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lsoparametric geometry and related fields 

Reiko Miyaoka 

§1. Introduction 

The purpose of this paper is to give a perspective in the theory of 
isoparametric hypersurfaces and related topics. Starting with a brief 
introduction of the subject, we explain what is now going on, describing 
important results and remaining problems as well as new aspects. 

The classification problem is now being solved in the cases g = 
4, 6, where g is the number of principal curvatures. In §3, we give a 
simple proof of Cartan's theorem on the classification for g = 3, and 
generalize the strategy to any g. For this we use the relation between the 
curvature and the Lax equation, as well as Singer's strongly curvature
homogeneous theorem. On the other hand, the behavior of the kernel of 
the differential of the Gauss map of the focal submanifolds is important. 
In §4, we treat the degeneracy of the Gauss map, which seems related 
to the homogeneity. 

Some isoparametric hypersurfaces and all the focal submanifolds 
provide us with many examples of austere submanifolds, whose twisted 
normal cones are special Lagrangian submanifolds in en. In §5, we in
troduce this topic. We explain how to obtain explicit solutions of the 
special Lagrangian equation from isoparametric functions (§5.3). Spe
cial Lagrangian submanifolds are volume minimizing, and the topology 
of stable minimal submanifolds is restricted. We discuss the topology 
of austere submanifolds in §6, using Morse theory as in the proof of 
Lefschetz' theorem. In §7, we discuss hypersurface geometry from the 
viewpoint of Hamiltonian systems of hydrodynamic type. 
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Except for some new results obtained mainly in §3, §5 and §6, we 
give complete references rather than proofs. 

§2. Isoparametric hypersurfaces 

First, we refer readers to the excellent survey on isoparametric ge
ometry given by Thorbergsson [Th3], who proved that isoparametric 
submanifolds in sn with codimension greater than one are homogeneous 
[Th2],[0]. 

By isoparametric hypersurfaces, we mean hypersurfaces with con
stant principal curvatures. A rich class of isoparametric hypersurfaces 
exists in the sphere, including all homogeneous hypersurfaces, which are 
classified as principal orbits of the linear isotropy representation of rank 
two symmetric spaces [HL]. Moreover, there are infinitely many non
homogeneous isoparametric hypersurfaces with four distinct principal 
curvatures, constructed by using Clifford algebras [OT],[FKM]. 

The fundamental facts on isoparametric hypersurfaces were obtained 
by E. Cartan and by E. Mi.inzner [C1]"'-'[C4],[Mu1],[Mu2]. Isopara
metric hypersurfaces in sn exist as families of parallel hypersurfaces; 
such a family includes two lower dimensional submanifolds called the 
focal submanifolds. All of these are level sets of the isoparametric 
function j, which is the restriction of the so-called Cartan-Mi.inzner 
polynomial F : JR.n+l ----+ JR. to sn. This polynomial is homogeneous 
and of degree equal to the number g of distinct principal curvatures 
>.1 > >-2 > · · · > >.9 , and it satisfies 

where mi is the multiplicity of Ai [Mu1]. This implies that the hyper
surfaces are algebraic, in particular, compact. Moreover, g is known to 
be limited to 1,2,3,4 and 6. 

Isoparametric hypersurfaces with g = 1 are hyperspheres, g = 2 the 
Clifford hypersurfaces Sk X sn-l-k' and g = 3 the Cartan hypersurfaces 
given by tubes over standardly embedded Veronese surfaces correspond
ing to the four division algebras. The last result is known as Cartan's 
thoerem. Thus all isoparametric hypersurfaces with g ~ 3 are homo
geneous. Two homogeneous examples for g = 6 are given as principal 
orbits of the isotropy representation of the symmetric spaces G2 / SO( 4) 
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and Gz x Gz/Gz. Dorfmeister and Neher conjecture that these are all 
for g = 6. This has been confirmed in the case of principal curvatures of 
multiplicity one [DN],[M4], and is still open in the multiplicity two case. 

For g = 4, H. Ozeki and M. Takeuchi [OT] were the first to con
struct non-homogeneous examples. In order to distinguish them from 
the homogeneous ones, they used the classification in [HL], but posed the 
question of how to distinguish them more naturally [OTT]. The num
ber of principal curvatures and their multiplicities do not answer to this 
question, because there are homogeneous and non-homogeneous isopara
metric families with g = 4 both having multiplicities (m1 ,m2 ) = (4,3). 

Homogenous hypersurfaces in the sphere correspond to integrable 
Hamiltonian systems of hydrodynamic type in low dimensional cases 
[F2]. In fact, starting from the Hamiltonian density given by the isopara
metric functions, we can deform the associated Hamiltonian system into 
theN -wave system. This argument uses the explicit forms of the isopara
metric functions hence depends also on the classification of homogeneous 
hypersurfaces. The proof needs calculation for each case, which restricts 
the proof to lower dimensional cases, though it seems likely to be true 
for all homogeneous cases. 

All this suggests the importance of characterizing homogeneity with
out using the classification. Ferus, Karcher and Miinzner distinguished 
non-homogeneous hypersurfaces among examples of FKM-type, without 
using the classification, but using shape operators of the focal subman
ifolds. In particular, their kernel plays an important role. Incidentally, 
the author has characterized the homogeneity of isoparametric hypersur
faces with g = 6 by using the kernel structure of the focal submanifolds 
[M2],[M4]. 

While we were writing this article, a remarkable result on the classi
fication in the case g = 4 was reported by Cecil, Chi and Jensen [CCJ]. 
They show that if the multiplicities satisfy m 2 ~ 2m1 - 1, all isopara
metric hypersurfaces are of FKM-type. Together with the known result 
by Takagi [T] and Ozeki-Takeuchi [OT], the remaining gaps in the classi
fication are the following 4 cases: (m1 , m 2 ) = (3, 4), (4, 5), (6, 9), (7, 8) 1. 

In the proof, they use special frame fields of the focal submanifolds, 
and using the structure equations and the symmetry satisfied by the 
structure coefficients, they construct Clifford algebras. Here an argu
ment involving ideals of a polynomial ring plays an important role. The 
proof, therefore, depends on an algebraic argument, as in the proof of the 

1Immervoll [I] obtained the same result. 
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Dorfmeister-Neher theorem for (g, m) = (6, 1). For the latter, the au
thor gives a simple geometric proof in [M4], and the case (g, m) = (6, 2) 
is now in progress [M6]; we give some details in the next section. 

§3. Homogeneity 

In this section, we propose a strategy to prove the homogeneity of 
hypersurfaces. 

3.1. Gauss equation and Cartan's theorem 

Let M be an isoparametric hypersurface in sn. Let >.1 , ... , >.9 be the 
principal curvatures, and choose an orthonormal frame { ei} consisting 
of principal vectors { ea 1 , ••• ea.,} of each Aa, where m is the multiplicity 
(which depends on >-a)· With respect to this frame, we have the following 
fundamental formulae. Put 

where V is the Levi-Civita connection of sn, 1 ::; a, fJ, k ::; n- 1, and we 
use the Einstein convention. The curvature tensor Raf3'Y8 of M is given 
by 

which we call the Gauss equation. We have the following [M2]: 

(2) A~f3(>.f3- >."~) = A~a(>-a- Af3) =A~"~(>."~- >-a), (distinct >-a, Af3, >."~) 

(3) A~b = O,AJa = AZb, (>.a= Ab =/=>."!and a=/= b). 

In particular for isoparametric hypersurfaces, we have 

(4) 

Using the Gauss equation, we obtain Cartan's theorem easily. This· 
argument may be applied to the proof of the homogeneity for g ~ 4 (see 
Theorem 3.4). 

Proposition 3.1. (Cartan's Theorem [C2]) Isoparametric hyper
surfaces with g = 3 are homogeneous. 
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Proof: From the Gauss equation, 
(5) 

Raiaj = -(1 + >.a>.i)Dij 
= ea(Aia)- ei(AL) + A~aA:k ~ A~aAik- A~iAL + A~aAL 
= ea(AL) + A~aA~k- A~iALu + A~aALa, 

we know that if Aa, Ai, Aj are distinct, the left hand side vanishes. 
Moreover, the latter three terms in the last line vanish by (3), because 
in the summation ink, Ak must be one of Aa, Ai, >.1. This means that 
A{a is constant along ea. Since A{a is non-zero only when Aa, Ai, Aj 
are distinct, and since we know ea(A{a) = 0, we conclude that A{a is 
constant in all directions (see (2)). Now recall 

Definition ([KN], p.357). A Riemannian manifold M is strongly 
curvature-homogeneous if, for any points x, y of M, there is a linear 
isomorphism of TxM onto TyM which maps 9x (the metric at x) and 
(V'k R)x (higher covariant derivatives of the curvature tensor R), k = 
0, 1, 2, ... upon gy and (V'k R)y, k = 0, 1, 2, .... 

Theorem 3.2. (Singer [S], Nomizu [N]) If a connected Riemannian 
manifold M is strongly curvature-homogeneous, then it is locally homo
geneous. If moreover, M is complete and simply connected, then it is 
homogeneous. 

Applying this, we know that M is locally intrinsically homogeneous. 
Then using the rigidity theorem on hypersurfaces with type number 
greater than 2 (which we apply to a non-minimal isoparametric hyper
surface), we conclude that M is homogeneous. Q.E.D. 

Cartan proved the theorem by determining all isoparametric func
tions explicitly, which made it possible to classify the hypersurfaces with 
g = 3. 

3.2. Focal submanifolds. 

In order to relate the Gauss equation to the Lax equation, we in
troduce the focal submanifolds of isoparametric hypersurfaces. As is 
well known, the principal curvatures are given by Ai = cot ()i, ()i = 
w + (i-9l)1r, 1 :::; i :::; g, 0 < w < ~· Denote each curvature distribution 
by Di = D>.,. Define a focal map fa: M ----> sn by 
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and let p = fa(p). Then we have 

dfa(ej) = sinBa(Aa- Aj)e], 

where e3 is a principal vector with respect to .A1 , and the right hand 
side is considered as a vector in TvSn by a parallel translation in JRn+l. 
We always use such identifications in what follows. The rank of fa is 
constant and we obtain the focal submanifold Ma of M corresponding 
to Aa = cotBa: Ma = {cosBap+sinBa~p I p EM}. We have TpMa = 
ffi]#aDj(q), for any q E fa - 1 (p). An orthonormal basis of the normal 
space of Ma at pis given by 'T/p and ea(p), where 

(6) 

Lemma 3.3. [M2],[M4] When we identify TpMa with ffi;:_i Da+j(P) 
where the indices are modulo g, the second fundamental tensors B'lp and 
Bt,p at p, where (p = ea (p), are given respectively by the symmetric 
matrices 

where 

(7) 

and 

0 B;+li+2 

B;+li+2 0 

Bc;p = Bi+Ii+3 Bi+2i+3 

where b = g - 1 and 

is an m 1 x mk matrix. 

0 
0 

0 
0 

0 

Bi+Ii+3 

Bi+2i+3 

0 

Bi+I i+b 

Bi+2i+b 

Bi+4i+b 

B;+4i+b 0 

Ak' A~ 
In the following, we denote ;:..J~~a by >-.r:_~a for simplicity. 
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3.3. Isospectrality 

Because any normal vector is expressed as T/q for some q E La as in 
(6), all the shape operators have eigenvalues JLi, i.e., they are isospectral. 
For a unit normal vector nt = cos try+ sin t(, the shape operator L( t) = 
Bn, is given by 

(8) L(t) = costBry + sintBc;. 

Since L(t) is isospectral and symmetric, we have orthogonal matrices 
U(t) E O(n- 1- ma) such that 

(9) Bn, = L(t) = U(t)L(O)U(t)- 1 = U(t)BryU(t)- 1 . 

Define H(t) E o(n- 1- ma) by 

(10) H(t) = ~ U(t) U(t)-1 

then L satisfies the Lax equation 

(11) :t L(t) = [H(t), L(t)], 

i.e. 

(12) -sin tBry + costBc; =cos t[H(t), Bry] +sin t[H(t), Be;]. 

In particular, we obtain B( = [H(O), Bry]· Let U(t) be the solution of 
(10) with U(O) =I. Now the eigenvector ei(t) of L(t) with respect to 
the eigenvalue Ai is given by ei(t) = U(t)ei(O), where 

d 
dt ei (t) = H( t)ei (t). 

If we use a moving frame { ei ( t)} consisting of the principal vectors along 
the geodesic p(t) C La(P) joining p and q such that TJ = T/p and ( = TJq, 
we have by Lemma 3.3, 

c~m, 0 0 

M,_LJ· 
JL2lm2 0 

L(t) = 
0 0 
0 0 0 

and 

C:., 
B,,) 

L(t + 1r /2) = ' 
0 
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where the m; x mj matrix B;j, i, j # a is given by 

The following is crucial [M6]. 

Theorem 3.4. An isoparametric hypersurface is homogeneous if 
and only if there exists a local frame so that ea(Aia) = 0 holds for all 
a, i, j such that Aa, A; and Aj are distinct. 

The philosophy of the proof is the same as the proof of Cartan's 
theorem in §3.1, though we need more arguments for larger g, because 
there are many choices of the frame when m; > 1. We omit the details, 
but instead give the following lemma, which is rather easy to prove. 

Lemma 3.5. ea(Aia) = 0 holds for all a, i, j such that Aa, A; and 
Aj are distinct if and only if H(t)- H(O) commutes with L(t). 

Proof: Noting that ~ = sin e a V' Ea, we have 

ftL(t);j = sin8a V'eJJ.l;O;j) 
(13) = sin8a{ea(f.1;0;j)- J.lkOkjA~;(t)- J.l;O;kA~j(t)} 

= [H(t), L(t)];j, 

where H(t) = (sinOaA~k(t)), and i denotes the index of the rows. 
the other hand, we have 
(14) 

d 
- L(t + 1rj2) · · dt ') 

On 

Because we also have ftL(t + 7r/2);j = [H(t + 1rj2),L(t + 7r/2)];j by 

(13), ea(Aia) = 0 holds if and only if H(t)- H(t + 7r/2) commutes 
with L(t + 7r/2). In particular, when H(O)- H(7r/2) commutes with 
L(1rj2), noting that ftL(t) = -sintL(O) + costL(?r/2) = L(t + 1rj2) = 
[H(t), L(t)], we obtain 

d 
dt L(t) = -sin tL(O) +cos tL( 1r /2) = sin tL( 1r) +cos tL( 1r /2) 

=sin t[H(1r /2), L(1r /2)] +cos t[H(O), L(O)] 
= [H(O), L(t)], 
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hence H(t) - H(O) commutes with L(t). Q.E.D. 

These play an important role in the investigation of the case g = 6 in 
[M6]. 

Next, we demonstrate a relation between the Lax equation and the 
curvature. 

Lemma 3.6. The Lax equation satisfied by the shape operators of 
the focal submanifolds is a part of the Gauss equation of M. 

Proof: From (7), we have 

(15) 

(1 + AaAi)c5ij _ Raiaj 
Ai - Aa - )..i - Aa 

_ ea(A{a) Afa Aj A~i Aj Afa Aj 
- Ai - Aa + Ai - Aa ak - )..i - Aa ka + )..i - Aa ka 
= sinOa{ea(bij)- bikA~j- bjkA~J, 

which coincides with (14), where we use (2) to obtain 

Q.E.D. 

§4. Submanifolds with degenerate Gauss mapping 

In [IKM], we discuss submanifolds in the sphere whose generalized 
Gauss map degenerates, in the sense that the rank of the Gauss map is 
less than the dimension of the submanifold. The Ferus number has the 
property that if the Gauss map has rank less than the Ferus number, 
then the submanifold must be totally geodesic. Here we consider sub
manifolds whose Gauss map degenerates with rank equal to the Ferus 
number. We find many examples by using isoparametric hypersurfaces. 

For a submanifold MP in sn' by the Gauss map 'Y : M -) Gr(p + 
1, n + 1), we mean the map assigning each point of M to the linear sub
space spanned by the tangent space and the position vector. The Gauss 
map degenerates when the intersection of the kernels of the shape oper
ators contains non-zero elements. In particular, for the focal submani
folds of isoparametric hypersurfaces, we can prove that if the kernel of 
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the shape operator does not depend on the normal direction (hence the 
Gauss map degenerates), they are homogeneous in all cases but g = 4. 
Thus it is interesting to know what happens when g = 4, and how it 
relates with the homogeneity. In this case, the known examples consist 
of 

(1) Homogeneous ones of Clifford type : 
(m1,m2) = (1,k), (2,2k -1), (4,4k -1), (9,6) 

(2) Homogeneous ones of non-Clifford type : 
(mi. m2) = (2, 2), (4, 5) 

(3) Non-homogeneous ones of Clifford type : 
(m1,m2) = (3,4k),(7,8k). 

Investigating all homogeneous examples (excluding, for a technical 
reason2 the last case in (1)) we obtain the following : 

Theorem 4.1. [IKM] Let M be a homogeneous hypersurface with 
four principal curvatures. Let M± be the focal submanifolds of M. Then 
we have: 

(1) When (m1 , m2 ) = (1, k- 2) and if k 2: 3, M+ has degenerate Gauss 
mapping while M _ does not. 

(2) When (m1 , m2 ) = (2, 2k- 3), (4, 4k- 5) and k 2: 2, M_ has degen
erate Gauss mapping while M+ does not. 

(3) When (mi. m2) = (2, 2), M+ has degenerate Gauss mapping while 
M_ does not. 

(4) When (m1 , m2 ) = (4, 5), M_ has degenerate Gauss mapping while 
M+ does not. 

ForM_ in (2) with (m1 , m2 ) = (2, 2P- 3), p 2: 2 and (4, 2q- 5), q 2: 3, 
and M+ in (3), the degenerate Gauss map has rank equal to the Ferus 
number. 

Here, M± are defined as in [FKM]. Note that M+ is characterized 
in [W],[PT] as a Clifford-Stiefel submanifold. It is curious that neither 
all M+ nor all M_ have degenerate Gauss map. Thus when g = 4, the 
homogeneity does not imply the invariance of the kernel of the Gauss 
map of both M±. But it is still interesting because one of M± has 
this property. In fact, in [FKM], non-homogenous examples are found 

2My student F. Kaneda investigated this case and obtained a similar result 
[K]. 
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when they have kernels whose intersection has non-constant dimension. 
Conversely, it seems that if the intersection of the kernels of each fo
cal submanifold has a constant dimension, then the hypersurfaces are 
homogeneous. 

§5. Special Lagrangian submanifolds 

Special Lagrangian geometry is the intersection of minimal subman
ifold theory with symplectic geometry. Special Lagrangian submanifolds 
in en consist of volume minimizing submanifolds among submanifolds 
with the same homology. They are necessarily non-compact, and may 
have singularities. Neverthress, they are interesting enough from the 
viewpoints of minimal submanifold theory and symplectic geometry, re
lated with the stability of minimal graphs, and with integrability of finite 
and infinite dimensional Hamiltonian systems, as is shown below. 

Rich families of examples of special Lagrangian submanifolds in en 
are obtained from isoparametric hypersurfaces and their focal submani
folds. They are nice examples because 

~infinitely many homogeneous and non-homogeneous examples exist, 

~they are given as a graph of explicit function, hence provide explicit 
solutions to the special Lagrangian equation, 

~they have clear topology, and 

~they are related with Hamiltonian system of hydrodynamic type. 

In the following, we investigate these examples. 

5.1. Definitions and known results 

Let X be a Riemannian manifold with a closed p-form cp which 
satisfies 

lcp(()l ::; vol(() 

for any oriented p-plane ( of TxX. Then (X, cp) is called a calibrated 
manifold, and cp a calibration. When a submanifold M of X satisfies 
cpiM = vol, M is called a cp manifold. 

Fact 5.1. If M is a cp manifold of a calibrated manifold (X, cp), then M 
minimizes volume among manifolds in the same homology class. 
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Complex submanifolds of a Kahler manifold are examples of wP
manifolds, where w is the Kahler form and p is the complex dimension 
of M. 

When X= en, using the coordinates Z1, ... 'Zn, we can see that 

is a calibration, and (en, ci1) is a calibrated manifold. Let J be the 
standard complex structure of en' and let w = ./2 I: dzj (\ dzj be the 
Kahler form of en. An oriented real n-plane ( is called Lagrangian 
if wk = 0, or equivalently, Jul_( holds for all u E (. Moreover, ( is 
special Lagrangian if there exists A E SU(n) such that ( = A(o where 
(o = JRn = {(x,O) E JRn EBlRn 2:! en}. A submanifold Min en is called 
special Lagrangian if all the tangent spaces of M are special Lagrangian. 

Fact 5.2. [HaL] (1) M is special Lagrangian in en if and only if M is 
an ci1- manifold for some (). 

(2) M is special Lagrangian in en if and only if M is minimal and 
Lagrangian. 

5.2. Austere submanifolds and twisted normal cones 

A submanifold of a Riemannian manifold is called austere [HaL] 
when all the shape operators have eigenvalues in pairs ±.A for each eigen
value .A (including 0). All minimal surfaces are austere. A submanifold 
M of sn- 1 c JRn is austere if and only if the cone C M is austere in JRn. 
Austere 3-folds in JRn have been classified by Bryant [B]. 

Identifying T;JRn =en, we have J(X, Y) = (-Y,X) for (X, Y) E 

Ten. Thus if M is a submanifold of JRn, then the canonically embedded 
normal bundle 

NM = {(x, v(x)) I x EM, v(x) E NM} C TlRn 2:! T*JRn 

is Lagrangian. 

Fact 5.3. [HaL] (1) When M is a submanifold of JRn, the canonically 
embedded normal bundle N M is a special Lagrangian submanifold in 
en if and only if A1 is austere. 

(2) When M is a submanifold of sn- 1 c JRn, the twisted normal 
cone 

NCM = {(tx, sv(x)) I (x, v(x)) E Tj_ M, s, t E JR} 
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is a special Lagrangian submanifold in en if and only if M is austere. 

Corollary 5.1. Let M be a compact austere submanifold in sn- 1 . 

Then the twisted normal cone is an n-dimensional cone of least mass in 
JR2n. 

Examples of cones of least mass are given in [HaL] as twisted normal 
cones over compact minimal surfaces in S 3 , Veronese surface in S4 and 
Clifford hypersurfaces sk X sk in S2k+l. The latter two are included in 
the class of submanifolds related to isoparametric hypersurfaces. 

Recall that the principal curvatures .Ai(t) of the level set Mt = 
F- 1 (t) n sn- 1 of the isoparametric function f = Flsn-1 are given by 

( 7r (i- 1)7r) 
.Ai=cot 2g(1-t)+ g , i = 1, ... ,g, tE(-1,1), 

where M 0 as well as f!v1± = M±1 are minimal. 

Proposition 5.2. Let M be a minimal isoparametric hypersurfaces 
in sn-1 . If each principal curvature has the same multiplicity, then M 
is austere. Thus the twisted normal cone over M is special Lagrangian, 
and volume minimizing in en. 

Proof: The case g = 1 is trivial. When g = 2, we have two principal 
curvatures .>. and JL, hence it is austere if and only if JL = - .>. = 1 and 
m 1 = m 2 . When g = 3 and 6, the multiplicities are known to coincide, 
and austere means minimal with principal curvatures ±J3, 0 for g = 3, 
and ±(2 + J3), ±1, ±(2- J3), for g = 6. When g = 4, the principal 
curvatures .\1 > .\2 > .\3 > .\4 have multiplicities m1, m2, m1, m2, re
spectively. Thus it is austere if and only if .\4 = -.\1 = J2 + 1, .\3 = 
-.\2 = J2- 1 and m 1 = m 2 = 1, or 2 [St]. Q.E.D. 

All known examples of isoparametric hypersurfaces with principal 
curvatures having the same multiplicities are homogeneous. That is, all 
the cases for g ::::; 3, and m = m 1 = m 2 = 1, 2 for g = 4, 6. Thus the 
twisted normal cones obtained in Proposition 5.2 are all homogeneous 
up to Dorfmeister-Neher's conjecture. However, the non-homogeneous 
case occurs as well. 

Proposition 5.3. The focal submanifolds of any isoparametric hy
persurface in sn-1 are austere. The twisted normal cones over them are 
special Lagrangian, and volume minimizing in en. 

Proof: When g = 1, each focal submanifold is a point manifold, and the 
twisted normal cone is JRn. When g = 2, each focal submanifold is a 
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great subsphere of sn-1 and the twisted normal cone is also ~n. The 
eigenvalues of the shape operators M± are given by (7) as /1i = \~~~; 
where A is the maximal or minimal principal curvature and A =1- Ai. 
When g = 3, they are given by ± )3 with the same multiplicity. When 
g == 4, they are ±1 with a common multiplicity, and 0. When g = 6, 
they are ±J3, ± )3 and 0 with the same multiplicity. Hence M± are 
austere. Q.E.D. 

Corollary 5.4. There are infinitely many non-homogeneous com
pact austere submanifolds of dimension greater than two in the sphere. 
Thus there are infinitely many non-homogeneous special Lagrangian cones 
in en. 

We have many other compact austere submanifolds in the sphere 
[IKM]. 

5.3. Expression as a graph and the SL equation 

A Lagrangian submanifold of en is known to be expressable locally 
as a graph of the gradient of a function [HaL]. The converse is evident: 
let G : U --+ ~ be a smooth function on an open domain U of ~n. Then 
f c = { ( x, V' G) E ~n EB lRn} is Lagrangian. . Moreover this is special 
Lagrangian with respect to a 0 if and only if Hess G satisfies 

(16) ~{ei0detc(J + iHess G)}= 0. 

Though the Dirichlet problem for this equation is known to have solu
tions [HaL], not many explicit solutions are known. Here, we express 
the twisted normal cone obtained in Proposition 5.2 as a graph, and give 
the corresponding solutions of (16) explicitly by using the isoparametric 
functions. 

Let F : IRn --+ lR be a Cartan-Miinzner function. The minimal 
isoparametric hypersurface in the unit sphere sn-1 of }Rn is given by 
M = p-1 (0) n sn-I, and its cone by CM = p-1 (0), because of the 
homogeneity of F. This means that we have a local function 

Xn = J(x1, ... , Xn-1) 

such that F((x1, ... , Xn-1, J(x1, ... , Xn-1)) = 0. 

More generally, consider a hypersurface M given by a graph 
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of a certain function f on ffi.n-1. The canonically embedded normal 
bundle of M is given by 

where fi = ~ f , since the tangent vectors of M are given by Vi 
UXi 

(0, ... , 1, ... , fi)· Now define a function G: ffi.n----+ ffi. by 

G(x1, ... , Xn-1, t) = -tj(x1, ... , Xn-d· 

Then we have 'VG = ( -tfi, ... , -tfn-1,- f), and 

(18) fa= {((x1, ... , Xn-1, t), ( -tfi, ... , -tfn-1,- f))} E ffi.n E9 ffi.n 

is a Lagrangian submanifold of en. Let us identify en with ffi.n E9 ffi.n 
by (z1, ... , Zn) = (x1, ... , Xn, Y1, ... , Yn), Zj = Xj + iyj. Comparing (17) 
with (18), we see that f +it in (17) is replaced by t- if in (18). This 
means that fa is the image of NM under U = diag (1 1 -i) E 
U(n) acting on en. Thus NM is special Lagrangian with respect to a 
calibration o/J if and only iff a is so with respect to a&-mr 12 . 

Any hypersurface can be expressed locally as a graph. Thus by 
the above procedure, we obtain a solution of the special Lagrangian 
equation from an austere hypersurface given as a graph. For instance, 
consider austere isoparametric hypersurfaces in sn-1 ' i.e. isoparametric 
hypersurfaces satisfying the condition of Proposition 5.2. We give f and 
G explicitly in the first non-trivial case, g = 3. ([OT], pp.23-4). For 
x ElF where lF = ffi., e, !HI or the real Cayley algebra C, define 

t(x) = x + x, n(x) = xx. 

Then the isoparametric functions on lF3 x ffi.2 are given by F(u) = 

3f" { -66(6 +6) -6(n(xl) -n(x3))- 6(n(x2) -n(x3)) +t(x1x2x3)}, 

for u = (x1, x2, x3, 6, 6) E lF3 x ffi.2. Solving F(u) = 0, we get f = 6 
as a function of x1, x 2 , x 3 , 6 on a suitable domain in lF3 x ffi.: 

f 
-(~r + (n(x2)- n(x3)) 

26 

j(~r + (n(x2)- n(x3))2 - 46(6(n(xl)- n(x3))- t(x1x2x3)) 
± ~ ' 

and G = -tj. 
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For g = 4 and m 1 = m 2 = 1, 2, the polynomial is of degree 4 and 
we can solve it with respect to some variables [OT], pp.27. For g = 6, 
see [OT], pp.27-29. 

§6. Topological aspects 

The canonically embedded normal bundle over an austere subman
ifold M in ~n is volume minimizing, hence is stable. The stability of 
minimal submanifolds implies some topological restrictions [Pa],[M1]. 
We give a topological characterization of complete austere submanifolds 
in ~n, as well as their normal bundles. 

Theorem 6.1. A complete proper austere submanifold M in ~n 
has the homotopy type of a CW complex of dimension not greater than 
~dimM. 

Proof: This can be shown by using Morse theory in analogy with the 
proof of Lefschetz' theorem on algebraic varieties in [AF],[Mi]. First, 
since M is real analytic and proper, we can apply Morse theory to the 
squared distance function L~, p E ~n. On each normal line of M, focal 
points are located symmetrically on both sides, with the same index at 
the corresponding focal points. Since the shape operator in this normal 
direction has at most dim M eigenvalues, which correspond to the focal 
points in a one to one way (counting multiplicities), there are at most 
~ dim M focal points on each side. If M has a cycle of dimension greater 
than ~ dim M, a function L~ for some p E ~n has a critical point of index 
greater than ~dim M, a contradiction. Q.E.D. 

Corollary 6.2. The normal bundle over a complete proper austere 
submanifold M in ~n has the homotopy type of a CW complex of di
mension not greater than ~ dim M 

More generally, it should be interesting to investigate the topology 
of special Lagrangian submanifolds, from the viewpoint of stability. 

The cone over a minimal submanifold in sn-l has a singularity at 
the origin, hence Theorem 6.1 does not apply in this case. Moreover, 
compact minimal submanifolds in sn-l are not stable [S], and we cannot 
expect a topological restriction. In fact, the topology of an isoparametric 
hypersurface M can be described as follows: The cases g = 1, 2 are 
obvious. When g = 3, 4, 6, the non-trivial Z2 coefficient homology groups 
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are Ho(M) = Hn-l(M) = Z2 and 

g=3 
g=4 
g=6 

Hmi(M) = 2Z2, i = 1, 2 (m = 1, 2, 4, 8) 
Hm,(M) = Hn-1-m,(M) = Z2, Hm 1 +m2 (M) = 2Z2, i = 1, 2 

Hmi(M) = 2Z2, i = 1, 2, 3, 4, 5 (m = 1, 2) 

hence the sum of the Betti numbers is 2g. The non-trivial homology 
groups of the focal submanifolds M± are 

g=3 
g=4 
g=6 

Hmi(M) = Z2, i = 0, 1, 2 (m = 1, 2, 4, 8) 
Ho(M)=Hm,(M)=Hm1 +m2 (M)=Hn-l-m,(M)=Z2, i = 1,2 

Hmi(M) = Z2, i = 0, 1, 2, 3, 4, 5 (m = 1, 2) 

hence the sum of the Betti numbers is g. In relation to Morse theory, 
isoparametric hypersurfaces, and more generally, compact embedded 
Dupin hypersurfaces, are taut [Th1]. For more details, see [Ce],[CR],[M5]. 

§7. Relations to integrable systems 

D. Joyce has proposed the problem of clarifying the relation between 
special Lagrangian submanifolds and some integrable systems [Jl],[J2]. 
For instance, minimal surfaces in sn, c_pn are given by conformal har
monic maps, whose equations are an integrable system known as the 
Toda equations [BPW],[M3]. Therefore the twisted normal cones over 
them are related to integrable systems. Limiting the discussion to exam
ples obtained from isoparametric hypersurfaces, we consider this prob
lem in higher dimensions. 

Hamiltonian systems of hydrodynamic type [DuN1], [DuN2], corre
spond hypersurfaces in space forms [F1]. Roughly speaking, a certain 
Hamiltonian system on the space of curves (an infinite dimensional space 
with a certain symplectic structure) corresponds to the Weingarten equa
tion satisfied by the shape operators of a hypersurface in !Rn or in sn. 
When these hypersurfaces are homogeneous, the Hamiltonian systems 
seem to be integrable [F2]. In view of Proposition 5.2, the twisted nor
mal cone over an isoparametric hypersurface is special Lagrangian if 
and only if the hypersurface is homogeneous up to Dorfmeister-Neher's 
conjecture, hence corresponds to an integrable Hamiltonian system of 
hydrodynamic type. However, as for twisted normal cones over focal 
submanifolds, we have both homogeneous and non-homogeneous exam
ples, and so we can say nothing about relations between the homogeneity 
and integrability in an easy way. Still we feel there should exist some 
relation between isoparametric geometry and integrable systems. 
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We shall give a brief explanation of how hypersurfaces correspond 
to Hamiltonian systems. Let C = {u = u(x) : ~--+ ~n} be a space 
of curves in ~n with a suitable decay condition so that C becomes a 
topological linear space. For functionals 

F(u) = J f(u,ux, ... )dx, G(u) = J g(u,ux, ... )dx 

where f and g are polynomials in u and its derivatives, we consider a 
bracket 

(19) J oF .. oc 
{F,G} = ~w'1 ~dx, 

uu' uuJ 

where 0 is the variational derivative [P] 

oF of of of 
~ = ~ - ( ~ )x + ( ~ )xx - · · · · 
uu' uu' uu~ uu~x 

In order for { , } to be a Poisson bracket, wii should satisfy certain 
conditions. When this is of hydrodynamic type i.e., wii = gii(u)d + 
b~(u)u~, we have: 

Fact 7.1 [DuN1] (19) defines a Poisson bracket if and only if 

(1) detgii -=f. 0 

(2) gij = gii 

(3) r~k(u) defined by b~ = -gi8 (u)r~k(u) is a torsion free flat con
nection V'. 

(4) 'Vg=O. 

When h(u) is independent of the derivatives of u, the Hamilton
ian equation with respect to the Hamiltonian function H = J h(u)dx, 
namely 

(20) i _ ij( )oH _ i( ) j 
Ut - W U Oui - Vj U Ux, 

is called a Hamiltonian system of hydrodynamic type [DuN1]. Con
versely, when there exists a flat metric gij such that 

(21) 
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the system u~ = vj ( u )u~ is of hydrodynamic type [Ts], and v is called 
local. With respect to flat coordinates, we can express it as 

(22) U i - h· ·uj t - "J Xl 

82h 
h;J = 8ui8uJ 

Similarly for wii = giJ d- gisrJ uk +cui d- 1uJ where c is a constant sk X X X' 

and d-1 is an integral operator, {, } is a Poisson bracket if and only 
if giJ = gJi, \7 g = 0 where the connection \7 is defined as above and 
satisfies r~k = rL, R~ = c(r5'kr5{- r5Jr5k) for a constant c. Then (20) can 
be written as 

u~ = (gis\78 \7jh+cr5~h)u~. 

Conversely, in the system u~ = vj(u)u{, vj is of the form \7i\7Jh + cojh 

if there exists a non-degenerate curvature 1 metric 9ij, for which vj 
satisfies (21). In this case, vis called non-local. 

Fact 7.2. [FM] The quadratic forms 

satisfy the Gauss-Coddazi equations if and only if 9iJ is of curvature 1 
and vj satisfies (21). 

Therefore, a non-local hydrodynamic system corresponds to a hyper
surface in JR.n+I, and through a certain transformation, a hypersurface 
in sn+l. In fact when (20) is given, we can change the parameters t, X 

by the so-called reciprocal transformation [F1 J 

{ dX = Bdx + Adt = ~((ui) 2 + 1)dx + (hJui- h)dt 

dT = N dx + M dt = dt, 

then (20) changes into 

which is non-local with respect to a new Hamiltonian given by h(u) = 
h(u)/C'E,k (u;) 2 + ~), hence corresponds to a hypersurface by Fact 7.2. 
In fact, putting 

r 
(23) 

n 
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we obtain a hypersurface r : ~n ---. ~n+l with unit normal vector n 
satisfying the Weingarten equation 

&n -1 i &r -;:}'" = ( v )J· ( u) -;:}""' . 
uuJ uu' 

Moreover, if we transform 

2 1 { 
dX = Bdx + Adt = ~(l::(ui) 2 + 1)dx + (hjui- h)dt 

dT = Ndx + Mdt = hdx + "2(l::(hi)2 + 1)dt, 

then ( 20) changes into 

and 

(24) { : 1 . 
AN_ BM(u'A- hiB,A,B+AN- BM) 

1 . 
-=B=-=-M--=--_-A-:-:N:-::-(u'M- hiN,M- BM + AN,N) 

defines a hypersurface in sn, with unit normal vector n satisfying the 
Weingarten equation 

(25) nr = rx, 

which comes from the original Hamiltonian equation. Thus from a given 
Hamiltonian system of hydrodynamic type, we can construct locally a 
hypersurface in ~n+l and in sn+l' whose shape operators satisfy (25) 
for r, n given by (23), and (24), respectively. Note that they correspond 
via stereographic projection. In particular when h is an isoparametric 
function on ~n for n:::; 10, (19) can be deformed into theN-wave system 
which is known to be integrable [F2]. Hence, homogeneous hypersurfaces 
seem to correspond to integrable systems. We are, however, not sure if 
the integrability of this system for homogeneous hypersurafaces can be 
shown directly. 

There are many interesting geometrical objects such as Dupin hy
persurfaces, tight and taut immersions, and Lie sphere geometry, which 
have a close relation to this Hamiltonian system. For more details, see 
[Ce],[CR],[F2],[M5]. 
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