 0 and E\(0) = e). Then E_; is a harmonic
map from C to U.
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Using the ellipticity of the harmonic map equation, Uhlenbeck proved
that there are trivializations of the Lax pair of harmonic maps from §2
to U(n) that are polynomials in the spectral parameter:

Theorem 7.1.3. ([72]). Let s : S* — U(n) be a harmonic map,
and E the frame of the corresponding Lax pair 8y = —%—_—l s7ls, dz—
% s 's; dz. Then there exist v € L.(U) and smooth maps m; S? -
Gr(k;,C™) such that YA E(-, -, A) = (m1 + Ani) -+ (70 + A7),

A harmonic map from a domain of C to U(n) is called a finite uniton
if the corresponding Lax pair admits a trivialization that is polynomial
in A ([72]). The above theorem implies that all harmonic maps from S
to U(n) are finite unitons.

A proof similar to that of Proposition 3.9.4 gives

Proposition 7.1.4. Let 7 be the involution of G that defines the
real form U, (ug,u1) : C — G x G a solution of the first (G, T)-system
(6.1.1), and Ex(z,%) the frame of the corresponding Lax pair (6.1.2).
Then s = E_lEl~1 18 a harmonic map from C to U. Moreover, let
o be an involution of G that commutes with 7, and G = Gy + G1 the
eigenspace decomposition of o. If (ug,u1) € Go X G1, then s = E_1ET!
is a harmonic map from C to the symmetric space U/Uy.

Corollary 7.1.5. Let 7 be a conjugate liner involution, and o an
order k = 2m automorphism of G such that o7 = 70. Let (uy,ug) be a
solution of the first (G, T, 0)-system (6.2.4), and E the frame of the corre-
sponding Lax pair 0y (defined by (6.2.2)). Thens = E(-,-,—1)E(-,-,1)7!
is a harmonic map from C to the symmetric space U/H, where H is the
fixed point set of the involution o™ on U.

The following Theorem is proved by Burstall and Pedit.

Theorem 7.1.6. ([15]). Let (ug,u1) : € — Gy x G_1 be a solution
of the first (G, 1, 0)-system, U/U, the k-symmetric space corresponding
to (1,0), and k > 2. Letm : U — U/U, be the natural fibration. If
E(z,%,)\) is a trivialization of the Laz pair of the first (G, T, 0)-system,
then ¢ = 7o E(-,-,1) is primitive. Moreover, if U/Up is equipped with
an tnvariant metric and G_1 1is isotropic, then ¢ is harmonic.

7.2. The first (G, r,0)-system and surface geometry

Let N™(c) denote the simply connected space form of constant sec-
tional curvature ¢, i.e., N*(0) = R", N*(1) = S™ the unit sphere in
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R"*! and N*(—1) =H" = {z € R™! | (x,z2) = —1} C R™!. The Gauss
map ¢ of a k-dimensional submanifold M in N™(c) is the map from M
to the symmetric space Y (k, ¢), where

Y (n,0) = Gr(k,R™), Y(n,1) = Gr(k,R™™), Y(n,—1) = Gr(k,R™?).

A theorem of Ruh and Vilms states that the Gauss map of a k-submanifold
with parallel mean curvature vector in N™(c) is harmonic. Moreover, the
Gauss-Codazzi equation for constant mean curvature (CMC) surfaces in
N3(c) is the first (G, 7, 0)-system, where 7, o are the involutions that de-
fine the symmetric space Y (3, ¢). Since the equation for harmonic maps
from C to Y'(3,c) defined by 7,0 is the first (G, 7, 0)-system, techniques
developed for the first (G, 1, o)-system (or harmonic maps) can be used
to study CMC surfaces in N3(c) (cf. [56, 6]).

There are natural definitions of Gauss maps for surfaces and La-
grangian surfaces in CP?, for Legendrian surfaces in S°, and Lagrangian
cones in R® = C3. The target manifolds of these Gauss maps are now
k-symmetric spaces. The minimality of surfaces is equivalent to their
Gauss maps being primitive. Hence equations of these surfaces are the
corresponding first (G, 7, 0)-system.

Example 7.2.1. Minimal surfaces in CP?

Let f: M — CP? be an immersed surface, L — CP? the tautolog-
ical complex line bundle, z a local conformal coordinate on M, and fq
a local cross section of f*(L). Choose f1, f2 so that (fo, f1, f2) € SU(3)
and

0o

Cfo+Cfi =Cfog+ C—.
0z

The Gauss map of M is the map ¢ from M to the flag manifold FI(C3) of
C? defined by ¢(f) = the flag (C fo, Cfo+Cf1,C?). Note that FI(C?) =
SU(3)/T? is a 3-symmetric space given by 7(g) = (¢*)™! and o(g) =
CgC~!, where C = diag(1,e”5",e"5"). It is proved in [11, 9] that M
is minimal in CP? if and only if the Gauss map ¢ : C — SU(3)/T? is
primitive.

Example 7.2.2. Minimal Legendrian surfaces in S°



474 C.-L. Terng

Let v; = (1,0,0)%, and R? the real part of C3. Let Fl; denote the
SU(3)-orbit of (vy,R3), i.e.,

Fly = {(gv1,9(R%) | g € SU3)}
={(v,V) | v e 8% v € V,V is Lagrangian linear subspace of C*}
SU(3)
T 1x S0(2)

Note that Fl; is a 6-symmetric space corresponding to automorphisms
7,0 of SL(3,C) defined by 7(g) = (g°) ! and o(g) = R(g*) 'R, where
R is the rotation that fixes the z-axis and rotate % in the yz-plane.

Let a be the standard contact form on S®. A surface M in S° is
Legendrian if the restriction of a to M is zero. It is easy to see that M
is Legendrian if and only if the cone

CM)={tz|t>0,x € M}

is Lagrangian in C3. If M C S® is Legendrian, then there is a natural
map ¢ from M to Fl; defined by ¢(z) = (z,V(z)), where V(z) is the
real linear subspace Rz + T'M,. It is known that (cf. [42, 52, 50, 64])
that the following statements are equivalent:

(i) M is minimal Legendrian in S5,
(ii) the cone C(M) is minimal Lagrangian in R® = C5,

(iii) the Gauss map ¢ : M — F; is primitive.

Let 7 : S5 — CP?2 be the Hopf fibration, N a surface in CP2, and N
a horizontal lift of N in S® with respect to the connection « (the contact
form). Then N is minimal Lagrangian in CP? if and only N is minimal
Legendrian in S°. Hence there are three surface geometries associated
to the first (G, 7,0)-system associated to the 6-symmetric space Flj:
minimal Lagrangian surfaces in CP?, minimal Legendrian surfaces in
S5, and minimal Lagrangian cones in R®.

Example 7.2.3. Hamiltonian stationary surfaces in CP?

Let N be a Kéhler manifold. Given a smooth function f on N, let
Xy denote the Hamiltonian vector field associated to f. A Lagrangian
submanifold M is called Hamiltonian stationary if it is a critical point
of the area functional A with respect to any Hamiltonian deformation,
ie.,
0

a o A(¢’t(M)) =0
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for all f, where ¢, is the one-parameter subgroup generated by Xj;.
This class of submanifolds was studied by Schoen and Wolfson in [61].
When N is a four dimensional Hermitian symmetric space U/H, Hélein
and Romon proved that the Gauss-Codazzi equation for Hamiltonian
stationary surfaces is the 2nd (G, 7, o)-system, where 7 is the involution
that gives U and o is an order four automorphism such that o2 gives
rise to the natural complex structure of U/ H. In particular, they proved
that if M is a Hamiltonian stationary Lagrangian surface of CP?, then
locally the Gauss-Codazzi equation for M is the 2nd (G, 7, 0)-system
(6.2.4) given by Example 6.2.4. Conversely, if (ug, u1,u2) is a solution of
(6.2.4), then for each non-zero r € R, E,.E~} is a Hamiltonian stationary
Lagrangian surface of CP?, where E), is the frame of the Lax pair (6.2.2)
corresponding to (ug, u1, uz).

§8. Symmetries of the (G, 7)-systems

There have been extensive studies on harmonic maps from a Rie-
mann surface to a compact Lie group U. For example, there are loop
group actions, finite unitons, finite type solutions, and a method of con-
structing all local harmonic maps from meromorphic data. The equation
for harmonic maps from C to U is the first (G, 7)-system. Most results
for the first (G, 7)-system hold for the m-th (G, 7)-system as well. We
will give a brief review here. For more details, see [27, 38, 39, 72].

8.1. The action of Q7 (G)

Let u = (ug, - ,um) : C — []~, G be a solution of the m-th (G, 7)-
system (6.1.1), 8, the corresponding Lax pair (6.1.2), and E the frame
of 9)\, i.e.,

E-'E, =™ uAi,
E71E; =30 m(ui) X,
E(0,0,)) =L

Let E(z,%)(A) = E(z,%,\). Since 6, satisfies the (G, 7)-reality condi-
tion,
T(E(z,2)(1/X)) = E(z,2)(}),

ie., E(z,Z) € QL(G). Given g € Q7 (G), we can use Theorem 4.2.3
to factor gE(z,2) = E(z,2)§(z, Z) with E(z,2) € Q1(G) and §(z,%) €
Q7 (G) for z in an open subset of the origin, i.e., E(z,2) = g *x E(z,2)
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the dressing action. A direct computation gives

(8.1.1) E7'E.=—gg " +g (> ur7 gt
§=0

Since g(z, Z)()\) is holomorphic at A = 0, the right hand side of {8.1.1) has

a pole of order at most m at A = 0. Hence there exist some g, -, Um
such that
m
= i\
j=0

Since E satisfies the (G, 7)-reality condition 7(E(1/X)) = E(\), E~LdE
satisfies the (G, 7)-reality condition (4.2.2). Hence

E7'E =Y At dz + ¥ 7(y) dz.
Jj=0
In other words, @ = (tg, - - , Um) is a solution of the m-th (G, 7)-system.
Moreover, g*u = @ defines an action of Q7 (G) on the space of solutions

of the m-th (G, 7)-system. This gives the following theorem of Uhlenbeck
[72] (see also [38, 40]).

Theorem 8.1.1. ([38, 72]). Let E be the frame of a solution u
of the m-th (G, 1)-system (6.1.1), and g € Q7 (G). Then the dressing
action E(z,Z) = g * E(2,Z) is the frame of another solution i = g * u.
Moreover, (g,u) — g *u defines an action of Q7 (G) on the space of
solutions of the m-th (G, T)-system.

If g € Q7 (G) is a rational map with only simple poles, then the
factorization of gE(z,z) = E(z,2)§(z,%) with E(z,2) € Q}(G) and
G(z,Z) € Q7 (G) can be computed by an explicit formula in terms of g
and E. In fact, if g has only one simple pole at a € C\ S!, then the
factorization can be done by one of the following methods:

(i) Equate the residues of both sides of
9NE(z,2,2) = B(2,2,1)§(2,2,2)

at the pole A = a to get an algebraic formula for g x v in terms of g and
E.

(ii) Let 8y = E~'dE. Equate the coefficient of M in 0x\§ = d§ + g6
for each j to get a system of compatible ordinary differential equations.
Then g+u can be obtained from the solution of this system of compatible
ODEs.
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Example 8.1.2. ([72]). Let G = GL(n,C), and 7(g) = (g*)~!. The
fixed point set U of 7 is U(n). Let V be a complex linear subspace of
C", 7 the Hermitian projection of C* onto V, 7t =1—m, a € C\ S,
and

far) = 7+ G (N,

where (,(X) = (%\_%51_“% Note that f, » satisfies the (G, 7)-reality

FAR) FO) =1

If £ is the frame of a solution u of the m-th (G, 7)-system (6.1.1), then
for each (z, Z) the factorization fo »E(z,Z) must be of the form

condition:

(812) fa,‘n'E(zvz) = E(z72)fa,7~r(z,2)

for some E(z,z) € 7 (G) and projection 7(z,Zz). Method (i) leads to
the conclusion that the image V(z, z) of #(z, 2) is

~ ——t

(8.1.3) V(z,2) = (E(z,2)(a)) (V).
Moreover,
(814) far* E= fanEf sz = (T +CNTh) E (7 + W) 'FY)

is the frame of f, . * u. For example, if @ € U is a constant, then a is a
constant solution of the 1st normalized (G, 7)-system (6.1.1) with Lax
pair 0y = a(A~1dz + AdZ) and frame E)(z) = exp(ar™'z + a)z). The
corresponding harmonic map is

s=FE_1(2)ET (2) = exp(—2a(z + 2)) = exp(—4azx), z =z + 1y,

which is a geodesic. Since F is given explicitly for the constant solution,
fo.x * a is given explicitly and so is the harmonic map f4 » * s.

8.2. The DPW method and harmonic maps with finite
uniton number

It is well-known that minimal surfaces in R3 have Weierstrass rep-
resentations, i.e., they can be constructed from meromorphic functions.
Dorfmeister, Pedit, and Wu gave a construction (the DPW method) of
harmonic maps using meromorphic maps and the Iwasawa loop group
factorization (Theorem 4.2.5). They call this construction of harmonic
maps the Weierstrass representation of harmonic maps. The equation
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for harmonic maps from C to U is the first normalized (G, 7)-system.
The DPW method works for the m-th normalized (G, 7)-system (6.3.1)
as well. To explain the DPW method, we need the Iwasawa loop group
factorization L(G) = L.(U) x L+(QG), i.e., every g € L(G) can be fac-

" tored uniquely as g = g1g> with g1 € L.(U) and g2 € Li(G). Let U
denote the fixed point set of 7. Recall that L.(U) is the subgroup of
g € L(U) such that g(1) = e and L4+(G) the space of smooth loops
g : 81 — G that are boundary value of holomorphic maps defined in
| A| < 1. The following Theorem was proved in [27] for the first (G, 7)-
system (the harmonic map equation), but their proof works for the m-th
(G, 7)-system as well.

Theorem 8.2.1. ([27]). Let O be a simply connected, open subset
of C, and p(2,A) = 3255 h;(2)A holomorphic in z € O and smooth
in A€ S'. Let H: O x S' — G be a solution of

H_le = ZjZ—m hj(z)Aja
H™'H; =0.

Then:
(i) H can be factored as H(z,\) = F(z,Z,\)¢(z, Z, ) such that F(z,Z%,-)
€ L,(U) and ¢(z,2,-) € L (G).

(i) F7'F, is of the form Y ;" ,(A™" = 1)f; and f, = (f1, -+, fm) is @
solution of the normalized m-th (G, 7)-system.

(i41) Every solution of the m-th (G, T)-system can be constructed from
some fu.

Proof. We give a sketch of the proof (for more details see [27]).
Statement (i) follows from the Iwasawa loop group factorization 4.2.5.
The Iwasawa loop group factorization L(G) = L.(U)L4(G) implies that
there is a Lie algebra factorization

(8.2.1) L(G) = LU) + L4(G).

In fact, we can use Fourier series to write down the Lie algebra factor-
ization easily: Given £ = Zjez &M, then £ = n + ¢, where

n=D (E; (N7 =) +7(6;)(N 1) € L),

j=1

C=bo+ Y (&—TE;)N € Li(G).

=1
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Since F = H¢™!, we have F~'dF = ¢H 'dH¢~! — (dp)¢p'. Let py1, po
denote the projection of £(G) onto L.(U) and £, (G) with respect to
(8.2.1). Since (dp)p~' € L1(G) and F~'dF € L(U), we have F~1dF =
pir(p(H=1dH)$~1). It follows from the fact that ¢~'d¢ € L£,(G) and
H™'dH = 3,5 _,, hj(z)A\77dz that we have F~'dF = 3 7", f;(A\™7 —
1)dz + 7(f;)(N — 1)dz for some fo,- -, fm. This proves (ii).

Let v = (u1,- -, um) be a solution of the m-th (G, 7)-system, and £
a trivialization of the corresponding Lax pair. To prove (iii), it suffices
to find h(z, ) so that g = Eh~! is holomorphic in 2 € O. Since we want

g 'dg=nh ( (A7 = Dugdz + (N — l)T(uj)dZ) h~t —dhh7!
Jj=1

has no dz term, we must solve for h from h="h; = 37" | (M — 1)7(uy).
Since the right hand side lies in £,(G), h{z,) lies in L+(G). Hence
g7'dg = Y7L (A7 = 1)hush~'dz. Hence g is holomorphic in z and
9~ 'g is of the form 3= o h;(2)N. Q.ED.

It is proved in [27] that finite type solutions arise from constant
normalized potentials. We give a brief explanation next. Let & € L(G),
and H = exp(26()\)). So H7'H, = ¢()\), H"'H; =0, and H(0,)) = e.
Factor

(8.2.2) exp(2§) = F(z,y)¢(z, y),

with F(z,y) € L.(U), ¢(x,y) € L(G), where z = x + iy. Then
HEH ™! = exp(2€)€ exp(—2€) = € = Foep™ ' F.

This implies that

(8.2.3) F7YF = ¢top .

Differentiate (8.2.2) to get £édz = ¢~ 'F~1dF¢ + ¢~'dp. We obtain
¢pldz = F~UdF + dpo~'. Hence F~1dF = p(¢p€p~t(dx + i dy)),
where p; is the projection of £(G) to L.(U). By (8.2.3), we get FF~1dF =
p1(F~Y¢F(dx + i dy)). But d(F~1¢F) = [F~¢F, F~1dF]. So we have

d(F'€F) = [F€F, p1 (F'¢F (da + i dy))).

Equivalently,

(8.2.4)

(FTYEF), = [FYEF, p1(FTYEF)],
(F~YF), = [F7Y6F,pi (V=1 F~I¢F)].
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Let £(A) = A™V()\). Then (8.2.4) becomes

(525) {(F W), = [F-WVF,py (A" F-1V F)],

(F7YWEF), = [FWVEpi (V-1 X¥™F~VF)).
Let n = F~'VF. Then 8.2.5 becomes

{nz = [n, ;1 (X)),

(8.2.6) ny = [0, p1(i A=),

Note that this equation leaves the following finite dimensional subman-
ifold of £(G) invariant:

Vi = nec(g‘ = > N

| i1 <d

Hence given V in V,;, we can solve the ODE system ((8.2.6)) to get
n(z,y) such that n(0,0) = V. System (8.2.6) is solvable if p; (A¥"™ndz)
is flat. So there exists F'(z,y) € L.(U) such that

F~ldF = py(\*"™ndz),

i.e., F'is a trivialization of the Lax pair of a solution of the normalized m-
th (G, 7)-system. This is the method of constructing finite type solutions
developed by Pinkall and Sterling in [56] and Burstall, Ferus, Pedit and
Pinkall in [13].

All local solutions can also be constructed from meromorphic data
i that are polynomial in A=!. To explain this, we need

Theorem 8.2.2. ([27]). With the same notation as in Theorem
8.2.1, then there exists a discrete set S C O such that for z € O\ S, H
can be factored as

H(Z7 /\) = g_(z, >‘)9+(z’ )‘)

with g_(z,-) € LT(G) and g4(z,-) € L7(G) via the Gauss loop group
factorization. Moreover,

(i) g—(z,A) is holomorphic in z € O\ S and has poles at z € S,

(ii) g"'dg_ = Y e A7n;(2)dz for some G-valued meromorphic map
n; on O.
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Note that if we factor g_ via the Iwasawa loop group factorization
(Theorem 4.2.5), then the L.(U) factor of g_ is the same F constructed
in Theorem 8.2.1. This follows from g = Hg;1 = E¢g;' = E((bg;l).
The converse is also true. In fact, we have

Corollary 8.2.3. Let u(\,2) = 370, A77n;(2) such that 1; are
meromorphic. If there exists h(z, \) satisfying h='dh/dz = p, then the
L.(U)-factor E(z,-) of h(z,-) is a trivialization of some solution f, =
(fi, -+, fm) of the m-th (G, T)-system, i.e.,

E~YE = Z 2)dz + (N = 1)7(f;)dz

Moreover, every local solution of the m-th (G,T)-system can be con-
structed this way.

The 1-form p(z, A) = ET:1 n;(2)A77 is called the meromorphic po-
tential or the normalized potential. However, for a general normalized
potential p the solution f,, might have singularities. An important prob-
lem is to identify meromorphic potentials u so that the corresponding
solution f, of the m-th (G, 7)-system can be extended to a complete
surface. Burstall and Guest [14] have identified u’s that give rise to har-
monic maps with finite uniton number. We explain some of their results
next.

Burstall and Guest noted that if 4 = A~!h(z) is nilpotent and h(z)
has no simple poles, then the equation

(8.2.7)

H™'H, = \~1h(2),
H'H; =0

can be solved by integrations. We use G = SL(n,C) to explain this.
Let A denote the strictly upper triangular matrices in sl(n,C), and
h: O — N meromorphic. To solve {8.2.7), we may assume

H(z,A) =T+ b1()A7 ! +ba(2)A2 4 -+
with meromorphic b;’s. Equate coefficients of M to get
(bl)z et h7 (b2)z = b1h7 (b3)z = b2h7

Since N™ = 0, if we assume that h(z) has no simple poles and the initial
data b;(0) = O then by,---,b,—1 can be solved by integration, b; = 0
for all j > n, and H(z,\) is a polynomial of degree < n — 1 in A7L.
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Motivated by this computation and Uhlenbeck’s finite uniton solutions,
they make the following definition:

Definition 8.2.4. A harmonic map s from a Riemann surface M
to U is said to have finite uniton number if there is a meromorphic h :
M — G such that (8.2.7) has a solution H(z, X) satisfying the following
conditions:

(i) H(z,\) is meromorphic in z € M and a polynomial in A and A™!,

(ii) s = E(-,—1), where E(z,-) is the L¢(U)-component of the Iwasawa
factorization of H(z,-).

In other words, s is the harmonic map constructed from the normalized
potential = A~ th(z).
Theorem 8.2.5. ([14, 39]). If M is o Riemann surface and s :

M — U is harmonic map with finite uniton number, then there exists a
complex extended solution H (associated to s) of the form

H(z,A) = exp(A™ by (2) 4+ - + A77b,(2)),

where by,--- , b, are meromorphic maps from M to the nilpotent subal-
gebra N of the Iwasawa decomposition G = K + A+ N. Moreover,

(i) integer r can be computed in terms of root system of G,

(ii) the maps ba,--- ,b, satisfies a meromorphic ordinary differential
equation, which can be solved by quadrature for any choice of b;.

In fact, the normalized potential p corresponding to the harmonic
map constructed by Theorem 8.2.5 is u = A71(by),.

8.3. Some comparisons

Let G be a complex, semi-simple Lie group, and U the maximal
compact subgroup of G, and 7 the corresponding involution with fixed
point U. We have discussed the constructions of solutions of soliton
equations in the U-hierarchy in Chapter 5 and of equations in the (G, 7)-
hierarchy in section 8.2. Loop group factorizations are used in both
cases. In this section, we give a summary and some comparisons of
these constructions of solutions for the two hierarchies. To make the
exposition easier to follow, we will not give references in this section (for
references see the previous sections).

Let A be a maximal abelian subalgebra of i, and a € A a regular
element. For the U-hierarchy defined by a, the data we use to construct
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solutions for the (b, j)-flow in the ¢{-hierarchy of soliton equations is one
of the following types of maps:

(i) f is a holomorphic map from a neighborhood of A = oo in §% =

CU{oo} to G that satisfies the U-reality condition, 7(f(A)) = f(}A), and
floo) =1,
(ii) f: R — G is smooth, has an asymptotic expansion at oo, f(oc0) = I,
f is the boundary value of a holomorphic map on the upper half plane,
and fp is rapidly decaying at infinity, where f = f,f, is the pointwise
Iwasawa factorization of G = UB, i.e., f, € U and f;, € B,
(ili) f = f1f2, where f; : S? = CU {oc} — G is a rational map of type
(i) and fo is of type (ii),
(iv) f = fifs, where fy is of type (i) and f2 is of type (ii).
To construct solutions, we start with an f of type (i), (ii), (iii), or (iv),
then factor f~'eq 1(z)es;(t) as E(z,t)m(z,t)™! with E(z,t) € AT(G)
and m(z, t) of type (i), (ii), (iii) or (iv) accordingly, where e¢ ;(t) = €%
Then

ul (x,t) = [a,my (x, )]

is a solution of the (b, j)-flow in the U-hierarchy, where m;(z,t) is the
coefficient of A~! in the expansion of m(z,t)()) at A = oo:
m(z,t,X) ~ I+my(z,t) A4,
Moreover, we know:
(1) uf = u9 if and only if f = hg for some A-valued map h.
(2) uf is a local real analytic solution if f is of type (i).

(3) If f is of type (iii), then u/ (z, t) is a solution defined for all (z,t) € R?
and is rapidly decaying in z for each fixed t. The space of such solutions
u’ is open and dense in the space of all rapidly decaying solutions.

(4) If w is a finite gap solution (an algebraic geometric solution described
by theta functions), then there exists an f of type (i) such that f~laf
is a polynomial in A~ and u = u/.

(5) If f is of type (i) and is a rational map from S2 to G, then u/ is a
pure soliton solution.

For the normalized m-th (G, T)—system, we start with meromorphic
potential u(z, \) = Z;”zl nj(2)A77 dz. There are two steps to construct
a solution:
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Step 1. Find a solution H(z,\) of H~*dH = pu that is smooth for all
A € S! and meromorphic in z € © C C.

Step 2. Factor H as F¢ with F € L.(U) and ¢ € L(G). Then F~'F,
is of the form 377" | (A7 — 1)v; for some vy, - -, v,,. Hence

vﬂz(vh'” ,vm), SM:F(’7_1)

are a solution of the normalized m-th (G, 7)-system and a harmonic map
from O to U respectively.

For the first normalized (G, 7)-system, to go beyond solutions with
finite uniton numbers we note that:

—There is no simple condition on p to guarantee that Step 1 can
be done.

—Every local smooth solution can be constructed from some pu.
However, in general, there is no canonical choice of p.

—One of the main open problems is to identify the set of u so that
s, can be extended to a harmonic map on a closed surface.
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