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Singularities of dual varieties in characteristic 2

Ichiro Shimada

Abstract.

We investigate unibranched singularities of dual varieties of even-
dimensional smooth projective varieties in characteristic 2.

§1. Introduction

We work over an algebraically closed field k.

Let X C P™ be a smooth projective variety of dimension n > 0. We
assume that X is not contained in any hyperplane of P™. Then we can
consider the dual projective space

P:= (P™)V

of P™ as the parameter space of the linear system |M| of hyperplane
sections of X, where M is a linear subspace of H%(X, Ox(1)). We use the
same letter to denote a point H € P and the corresponding hyperplane
H c P™. Let D C X x P be the universal family of the hyperplane
sections. Then D is a smooth scheme of dimension n + m — 1. The
support of D is equal to the set

{(p,H)e XxP | pcH}.

Let C C D be the critical subscheme of the second projection D —
P. (See Notation and Terminology below for the definition of critical
subschemes.) Then C is smooth, irreducible and of dimension m — 1. If
N is the conormal sheaf of X C P™, then C is isomorphic to P*(N) ([12,
Remarque 3.1.5]). The support of C is equal to the set

{ (p,H) € D | the divisor H N X of X is singular at p }.
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We denote the projections by
m:C—>X and m:C— P.

The image of 75 is called the dual variety of X C P™. Let £ C C be the
critical subscheme of m3. By [12, Proposition 3.3], £ is set-theoretically
equal to

{(p,H) € C | the Hessian at p € Sing(H N X) is degenerate }.

We will study the singularities of the dual variety by investigating the
morphism 73 at points of £.

Since the paper of Wallace [22], properties of dual varieties peculiar
to positive characteristics have been studied mainly from the point of
view of the (failure of the) reflexivity. See Kleiman’s paper [14] for the
definition and a detailed account of the reflexivity. Many studies have
been done for the analysis of the situation in which the reflexivity does
not hold. See [5, 6, 7, 8, 9, 10, 11, 16], for example.

A well-known example of the situations in which the reflexivity fails
is as follows. Suppose that

(1.1) chark =2 and dimX =1 mod2.

Then the critical subscheme £ of 72 : C — P coincides with C ([12,
Section 1.2], [14, Corollary (18)]), and hence either the dual variety is
not a hypersurface in P, or X is not reflexive by the generalized Monge-
Segre-Wallace criterion ([13, Theorem (4.4)], [14, Theorem (4)]).

Except for the case (1.1), however, the reflexivity is recovered when
the linear system |M| of the hyperplane sections are sufficiently ample.
We have the following theorem ([12, Théoreéme 2.5], [7, Theorem (5.4)]):

Theorem 1.1. Suppose that chark # 2 or dim X is even. If X
is embedded in P™ by a complete linear system of the form |A®?| with
A being a very ample line bundle and d > 2, then the dual variety of
X CP™ is a hypersurface of P, and X C P™ is reflezive.

See also [19, Proposition 4.9] or Proposition 6.12 of this paper for
other sufficient conditions for the dual variety to be a hypersurface, and
for the reflexivity to hold.

In our previous paper [19], we have discovered that, even when the
reflexivity holds, the singularities of dual varieties in characteristic 3
still possess a peculiar feature. We assume that the linear system |M]| is
sufficiently ample. In particular, the dual variety is a hypersurface in P
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and X is reflexive. We consider the projective plane curve obtained by
cutting the dual variety by a general plane in P. If k is of characteristic
> 3 or 0, then the plane curve has only ordinary cusps as its unibranched
singularities. In characteristic 3, the plane curve has singular points of
Eg-type instead of ordinary cusps.

In this paper, we investigate the singularities of the dual variety in
the case where chark = 2 and dim X is even.

The dual variety is the discriminant variety associated with the
linear system of hyperplane sections. See [2] for the definition of dis-
criminant varieties. In fact, our results are proved not only for dual
varieties but for discriminant varieties associated with (not necessarily
very ample) linear systems. Here in Introduction, however, we present
our results for dual varieties.

Let k be of characteristic 2, and let dim X be even. For simplicity,
we assume that |M| is sufficiently ample so that the evaluation homo-
morphism

U;[;l] : M — Ly/mOL,

is surjective at every point p of X, where m, is the maximal ideal of
Ox p, and L, is the Ox p-module £L® Ox ;. Under this assumption, the
critical subscheme &£ is an irreducible divisor of C and hence the dual
variety is a hypersurface of P.

We can define the universal Hessian
H:mT(X)@nT(X) - niLQm0p(1)

on C, where T'(X) is the tangent bundle of X. As was proved in [19,
Proposition 3.14}, the subscheme £ coincides with the degeneracy sub-
scheme of the homomorphism

mT(X) — mLem;0p(1)® (11T (X))"

induced from H, where (77T'(X))" is the dual vector bundle of 7}T'(X).
(See Notation and Terminology below for the definition of degeneracy
subschemes.) The peculiarity of the geometry of the dual variety in
characteristic 2 stems from the fact that the universal Hessian is not
only symmetric but also anti-symmetric; that is, H(z ® ) = 0 and
H(z®y) +H(y®z) = 0 hold for any local sections z and y of n{T'(X).
From this fact, it follows that the irreducible divisor £ is written as 2R,
where R is a reduced divisor of C. We denote by ws : R — P the
projection.
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Definition 1.2. We put R := k[[t,...,tm-4}]. It turns out that
the equations

(1.2) wy? +v1 = uyl4va = wup Fuvey =

= wug +uny = vive +wy = wz-!—uluzy2 = 0

define an (m—1)-dimensional singular scheme in the (m+2)-dimensional
smooth scheme Spec R|[u1,v1, uz, v2, w, y]]. We will denote this (m —1)-
dimensional singular scheme by I';,,_1.

The scheme I'y,,_; is singular along the (m — 2)-dimensional locus
defined by
vp=ve=w=y=0

See §4 for the geometric meaning of I';,_1.
Let P = (p, H) € X xP be a general point of the reduced irreducible

divisor R of C. Then we have the following:
(I) There exist isomorphisms of local rings

O —1(ayp Zkls,t))/(s%,8%) and O 1y p 2 k[[s,]]/(s*,1?)

over k. In particular, the projection ws : R — P is inseparable of degree
4 over its image.

(IT) The formal completion
(m2)p : Spec(Oc,p)" — Spec(Op,u)"

of the projection m3 : C — P at P factors through a singular scheme
isomorphic to I';,_1.

(IITI) Let A and L be general linear subspaces of P of dimension 2
and 3, respectively, such that H € A ¢ L. We put Cp := 75 *(A) and
Sy, := m3*(L). Then Sy, is smooth of dimension 2 at P, and C, is a
curve on Sy, that has an ordinary cusp at P.

(IV) Let v : 5/\ — Cj be the normalization of Cy at P, and let
z be a formal parameter of C~'A at the inverse image P’ € 6’,\ of P.
Then the formal completion at P’ of the composite of v : Cp — Ch and
7g | Cp : Cp — A is written as

(m2|Ca)ov)*s = az* + (terms of degree > 6) and
((ma|Ca)ov)*y = bz* + (terms of degree > 6)

for some a,b € k, where (z,y) is a formal parameter system of A at H.



Dual varieties in characteristic 2 303

This paper is organized as follows. First we define several notions
in §2. The conditions on P = (p, H) € R for the facts (I)-(IV) above
to hold will be stated more precisely in terms of the singularity of the
divisor H N X of X at p. For this purpose, we define some classes of
hypersurface singularities in §3. In §4, the (m — 1)-dimensional singular
scheme I',,_ is introduced. After recalling the definitions and results
given in [19, Section 3] in §5, we prove the main results above in more
refined forms in §6. In §7, we give a remark about the degree of R with
respect to Op(1), and derive a nontrivial divisibility relation among
Chern numbers of X from the fact (I) above.

The author would like to thank Professor Hajime Kaji for many
valuable comments and suggestions.

Notation and Terminology.

(1) We work over an algebraically closed field k. By a wvariety,
we mean a reduced irreducible quasi-projective scheme over
k. A point of a variety means a closed point. Let X be a
variety, and P € X a point. We denote by (X, P)" the scheme
Spec(Ox,p)", where (Ox, p)" is the formal completion of the
local ring Ox p of X at P.

(2) Let X be a smooth variety. We denote by Tp(X) the Zariski
tangent space to X at a point P € X, and by T(X) the tangent
bundle of X.

(3) Let E and F be vector bundles on a variety X with rank e and
f, respectively, and let o : E — F' be a bundle homomorphism.
We put 7 := min(e, f). The degeneracy subscheme of ¢ is the
closed subscheme of X defined locally on X by all the r-minors
of the f x e-matrix expressing o.

(4) Let f : X — Y be a morphism from a smooth variety X
to a smooth variety Y. The critical subscheme of f is the
degeneracy subscheme of the homomorphism df : T(X) —
frTy).

(5) For a formal power series F' with coefficients in k, we denote
by Fl4 the homogeneous part of degree d in F.
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§2. Preliminaries

2.1. The quotient morphism by a tangent subbundle

Let X be a smooth variety defined over an algebraically closed field
of characteristic p > 0.

Definition 2.1. A subbundle NV of T'(X) is called integrable if N
is closed under the pth power operation and the bracket product of
derivations.

Proposition 2.2 ([18] Théoréme 2). Let N be an integrable sub-
bundle of T(X). Then there exists a unique morphism q : X — XN
with the following properties;

(i) q induces a homeomorphism on the underlying topological spaces,

(ii) g s a radical covering of height 1, and

(i)  the kernel of dq : T(X) — ¢* T(X™) coincides with N.
Moreover, the variety XN is smooth, and the morphism q is finite of
degree p”, where 1 is the rank of N.

Definition 2.3. For an integrable subbundle A of T(X), the mor-
phism ¢ : X — XV is called the quotient morphism by N.

From the construction of the quotient morphism given in the proof
of [18, Théoréme 2}, we obtain the following:

Proposition 2.4. Let f : X — Y be a morphism from a smooth
variety X to a smooth variety Y such that the kernel K of df : T(X) —
f*T(Y) is a subbundle of T(X). Then K is integrable, and the morphism
f factors through the quotient morphism q: X — X* by K.

2.2. Anti-symmetric forms

Definition 2.5. Let V' be a finite dimensional vector space over a
field K. A bilinear form ¢ : V x V — K is called anti-symmetric if the
following conditions are satisfied:

(i) @(v,v) =0 for any v € V, and

(i) o(v,w) + o(w,v) =0 for any v,w € V.
Note that, in characteristic 2, the condition (ii) does not imply the
condition (i).

Definition 2.6. An n x n-matrix A = (a;;) with components in
a commutative ring is called anti-symmetric if the following conditions
are satisfied:

(i) ay=0fori=1,...,n, and

(ii) a;j +aj;=0fori,j=1,...,n.
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An anti-symmetric matrix in characteristic 2 is just a symmetric matrix
with zero diagonal components.

The following results are well-known. We put

0 1
J2:=[—1 0}’

and let Jy,,, be the n x n matrix

J2 ‘ 0
Jorp 1= - T
0 0
with r copies of J; along the diagonal.

Lemma 2.7. Let A be an anti-symmetric matriz of type n X n with
components in a field K. Then the rank of A is even, and there exists
T € GL(n, K) such that *T AT is equal to Jarn, where 2r := rank(A).

For a positive integer m, we define a homogeneous polynomial fo,,
of degree m in variables z;; (1 <1i < j < 2m) by

. 1 2 ... 2m
fam = Z 51gn< i1 J1 - tm  Jm ) Tivj1Tizga " " Timjms
where the summation ranges over all the lists [[i1, j1],. - -, [im, Jm]] sat-
isfying the conditions i, < j, (v =1,...,m), 11 < i2 < -+ < iy, and

{i17j17 v aimajm} - {1,2, .. ,2m}
Lemma 2.8. Let

0 T12 T13
—ZT12 0 o3
(21) A = —T13 —x23 0

be an anti-symmetric matriz of type 2m X 2m with components being
variables z;; (i < j). Then det A is equal to f3,,.

For a positive integer ¢, we put

7(1) :=

i —1 if i is even,
i+ 1 if4is odd.
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Corollary 2.9. Let A be an anti-symmetric matriz as in Lemma 2.8.
We put

ga = \/ det(Jarom + A4) ,

which is a polynomial of z;; by Lemma 2.8.
(1) If 2r < 2m — 4, then ga has no terms of degree < 1.
(2) Suppose that 2r = 2m — 2. Then g ts equal, up to sign, to

m—1 2m—2

z + Z €5 T2j—1,25 %2 + Z €] Ti2m—1 T+ (i),2m + (terms of degree > 3),
j=1 i=1

where z := Tom_1,2m, and £; and &} are £1.

Using (2.1), we consider the affine space
A™Cm=Y = Speck[...,zi,...] (1<i<j<2m)

as the space of anti-symmetric matrices of type 2m x 2m.

Lemma 2.10. The hypersurface in A™2™=1) defined by fom, = 0
is irreducible.

Proof. By Lemma 2.7, the hypersurface defined by f2,, = 0 is the
closure of the locus

{*TJom—22mT | T € GL(2m,k) },
and hence is irreducible. Q.E.D.

2.3. The formula of Harris-Tu-Pragacz

Let X be a smooth variety, E a vector bundle on X, and L a line
bundle on X.

Definition 2.11. A bundle homomorphism
c: EQoy E — L

is called anti-symmetric if the following conditions are satisfied:

(i) o(z®zx) =0 for any local section z of E, and
(i) o(z®y)+o(y®x) =0 for any local sections x and y of E.

Definition 2.12. For an anti-symmetric homomorphism ¢ : E ®
E — L, we define the degeneracy subscheme R(c) as follows. Let U be
an arbitrary Zariski open subset of X over which E and L are trivialized.
Let Ay be the anti-symmetric matrix with components in I'(U, Ox)
expressing o over U. By Lemma 2.8, there exists fy € I'(U, Ox) such
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that det Ay = fZ. Then the closed subschemes {fy = 0} of Zariski
open subsets U patch together to form a closed subscheme R(o) of X,
which is the degeneracy subscheme of .

Definition 2.13. For a closed subscheme W of X, we denote by
[W] the class of W in the Chow group of X.

The following was proved by Harris-Tu [4] in characteristic 0 and by
Pragacz [17] in any characteristics.

Theorem 2.14. Suppose that the rank e of E is even, and that
R(o) is of codimension 1 in X. Then we have

R(@)] = (5a(l) - al®) n X

in the Chow group of X.
Remark 2.15. Suppose that R(o) is of codimension 1 in X. Let

6 E > L®FEY

be the homomorphism induced from o, where EV is the dual vector
bundle of E. Then the degeneracy subscheme of ¢” is also a divisor of
X, and is equal to 2R (o) as a divisor of X.

2.4. Ordinary cusps

Let P be a point of a smooth surface S, and let (s,t) be a formal
parameter system of S at P. For ¢ € (Og p)" = k[[s, ]|, we denote by
#!4 the homogeneous part of degree d in (s,t). Let C be a divisor of S
that contains P and is singular at P.

Definition 2.16. We say that ¢ € k[[s,t]] is degenerate if ¢[% =
1! = 0 and ¢!2! = I(s,t)? hold for some linear form I(s,t) of (s,t). It is
obvious that this definition of degeneracy does not depend on the choice
of the formal parameter system (s,t). We say that C has a degenerate
singularity at P if a (and hence any) formal power series defining C at
P is degenerate.

The equivalence of the following conditions on the singularity of
the curve C at P, which is well-known in characteristic 0, holds also in
characteristic 2.

(i) For an arbitrary formal parameter system (s,t) of S at P, any
formal power series ¢ defining C' at P is degenerate and the
linear form /@[ is not zero and does not divide ¢3!
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(ii) There exist a formal parameter system (s,t) of S at P and a
defining formal power series ¢ of C at P such that ¢ is degen-
erate and that the linear form 1/¢[2 is not zero and does not
divide @[3,

(iii) There exists a formal parameter system (s,t) of S at P such
that C is defined by s% + 3 = 0 locally at P.

Definition 2.17. We say that C has an ordinary cusp at P if the
conditions (i)-(iii) above are satisfied.

§3. Hypersurface singularities in characteristic 2

From now on until the end of the paper, we assume that the base
field k is of characteristic 2.

Let X be a smooth variety of dimension n. Let p be a point of X,
and let D be a hypersurface of X that passes through p and is singular
at p. Let (z1,...,z,) be a formal parameter system of X at p. Suppose
that D is defined by ¢ = 0 locally at p, where ¢ is a formal power series
of (z1,...,Z,). The n X n matrix

_ [ 9%
Hyp = (m(?))

T(X) xTp(X) — k

defining the Hessian

of D at p is anti-symmetric because we are in characteristic 2.

Definition 3.1. A formal parameter system (z1,...,z,) of X at
p is said to be admissible with respect to ¢ if the matrix Hy p is of the
form Jy, n, where 2r is the rank of the Hessian of D at p.

Remark 3.2. By Lemma 2.7, a formal parameter system admissible
with respect to ¢ is obtained from an arbitrarily given formal parameter
system by a linear transformation of parameters.

From now on to the end of this section, we assume that n is even.

We put

. 9% 0%¢

where f, is the polynomial defined in §2.2.
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Definition 3.3. We put (X,p)" := Spec(Ox,p)". Let C(D,p) be
the subscheme of (X, p)" defined by

_9 __9 _
8y Oz

¢ 0,

and let R(D,p) be the subscheme of (X, p)”" defined by
7] 7]
oo 00 _ 6 _

_8_3:1_...:51;_1):0.

It is obvious that each of C(D,p) and R(D,p) depends only on D and
p, and not on the choice of ¢ and (z1,...,zy,).

Using the admissible formal parameter system with respect to ¢, or
the subschemes C(D,p) and R(D,p) of (X,p)", we can define various
classes of hypersurface singularities in characteristic 2.

Suppose that the rank of the Hessian matrix Hy , is n — 2. Let
(z, &) = (z1,...,Tn-2,£1,&2)
be an admissible formal parameter system with respect to ¢. We put
G:={Me GL(n-2,k) | '"MJp_2pn—2M =Jn_2n-2}.

The following lemma is trivial:

Lemma 3.4. Let

(xlv él) = (mllv s 7z,n-27517£é)

be another formal parameter system of X at p. Then (z',&') is admis-
sible with respect to ¢ if and only if (z,£) and (2',&’') are related by the
transformation of the form

x A 0 z’
= + (terms of degree > 2)
13 * l B &

such that A € G and B € GL(2,k).

We denote the coefficients in the formal power series expansion of
¢ in the parameters (x,£) as indicated in Table 3.1. The following
Proposition follows immediately from Lemma 3.4.
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1T + ... + Tp_3Tp_o+

a1 x? + o+ ap—2Tp-2? + 1€ + a2+
bz &+ - 4 b2z 28+ G+ FE] bt
c1 71 &2 + v+ Cn—2Tp-2&3 + Mm&&E+nE+
diz1&1é&as + 0+ dp2Tn261&2 +

(terms of degree 3 in (z,£) and degree > 2 in x)

fro€l + f31€606 + f26165 + fi136163 + foa&3 +
(terms of degree 4 in (z,€) and degree> 1 in z)

+ 4+ + + + + o+ o+

(terms of degree > 5 in (z,¢))

Table 3.1. The coeflicients of a formal power series in (z, )

Proposition 3.5. Suppose that the rank of Hy p, is n —2. Then the
following condition is independent of the choice of ¢ and (z,€): at least
one of the coefficients a1, ag, 81, 82,71, Y2 is not zero.

Definition 3.6. We say that the singularity of D at p is of type (;‘;)
if Hy p is of rank n — 2 and at least one of the coefficients ay, a2, 01,
B2, 1 or 2 is not zero.

Proposition-Definition 3.7. (1) The following three conditions
are equivalent:
() dimg Oc(pp),p < 4

(i)  Oc(pp),p = klls,t]l/(s? %), and
(iii) the rank of the Hessian Hyp is n — 2, and

(3.1) rank[ o i B } =2

a2 Y1 Y2

We say that the singularity of D at p is of type (C) if these conditions
are satisfied.

(2) We put
n—2 n—2
Ty = Z dibry + far and Ty := Z dicr(s) + f13.
i=1 i=1

The following three conditions are equivalent:
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(i) dimg OR(D,p),p <4,
(i)  Or(p,p),p = Klls,t]]/(s* ¢%), and
(iif) the rank of the Hessian Hyp ts n — 2, and

oar B B2 Th -9

3.2 k
(32) Bl VN M o I:

We say that the singularity of D at p is of type (R) if these conditions
are satisfied.

Remark 3.8. As a corollary of Proposition-Definition 3.7, we see
that the conditions (3.1) and (3.2) do not depend on the choice of the
admissible formal parameter system (z,£). This fact can also be proved
directly by means of Lemma 3.4.

For the proof of Proposition-Definition 3.7, we use the following easy
lemma:
Lemma 3.9. Let g1,...,q9; be degenerate formal power series in

k([s,t]], and let J be the ideal of k[[s,t]] generated by g1,...,91. We
denote by a; and b; the coefficients of s? and t? in g;, respectively;

g = a;is® + bt + (terms of degree > 3).

Then the following equivalence holds:

dimy k[[s,t]/J <4 <= J=(s%t) — rank[ (Zl le J =2.
1«

Proof of Proposition-Definition 3.7. Since the proof of the asser-
tion (1) is similar to and simpler than that of (2), we prove only the
assertion (2). For simplicity, we put
0¢
837,’ ’
and let I denote the ideal of (Ox p)" generated by ¢, D1¢,. .., D,¢ and
p. Suppose that rank Hy , = n—2I, and let (z1,...,zy) be an admissible

formal parameter system with respect to ¢. Then the linear parts of ¢
and D;¢ are given as follows;

¢ =0, (D) = {Ir(n ifi<n-2

D¢ :=

0 ifi>n—2l
By Corollary 2.9, we also have

[y _ 0 fn-21<n-4
P dizy 4 +dy_otn_g ifn—20=n—2.
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Therefore the classes of 1 € k and z,_9141,...,Z, span a (2 + 1)-
dimensional linear subspace in (Og(p p),p)" = k[[z1,...,2,]]/I. Conse-
quently the condition that dimy Op(p ), < 4 implies that rank Hy ; is
n — 2. Hence it suffices to show the equivalence of the conditions (i), (ii)
and (iii) under the assumption that rank Hy , = n — 2.

We use the admissible formal parameter system (z, £) and Table 3.1.
Let I’ be the ideal of k[[z, £]] generated by D19, ..., Dp—2¢, and put

s:=¢& mod I, t: =& modl.
Fori=1,...,n—2, we have

Di¢p = zo) + b€l + ci&s + diba&e +

terms of degree > 2 in (z,£) and degree
>1in z, or degree > 3 in (z,£) ;

Hence we obtain
z; mod I’ = bT(i)sz + cT(i)tQ + d(;)st + (terms of degree > 3 in (s,t))
fori=1,...,n—2. In particular, we have k[[x, £]]/I' = k[[s, t]]. We put
g1:=¢modI', gy:=(Dp_1¢)modI’, g3:= (Dnpd)modI'.

Then we have

g1 = o152 + azt? + (terms of degree > 3 in (s, t)),
g2 = B15* + 1t? + (terms of degree > 3 in (s, 1)),
g3 = [25® + 72t® + (terms of degree > 3 in (s,t)).

On the other hand, we see that

82¢ 82¢ 62¢
Il /]
606, " amag ™4l md 5o

are equal to

n—2
fa18? +f13t2+2d @S> + crt® + dryst)+

+ (terms of degree > 3in (s,1)),

d;t + (terms of degree > 2 in (s,t)) and
d; s + (terms of degree > 2 in (s,1)),
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respectively. Moreover, we have

0%¢ mod I’ = 41T (terms of degree > 1 in (s,t)) if i = 7(j),
0xz;0z; (terms of degree > 11in (s,t)) if i # 7(j),

fori,j=1,...,n —2. By Corollary 2.9 and using Z;:f did, ;) = 0, we
obtain

gs = pmod I’ = Ty s*> + Tat? + (terms of degree > 3 in (s,t)).
Since

(Orppp)" = klz,€l/I = klls,tll/(g1. 92,95, 94),

we obtain the equivalence of the conditions (i)-(iii) from Lemma 3.9.

Q.E.D.
The following remark is crucial in the proof of Proposition 6.12.

Remark 3.10. Each of the conditions that the singularity of D at p
is of type (A), (C) and (R) is an open condition on the coefficients of the
formal power series ¢ with rank Hy , < n — 2 in the following sense. We
denote by m the maximal ideal of k[[z1,...,z,]]. For a positive integer
d > 2, we put

Vg := m?/ma+1,

For ¢ € m?, let ¢ € Vy denote the class of ¢ modulo m¢*tl. By
Lemma 2.10, the locus

A:={¢eV, | rankHs,<n—-2}

is a closed irreducible hypersurface of V5. For d > 3, let Ay denote the
pull-back of A by the natural linear homomorphism V; — V5,. Note that
the types (A), (C) and (R) of the hypersurface singularities are defined
by using the coefficients of terms of degree < 3, < 3 and < 4 of the
formal power series defining the hypersurface, respectively. Hence the
loci

A(K) := {¢€ V3 | the singularity of ¢ = 0 at p is of type (;&) +
A(C) := {é€ Vs | the singularity of ¢ =0 at p is of type (C) },
AR) := {$€V, | the singularity of ¢ = 0 at p is of type (R) },

are well defined. The loci A(A) and A(C) are Zariski open dense subsets
of Ag, and the locus A(R) is a Zariski open dense subset of Ay4.
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84. The singular scheme I';,,_;
We define a homomorphism
'Y* : k[[U1,U1,U2,U2,w,y]] - k[[Il,IEQ,Z]]

over k by

* 2 * * 2
YUy =2y, Yy U1 =212, 7Y Uz =Ty,

Yz = T2z, YW =T1%2z, YY=2,
and denote by
I := Spec(k[[u1,v1, u2, v2, w,y]] / Kery*)
the scheme-theoretic image of the morphism
v : Speck[|z1, T2, z]] — Speck[[u1,v1, uz, v2, w,yl]

induced from v*. The critical subscheme of v is defined by 2% = 0.
Calculating the Grobner basis (see [1]) of the ideal

2 2
(uy —x¥, v1 — X212, Uz — T3, V2 — T2, W — T1L22, Y — 2 )

in the polynomial ring k[z1, 22, 2, u1, v1, U2, V2, w, y] under the pure lex-
icographic order

X1 > T2 > Z > W >V > U > Y > U > Ui,
we see that I' is a 3-dimensional singular scheme defined by the equa-

tions (1.2) given in Introduction. The singular locus of I" is equal to the
2-dimensional plane

n=v=w=y=0.
For a k-algebra R, we denote by
R : Spec R[[x1, 22, 2]] — Spec R[[u1, v1, u2, v2, w, y]|
the morphism obtained from v by k& — R, and by
I'E := Spec(R[[u1, v1, ug, v2, w, y]] / Ker (y)*),

the scheme-theoretic image of 7F.
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Theorem 4.1. Let V be a smooth variety of dimension | > 3, and
let  : V — W be a morphism to a smooth variety W. Suppose that
there exists a smooth hypersurface H of V such that, at every point P
of H, the kernel of

dp¢ : TP(V) — T¢(p)(W)

is of dimension 2 and is contained in Tp(H).

Let P be a point of H. We denote by R the ring of formal power
series k[[x3,...,xi1—1]] of l — 3 variables. Then there exists an isomor-
phism

¢: (V,P)» = SpecR[[z1, 2, 2]]

over k with the following properties:
(i) the divisor (H, P)" of (V, P)" is mapped by the isomorphism ¢
to the divisor given by z = 0, and
(ii)  there exists a unique morphism ¢ : TR — (W, ¢(P))" such that
the formal completion ¢p of ¢ at P factors as the following

diagram:
(v, P)" 25 (W, g(P)
2 l { T P
Spec R[[z1,72,2]] — I'E,
'YR
Proof. We denote by
¢g : H - W

the restriction of ¢ to H. The kernel K of the homomorphism
dpp : T(H) — ¢xT(W)

is an integrable subbundle of T'(H) with rank 2 by the assumption. Let
P be an arbitrary point of H. By [18, Proposition 6], there exist a basis
(D1, D7) of the Oy p-module K ® Oy, p and a system of uniformizing
variables (y1,...y1—1) of H at P such that

Di(y;) = bsj (i=1,2, j=1,...,1-1).
In other words, the submodule K ® Oy, p of T(H) ® Og,p is equal to

0 0
Oup=— ® Oup—.
HP g HPH
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We can choose a formal parameter system (x1,...,%;—1,2) of V at P
such that H is defined by z = 0, and that the restrlctlon z; | H of z; to
H is equal to y;. Then, for every element g € (Ow, 4(p))", we have

0 (¢ny9) _ 9(¢"9) 9 (¢19) _ 9(¢"g)
= =0 d = = 0;
Em le ’H an By Ers IH
that is, ¢* g is contained in the subring A of (Ov,p)" = k[[z1,..., 211, Z]]
defined by
= {f € (Oy,p)" aif— nd —g—f— are contained in the ideal (z )} .
)
Putting R := k[[zs, ..., z;-1]], we have
A = R[[2?,23,2]] + zR[[x1,22,2]] C R[z1,72,2]] = (Ov,p)".

Therefore, the subring A is the image of the homomorphism

(v®)* : Rfuy,v1,u2,v2,w,9]] — R[[z1,z2,2]].

We denote by
7 R[[ul,vl,ug,vg,w,y]]/(Ker(fyR)*) 5 A

the induced isomorphism. Let (¢1,...,t,) be a formal parameter system
of W at ¢(P), where ¢ = dim W. Since ¢*t; € A, there exists a unique
element

¥i € R[[u1,v1,u2,v2,w,y]] / (Ker (vF)*)
such that j(1;) = ¢*t;. Define a morphism

¥ : TR — (W, ¢(P))"

by 1*t; = 1;. Then ¢ factors as ¥ o yF o1, where ¢ is the isomorphism
given by the canonical isomorphism R[[z1,z2, z]] = (Ov,p)". Q.E.D.

Definition 4.2. When R is the ring of formal power series in (m—4)
variables with coefficients in &, the scheme-theoretic image I'® is an
(m — 1)-dimensional singular scheme, which we will denote by I'y,—1.

Remark 4.3. A normal form theorem similar to Theorem 4.1 for a
morphism from a smooth surface to a smooth curve was proved in [20].
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§5. The discriminant variety

In this section, we recall the definitions and results in [19, Section
3], which are valid in any characteristics.

Let X be a projective variety of dimension n > 0, £ a line bundle
on X, and M a linear subspace of H°(X, £) with dimension m +1 > 2.
We denote by
P:=P.(M)

the parameter space of the m-dimensional linear system |M| of divisors
on X corresponding to M, and put

X = X \ (Sing(X) U Bs(|M])),

where Sing(X) is the singular locus of X and Bs(|M|) is the base locus
of |[M|. We denote by ¥ : X — PV the morphism induced by P, and set

X°::{ peX

Note that X° = X if X is smooth and |M| is very ample.

the homomorphism d, ¥ : T,,(X) — Ty (PY)
is injective ’

Assumption 5.1. Throughout the paper, we assume that m > n,
and that X° is dense in X.

For a non-zero vector f € M, we denote by [f] € P the correspond-
ing point of P, by Dyy the divisor of X defined by f = 0, and by Dy
the intersection Dy N X. Let

pri: X xP—-X and pry: X xP—-P

be the projections. We put

L :=pri L® pr; Op(1).

I~

There exists a canonical isomorphism MY = H°(P, Op(1)) unique up to
multiplicative constants. Combining this isomorphism with the inclusion
M — HY(X, L), we obtain a natural homomorphism

Hom(M,M) =M oM"Y — H°X xP,L).

We denote by
o€ H (X x P,L)
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the global section of L corresponding to the identity homomorphism of
M. Note that o is determined uniquely up to multiplicative constants.
The zero locus of o is equal to

{(f)eXxP | peDy}
Let D be the subscheme of X x P defined by o = 0, and let
pr:D—-X and p2:D—P

be the projections. Then D is smooth of dimension m + n — 1, and
p2 : D — P is the universal family of the divisors Dy ([f] € P). We
have a natural homomorphism

do: T(X xP)®0Op — L®Op

defined by © — (B0)|D°, where O is a local section of T(X x P)
considered as a derivation of Ox «p. We denote by

dox : piT(X) — L®Op
the restriction of do to the direct factor p;T(X) of
T(X x P)® Op = piT(X) & pT(P).
Let C be the critical subscheme of ps : D — P.

Proposition 5.2. (1) The scheme C is equal to the degeneracy sub-
scheme of dox.

(2) The intersection C° of C and X° x P is smooth, irreducible and
of dimension m — 1.

Corollary 5.3. (1) The support of C is equal to the set
{ (»,[f]) € D | Dy is singular at p }.

(2) Let P = (p,[f]) be a point of C, and let i : C — P be the projec-
tion. Then, as a subscheme of (pry *([f]), P)" = (X,p)", the completion
(75 2([f]), P)" of the fiber of ) at P coincides with C(Dyy),p) defined
in Definition 3.3.

We denote by
m:C°— X° and m:C°—P

the projections from C° = C N (X° x P). We can define the universal

Hessian _
H: mT(X°)®niT(X°) - LR Oco
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on C°. Because we are in characteristic 2, the universal Hessian H on
C° is anti-symmetric. Let

H: w1 T(X°) —» L@ (7 T(X°)Y
be the homomorphism obtained from H. Let € be the critical subscheme
of the projection my : C° — P.
Proposition 5.4. The scheme £ is equal to the degeneracy sub-
scheme of H".

Corollary 5.5. The support of £ is equal to the set of all point
(p, [f]) € C° such that the Hessian of the hypersurface singularity p €
D) is degenerate.

Since the rank of an anti-symmetric form is always even, we obtain
the following:

Corollary 5.6. Suppose that n is odd. Then £ coincides with C°.

§6. Main results

From now on until the end of the paper, we assume that n is even.

Definition 6.1. Let R C C° be the degeneracy subscheme R{H) of
the anti-symmetric form H, and let

w:R—-X° and wy:R—-P

be the projections.

Proposition 6.2. (1) The subscheme R is of codimension < 1 in
C°. If R is of codimension 1 in C°, then £ coincides with 2R as a divisor
of C°.

(2) Let P = (p,[f]) be a point of R. Then, as a subscheme of
(prz Y([f]), P) = (X, p)", the completion (w5 ([f]), P)" of the fiber of
wy at P coincides with R(Diy),p) defined in Definition 3.3.

Proof. The assertion (1) follows from Remark 2.15 and Proposi-
tion 5.4. The assertion (2) follows from the definition. Q.E.D.

It is possible that R is of codimension 0 in C°. The following is a classical
example due to Wallace [22]. See also [21].

Example 6.3. Let X be the Fermat hypersurface of degree 2 + 1
in P**! with v > 1, and let |M| be the complete linear system |Ox (1)].
Then the rank of the Hessian of Dy at p is zero at every point (p, [f])
of C° = C. In particular, R coincides with C°.
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Let P = (p,[f]) be a point of R, so that Dy is singular at p and
the Hessian of Dy} at p is of rank < n — 2. We investigate the formal
completion of the morphism 75 : C° — P at P. For this purpose, we
introduce a good formal parameter system of X° x P at P.

Because p € X°, we can choose a basis by, ..., by of the vector
space M in such a way that the following conditions (i)-(iv) hold. Let b,
be the global section of £ corresponding to b;, and let D, be the divisor

defined by b; = 0. Then
(i) bo = f, so that Do = Dy} passes through p and is singular at

b,
(ii) pe D; for i = 0,1,...,m—1, and p ¢ Dp,,
(iii) D4,...,D, are smooth at p and intersect transversely at p, and
(iv) Dps1,- .-, Dm—1 are singular at p.
Fori=0,...,m — 1, we put
i = b;/bm,
which is a rational function on X regular at p. Then (¢1,...,¢,) forms

a local parameter system of X at p by (iii). We put
zi:=¢; (1=1,...,n).

We will regard (z1,...,z,) as a formal parameter system of X at p, and
consider ¢g and ¢p41,...,Pm-1 as formal power series of (zy,...,zy),
which have no terms of degree < 1 by (i) and (iv). Note that the rank of
the anti-symmetric matrix Hg, , is < n — 2, because P € R. Using Re-
mark 3.2, we can further assume the following by a linear transformation
Ofbl,...,bni ‘

(v) the formal parameter system (zi,...,z,) is admissible with

respect to ¢y.
Let (Yp,...,Yn) be the linear coordinates of M with respect to the
basis by, ..., by, and let (y1,...,ym) be the affine coordinate system of
P given by
yi :=Yi/Y,.

Then the point [f] € P is the origin. We regard
(T1y- s Tny Y1y -+ > Ym)

as a formal parameter system of X° x P at P = (p, [f]).

We can regard the coordinates Y; as global sections of Op(1). Recall
that o is the canonical section of £ := prj £ ® prj Op(1). Multiplying
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o by a suitable non-zero constant, we have

=0
We put
o= (Z Bi®y;> /(b @ Y),
i=0

which is a rational function of X° x P regular at P. By definition, we
have

®=¢o+ 1171+ + YnTn + Ynt1Pnt+1 T + Ym-1Pm-1 + Ym-
The scheme D is defined by @ = 0 locally at P. For simplicity, we put

0P
8.’1?1‘ ’

By Proposition 5.2, the subscheme C° of X° x P is defined by

qu) =

®=D;®=---=D,®=0

locally at P. We put

8% 92
R (e 2 ) - ()

where f, is the polynomial defined in §2.2. The subscheme R of X° x P
is defined by

®b=D1%=---=D,2=R=0
locally at P.

Note that the divisor Dy of X is defined by ¢o = 0 locally at p. Let
2r be the rank of the Hessian Hy, , of Dy at p. Since (z1,...,%,) is
admissible with respect to ¢, we see that the linear parts of the formal
power series ® and D;® are as follows:

ol = Ym,
(6.1) Do) = .y +y fori=1,...,2r,
(D; @)1 = ¢ fori=2r+1,...,n.
When 2r = n — 2, we use the parameter system (z1,...,ZTn-2,£1,&2)

admissible with respect to ¢ as in §3, and adopt Table 3.1 to denote
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the coefficients of ¢9. We also denote by e; € k the coefficients of the
term &€z in ¢ for j =n +1,...,m — 1. By Corollary 2.9, we see that
the linear part of R is-equal to

0 if 2r<n-—2,
R = 2 (1]
(3?(’?&) if 2r =n -2,
(6.2) 10€2
0 if 2r <n —2,

diz1 + - +dpoTp-_o+

if 2r =n - 2.
+ ent+1Yn+1 + -+ €m—1Ym-1

6.1. A normal form theorem
We put
R :={ PeR | R issmooth of dimension m — 2 at P },

and denote by wj™ : R"™ — P the projection.

Theorem 6.4. Let P = (p, [f]) be a point of R.

(1) If P € R®™, then the rank of the Hessian Hgy, p of Dis at p is
n — 2. Conversely, suppose that Hg, , is of rank n —2. Then P is a
point of R®™ if and only if at least one of

di,...,dn-2,€n41,---,€m—1

18 not zero.
(2) The kernel K of the homomorphism

dwy™ : T(R™) — (w3")'T(P)
is a subbundle of T(R5™) with rank 2.

Proof. The assertion (1) follows immediately from (6.1) and (6.2).
Suppose that P € R*™. Then the kernel of dpw3™ : Tp(R*™) — Ti5(P)
is of dimension 2 and generated by the vectors

(), = (o)
and —
an_1 P E)wn P

of Tp(X° x P). Since this fact holds at every point P of R*™, we see
that K is a subbundle of T'(R*™) with rank 2. Q.E.D.

Corollary 6.5. Suppose that (n,m) = (2,3). Then R®™ is empty.
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By definition, the kernel K of dw§™ is an integrable subbundle of
T(R*™). From Proposition 2.4, we obtain the following:

Corollary 6.6. The morphism wg™ : R*™ — P factors through the
quotient morphism q : R®™ — (R™)K by I, which is finite of degree 4.

From Theorems 4.1 and 6.4, we obtain the following normal form
theorem for the morphism w3 : C° — P at a point P = (p, [f]) of R®™.

Corollary 6.7. Let P = (p,[f]) be a point of R®™. Then there exist
an isomorphism

¢ (C°,P) = Speck|wi, ..., Wn-1]]

and a morphism
¥ i Dmoy — (P, [f])"
such that the formal completion
(m2)p : (C°, P)* — (P,[f)"

of ™3 at P factors as ¢ o y® o1, where

¥ Spec k[[wi, ..., wm-1]] = Tm-1
is the morphism defined in §4.

6.2. General plane sections

Let P = (p,[f]) be a point of R. We choose linear subspaces L and
A of P with dimension 3 and 2, respectively, such that

[fl e A C L
We set
Sp:=m3 (L) € C° and Cj:=m;(A) C C°,
and denote by
7 S — L and wp : Cph — A

the restrictions of my : C° — P to S and to Cj, respectively.

Proposition 6.8. Suppose that L is chosen generically over k. The
scheme S, is smooth of dimension 2 at P if and only if the rank of the
Hessian Hy, p of Djy) at p is n — 2.



324 I. Shimada

Proof. We can assume that L is defined by
(6.3) Yi = Aiyn-1 + Biyn + Ciym (i #n-—1,n,m),

where A;, B;, C; are generic over k. Then the assertion follows from the
linear parts (6.1) of the defining equations of C°. Q.E.D.

Proposition 6.9. Suppose that L and A are chosen generically over
k, and that Sy, is smooth of dimension 2 at P.

(1) If Cn is of codimension 1 in Si,, then Cp has a degenerate sin-
gularity at P.

(2) The following two conditions are equivalent:

(i) Ca is of codimension 1 in Si, and the multiplicity of CA at P

s 2,

(ii) the singularity of Diy at p is of type (X)

(3) Suppose that Cy is of codimension 1 in Sy, that the multiplicity
of Ca at P is 2, and that P is a point of R"™. Then P is an ordinary
cusp of Cy if and only if the singularity of Dz at p is of type (R).

Proof. By Proposition 6.8 and the assumption, the rank of Hy, , is
n — 2. We use the formal parameter system (z1,...,Zn—2,&1,&2) admis-
sible with respect to ¢¢ as in §3, and refer to Table 3.1 for the name of
coefficients of ¢g. We also use the defining equations (6.3) of the linear
subspace L. By (6.1) and (6.3), we see that

s: =& |Sy, and t:=¢&|SL
form a formal parameter system of S;, at P. We put
ui=ynp-1|L, vi=y,|L and w:=ynl|L,

which form an affine coordinate system of L with the origin [f]. For a
formal power series F' of (z1,...,2n-2,¢1,&2,91,---,Ym), We denote by
F}, the formal power series of

(xla sy Tp—2, 8, U, ’U,’UJ)
obtained from F' by making the substitutions

Yn—1 = U, Yn =, Ym = W,
yi=Au+Bv+Cw (i#n—1,n,m), and

&r=s5, &=t

Regarding
&, =(D1®)L=---=(Dp®) =0
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as equations with indeterminates xq, ..., Tn_o, u, v, w and with coef-
ficients in (Og, p)" = k[[s,t]], and solving them, we obtain the formal
power series expansion

z|SL = Xi(s,t) = ZXi,”,,S“t” (i=1,...,n—2),
ulSp, = U(s,t) = Y Uy stt”,
v|S = Vs, t) = > Vi, sHtY,
w|Sp = Wi(s,t) = > W, skt
of the functions z1|SL, ..., n-2|SL, ©|SL, v|SL, w|SL on S, in (s,t).

The formal power series U, V and W give the formal completion of
7L : S, — L at P. We will calculate the homogeneous parts U9, V4,
W4l of degree d of them up to d = 3. From &, = 0 and (D,_,®); =
(Dp®)r = 0, we obtain

vl = vl = wll = g.
From (D;®);, =0 fori =1,...,n — 2, we obtain
xM=0 (=1,..,n-2).

Looking at the homogeneous parts of degree 2 in (s,t) of &7 and (D;®)r,
we obtain the following equations:

a1 s? + apt? + Wi = 0,
bis® + cit? + dist + Xy + AUP + BvE L owl = o
(i<n-2),
Brs* + yt2 + UV = 0,
Bas? 4+ Yo t? + vz = 0.
Thus we obtain
vl = B2 + mtd
VB = st
whkl = a2 + ayt?
and
Xi[2] = b- () 52 4 C.,-(i)tz +dr() st

+ A, UR + B,V + CryWhl

(brsy + Ar(iy Br + Br) B2 + Crsy 1) 2
+(cry + Ar@ym + Bryv2 + Crp a2) t?
+ d.,-(i) st.

|
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Looking at the homogeneous part of degree 3 in (s,t) of @1, we get the
equation

B1s® + B2t + mist? + yt® + URls 4 VI + Wl = g

Thus we obtain
whl = o.

Looking at the homogeneous part of degree 3 in (s,t) of (Dp—1®)r and
(Dn®)L, we obtain the equations

n—2
Z &iXPt + fars?t + fiat® + UBl 4

=1

m—1
> (AU 4+ B;vEl 4 oWy et =0,
j=n+1
n—2
Z diXimS + f31$3 -+ f13$t2 + 178 +
=1 m—1
> (AU + BVE 4 c;wl)e;s =0,
j=n+1

where ¢, is the coeflicient of £1£> in ¢;. We put

n—2
Q(s,t) := Z diXi[zl + f3182 -+ f13t2+
i=1
m—1
Z (A]U[2] + BJV[2] + CJW[Q]) €;
j=n+1
= Qs 52 + Qt tza

where @ and Q; are given in Table 6.1. (Note that the coeflicient of st
in Q(s,t) is Z?;lz d;d;(;) = 0.) Then we obtain

UBl = tQ(s,t) and VBl =5Q(s,¢).
Suppose that A is defined in L by
Du+ Ev+ Fw =0,

where D, E, F' are generic over k. From the assumption, A;, B;, C; and
D, E, F are algebraically independent over k. The scheme C} is defined
in St by I' = 0 locally at P, where I is the formal power series of (s, t)
defined by

I''=DU+EV + FW.
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n—2
Qs = Y (br(y) + Ary)B1 + Br(iyB2 + Crpyar )i+
=1 m—1
+fa1+ Y (AiB1+ BBz + Cian)e;,
j=n+1
n—2
Q: = Z(CT(i) + A-r(i)'Yl + Br(i)’Y2 + Cr(i)az)di+
i=1

m—1
+ fiz + Z (Aj’71 + Bj’)/z + Cjaz)ej.
j=n+1

Table 6.1. The coefficients Q, and Q;

Obviously, we have I'® = Tl1l = 0. We also have
TP = (DB + EBs + Fay) s? + (Dy1 + Eya + Fag) t? = £2,

where

¢ := /DB, + EBz + Fay s + /D1 + Evz + Fas t.

Hence, if I' # 0, then the curve Cj on S; has a degenerate singu-
larity at P. Moreover, I'® is not zero if and only if at least one of
a1, @z, B1,B2,71,72 is not zero. Thus the assertions (1) and (2) are
proved.

Suppose that P € R™ and that T'# = ¢2 # 0. The degenerate
singular point P of C} is an ordinary cusp if and only if the linear form
£ does not divide

Bl = (Dt + Es)(vV/Qs s+ /Q:it)2
The two linear forms £ and Dt + E's are proportional if and only if
(6.4) D?(DB1 + EB2 + Fay) + E*(Dy1 + Ev2 + Fag) = 0

holds. Since D, E, F' are generic over k, and at least one of oy, as, 51,
B2, Y1, Y2 is not zero by T2l # 0, the equality (6.4) does not hold. The
two linear forms ¢ and /Q)ss + +/Q:t are proportional if and only if

(6.5) Q:(DB1+EB2+Fai1) + Qs (D1 +Ev2+Fag) = 0
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holds. Since P € R*™, we see from Theorem 6.4 (1) that at least one of
di,...,dpn—2, €nt1,--.,€m—1 is not zero. Expanding the left hand side
of (6.5) as a polynomial of A;, B;, C; and D, E, F, we see that (6.5) holds
for a generic choice of A;, B;, C;, D, E, F if and only if the condition (3.2)
does not hold. Therefore the assertion (3) is proved. Q.E.D.

Proposition 6.10. Suppose that Cp is of codimension 1 in St at
P, and is reduced and irreducible locally at P. Let v : 6’A —Cp be the
normalization of Cp at P, and let z be a formal parameter of Ch at the
point P' € Cp such that v(P') = P. Then the image of

(maov)p” = (Oa)" — (Og, p)"
is contained in the subring
T={f=) fu* | i=fo=fi=fs=0}

of (Og, p)" = Kl[2]].

Proof.  We use the same notation as in the proof of Proposition 6.9.
The formal completion at P’ of the composite of v : Cy — Ca and the
inclusion ¢ : Cy — Sy, is given by

(tov)*s = az? + bz® + (terms of degree > 4) and
(tov)*t = c2% + dz® + (terms of degree > 4),

where a,b,c,d € k. Since A is general in L, the variables
v :=ulA and v :=v|A

form a formal parameter system of A at [f]. The formal completion at
P’ of the morphism wp ov : CA — A is given by

(ﬂ'AOI/)*’u, = U(az2+bzg+...’ sz+dz3+...) and
(maov)*v = V(az2+b23+---, c2?2+dz3+-.-).

Since Ul and V! are both zero, and the coefficients of st in U[2l and
VI are also zero, we see that (ma o v)*u’ and (7 o v)*v’ are contained
in the subring T of k[[z]]. Q.E.D.
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6.3. The case where the linear system is sufficiently ample

Definition 6.11. For a point p of X and a positive integer d, we
denote by
o M - L,/mitiL,

the evaluation homomorphism at p, where m; is the maximal ideal of
Ox,p, and L, is the Ox ,-module £L ® Ox .

Proposition 6.12. (1) Suppose that 'u,[,Z] is surjective at every point

p of X°. Then R is irreducible.

(2) Suppose that v},‘?’] is surjective at every point p of X°. Then R®™
is dense in R. Moreover, if P = (p,[f]) is a general point of R, then
the singularity of Dy at p is of type (7&) and of type (C).

(3) Suppose that v,[,4] is surjective at every p € X°. If P = (p, [f]) is

a general point of R, then the singularity of Dyy) at p is of type (R).

Proof. Considering the first projection R — X°, we deduce the
statements of Proposition from Remark 3.10 and Theorem 6.4. Q.E.D.

Combining Proposition 6.12 with the results proved so far, we obtain
the facts (I)-(IV) stated in Introduction.

§7. Divisibility of a Chern number

We assume that X is smooth and £ is very ample, and put | M| = |£|.
Then we have X° = X = X and C = C°. We further assume that R*™
is dense in R. Under these assumptions, we calculate

degR := / ci(pry Op(1))™ 2N [R).
XxP
We put
A:i=ci(pri £) and h:=ci(pry Op(1)).

Then we have _
C1 (l:) =h+ A

For simplicity, we write ¢;(X) for pr}c;(X). By Proposition 5.2 and
Thom-Porteous formula [3, Chapter 14], we have

€] = (()\ +h) i(—l)ici(X)()\ + h)"‘i) N [X x P

=0

in the Chow group of X x P. By Theorem 2.14, we have

R] = (5 (h+X) —e(X)) N [C.
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We put

Gi= (5 (h+N-a(X)) (()\ +h) S (—1ie(X) (A + h)n_i) .

=0

Then we obtain
degR = / (the coefficient of A2 in G) N [X].
b's

By Corollary 6.6, the integer deg R is divisible by 4. If the coefficient
of h? in G is regarded as a polynomial of A, then the constant term is
equal to (=1)"(ncn(X)/2 + c1(X)cn-1(X)). Putting £ = A®* with A
a sufficiently ample line bundle, we obtain the following;:

Corollary 7.1. Let X be a smooth projective variety in character-
istic 2 of dimension n being even. Then the integer

/X (g cn(X) + 01(X)cn_1(X)) N [X]

is divisible by 4.

In fact, this divisibility relation can be deduced from the Hirzebruch-
Riemann-Roch theorem by means of the argument of Libgober and
Wood. See [15, Remark 2.4].
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