
Advanced Studies in Pure Mathematics 49, 2007 
Probability and Number Theory - Kanazawa 2005 
pp. 367-419 

Some highlights from the history of probabilistic 
number theory 

Wolfgang Schwarz 

Abstract. 

In this survey lecture it is intended to sketch some parts [chosen 
according to the author's interests] of the [early] history of Probabilis
tic Number Theory, beginning with PAUL TURANs proof (1934) of the 
HARDY-RAMANUJAN result on the "normal order" of the additive func
tion w(n), the ERDOS-WINTNER Theorem, and the ERDOS-KAc The
orem. Next, mean-value theorems for arithmetical functions, and the 
KUBILIUS model and its application to limit laws for additive functions 
will be described in short. 

Subsuming applications of the theory of almost-periodic functions 
under the concept of "Probabilistic Number Theory", the problem 
of "uniformly-almost-even functions with prescribed values" will be 
sketched, and the KNOPFMACHER - SCHWARZ - SPILKER theory of 
integration of arithmetical functions will be sketched. Next, K.-H. 
INDLEKOFERs elegant theory of integration of functions N --> C of will 
be described. 

Finally, it is tried to scratch the surface of the topic "universality", 
where important contributions came from the university of Vilnius. 

About fifteen years ago the author got interested in the History of 
the Frankfurt Mathematical Seminary, and in the history of number 
theory. Here it is intended to sketch some highlights from the history of 
Probabilistic Number Theory. And this task is not difficult, using, for 
example, the monographs of P. D. T. A. ELLIOTT ([37], [38]) and G. 
TENENBAUM ([228]), a paper of mine from 1994 on the Development of 
Probabilistic Number Theory,\ a paper of J .-1. MAUCLAIRE [180], and 
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a paper of K.-H. INDLEKOFER ([106], from 2002). A survey paper by J. 
KUBILIUS [134], unfortunately in Russian, gives the stage of the theory 
of value-distribution for additive and multiplicative functions until1972 
(with more than 200 references). Great progress in this theory was made 
possible by the mean-value theorems of E. WIRSING and G. HALASZ 
(see section 4). 

§1. Introduction 

1.1. Number Theory without Probability Theory 

Number Theory is an old mathematical discipline; important con
tributions to number theory in the 19th century were given by C.-F. 
GAUSS, A.-M. LEGENDRE, P. L. TCHEBYCHEFF, B. RIEMANN, LE
JEUNE G. DIRICHLET, J. HADAMARD, CH. DE LA VALLEE-POUSSIN, 
and in the early 20th century by E. LANDAU, G. H. HARDY, S. RA
MANUJAN, J. E. LITTLEWOOD, and by many others. 2 

At present, Number Theory uses many methods from other parts of 
mathematics, for example: 

(1.1) 

• Elementary Calculations (partial summation, comparison with 
integrals, inequalities, elementary algebra and combinatorics). 

• Generating functions ~ f(n) , where f: N--> C. For exam
~ ns 

1 
ple, the mean-value M(f), if it exists, equals 

M(f) [d:;j lim .!_ "f(n)] = lim C 1(0") · ~ f(n) · n-a. 
x-+oo X ~ a-+1+ ~ 

n~x n=l 

• Sieve Methods (see [78], [79], [92], [201]). 
• Complex Analysis (Cauchy's integral theorem, theorem of res

idues, theory of entire functions, results on zeros of meromor
phic functions, Weierstraf3 factorization, ... ). 

• Asymptotic Analysis (LAPLACEs method, saddle point method, 
Tauberian theorems, ... ), see [81], [245], [11]. 

• Estimates of Exponential Sums LN<n< 2N exp(27ri·h(n) « ... 
for real-valued functions h ([240], [2431, [93]). 

2We leave aside contributions to algebraic number theory, for example by 
L. DIRICHLET, E. E. KuMMER, R. DEDEKIND, .... 
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• Special functions (Gamma-function, Beta-function, some in
tegrals, Theta-functions, ... ) and Zeta-functions (see, for ex
ample, [112], [117], [153], [125]). 

• Modular functions, modular forms, elliptic curves (see, for ex
ample, [15]). 

• Ideas from Geometry (convex bodies, lattice points, MINKOW-
SKis Geometry of Numbers), see, for example, [12], [54]. 3 

• Compactification, Topology, topological groups, adeles, ideles. 4 

• Algebra, Algebraic Geometry (Diophantine Analysis). 
• Theory of integration, functional analysis ( [204], [205]). 
• Fourier analysis (see, for example [187]), almost periodic func

tions, approximation arguments, ergodic theory (see, for ex
ample, [64]). 

3For a survey of recent results in the theory of lattice points see [113]. 
4See, for example, [70] and [13] for the use of TATEs ideas in algebraic 

number theory. [13] also contains TATEs Thesis from 1950. -For a more recent 
example, see [141]. 
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Figure 1. A. !vic, H. Furstenberg, H. L. Montgomery 

• Probability Theory. 

In this article, our interest is mainly in the last three items. 

Returning to the 19th and early 20th century, great progress was 
made possible by using methods from analysis, in particular the theory 
of complex functions of one variable. RIEMANN defined, in R( s) > 1, 
"his" zeta-function (((s) was already known to L. EuLER) 

(1.2) 
00 ( ) -1 ((s) d;j L ~s =IT 1- ~ ' where n-s = e-s·logn, 

n=l p p 

he gave its analytic continuation, proved the functional equation, 5 and 
made ([202], 1859) several deep conjectures showing an intimate connec
tion of prime number theory and analytic properties of ( ( s); the famous 
Riemann conjecture, that all non-trivial zeros of ((s) are on the line 
R( s) = ~, is still unsettled. 

DIRICHLET ([30], 1837, 1839) showed that there are infinitely many 
primes in the progression n = a mod q, if a is coprime with q: 

1r(x; q, a) := #{p:::; x, p =a mod q}--+ oo, if gcd(a, q) = 1. 

The crucial point was to show that the values of Dirichlet L-functions 
at s = 1 do not vanish, 

L(l, x) =I 0 for any character X =I xo, 

5Concerning the history of the functional equation, see [144]. 
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where X is a character on the group (Z/ qZ) x, and xo is the character 
constant equal to 1 (,Hauptcharakter"). The Dirichlet £~functions are 
given as Dirichlet series 

(1.3) L(s,x) =~X~~)= I] (1- ~::)) -l 

J. HADAMARD ([73], 1893-1896) was able to sharpen the WEIERSTRASS 
factorization theorem considerably, and obtained a product representa
tion of functions connected with the Riemann zeta function, 

(p runs over the non-trivial zeros of (( s)), and he was able to show that 
there are no zeros of the zeta function in some region 

(1.5) { s E !C, s = 1J +it, 1J ~ 1 - C1 · ltl ~ 2 } . 

This implied the prime number theorem 

(1.6) 

with a reasonably good remainder term. CH. DE LA VALLEE~PoussrN 
proved the prime number theorem at the same time ([239]).6 

G. H. HARDY, in collaboration with S. RAMANUJAN, later with 
J. E. LITTLEWOOD, used the "circle method" in order to obtain deep 
results on the partition function and the Waring problem. This method 
is based on the simple idea that the coefficients of a power series F(z) = 
I: anzn are given by a contour integral 

a - _1 ·f:F(() d 
n - 2ni cn+l (. 

6The [early] development of prime number theory is carefully presented in 
NARKIEWICZs monograph [189]. The remainder term in (1.6) was improved by 
J. E. LITTLEWOOD, ... , finally by N. M. KOROBOV and I. M. VINOGRADOV 
[see [112], p. 347, with a correction by H.-E. RICHERT (see [243], p.226)]. 

A comparison of the behaviour of the function 1r(x; q, a) in different residue 
classes is the object of the "Comparative Prime Number Theory", with impor
tant contributions of P. TURAN (see [237]), then also by S. KNAPOWSKI, J. 
PINTZ and others. 
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The integral is approximated by highly ingenious ideas; the main terms 
of the asymptotic formula aimed at come from contributions near the 
singularities of the function (on jzj = 1), and the remaining parts of the 
integral can be estimated to be small in comparison with the main term. 

E. LANDAU ([145], 1911) and G. HARDY and S. RAMANUJAN ([82], 
1917; see also [53]) obtained results for the number 7rr(x) of integers 
composed of exactly r prime factors. 7 By induction the estimate 

( ) x (log log x + c2)k-l 
7f X < C1 -- · -=--=-...,.::.----,-,,...:--

r - logx (r -1)! 

was obtained, and it follows that the normal order of w ( n) is log log n: 

If 'lj;(n) is any real-valued function tending to oo as x ---+ oo, then 
the inequality 

(1.7) jw(n) -loglognj::; 'lj;(n) Jloglogn 

is true for "almost all" positive integers n. The same result is true for 
the function 0( n), the total number of prime factors of n. 

"Almost all integers n have property P" means that for any E > 0 
there are at most E • x integers n ::; x for which property P does not 
hold. Speaking of "almost all" integers is a new idea in number theory, 
and it is related to similar concepts in the theory of integration or in the 
theory of probability. 8 

1.2. Beginnings of Probability Theory 

Probability theory was not well developped at the time before 1900 
or 1910, as may be seen from the Introduction of KRENGELs article [126], 

7The problems become difficult and interesting, if one asks for results which 
are uniform with respect tor in some range. See A. HILDEBRANDT [87]. Here 
it is important to apply analytic methods to the function 

= zw(n) 

F(z,s) ="'""' -. L ns 
n=l 

See also [206], [218]. ~ By the way, H.-E. RICHERT ([200] gave asymptotic 
formulae for the number of integers with exactly r prime factors in residue 
classes n =a mod q, with good error terms. 

8 J .-L. MAUCLAIRE [184] mentions that the idea of using Probability Theory 
in Number Theory shows up already in papers by E. CESARO [14] before 1889. 
~Later, formula (1.7) was greatly improved, see section 3, subsection 3.2. 
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p. 458. The sixth problem of D. HILBERT (1900) (in English from F. 
E. BROWDER, [9]) states: 

Investigations of the foundations of geometry suggest the problem: To treat 
in the same manner, by means of axioms, those physical sciences in which 
mathematics plays an important part; first of all, the theory of probability 
and mechanics. 

As to the axioms of the theory of probability, it seems to me desirable that 
their logical investigation should be accompanied by a rigorous and satis
factory development of the method of mean values in mathematical physics 

There were some starts to deal with this question by BOHLMANN 
(1908) and UGO BROGGI (1907), some ideas came from E. BOREL, 
S. N. BERNSTEIN, LOMNICKI (1923) and STEINHAUS (1923) (see [126], 
p.459ff, see also [208]). Also, RICHARD VON MISES' paper Grundla
gen der Wahrscheinlichkeitsrechnung, 1919, Math. Zeitschr., should be 
mentioned (see [126], p.461ff). 

HILBERTs desideratum concerning prob
ability theory was finally [satisfactorily] ful
filled by A. N. KOLMOGOROV in 1933 when 
his famous monograph "Grundbegriffe der 
Wahrscheinlichkeitsrechnung" [124] appeared 
in print. The concepts of probability, prob
ability space and events were defined rigor
ously. PAUL TURAN (see the photo to the left; 
the author is deeply indepted to P. TURAN 
for his helpfulness. A photograph of TuRANs 
grave is given on the next page) had not seen 
KOLMOGOROVs book in 1934, he even did 
not know Tchebycheff's inequality (see [38] II, 
p.18). Nevertheless, TURAN [235] gave a new, 
important, "probabilistic" proof of the result 

of HARDY & RAMANUJAN concerning w(n). He showed that 

:L)w(n) -loglogx) 2 = 0 (x ·loglogx), 
n$x 

and this easily implies the result (1.7) of HARDY & RAMANUJAN.9 

TURANs proof uses elementary calculations from number theory; his 

9The relationship to TCHEBYCHEFFs inequality is obvious: If E is a random 
variable with expectation E(E) = fn E(w)dP(w) and standard deviation D(E) = 
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formula is probabilistic in nature, it may be interpreted as an estimate 
of the variance, the square of w(n) minus its expectation value. 

§2. The Turan-Kubilius Inequality 

2.1. The Results of Turan and Kubilius 

(2.1) 

TURANs method of proof is applicable not 
only to w(n), but also to strongly additive 
functions w : N ----+ C [these satisfy w(n) = 
Lptn w(p)], which are uniformly bounded at 
the primes ([236]). J. KUBILIUS [129] (see 
the photograph on the left) realized that 
TURANs inequality can be extended to a 
much larger class of [strongly] additive func
tions and so he obtained a considerably more 
general result. For a given strongly additive 
function w : N ----+ C there exists a [positive, 
universal} constant cl with the property 

1""' 2 2 - · L lw(n)- A(x)l :::; C1 · D (x). 
X 

n~x 

Here, the "expectation" A(x) and the "variance" D(x) are defined as 

(2.2) A(x) L w(p)' 

p~x p 

L lw(p)l 2 . 

p~x p 

Some work has been done to give an as
ymptotic evaluation of the constant cl in (2.1), 
uniformly for all additive functions. This work 
is described in KUBILIUS' paper [138]. 

y'E((~- E(~))2), then 
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Higher analogues of the TURAN-KUBILIUS inequality are due to EL
LIOTT [39]. Given {3 ;:::: 2, there is a positive constant c2 , so that uni
formly for x ;:::: 2 and all additive functions 

(2.3) 

~ L iw(n)- A(x)i 13 < 
X { c2D13 (x), if 0 S (3 S 2, 

c2D13 (x)+c2· L p-klw(pk)l 13 , if 2sf3. 
n:5x pk~x 

2.2. Dualization, New Interpretation, Generalizations 

A dual inequality10 is: For a sequence Wn of complex numbers the 
inequality 

(2.4) 
1 

X 

2 

L pk L Wn - p-k L Wn 

p'~x n~x,p'lln n~x 

is true. In ELLIOTTs monograph [47], 
p.18ff, a dual of the high-power-analogue 
of the TURAN-KUBILIUS inequality (2.3) 
is given. In his conference report 
(46], P. D. T. A. ELLIOTT (see the 
photo to the left) described the posi
tion of the TURAN-KUBILIUS inequality 
in the framework of Elementary Func
tional Analysis (see also ELLIOTT's sur
vey article [41], and [47]). ELLIOTTS 
result (2.3) was generalized, for exam
ple, by K.-H. INDLEKOFER ([101]). If 
¢ : JR.+ --+ JR.+ tends to oo and satisfies 

cp(x + y) ::::; !c (¢(x) + cp(y)), 

for some c > 0, and for all x, y, then 

10The method of dualization (from linear algebra) is explained, for example, 
in ELLIOTT's book [37], pp. 150ff, and the whole monograph [47] is concerned 
with duality. 
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A localized form of the TURAN-KUBILIUS inequality is due toP. D. 
T. A. ELLIOTT [42]. 

The TURAN-KUBILIUS inequality may be looked for in arithmetical 
semigroups A, tooY It is given in MAUCLAIRE ([182]), for example, 
and the method of ELLIOTT (see [37]) leads to a proof of an ERDOS

WINTNER theorem in arithmetical semigroups. J .-L. MAUCLAIRE [179] 

showed, that a condition L 1 = L · x + o(x) is sufficient for 
aEA,N(a)~x 

the validity of the TURAN-KUBILIUS inequality. In contrast, in [182] 
he stated that any arithmetical semi-group G is contained in another 
arithmetical semi-group g, for which the TURAN -KUBILIUS inequality 
is not valid. 

For more results on the TURAN-KUBILIUS inequality in semigroups 
see the dissertation of REIFENRATH ([195], [162], and the Paderborn 
dissertations [244] and [157] of S. WEHMEIER and of Y.-W. LEE. 

§3. The Theorems of Erdos-Wintner and Erdos-Kac 

3.1. The Erdos-Wintner Theorem 

An important problem, solved more than sixty 
years ago, is the question of the existence of 
a limit law for real-valued additive functions 
w : N ---> JR.; asymptotically, a limit law de
scribes the distribution of the values of the 
function w, more exactly, it gives (asymptoti
cally, as n ---> oo) the number of integers n :=; x 
for which w(n) < z. Consider, more generally, 
for subsets E C JR., the expressions 

1 
f..ln(E) =-·#{mEN: m :=; n,w(m) E E}, 

n 

in particular the [finite] "distribution functions" 

(3.1) vn(t) = f..ln(]- oo, t]) =~·#{mEN: m :=; n, w(m) :=; t }· 

Then one asks for conditions ensuring the convergence of the sequence 
of distribution functions vn(t) to some limit distribution K(t), vn(t) ==} 

11For arithmetical semigroups see [121] and [123]. 
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Figure 2. P. Erdos (with A. Schinzel), P. Erdos 

K(t), as n ---> oo ("===}" means convergence at all points of continuity 
of the limit distribution). 

One answer is provided by the famous ERDOS-WINTNER theorem, 
modelled in analogy with the KoLMOGOROV three-series theorem of 
probability theory: 12 An additive real-valued function w has a limit 
distribution if and only if the three series 

(3.2) 
w(p) 1 2: , 

p, lw(p)l>l p 
2: 

p,lw(p)l9 p 
and L 

p 
p,lw(p)l9 

are convergent. 

Historically, P. ERDOS showed in 1938 that the convergence of the 
three series in (3.2) implies the existence of a limit distribution; a new 
proof for this result is due to A. RENYI [196]. Previously, H. DAVEN

PORT (1933) and I. J. SCHOENBERG ([209], 1936) proved similar results 
for the multiplicative functions n r--+ u(n) and n r--+ <p(n). The other 

n n 
implication (the existence of a distribution function implies the conver-
gence of the three series) was proved by P. ERDOS and A. WINTNER 

[60]. 

The proof of the ERDOS-WINTNER theorem can be achieved by an 
application of the "Continuity Theorem for Characteristic Functions" 
(see, for example, [163], pp. 47ff): Let {Fn(x)} be a sequence of distribu
tion functions, and denote by {fn(t)} the sequence of the corresponding 
characteristic functions 

(3.3) 

12See A. RENYI [198], p. 420. 
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Then the sequence { Fn ( x)} converges weakly to a distribution function 
F(x) if and only if the sequence Un(t)} converges for every t to a func
tion f(t), which is continuous at t = 0. 

Characteristic functions of arithmetical functions on the range [1, N] 
are finite sums, and so the problem of convergence of characteristic func
tions is a question about the existence of mean-values (see later, sub
section 4.1) for the multiplicative functions n >--+ exp(27ritw(n)). DE
LANGE's theorem, to be treated later (see 4.1), relates the existence of 
mean-values with the convergence of the series I:~· (1- e27riaw(pl), and 

p 

this helps in proving the convergence of the series (3.2). 

The characterization of real-valued additive functions w with limit 
distributions with finite mean and variance is a result of P. D. T. A. 
ELLIOTT [33]. 

Limit distributions of additive functions "modulo 1" were treated 
by P. D. T. A. ELLIOTT [32]. Denote by {,6} the fractional part ,6- [,6] of 
,6 E ffi., and [[,6[[ is the distance to the nearest integer. If w is additive, then 

~# {m:::; n; {w(j)}:::; x} ====} F(x) 
n 

in 0 :::; x :::; 1, as n ---> oo, if and only if for every positive integer m at 
least one of the following conditions holds: 

(1) Lp ~ llmw(p) - 2~ 11 2 is divergent. 

(2) m · w(2r) E ~N for every integer r > 0 

(3) Both series Lp ~ llmw(p)ll 2 , Lp ~ llmw(p)ll · sgn(~- {mw(p)}) 
are convergent. 

3.2. Around the Erdos-Kac Theorem 

3.2.1. The Erdos-Kac Theorem. The Erdos-Kactheorem was proved 
in 1939 ([55], [56]). 13 

For a real-valued strongly additive function w: N---> lR define A(x) 
and B(x) by (2.2). Then P. ERDOS and M. KAc proved in 1939: 

13A fore-runner is ERDOS' paper [49], where he proved that the number of 
integers n:::; x, for which w(n) > loglogn, is~ x + o(x), using BRUNs sieve and 
an asymptotic estimate of the number of integers n :::; x for which w(n) = k in 
some [small] range of k. 
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Let w be a strongly additive function satisfying lw(p)l < 1 for all 
primes p. Assume that B(x) --+ oo as x--+ oo. Then 

(3.4) 1 { } 1 jz 1 2 - # n::::; x; w(n)- A(x) :::=; zB(x) ==::::} rrc e-2u du. 
x v2n -~ 

In particular, for w(n) = I: 1, 
vln 

1 # { w ( n) - log log x } 1 - n < x· < z ==::::} --
x - ' vlog log X - ...;21r 

These results also can be used (M. KAC [114]) to obtain value--distribu
tion results for the multiplicative function r(n) = Ldln 1, 

J. KUBILIUS defined a reasonably large "class H" of additive functions, 
to which equation (3.4) can be extended. The additive function w is in 
"class H", if there exists a function r :]0, oo[--+ ]0, oo[ such that 

(3.5) logr(x) --+ O, 
logx 

B(r(x)) 
B(x) --+ 1' 

and B(x) --+ oo, as x --+ oo. 

J. KUBILIUS extended the ERDOS-KAc result as follows: 

Let w : N --+ JR. be a strongly additive function of class H. Then the 
frequencies 

(3.6) ~ #{ n::::; x; w(n)- A(x) ::::; zB(x)} 

converge weakly to a limit distribution as x --+ oo if and only if there 
is a distribution function K ( u), so that almost surely in u 

(3.7) 
1 

B 2 (x) 
p-.5_.-x 

w(p)$_uB(:z:) 

w2(p) --+ K(u)' 
p 

as x--+ oo. 

The characteristic function <I>(t) of the limit law will be given by 

(3.8) 
r~ eitu - 1 - itu 

log<I>(t) = }_~ u2 dK(u), 

and the limit law has mean zero and variance 1. 
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If wE H, and 

(3.9) 

for every E > 0, then the frequencies in (3.7) converge to the Gaussian 
law (as in (3.4)). 

3.2.2. The Elliott~Levin~Timofeev Theorem. More generally, given 
two normalizing functions a(x), (3(x), one can ask if there exists a dis
tribution function F(z) with the property 

(3.10) vx{n <:::: x, w(n) <:::: z(3(x) + a(x)} ===? F(z), 

as x---> oo. An answer is given by the ELLIOTT~LEVIN~TIMOFEEV The
orem (see [38], II, Chapter 16): Assume that w is a real~valued additive 
function, and a, (3 are real~valued [measurable} functions, satisfying 

(3.11) (3(x) ---> oo as x ---> oo, I 
(3(xt) I 

sup -(3( ) - 1 ---> 0 as x ---> oo. 
l~t~2 X 

Then ( 3.10) holds if and only if there exists a constant A > 0 such that 

(3.12) P {fxP <: zj3(x) + a(x)- Alogx} = F(z) 

for some distribution function F(z), where Xp are independent random 
variables defined by Xp = f(p)- A logp with probability ~' and= 0 with 

probability 1 - .! . 
p 

3.2.3. Moments. In 1955, H. HALBERSTAM [77] calculated moments 
for additive, real~valued functions w elementarily, 

(3.13) l. L (w(m)- A(n))k 1 !00 k ~lxzd 1m ---· xez x 
n--+oo nD(n)k/2 - f2:rr ~ ' 

m~n V L7l oo 

and he deduced the ERDos~KAc theorem from equation (3.13). A fur
ther extension of this "method of moments" is due to H. DELANGE [25], 
who also gave a new [analytic] proof for HALBERSTAMs result (3.13). 

3.2.4. Remainder Terms. Asking for good remainder terms in ( (3.4) ), 
A. RENYI and P. TURAN [199] proved, in the special case where w = w, 

equation ((3.4)) with a best~possible remainder term 0 (~),and 
og og n 
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so a conjecture of W. J. LEVEQUE ([158]) was established for the special 
additive function w = w. 

Asymptotic expansions for the frequencies Vn { w(~gn < x} og ogn 
with remainder term were given, for example, by J. KUBILIUS ([131]) 
and H. DELANGE ([27]): 14 

Vn {w(m) -loglogn < x} = G(x). eQn(x). { 1 + O ( lxl + 1 ) } . 
v'log log n v'log log n 

More information on the rate of convergence to the Normal Law can 
be found in ELLIOTTs monograph [38], Chapter 20. 

3.2.5. Composed Functions. ERDOS and POMERANCE [57] proved 
an ERDOS-KAC theorem for the composed function n f-+ D(rp(n)): 

1 { 1 2 1 3} lim -# n::; x; D(rp(n))- -(loglogx) ::; f7> • z (loglogx)2 = G(z). 
x__,oo X 2 y 3 

A similar result ist true for w(rp(n)). 

3.2.6. Brownian Motion. A connection between additive arithmetic 
functions and Brownian motion is given, for example, in KuBILIUS' paper 
[136], and in the survey article [167] of MANSTAVICIUS. 

3.2. 7. Multiplicative Functions. A result of M. KAC for the mul
tiplicative [divisor-] function T was mentioned earlier. More general 
limit laws for multiplicative arithmetical functions were proved by A. 
BAKSTYS [4], and by J. KUBILIUS & Z. JUSKYS [140]. These authors 
proved for multiplicative real-valued functions g, under suitable assump
tions on g (g belongs to some class M 0 (c, .\), which will not be defined 
here; log2 n = log log n): 

~ · # { m::; n, g(m) < lxl..\v'log2 n ·log..\ n · sgn(x)} 

= ¢(x) + 0 ( v't:g2n)' 

where ¢(x) is connected with the GAUSS integral. 

14vn{Pm(x)}, for some property Pm(x), is defined as 
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3.3. Generalizations 

The problem of the distribution of the values w(n) of additive func
tions for n ::; x was generalized to [thin] subsequences of {1, 2, 3, ... }, 
for example to the sequence of shifted primes {p + 1, p prime} or to 
the sequence {Q(n), n = 1, 2, 3, ... } with a monic polynomial Q(x) > 0 
with integer coefficients. 

3.3.1. Moments for thin sequences. H. HALBERSTAM [77] proved: 
if w is a strongly additive function, then (for the definition of AQ, BQ 
see (3.14)): 

L (w(Q(n))- AQ(x))q = /-lq · x · B~(x) + o(x · B~(x)), 
n::;x 

if maxp::;x lw(p)l = o(BQ(x)). When p runs over primes, then 

L (w(Q(p))- AQ(x))q = /-lq · 1r(x) · B~(x) + o(1r(x) · B~(x)), 
p::;x 

if lw(p)l ::; M and log~~Jg(;.}gx ----> oo. 

The definition of AQ(x) and BQ(x) is similar as in (2.2), but a factor 
p(p), the number of solutions of the congruence Q(n) = 0 mod p, has to 
be inserted. So 

(3.14) AQ(x) = L w(p)p(p)' Bb(x) = L p(p). w2(p). 
p::;x p p::;x p 

These results lead to a generalized ERDOS - KAc-theorem, 

1 1 lz 1 2 -# {n::; x; w(IQ(n)l)- AQ(x) ::; zBQ(x)} ===} tn= e-2w dw, 
X y27r -oo 

as x ----> oo, under the assumption 1-lx = max lw(p( ))I ----> 0. A corre
p::;x BQ X 

sponding result, where n is restricted to primes, is due to BARBAN (see 
[5]). 

In 1988 H. DELANGE proved the result 

l. 1 '"""' (w(n)- A(x))q 1 100 q _.lu2 1m -- · ~ = -- u . e 2 du 
x->oo #(Sx) B(x) v'21f -oo ' 

nES.,. 

where the sets Sx are a family of finite sequences, satisfying 

#(Sx)----> oo, maxn « xc.., ~ 21, 
nES,. 
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and satisfying some condition guaranteeing the possibility of an appli
cation of the sieve method. 

K.-H. lNDLEKOFER & I. KATAI ([107]) calculated,15 for strongly 
additive functions, "moments over shifted primes". They showed 

if and only if 

1 ""' 1 k lim sup--· L - ·lf(p)l < oo. 
x-+= Bk(x) p:Sx,lf(p)I>B(x) p 

3.3.2. Polynomials. H. HALBERSTAMs result ([77], see§ 3.3.1) was 
already given. M.B.BARBAN, R. V. UZDAVINIS, P. D. T. A. ELLIOTT 
and others gave corresponding results on the frequencies (the definitions 
(3.14) are slightly changed) 

1 
- # {p ~ x, w(IQ(p)l)- A0(x) ~ z · B0(x)} 
X 

An ERDOS-KAc theorem for shifted 
primes similar to KUBILIUS's result is due to 
M. B. BARBAN et al. (1965). See ELLIOTT's 
book (1980), Vol. II, p. 27. E. MANSTAVICIUS 
[165] (see the photo on the right), using a result 
of A. BIKELIS, gave remainder term estimates 
in the ERDOS-KAC theorem (improving results 
of I. N. 0RLOV [192] considerably). P. D. T. 
A. ELLIOTT [43], [45], and K.-H. lNDLEKOFER 
[103] proved ERDOS-KAC theorems in short in
tervals: x- y < n ~ x, y(x) = xl+o(l). 

Generalizing a result of A. HILDEBRAND [88], P. D. T. A. ELLIOTT 
gave an ERDOS-KAC theorem for pairs ofreal-valued additive functions. 
There exists an 77( x), so that 

1 
[x]·{n ~ x; h(an+b)-h(An+B)-7J(x) ~ z}-+ a distribution function 

15Earlier results of this kind were given by BARBAN et al. [6], and B. V. 
LEVIN & A. S. FAINLEIB [159]. 
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Figure 3. H. Delange, E. Wirsing 

if and only if there exist real o:1 such that the series 

1 "'"' (JJ (p) - a'l log p )2 

2:: , L-
lfi(P)-aj logpl>l p lfi(P)-ai logpl::;t p 

are convergent. 

§4. Arithmetical Functions 

Important for the deduction of the results in § 3 is information on 

the existence of mean-values M(f) = lim ! L f(n) of arithmetical 
X---+cx::) X 

n<C;x 

functions f : N ___... CC. 

4.1. Mean-Value Theorems for Multiplicative Functions 

In number theory, many results on the existence of mean-values and 
on asymptotic formulae for special arithmetical functions (¥?(n), T(n), 
... ) were proved, often with emphasis on good or best-possible remain
der terms; but there were also rather early general results on mean
values for certain classes of arithmetical functions (for example AXER 

[1] and WINTNER [247]). The condition LIP- II < oo, much stronger 
p p 

than DELANGEs condition ( 4.2), is crucial in WINTNERs theorem. 

By skilfull methods from number theory H. DELANGE (1961, [26]) 
was able to prove an elegant result on multiplicative arithmetical func
tions. This theorem- as well as E. WIRSINGs theorems on multiplicative 
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functions [[248], [249]) ~ expressed the heuristic idea that knowledge on 
the values of multiplicative functions at primes has consequences on the 
behaviour of multiplicative functions in general, as may be guessed from 
the Euler product of the generating Dirichlet series, 

( 4.1) 

Iff N ----+ CC is multiplicative, lfl :::; 1, then there is a non-zero 
mean-value M(f) = lim l · L < f(n) if and only if the series 

x----+oo x n_x 

( 4.2) 
"1- f(p) 
~ ---=---"'-'- is [conditionally} convergent, 

p p 

and if, for alle primes p, 

( 4.3) f f(~k) i= 0. 
k=O p 

Condition 4.3 is equivalent with f(2k) i= -1 for some k 2': 1. A DELANGE 
theorem with remainder terms is due to PoSTNIKOV [193], in improved 
form to ELISTRATOV [31]. 

General asymptotic formulae for a large class of non-negative mul
tiplicative functions are due to EDUARD WIRSING. 

Theorem of E. Wirsing [248]. Iff 2': 0 is multiplicative, T > 0, 

L f(p) logp = (1 + o(1))7 · x, f (pk) :::; /I·~~ 
p$x 

for any k 2': 2, where 0 < 12 < 2, ==} 

(4.4) "f(n) = (1 + o(1)) · ~x~ ·IT (1 + f(p) + f(p 2
) + ... ). 

~ logx p p2 
n$x p$x 

In 1967, WIRSING [249] gave other theorems, weakening the hypothe
sis on Lp f(p) considerably, and allowing for complex-valued functions. 
In particular, this result contains the prime number theorem as a spe
cial case. The deepest theorem in this connection was obtained by an 
ingenious variation of classical analytic methods; it is the 

Theorem of G. Halasz, [7 4]. If f : N ----+ CC is multiplicative, and 
if lfl :::; 1, then: 
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If f is real-valued, then 3 M (f), and for complex-valued f, 

( 4.5) 1 """' . - · L..,; f(n) = (c + o(1)) · x•ao · L(logx), 
X 

n:Sx 

where L is a slowly oscillating function, ILl = 1, and ao is a real con
stant, which can be given explicitly. 

Elementary proofs of the HALASZ theorem are due to DABOUSSI & 
lNDLEKOFER [23]. 

4.1.1. The Elliott-Daboussi-Theorem. The 
condition lfl :::; 1 from DELANGEs theorem was 
removed by ELLIOTT [35], and the result was ex
tended later by ELLIOTT [40], and by H. DABOUSSI 
[16], [17]. The condition lfl :::; 1 is replaced by 
a condition on the size of the values f(pk) in the 
mean (see (iii) below. 

Elliott-Daboussi's Theorem. If f : N ---+ C is multiplicative, 
if q > 1, and if (see (4.9)) llfllq < oo, then a non-zero mean-value 
M(f) of. 0 exists if and only if 

(i) Delange's series L f(p)- 1 

p p 

(ii) 
1' 

IJ(p)-11< i 

lf(p)- 11 2 
.:_:__;;:__:__-'-- < 00' 

p 

(iii) L L lf(p:)lq < oo, and 
p k'22 p 

is convergent, 

" 1/(p)-ll>i 

f(pk) 
(iv) L -k- of. 0 for any prime p. 

k'2l p 

4.1.2. Mean-value theorems in multiplicative arithmetical semigroups. 
The mean-value theorems mentioned (due to DELANGE, WIRSING, HA
LASZ) were generalized to multiplicative arithmetical semigroups, start
ing with the work of J. KNOPFMACHER [121]. Some results are surveyed 
in the paper [162] by L. LUCHT & K. REIFENRATH. More details may 
be found in REIFENRATHs dissertation [195]. There are many results, 
concerning mean-values of additive and of multiplicative functions in 
semigroups, in the Paderborn dissertation [244] of S. WEHMEIER. 
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4.1.3. Mean-value theorems in additive arithmetical semigroups. The 
mean-value theorems mentioned, in particular HALASZ' theorem, were 
generalized to additive arithmetical semigroups; the deepest results are 
due to W. B. ZHANG. We cannot give his results here; the interested 
reader is referred to ZHANGs papers in Math. Z. 229 (1998), 195-233, 
Illinois J. 42 (1988), 189-229, Math. Z. 235 (2000), 747-816, and to 
[250], [252] and [253]. In [252] there is also a generalization of the Elliott
Daboussi theorem (see later, p.386) to additive arithmetical semigroups. 
Mean-value theorems for q-additive and q-multiplicative functions are 
given in Yr-WEI LEE-STEINKAMPERs dissertation [157]. 

4.2. Using the Turan-Kubilius Inequality 

In 1965, A. RENYI gave a simple proof for the existence of M(f), 
if the Delange series ( 4.2) is convergent. His idea of proof is to use an 
approximation of log f by truncated additive functions, and the TURAN
KUBILIUS Inequality allows a sufficiently good estimate of the difference. 

4.2.1. The Relationship Theorem. A useful tool for reducing the 
proof to the simplest cases is the "relationship theorem" (E. HEPP
NER & W. SCHWARZ (1978) [84]; weaker theorems of this kind were 
given previously by H. DELANGE and L. LUCHT). 

Assume that the multiplicative functions f and g are "related", i.e. 

:L lf(p)- g(p)l < CXJ, 

p p 

and that f, g E Q, where 

Q ';! { F multiplicative, 

and that all the factors of the generating Dirichlet series ( 4.1) 

00 f(n) :L ---;;;:;- = II 'Pi (p, s), 
1 p 

f(p) f(P 2 ) 
'PJ(p,s) = 1 +- + - 2 - + ... , pS p S 

do not vanish in ~( s) ~ 1. Then there is a (small} multiplicative function 
h, satisfying 

00 1 
g = f * h, and L -lh(n)l < oo. 

1 n 

Corollary. If M(f) exists, then M(g) exists, too. 
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The proof uses a Wiener type lemma for Dirichlet series, which was 
proved by E. HEWITT & R. WILLIAMSON in 1957. 16 

00 00 

The [absolutely convergent} Dirichlet series L ~:, where L lanl < 
1 

oo, has an [absolutely convergent} inverse 

if and only if there is some lower bound r5 > 0 for I~ ~: I in the half

plane )R( s) ;:::: 0. 

4.2.2. Sketch of Renyi 's Proof. By relationship arguments one may 
assume that the values f(p) have real part ;:::: ~ and that f is strongly 
multiplicative. Then, approximate the multiplicative function f by a 
"truncated" strongly multiplicative function fk, fk ( n) = II f (p). The 

pin 
p$_K 

mean-value M(fk) is easily calculated. And it can be expected that 
M Uk) is near M (f), if K is large. This is made precise by the estimate 

6.N = ~ L lf(n)- fk(n)l ::::: ~ L lfk(n)l· II f(p)- 1 
n<:;N n<:;N pin, p>K 

Using the TURAN-KUBILIUS inequality for the strongly additive function 

w(n) = L log f(p), one obtains 
pln,p>K 

II f(p) -1 = [ew(n) -11 :S: lw(n)l· (1 + lew(n)l). 
pin, p>K 

By CAUCHYs inequality and the convergence of the Delange series ( 4.2), 
the estimate 6. N ---+ 0 (as N ---+ oo) is obtained. 

16For an elementary proof see [213]. For a relationship theorem for functions 
of several variables see E. HEPPNER [83]. For important generalizations see [161]. 
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4.2.3. Spaces of Arithmetical Functions. Using RENYis method and 
the relationship theorem, DELANGEs theorem can be extended to larger 
classes of multiplicative (and additive) functions (see [216], [104]). 

Denote the set of linear combinations of (the "even" , and so periodic) 
RAMANUJAN sums 

( 4.6) Cr(n) = 2: dp(~) = 2: 
dlgcd(r,n) l:Sa::::r, (a,r)=l 

. a 
exp(2n~ ·- · n) 

r 

resp. exponential functions n f--+ exp(2nian), a rational, resp. a irra
tional, by B, resp. V, resp. A. The closures of these <C -vector-spaces 
with respect to the ("uniform" or supremum) norm 

(4.7) llfllu =sup lf(n)l 
nEJ\1 

are the spaces 

(4.8) 

of uniformly-even, uniformly-limit-periodic, and uniformly-almost pe
riodic functions. These vector-spaces are in fact Banach algebras. 

The closures of B, V, A, with respect to the semi-norm 

(4.9) 

1 

llfllq = (lim sup.!_· L lf(nW) 'i, q ~ 1, 
x---+oo X n-:;x 

are denoted by 

(4.10) 

the spaces of q-almost-even, q-limit-periodic, and q-almost-periodic 
functions. 

4.2.4. Properties of these Spaces. These spaces have convenient prop
erties useful for approximation arguments. 

( 1) B c Bu c Bq c Vq c A q c A 1 , q ~ 1. 
(2) Functions in A 1 do have a mean-value, Fourier coefficients 

}(a) and Ramanujan coefficients ar(f), 

}(a) ~f M(f · e_a), def 1 ( 
ar(f) = ip(r) · M f · Cr). 
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llfllu = sup lf(n)l, 
n=1,2, ... 

Al 

vl/1 

/1 Aq, 
[31 /1 

(q ~ 1) 
au= 11-llu-closureof a, 

I vq 
vu, Au analogously. 

llfllq = 
1 

limsup-· 
X----+00 X 

1 
Bq /I 
I (L lf(nW)" 

nsx 

l3 
Spaces of Arithmetical Functions 

1 1 
(3) au · aq c aq, aq · aq' c a1 , if - + - = 1. 

q q' 
(4) f E aq ~ 'R(f), '25(!), lfl E aq. 
(5) f,g E aq real-valued~ max(f,g) E aq, min(!, g) E aq. 
(6) fEa1 , llfllq<oo~ fEar,if1:s;r<q. 
(7) f 2: 0, a, j3 2: 1 ~ {fa: E A 13 {==} f E Ao:·/3}. (H. Daboussi) 
(8) Additive resp. multiplicative shifts map Aq into itself. 

4.2.5. Indlekofer's Spaces. K.-H. INDLEKOFER defined spaces (see 
[104], [105], [106]) 

( 4.11) 

£* { f : N ---+ C, f uniformly summable}. 

Here, f is called "uniformly summable", if large values of lfl are rare, 
more precisely 

(4.12) f is uniformly summable, if lim sup_!__ 
K-->oo N?_l N 

L lf(n)f = 0. 
n<N 

lf(n)I>K 
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£* is the ll-ll1-closure of 1!00 , the space of bounded arithmetical functions, 
and for q > 1 the inclusions 

hold. Then INDLEKOFER [94] generalized the DELANGE-ELLIOTT-DAB

OUSSI result for multiplicative functions to 

Theorem. Let q ~ 1, and f: N---+ C is multiplicative. Then: 

(1) Iff E £* n 0, and if M(f) exists and is -1- 0, then the series 

(4.13) 2:: f(p) -1 
p p 

lf(p) -11 2 

p 

(4.14) 

p, lf(p)l~~ 

lf(p)l>. 

p, lf(p)-11~! 
p 

do converge for all>., 1 :::; >.:::; q, and 

00 f( k) L + -1- 0 for every prime p. 
k=O p 

(2) If the four series (4.13) converge, then f E £* n 0, and the 
mean-values M(f>.) exist for any>., 1:::;).:::; q. If (4.14) holds 
in addition, then M(f) -1- 0. 

INDLEKOFER also extended the result of G. HALASZ. Iff: N---+ C 
belongs to £*, and if the series 

L ~ · (1- ~f(p)(lf(p)lpit)- 1 ) diverges for any real t, 
p, llf(p)l-11~! p 

then f possesses a mean-value M(f) = 0. 

For real-valued additive functions w there is a limit distribution F 
(and f~oo lulqdF(y) < oo) if and only if w E 0 and the mean-value 
exists ([98]). 

4.2.6. Characterization of some classes of arithmetical functions in 
Bq. 

1) Multiplicative functions in Bq with mean-value M(f) -/:- 0 are 
characterized exactly by the conditions of the ELLIOTT - DABOUSSI 

theorem (H. DABOUSSI, W. SCHWARZ & J. SPILKER, K.-H. INDLE

KOFER). 
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1a) A characterization of multiplicative funktions in Vq having at 
least one non-vanishing Fourier coefficient is possible by similar condi
tions. (DABOUSSI, SCHWARZ & SPILKER). Under suitable conditions, 
multiplicative functions f don't have Fourier-coefficients }(a) "1- 0 for 
irrational a., according to a result of H. DABOUSSI; this was generalized 
by lNDLEKOFER & KATAI [108], and further in [111] to 

If f is a uniformly summable function with a void Fourier

Bohr spectrum (so limsupx__,oo ~ ILn::;x f(n)e( -na)l = 0 for a E 

IR), and if g is a q-multiplicative functions satisfying Jg(n)l = 1, 
then 

1 L f(n)g(n) __, 0, 
X nSx 

as x __, oo. 

2) Additive funktions in Bq are characterized by similar conditions 
on the convergence of certain infinite series over primes (A. HILDE

BRANDT & J. SPILKER [90], K.-H. lNDLEKOFER). We quote the the
orem of A. HILDEBRAND and J. SPILKER (1980), which was proved 
independently by P. D. T. A. ELLIOTT too, and which was improved 
by K.-H. lNDLEKOFER. 

Figure 4. A. Hildebrandt, K.-H. Indlekofer, G. Tenenbaum 

Assume that f : N __, <C is additive, and q ::::: 1. Then the following 
conditions are equivalent: 

(1) f E Bq. 
(2) M(f) exists, llfllq < oo. 
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(3) The following series are convergent: 

'""" f(p) 
~ p 

p,lf(p)l9 p,lf(Pli:S1 
p 

p, k2':1,lf(p')l>1 

If one of these conditions is satisfied, then the RAMANUJAN expansion 
F = Lr arcn ar = <p(r) · M(f · Cr) off is pointwise convergent. This 

expansion is absolutely convergent, if Lp,lf(p)I:S 1 f~) is absolutely con
vergent. 

3) Another class of functions, investigated for example by J. Co
QUET, H. DELANGE, M. PETER, J. SPILKER and others, is the class of 
q-additive or q-multiplicative functions, and there are similar results. 

The most complete results on this topic are 
due to YI-WEI LEE-STEINKAMPER [157] in her 
dissertation (Paderborn 2005), supervised by K.
H. lNDLEKOFER. 

For example, for a q-multiplicative function f the 
following assertions are equivalent: 

(i) 

(ii) 

(iii) 

f is uniformly summable and llfll1 > 0. 

For any a> 0 f E _co. and llflla > 0. 

1 q-1 2 

For any a> 0 the series L- L(lf(aqrW -1) is 
r2':0 q a=1 

convergent, and there are real constants Cj (a) and a 
sequence {Ri} i' oo, so that 

1 q-1 2 

L- L(lf(aqr)la-1) ::; c1(a), 
1 q-1 2 

L- L(lf(aqrW-1) ::=: c2(a). 
r<R q a=1 r<R; q a=1 

In LEEs dissertation there are also results on q-additive functions, 
on the Tunin-Kubilius inequality for these, and a result on the limit
distribution of such functions. 

4.3. Gelfand's Theory and Almost-Even Functions with 
Prescribed Values 

4.3.1. Interpolation Problem, Gelfand's Theory. The spaces Bu and 
vu are small. Nevertheless, the next result, which is due to J .-CHR. 
SCHLAGE-PUCHTA, J. SPILKER, & W. ScHWARZ (see [207], extending 
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[186]), shows, that there are "many" functions in Bu. The interpolation 
problem is, to give conditions such that for given integers 0 < a 1 < 
a 2 < ... and given bounded complex numbers bb b2 , ••. , there exists a 
function f E Bu satisfying f(an) = bn, for all n EN. 

For the sake of completeness we state elementary facts from GEL
FANDs Theory (see [204], p. 268fi'). For a commutative Banach-algebra 
X (with unit element e and norm II ·II) denote by 

D.x = { h : X --+ C, h is an algebra-homomorphism } 

the set of algebra-homomorphisms on X. Any h E D.x is continuous, 
and any maximal ideal in D.x is the kernel of some h E D.x. The 
Gelfand-transform x of x E X is 

x: D.x--+ C, x(h) d;) h(x), 

and so A is a map' : X --+ X = {x : D.x ---+ C, x E X}. Under 
the weakest topology, which makes every h continuous, D.x becomes 
a compact topological Hausdorff space. If X is a semi-simple17 B*
algebra, 18 then the Gelfand-transform A is an isometric isomorphism of 
X onto C(D.x ), the algebra of complex-valued continuous functions on 
D.x with the sup-norm. 

4.3.2. The Maximal Ideal Space of Bu. All the homomorphisms h 
from the "maximal ideal space" D.8 of Bu are given as follows ([127], 
[186]): For any vector K = (eP)pEII'' where ep is an integer from [O,oo[ 
or equal to oo, and any function f E Bu, define a "function value" 

For f E Bu, this limit does exist. 19 Define 

hJC : D.B --+ C by hJC(f) = f(K). 

17The radical of X (the intersection of all maximal ideals) equals (0). 
18there is an involution*: X---+ X satisfying llx · x*ll = llxll 2. 
191f IC has only finitely many entries ep =/= 0, and if none of these is equal to 

oo, then f(IC) = !(TipeP )· 
p 
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Then the maximal ideal space Bu of B is20 the set of all hK., where 
K = (eP)pEIP'" If n = IJpPvp(n) is an integer, then the evaluation

homomorphismus hn : f f---+ f(n) equals hK.n, where Kn = {vp(n), p E 
lP'}. A subbasis of the topology on ll.B is given by the vectors 

( *, ... , *, ep, *, *, ... ),where ep is fixed and finite, or ep ::::some constant, 
and* are arbitrary integers from [0, oo]. 

The solution of the Interpolation Problem is given by the 

Theorem. Let a strictly increasing sequence {an }nEN of positive inte
gers and a bounded sequence {bn}nEN of complex numbers be given with 
the following property: 

If { nk}kEN is any strictly increasing sequence of positive integers 
such that for any r EN the sequence {gcd (ank, r !)}kEN is eventu
ally constant, then lim bn< exists, and, in the case that, with some 

k->CXJ 

integer m [not depending on r], lim gcd (ank, r !) = gcd(am, r !) 
k->CXJ 

for every r, its value is bm. 

Then there is a function f E Bu with values f(an) = bn for all n EN. 

4.3.3. Sketch of the Proof. Define E c ll.B as the [discrete] set of 
evaluation homomorphisms E = {ha,, n = 1, 2, ... }; denote its set of 
accumulation points by H. The union K = E U 1t C ll.B is closed, 
therefore compact. Define F : K ____, CC, for points ha, E E by F ( ha,) = 
bn, and for points 77 = hK. E 1t as follows: choose a sequence { ha,.k} k 

converging to 7], and define F (hK.) = limk_,= bnk. This limit exists, F is 
well-defined and continuous on K. Therefore, by the TIETZE extension 
theorem there is a continuous function F* : 6.5 ____, CC, extending F. By 
GELFANDs theory, F* is the image of some function f E Bu, F* = }, 
and due to 

the function f solves the interpolation problem f(an) = bn. 

A similar result (with a similar proof) is true for the space vu. 

20~8 may be described as the topological product IJ{l,p1,p2, ... ,p00 }, 

p 

where {1, pl, p2 , ... , p00 } is the one-point-compactification of the discrete space 
{l,pl,p2, ... }. 
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§5. Kubilius Model 

For the application of methods of probability theory, for example 
the Berry-Esseen Theorem, 

Let X1 , ... , Xn be independent random variables (with distribution 
functions Fv) with mean zero, variance Dv and third moment 

Lv =I: z3dFv(z), 11 = 1, 2, ... , n; 

then, uniformly for real z, 

( 1 n ) 1 lz 1 2 ( 1 n ) 
P -;; n~l Xv ~ Z = -/2i" -oo e-2w dw + 0 0"3 ~ Lv , 

with an absolute 0-constant, and where cr2 = D1 + · · · + Dn, 

to strongly additive functions f, f(n) = Lvin f(p), one might try to use 
random variables Xv on some suitable space (0, A, P), where 

1 
f(p) with probability -, 

p 
1 

= 0 with probability 1 - -. 
p 

Unfortunately, this approach does not work, because the "events" one 
naturally would like to choose for dealing with additive functions, the 
zero-residue-classes [the set E(pk) of integers n ~ x divisible by a prime 
power pk], are only "nearly" independent. KUBILIUS (see [132]) con
structed finite probabilistic models to mimic the behaviour of truncated 
additive functions by appropriately defined independent random vari
ables. A possible construction is described in ELLIOTTs monograph 
[37], Chapt. 3. 

Assume that 2 .~ r ~ x. Define, for any prime p dividing IT p, the 

residue class 

E (p) = { n ~ x, n = 0 mod p}, and E (p) = S \ E (p), 

where s = {n EN, n ~ x}, and, fork I rrp, write 
p<Oor 

Ek = nE(p) n E(p). 

vlk P 1 ((IT,-s,v)/k) 
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Let F be the least O"-algebra containing all the E(p), and define a [finitely 
additive] measure v on F: 

to obtain a finite probability space (S, F, v). 

Now some ideas from number theory are involved. SELBERGs sieve
method gives 

#(Ek)=(1+0(L))·~· IT (1-~), 
pI ((nPS•·P)/k) 

1 
as long as k:::; xz:, where 

L = exp (-~ logx log (logx)) +x-is. 
8 logr logr 

Define a second measure p, on F by 

Then p, and v are "close", 

vA = p,A + 0 (L), uniformly in F. 

For the "truncated" additive function g(n) = L f(p) we obtain 
vln, p~r 

~#{n::::: x; g(n)::::: u} = P (Lxv:::; u) + 0 (L). 
p~r 

To deduce a result for the original function f, it is necessary to give a 
good estimate for the frequencies 

1 
- #{ n:::; x; lf(n) - A(x) - Ur(n) - A(r))l > E B(x)}, 
X 

which is done by the TURAN-KUBILIUS inequality and the fact that 
f E H (the class H was defined via formula (3.5)). 
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§6. Integration 

This section deals very sketchily with the problem of "integrating" 
arithmetical functions21 and to use these theories in order to obtain 
results on arithmetical functions. 

Since "naturally" defined subsets of N (like arithmetic progressions) 
do not form a o--algebra (in the sense of measure theory), one has to 
proceed in another way; the general idea for these investigations is to 
associate to an arithmetical function f some other function f* defined 
on some suitably chosen compact topological space (or semi-group). 

The first effective theory of integration for arithmetical functions is 
due to E. V. NovosELOV 1962-1964, see [191]. A good description of 
this method can be found in MAUCLAIREs paper [180]. Thetechniques 
of E. V. NOVOSELOV are strong enough to give a proof of DELANGE's 
result (see §4.1). 

6.1. J. Knopfmacher, W. Schwarz, J. Spilker 

A rather simple theory of integration for arithmetical functions was 
developed in papers of SCHWARZ & SPILKER, in 1971 and 1976 ([211], 
[212], [216]). Unfortunately this theory is definitely weaker than Novo
SELOVs theory. Define countable sets {1,p,p2, ... } with discrete topol
ogy, and form the ALEXANDROFF-one-point-compactification .NP by 

adding one point p00 • Define a measure f..Lp, f..lp(pk) = p-k . ( 1 - ~), 
f..Lp(p00 ) = 0, on Np. Then the product measure f..L = TIP f..Lp on the 
compact space N* = TIP .Np is the same as the measure coming from 
the mean-value-functional f ~ M(f) [for f E Bu] via the F. RIESZ 
representation theorem (see, e.g. [204]), and 

the algebra of continuous functions on N*. Thus, mean-values may be 
represented as integrals, 

M(f) = 1 fdf..L. 
Ill* 

In 1976, J. KNOPFMACHER ([122]) showed, that the quotient space 
Bq /nullspace is ':::' Lq(.N*, f..L). And, he showed that the whole theory 
can be extended to arithmetical semigroups. 

21There is an interesting survey paper of J.-L. MAUCLAIRE, Integration 
and Number Theory [180], concerning the subject of the first two subsections. 
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A simplification of the approach described above is sketched in MAU
CLAIREs paper [180]. 

6.2. J .-L. Mauclaire 

It is difficult to sketch the contents of J .-
1. MAUCLAIRE's highly interesting "Integra
tion et Theorie des Nombres" in short. M_AU
CLAIRE uses the BoHR-compactification Z of 
the character group Z of the additive group 
Z of integers, and so good knowledge from 
analysis is necessary to read this book. In 
this monograph, the DABOUSSI-ELLIOTT the
orem is proved (Chapt. III), and the ERDOS
WINTNER theorem, too. 

In MAUCLAIREs survey paper [180] the 
main ideas of his approach are well readably 
described. See also [183]. 

6.3. K.-H. Indlekofer's Integration Theory 

INDLEKOFERs theory of integration of arith-
metical functions is given in [105] and [106]. We 
follow this presentation. 

Let A be an algebra22 of subsets of N with a 
finitely additive set function 8 : A ----+ [0, oo[ de
fined for all A E A. 23 

For example, one can use 

00 

k=l 

where f = (/'nk)n,k is a TOEPLITZ matrix: 
00 

(i) sup L "Ynk < oo, 
n k=l 

(ii) "Ynk ----+ 0, if n ----+ oo, k fixed, 

22N E A, A u B and B \ A are in A, if A, B E A. 
23A big advantage of lNDLEKOFERs approach is that [deep] results obtained 

by other methods can be built into the construction. 
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00 

(iii) L "fnk -7 1, as n -7 oo. 24 

k=l 

Then, for simple functions 

s E E(A) = { s; s = ~ a1 lAi, Dj E C, A1 E A} , 
the definition 

leads to the Lebesgue space 

with the [semi]-norm 

11111 = r 111 dJ. 
j{3N 

Figure 5. L. Murata, K.-H. Indlekofer 

There is a norm-preserving vector space isomorphism 

£* 1 (A) (mod null-functions) -7 L1 (J) (mod null-functions), 

where 

£* 1 = ll·llt-closureofE(A), 
1 

and, as in (4.9), llfllq = (limsupx-+oo ~ Ln::;x lf(n)lq)" · 

24Examples of TOEPLITZ-matrices are provided by l'nk = ~, if k ::;; n, 
otherwise l'nk = 0 - this leads to asymptotic density, or by l'nk = };: · Io~ n, if 

k::;; n, otherwise l'nk = 0- this leads to logarithmic density. 
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Figure 6. H. Furstenberg; E. Manstavicius, A. Laurincikas 

Examples. Starting with the algebra A2 generated by the zero 
residue classes { n E N, n::::: 0 mod q }, for q E N, with asymptotic density, 
one obtains the theory of KNOPFMACHER, SCHWARZ & SPILKER. 

Starting with the algebra A 1 generated by all residue classes { n E 
N, n =a mod q}, for a, q EN, with asymptotic density, one obtains the 
integration theory of E. V. NovoSELOV. 

Using a deep ergodic result of FURSTENBERG25 on the shift operator 
S(n) = n + 1 (and with asymptotic density Jon N): lfS(B) > 0, then 
for any k > 1 there exists an integer n of. 0 so that 

then, using the algebra A generated by the translations { sn B, n = 
0, 1, 2, ... }, INDLEKOFERs theory gives: 

If B C N has asymptotic density J(B) > 0, then B contains arbi
trarily long arithmetic progressions (VANDER WAERDEN, K. F. ROTH 
[203], SzEMEREDI [227]). 

§7. Functional Limit Theorems, Universality 

7.1. Functional Limit Theorems 

There is a far-reaching generalization of the ideas leading to the 
Erdos-Kac and Erdos-Wintner theorem. Important contributions to 
this topic are due to E. MANSTAVICIUS. We refer to the survey paper 

25 [63]; the result is closely connected with SzEMEREDis famous result on 
arithmetical progressions. For a well readable presentation see [64]. 
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[167]. 26 This paper starts from the invariance principle established by P. 
Erdos and M. K ac in the fourties and from more general functional limit 
theorems for partial sum processes for independent random variables. 
Furthermore, the development of a parallel theory dealing with those 
dependent random variables which appear in probabilistic number theory 
is described. 27 This survey paper, dedicated to the memory of PAUL 

ERDOS (with an extensive bibliography of 89 items) deals with 

- partial sum processes for independent random variables, 

- additive functions and functionals on them, 

- additive functions and Brownian motion (see also [136]), 

- models of other processes with independent increments, 

- additive functions on sparse sequences, 

- multiplicative functions, 

- divisors and stochastic processes. 

As one example we give one [technical] result due to MANSTAVICIUS. 

Let h : N --> lR be additive, (3(n) --> oo, and let X be a stable pro
cess with an explicitly given characteristic function (containing the 
parameters a1, az, a). In order that Gn ==? X it is necessary and 
sufficient that for any u > 0 

and that 

Here 

p'S:_·, 
11(p)<-u.{J(n) 

1 -a 
---> a1 · u , 
p 

p::=;n 
h(p)>uf3(n) 

1 -a 
---> az · u , 
p 

lim lim sup 
r::--+0 n--+oo 

1 L -h(p)=O. 
p<n p 

lh(p)i<:c/~(r!) 

1 
Gn = (3(n) L h(p)- a(n, z(t)), 

vim, p:<;z(t) 

and (in t E [0, 1]) 

z(t) = max{u; B 2 (n,u):::; tB2 (n,n)}, 

26From the review by FILIP SAIDAK in Math. Reviews we quote: "This 
excellent, long overdue survey paper, concerning the theory of general functional 
limit theorems for partial sum processes, fills the gap left by all the existing 
textbooks and expository papers on the subject". 

27From the abstract of [167]. 
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2 (h(p))* 2 1 
B (n, u) = ~ {J(n) p' ( h(p))* 1 

a(n, u) = 2: {J(n) p 
p~u 

The star * ist defined by u* = u, if lui < 1, and u* = sgn(u)[= ±1] 
otherwise. 

7.2. Number Theory in the Symmetric Group 

Starting point of this topic is a paper of E. LANDAU ([143]), repro
duced in the ,Handbuch von der Lehre der Verteilung der Primzahlen" 
(1909) on the maximal order f(n) of elements of the symmetric group 
Sn with n! elements, so 

E. LANDAU showed 

log f ( n) "" J n · log n , as n ----+ oo. 

The function f ( n) was carefully studied in papers by J. L. NICOLAS 
(Bull. Soc. Math. France 97 (1969), 129-191; Acta Arithm. 14 (1968) 
315-332); see also [173] and [174]); for example, 

log f(n) = Vli- 1 (n) + 0 ( ne-'"Yv'logn) . 

The first limit theorem seems to be due to V. L. GONCAROV [71]. De
note by g(a) the number of cycle-lengths in the canonical decomposition 
of a E Sn, then 

lim _.!._, ·#{a E Sn; g(a) :<:::: logn + t~} 
n-+oo n. 

= - 1 jt exp (- ~u2) du. 
~ -00 2 

The subject was studied by ERDOS & TURAN (see the series of papers 
[59]); for example, 

1 ·{ 1 2 3 } lim - 1 · # a E Sn log ord(a) :<:::: -log n + t log2 n 
n-+oo n. 2 
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In more recent time, E. MANSTAVICIUS started the study of properties 
of the symmetric group again. 

We cannot explain MANSTAVICIUs' papers here in short, we refer to 
[169], [170], and in particular to his paper [171] in these proceedings. 

7.3. Universality 

This section deals with the value-distribution of zeta-functions, and 
ideas from measure theory and probability theory are important for 
investigations on "universality". The first results are due to H. BOHR 
(see, for example, [8]). Prototype of the results aimed for is S. M. 
VoRONINs result [241] (see also [117]): 

Let 0 < r < ~' and lets f--7 g(s) be a non-vanishing, in lzl ::::; r 
continuous, in lzl < r holomorphic function. For any c > 0 there 

are real values T such that sup I( (s +~+iT) - g(s)l <c. 
!s!:Sr 4 

After VORONINs paper there were several authors dealing with "uni
versality", for example B. BAGCHI, R. GARUNKSTIS, A. Goon, R. 
KACINSKAITE, A. LAURINCIKAS, K. MATSUMOTO, A. REICH, R. SLE
ZEVICIENE, J. STEUDING. 

Figure 7. R. Garunkstis, J. Steuding, R. Sleceviciene; K. 
Matsumoto 

Probability comes into the topic through a method of BAGCHI, con
siderably extended by LAURINCIKAS [152], see also [148]. 28 From STEU
DINGs habilitation thesis we give an example of a limit theorem for a 

28Certainly, the revived interest in "universality" owes much to A. LAU

RINCIKAS, who inspired several young mathematicians to work on this subject. 
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subclass S of the SELBERG class S; this class S consists of Dirichlet-
oo 

series L an · n-s, having an Eulerproduct f1P( ... ) and a functional 
1 

equation of the kind of the functional equation of ((s) (with Gamma-
factors), and satisfying an « ne. The subclass S c S is restricted 

1 
by the demand for the existence of lim -( -) L la(p)l 2 and by some 

X-->00 7r X 
PSoX 

restriction on the shape of the factors ( ... ) in the Eulerproduct. 

To any Dirichlet series £ E S attach a probability measure Pr by 

1 . 
Pr(A) = T ·Lebesgue-measure of {7 E [0, T], £(a+ ~7) E A}, 

for Borel-sets A in the space H(V) of functions holomorphic in the strip 

[The "degree" de of £ is defined by data from the functional equation 
of £.] Then ([225], Chapt. 6) the probability measure Pr converges 
weakly to some probability measure P, as T --+ oo , and the measure P 
is explicitly given. 

This limit theorem permits the proof of a universality result for 
Dirichlet-series in the restricted Selberg class S. 29 

Let K be a compact subset of the strip V with connected complement, 
and let g(s) be a non-vanishing function continuous on V, and holo
morphic in the interior of K. If£ E S, then, for any E > 0 

lim inf 2_ · L-measure of {T E [0, T]; max l£(s +iT) - g(s)l < c} > 0. 
T-->oo T sEIC 

29In the literature there are many universality results, for example for L
functions, for the Lerch zeta-function, the Matsumoto zeta-function, for zeta
functions attached to cusp forms, for Heeke L-functions, . . . . See, for example, 
[153], [152], [175], [176], [194], [222], [221], [223], [225], and many others. V. 
GARBALIAUSKIENE, in her Vilnius dissertation [66] gives universality results for 
L-functions attached to elliptic curves. In [69] there are such results for the 
Estermann zeta-function. 

There are also "joint universality results" - that means that tuples of cer
tain zeta-function can simultaneously approximate given holomorphic function 
(of course, under suitable assumptions). A first prototype of this phenomenon 
for Dirichlet L-functions with non--equivalent charactes is also due to VoRONIN 
[242]. See also [117], more recently [68] or [67]. 
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So, VORONINs result on the zeta~function is extended to a much 
larger class of zeta~ functions, and the assertion "There is some T" is 
made quantitive - these T's with the universality property do have a 
positive lower density. 

There are survey papers on universality, for example [72], [149], 
[177], and [148]. 

§8. Conclusion 

In this survey article only some parts of Probabilistic Number The
ory could be sketched. The author hopes, that it became clear that 
Probabilistic Number Theory is an active field of mathematical research, 
where methods from number theory, analysis and probability theory 
work together in order to obtain interesting arithmetical results. 

The author enjoyed the conference in Kanazawa very much, it was 
-thanks to the organizers Profs. SUGITA, MATSUMOTO, and MURATA 
- a pleasant stay. He gratefully acknowledges financial support from 
the organization committee. 

Photographs were taken by ULRIKE VORHAUER, Yr~WEI LEE, J. 
PINTZ and the author. Photographs of KAC, KUBILIUS, RENYI, TURAN, 
WINTNER can be found in ELLIOTTs monographs [37], [38]. 

References 

[ 1 ] A. Axer, Beitrag zur Kenntnis der zahlentheoretischen Funktionen J-l(n) 
und ..\(n), Prace Mat.-Fiz., 21 (1910), 65-95. 

[ 2 ] G. J. Babu, Probabilistic methods in the theory of arithmetical functions, 
Macmillan, Delhi, 1978. 

[ 3 ] J. Babu and P. Erdos, A note on the distribution function of additive 
arithmetical functions in short intervals, Canad. Math. Bull., 32 (1989), 
441-445. 

[ 4 ] A. Bakstys, Limit laws of a distribution of multiplicative arithmetical func
tions I, II, III. (Russian), Litovsk. Mat. Sb., 8 (1968), 5-20, 201-219, 
643-680. 

[ 5 ] M. B. Barban, The Large Sieve method and its application in the theory 
of numbers, Russ. Math. Surveys, 21 (1966), 49-103. 

[ 6 ] M. B. Barban, A. I. Vinogradov and B. V. Levin, Limit laws for functions 
of the class H of J. P. Kubilius which are defined on a set of shifted 
primes. (Russian), Litovsk. Mat. Sb., 5 (1965), 5-8. 

[ 7 ] A. Biro and T. Szamuely, A Tunin-Kubilius Inequality with Multiplicative 
Weights, Acta Math. Hungar., 70 (1996), 39-56. 



History of probabilistic number theory 407 

[ 8 ] H. Bohr, Uber das Verhalten von ((s) in der Halbebene a > 1, Nachr. 
Akad. Wiss. Gottingen, Math. Phys. Kl., 1911, pp. 409-428. 

[ 9 ] E. F. Browder, Mathematical developments arising from Hilbert problems, 
Amer. Math. Soc., 1976. 

( 10] N. G. de Bruijn, Bijna periodieke multiplicative functies, Nieuw Archie£ 
voor Wiskunde, 32 (1943), 81-95. 

( 11] N. G. de Bruijn, Asymptotic Methods in Analysis, North Holland Publ. 
Comp., 1958. 

[ 12] J. W. S. Cassels, An Introduction to the Geometry of Numbers, Springer
Verlag, 1959. 

[ 13] J. W. S. Cassels and A. Frohlich, Algebraic Number Theory, London, New 
York, 1967. 

[ 14] E. Cesaro, Probabilite de certains faits arithmetiques, Mathesis, 11 (1884), 
150-151; Eventualite de division arithmetique, Ann. Mat. pura e appl., 
13 (1889), 295-313. 

( 15] J. Coates and S. T. Yau (eds.), Elliptic Curves, Modular Forms & Fermat's 
Last Theorem, 2nd ed., International Press Cambridge, Mass, 1997. 

( 16] H. Daboussi, Caracterisation des fonctions multiplicatives p.p. B>.. a spec
tre non vide, Ann. Inst. Fourier Grenoble, 30 (1980), 141-166. 

( 17] H. Daboussi, Sur les fonctions multiplicatives ayant une valeur moyenne 
non nulle, Bull. Soc. Math. France, 109 (1981), 183-205. 

[ 18] H. Daboussi, On some exponential sums, In: Analytic Number theory, 
Allerton Park, 1989, Progr. Math., 85, Birkhauser, Boston, 1990, pp. 
111-118. 

[ 19] H. Daboussi and H. Delange, Quelques proprietes des fonctions multiplica
tives de module au plus a 1, C. R. Acad. Sci. Paris, Ser. A, 278 (1974), 
657-660. 

[ 20] H. Daboussi and H. Delange, On a theorem of P. D. T. A. Elliott on 
multiplicative functions, J. London Math. Soc. (2), 14 (1976), 345-356. 

[ 21] H. Daboussi and H. Delange, On multiplicative arithmetical functions 
whose module does not exceed one, J. London Math. Soc. (2), 26 (1982), 
245-264. 

( 22] H. Daboussi and H. Delange, On a class of multiplicative functions, Acta 
Sci. Math. (Szeged), 49 (1985), 143-149. 

[ 23] H. Daboussi and K.-H. Indlekofer, Two elementary proofs of Halasz's the
orem, Math. Z., 209 (1992), 43-52. 

[ 24] H. Delange, Sur un theoreme d'Erdos et Kac, Acad. Roy. Belg. Bull. Cl. 
Sci. (5), 42 (1956), 130-144. 

[ 25] H. Delange, Sur les fonctions arithmetiques fortement additives, C. R. 
Acad. Sci. Paris, 244 (1957), 1307-1309. 

[ 26] H. Delange, Surles fonctions arithmetiques multiplicatives, Ann. Sci. Ecole 
Norm. Sup., 78 (1961), 273-304. 

[ 27] H. Delange, Sur le nombre des diviseurs premiers de n, Acta Arithm., 7 
(1961/62), 191-215. 



408 W. Schwarz 

[ 28] H. Delange, On a class of multiplicative functions, Scripta Math., 26 
(1963), 121-141. 

[ 29] H. Delange, Generalization of Daboussi's theorem, In: Topics in Classical 
Number Theory, Vol. I, II, Coll. Math. Soc. Janos Bolyai, 34, Budapest, 
1981, (ed. G. HALASZ), Budapest, 1984, pp. 305-318. 

[ 30] G. Lejeune Dirichlet, Beweis des Satzes dass jede Unbegrenzte Arithmeti
sche Progression deren erstes Glied und Differenz ganze Zahlen ohne 

· gemeinsamen Factor sind, unendlich viele Primzahlen enthalt, 1837; 
Werke I, Berlin, 1889, 313-342. 

[ 31] I. V. Elistratov, The remainder term in Delange's second theorem. (Rus
sian), Investigations in Number Theory, Saratov Gos. Univ., Saratov, 
1987, pp. 38-44. 

[ 32] P. D. T. A. Elliott, On the limiting distribution of additive functions (mod 
1), Pacific J. Math., 38 (1971), 49-59. 

[ 33] P. D. T. A. Elliott, On additive functions whose limiting distributions 
possess a finite mean and variance, Pacific J. Math., 48 (1973), 47-55. 

[ 34] P. D. T. A. Elliott, A class of additive arithmetic functions with asymp
totically normal distribution, Mathematika, 20 (1973), 144-154. 

[ 35] P. D. T. A. Elliott, A mean-value theorem for multiplicative functions, 
Proc. London Math. Soc. (3), 31 (1975), 418-438. 

[ 36] P. D. T. A. Elliott, The law of large numbers for additive arithmetic func
tions, Math. Proc. Cambr. Phil. Soc., 78 (1975), 33-71. 

[ 37] P. D. T. A. Elliott, Probabilistic Number Theory I, Mean-Value Theorems, 
Springer-Verlag, 1979. 

[ 38] P. D. T. A. Elliott, Probabilistic Number Theory II, Central Limit Theo
rems, Springer-Verlag, 1980. 

[ 39] P. D. T. A. Elliott, High-power analogues of the Turan-Kubilius inequal
ity, and an application to number theory, Canad. J. Math., 32 (1980), 
893-907. 

[ 40] P. D. T. A. Elliott, Mean-value theorems for functions bounded in mean 
a-power, a> 1, J. Austral. Math. Soc., 29 (1980), 177-205. 

[ 41] P. D. T. A. Elliott, Functional analysis and additive arithmetic functions, 
Bull. Amer. Math. Soc. (N. S.), 16 (1987), 179-223. 

[ 42] P. D. T. A. Elliott, A local Turan-Kubilius inequality, Acta Arithm., 49 
(1987), 127-139. 

[ 43] P. D. T. A. Elliott, Localised value-distribution of additive arithmetic 
functions, J. Reine Angew. Math., 379 (1987), 64-75. 

[ 44] P. D. T. A. Elliott, A localized Erd8s-Wintner theorem, Pacific J. Math., 
135 (1988), 287-297. 

[ 45] P. D. T. A. Elliott, Additive arithmetic functions on intervals, Math. Proc. 
Cambridge Phil. Soc., 103 (1988), 163-179. 

[ 46] P. D. T. A. Elliott, Application of elementary functional analysis to the 
study of arithmetic functions, In: Number theory, Vol. I, Budapest, 
1987, Colloq. Math. Soc. Janos Bolyai, 51, North-Holland, Amsterdam, 
1990, pp. 35-43. 



History of probabilistic number theory 409 

[ 47] P. D. T. A. Elliott, Duality in Analytic Number Theory, Cambridge Univ. 
Press, 1997. 

[ 48] P. D. T. A. Elliott, Shifted Primes and Kubilius Models, New Trends Prob. 
Stat., Vol. 4, (eds. A. Laurincikas et al.), 1997, pp. 297-312. 

[ 49] P. Erdas, Note on the numbers of prime divisors of integers, J. London 
Math. Soc., 12 (1937), 308-314. 

[50] P. Erdas, On the density of some sequences of numbers III, J. London 
Math. Soc., 13 (1938), 119-127. 

[51] P. Erdos, On the distribution function of additive functions, Ann. Math., 
47 (1947), 1-20. 

[ 52 J P. Erdas, On the integers having exactly K prime factors, Ann. Math. 
(2), 49 (1948), 53-66. 

[ 53 ] P. ERDOS, Ramanujan and I, Springer Lecture Notes in Math. 1395 
(1989) 1-20. 

[54] P. Erdas, P. Gruber and J. Hammer, Lattice Points, Longmann Scientific 
& Technical, Essex, 1989. 

[ 55 J P. Erdos and l'vi. Kac, On the Gaussian law of errors in the theory of 
additive functions, Proc. Nat. Acad. Sci. U. S. A., 25 (1939), 206-207. 

[ 56 J P. Erdas and M. Kac, The Gaussian law of errors in the theory of additive 
number-theoretic functions, Am.J. Math., 62 (1940), 738-742. 

[ 57 J P. Erdas and C. Pomerance, On the normal number of prime factors of 
'P(n), Number Theory, Winnipeg Man., 1983, Rocky Mountain J. Math., 
15 (1985), 343-352. 

[58] P. Erdos and A. Renyi, On some applications of probability methods to 
additive number theoretic problems, Contribution to Ergodic Theory 
and Probability Theory, Proc. Conf. Columbus/Ohio, 1970, 37-44. 

[ 59 J P. Erdas and P. Ttmin, On some problems of a statistical group-theory, I 
-VII, Z. Wahrscheinlichkeitsth. Verw. Gebiete, 4 (1965), 175-186; Acta 
Math. Acad. Sci. Hungar., 18 (1967), 151-163; ibid., 309-320; ibid., 19 
(1968), 413-435; Per. Math. Hungar., 1 (1971), 5-13; J. Indian Math. 
Soc., 34 (1970), 175-192; Per. Math. Hungar., 2 (1972), 149-163. 

[ 60 J P. Erdos and A. Wintner, Additive arithmetical functions and statistical 
independence, Amer. J. Math., 61 (1939), 713-721. 

[ 61 J P. Erdas and A. Wintner, Additive functions and almost periodicity (B 2 ), 

Amer. Math. J., 62 (1940), 635-645. 
[ 62 J A. S. Falnlelb and S. T. Tulyaganov, Uniform asymptotic behaviour of 

sums of multiplicative functions. (Russian), Izv. Akad. Nauk UzSSR 
Ser. Fiz.-Mat. Nauk, 1986, 22-26, 75. 

[ 63 J H. Furstenberg, Ergodic behaviour of diagonal measures and a theorem of 
Szemeredi on arithmetic progressions, J. d'Analyse Math., 31 (1977), 
204-256. 

[ 64 J H. Furstenberg, Recurrence in Ergodic Theory and Combinatorial Number 
Theory, Princeton Univ. Press, 1981. 

[ 65 J V. Garbaliauskiene, Discrete value-distribution of £-functions of elliptic 
curves, Publ. Inst. Math. Beograd, 76 (2004), 65-71. 



410 W. Schwarz 

[ 66] V. Garbaliauskiene, The universality of £-functions of elliptic curves, Diss. 
thesis, Vilnius, 2005. 

[ 67] V. Garbaliauskiene, R. Kacinskaite and A. Laurincikas, The joint univer
sality for £-functions of elliptic curves, Nonlinear Analysis: Modelling 
and Control, 9 (2004), 331-348. 

[ 68] V. Garbaliauskiene and A. Laurincikas, Discrete value--distribution of£
functions of elliptic curves, Publ. Inst. Math., 76 (2004), 65-71. 

[ 69] R. Garunkstis, A. Laurincikas, R. Slezeviciene and J. Steuding, On the 
Universality of the Estermann Zeta-Function, Analysis, 22 (2002), 285-
296. 

[ 70] L. J. Goldstein, Analytic Number Theory, Englewood Cliffs, 1971. 
[ 71] V. L. Goncarov, On the field of combinatorial analysis, Izv. Akad. Nauk 

SSSR Ser. Mat., 8 (1944), 3-48 [Russ.], Translations Amer. Math. Soc., 
19 (1962), 1-46. 

[ 72] K.-G. Grasse-Erdmann, Universal families and hypercyclic operators, 
Bull. Amer. Math. Soc., 36 (1999), 345-381. 

[ 73] J. Hadamard, Sur la distribution des zeros de la fonction ((s) et ses 
consequences arithmetiques, Bull. Soc. Math. de France, 24 (1896), 199-
220. 

[ 74] G. Hahisz, Uber die Mittelwerte multiplikativer zahlentheoretischer Funk
tionen, Acta 1\Iath. Acad. Sci. Hungar., 19 (1968), 365-403. 

[ 75] G. Halasz, On the distribution of additive and the mean values of mul
tiplicative arithmetic functions, Studia Sci. Math. Hungar., 6 (1971), 
211-233. 

[ 76] G. Halasz, Remark to my paper: On the distribution of additive and the 
mean values of multiplicative arithmetic functions, Acta Math. Acad. 
Sci. Hungar., 23 (1972), 425-432. 

[ 77] H. Halberstam, On the distribution of additive number-theoretic functions 
I, II, III, J. London Math. Soc., 30 (1955), 43-53; 31 (1956), 1-14, 14-
27. 

[ 78] H. Halberstam and H.-E. Richert, Sieve Methods, Academic Press, Lon-
don, 1974. 

[ 79] H. Halberstam and K. F. Roth, Sequences, Oxford, Clarendon Press, 1966. 
[ 80] R. R. Hall and G. Tenenbaum, Divisors, Cambridge Univ. Press, 1988. 
[ 81] G. H. Hardy, Divergent Series, Oxford, 1948. 
[ 82] G. Hardy and S. Ramanujan, The normal number of prime factors of a 

number n, Quart. J. Math. (Oxford), 48 (1917), 76-92. 
[ 83] E. Heppner, Uber benachbarte multiplikative zahlentheoretische Funkti

onen mehrerer Variabler, Archiv Math., 35 (1980), 454-460. 
[ 84] E. Heppner and W. Schwarz, Benachbarte multiplikative Funktionen, 

Studies in Pure Mathematics. To the Memory of Paul Turan, (eds. 
P. Erdas, L. Alpar, G. Halasz and A. Sarki:izy), 1983, pp. 323-336. 

[ 85 ] A. Hildebrand, On Wirsing's mean value theorem for multiplicative func
tions, Bull. London Math. Soc., 18 (1986), 147-152. 



History of probabilistic number theory 411 

[ 86] A. Hildebrand, Multiplicative functions in short intervals, Canad. J. Math., 
39 (1987), 646-672. 

[ 87] A. Hildebrand, On the number of prime factors of an integer, Ramanujan 
Revisited, Proc. Centenary Conf. Urbana-Champaign, 1987, (eds. G. E. 
Andrews, R. A. Askey, B. C. Berndt, K. G. Ramanathan and R. A. 
Rankin), 1988, pp. 167-185. 

[ 88] A. Hildebrand, An Erd8s-Wintner theorem for differences of additive 
functions, Trans. Amer. Math. Soc., 310 (1988), 257-276. 

[ 89] A. Hildebrand, Additive and multiplicative functions on shifted primes, 
Proc. London Math. Soc. (3), 59 (1989), 209-232. 

[ 90] A. Hildebrand and J. Spilker, Charakterisierung der additiven, fastge
raden Funktionen, Manuscripta Math., 32 (1980), 213-230. 

[ 91] A. Hildebrand and G. Tenenbaum, On the number of prime factors of an 
integer, Duke Math. J., 56 (1988), 471-501. 

[ 92] C. Hooley, Applications of Sieve Methods to the Theory of Numbers, Cam
bridge University Press, 1976. 

[ 93] L. K. Hua, Analytische Zahlentheorie, Enzykl. d. Math. Wissenschaften 
Band I, 2. Teil, Heft 13, Leipzig, 1959. 

[ 94] K.-H. Indlekofer, A mean-value theorem for multiplicative functions, 
Math. Z., 172 (1980), 255-271. 

[ 95] K.-H. Indlekofer Remarks on a theorem of G. Halasz, Archiv Math., 36 
(1981 ), 145-151. 

[ 96] K.-H. lndlekofer, Limiting distributions and mean-values of multiplicative 
arithmetical functions, J. Reine Angew. Math., 328 (1981), 116-127. 

[ 97] K.-H. lndlekofer, On multiplicative arithmetical functions, Topics in Clas
sical Number Theory, Vol. I, II., Coli. Math. Soc. Janos Bolyai, 34, 
Budapest, 1981, (ed. G. Halasz), Budapest, 1984, 731-748. 

[ 98] K.-H. Indlekofer, Cesaro means of additive functions, Analysis, 6 (1986), 
1-24. 

[ 99] K.-H. Indlekofer, Uber Grenzverteilungen multiplikativer Funktionen mit 
logarithmischen Momenten, Litovsk. Mat. Sb., 26 (1986), 435-446. 

[100] K.-H. lndlekofer, Properties of uniformly summable functions, Period. 
math. Hungar., 17 (1986), 143-161. 

[101] K.-H. lndlekofer, Uber eine Verallgemeinerung der Tunin-Kubilius Un
gleichung, Acta Arithm., 52 (1989), 67-73. 

[102] K.-H. lndlekofer, Limit laws and moments of additive functions in short 
intervals, Number Theory, Vol. I, Budapest, 1987, Colloq. Math. Soc. 
Janos Bolyai, 51, North-Holland, Amsterdam, 1990, pp. 193-220. 

[103] K.-H. Indlekofer, Limiting distributions of additive functions in short 
intervals, Acta Math. Hungar., 56 (1990), 11-22. 

[104] K.-H. Indlekofer, On some spaces of arithmetical functions, Analysis 
Math., 18 (1992), 203-221. 

[105] K.-H. Indlekofer, A New Method in Probabilistic Number Theory, Prob
ability theory and applications, Math. Appl., 80, Kluwer Acad. Publ. 
Dordrecht, 1992, pp. 299-308. 



412 W. Schwarz 

[106] K.-H. lndlekofer, Number Theory - Probabilistic, Heuristic, and Com
putational Approaches, Comput. Math. Appl., 43 (2002), 1035-1061. 

[107] K.-H. Indlekofer and I. Katai, Momente additiver Funktionen auf der Folge 
{p + 1}, Litovsk. Mat. Sb., 28 (1988), 669-679. 

[108] K.-H. lndlekofer and I. Katai, Exponential sums with multiplicative coef
ficients, Acta Math. Hungar., 54 (1989), 263-268. 

[109] K.-H. Indlekofer and I. Katai, Generalized moments of additive functions, 
J. Number Theory, 32 (1989), 281-288. 

[110] K.-H. Indlekofer and I. Katai, On the Distribution of Translates of Additive 
Functions, Acta Math. Hungar., 61 (1993), 343-356. 

[111] K.-H. lndlekofer and I. Katai, On a theorem of H. Daboussi, Publ. Math. 
Debrecen, 57 (2000), 145-152. 

[112] A. lvic, The Riemann Zeta Function, John Wiley & Sons, 1985. 
[113] A. Ivic, E. Kratzel, M. Kiihleitner and W. G. Nowak, Lattice points in 

large regions and related arithmeetic functions: Recent developments in 
a very classic topic, Proc. ELAZ-Conference, (eds. W. Schwarz and J. 
Steuding), Steiner-Verlag Stuttgart, 2006, pp. 89-128. 

[114] M. Kac, Note on the distribution of values of the arithmetic function d( n), 
Bull. Amer. Math. Soc., 47 (1941), 815-817. 

[115] M. Kac, E. R. van Kampen and A. Wintner, Ramanujan sums and almost 
periodic behaviour, Amer. J. Math., 62 (1940), 107-114. 

[116] R. Kacinskaite and A. Laurincikas, On the value distribution of the Mat
sumoto zeta-function, Acta Math. Hungar., 105 (2004), 339-359. 

[117] A. A. Karatsuba and S. M. Voronin, The Riemann zeta-function, de 
Gruyter, 1992. 

[118] I. Katai, Some remarks on additive arithmetical functions, Litovsk. Mat. 
Sb., 9 (1969), 515-518. 

[119] I. Katai, On a problem of P. Erdos, J. Number Theory, 2 (1970), 1-6. 
[120] I. Katai, A remark on a theorem of H. Daboussi, Acta Math. Hungar., 47 

(1986), 223-225. 
[121] J. Knopfmacher, Abstract Analytic Number Theory, Amsterdam/Oxford, 

1975, 2nd ed., Dover, New York, 1990. 
[122] J. Knopfmacher, Fourier analysis of arithmetical functions, Annali Mat. 

Pura Appl. (IV), 109 (1976), 177-201. 
[123] J. Knopfmacher and Wen-Bin Zhang, Number Theory Arising from Finite 

Fields, Analytic and Probabilistic Theory, 2001. 
[124] A. N. Kolmogorov, Grundbegriffe der Wahrscheinlichkeitsfelder und -raume, 

Springer-Verlag, Heidelberg, 1933; Foundations of the Theory of Prob
ability, Chelsea, New York, 1956. 

[125] E. Kratzel, Analytische Funktionen in der Zahlentheorie, Teubner Verlag, 
2000. 

[126] U. Krengel, Wahrscheinlichkeitstheorie, Ein Jahrhundert Mathematik, 
1890-1990, Festschrift zum Jubilaum der DMV, herausgegeben von 
Gerd Fischer, Friedrich Hirzebruch, Winfried Scharlau and W. Tornig, 
1990, 457-489. 



History of probabilistic number theory 413 

[127] Z. Krizhyus, Almost even arithmetic functions on semigroups. (Russian), 
Litovsk. Mat. Sb., 25 (1985), 90-101. 

[128] Z. Krizhyus, Limit periodic arithmetical functions. (Russian), Litovsk. 
Mat. Sb., 25 (1985), 93-103. 

[129] J. Kubilius, Probabilistic methods in the theory of numbers. (Russian), 
Uspekhi Mat. Nauk (N. S.), 11 (1956), 31-66; Amer. Math. Soc. Trans
lations, 19 (1962), 47-85. 

[130] J. Kubilius, On some problems in probabilistic number theory. (Russian), 
In: Proc. Sixth All-Union Conf. Theory Prob. and Math. Stat. Vilnius 
1960, Vilnius, 1962, pp. 57-68. 

[131] J. Kubilius, Asymptotic expansion of the distribution laws of certain arith
metical functions. (Russian), Litovsk. Mat. Sb., 2 (1962), 61-73. 

[132] J. Kubilius, Probabilistic Methods in the Theory of Numbers, Amer. Math. 
Soc. Translations of Math. Monographs, No. 11, Providence, 1964, p. 
182, 2nd ed, Vilnius, 1962. 

[133] J. Kubilius, On asymptotic laws of distribution of additive arithmetical 
functions. (Russian), Litovsk. Mat. Sb., 5 (1965), 261-273. 

[134] J. Kubilius, Probabilistic methods in the theory of the distribution of 
arithmetic functions, [Russian], Current Problems of analytic number 
theory, Proc. Summer School Minsk, 1972, Izdat. Nauka i Technika, 
Minsk, 1974, pp. 81-118. 

[135] J. Kubilius, On an inequality for additive arithmetical functions, Acta 
Arithm., 27 (1975), 371-383. 

[136] J. Kubilius, Additive arithmetic functions and Brownian motion, Lecture 
Notes in Math., 550, Springer-Verlag, 1976, pp. 335-350. 

[137] J. Kubilius, On Some Inequalities in the Probabilistic Number Theory, 
Prob. Th. and Math. Stat., Kyoto, 1986, Lecture Notes in Math., 1299, 
Springer-Verlag, 1988, pp. 214-220. 

[138] J. Kubilius, On Some Inequalities in the Probabilistic Number Theory, 
New Trends in Probability and Statistics, ( eds. A. LaurinCikas, E. 
Manstavicius and V. Stak(mas), 4 (1997), 345-356. 

[139] J. Kubilius, On some results in probabilistic number theory, Limit The
orems of Prob. Theory, Vilnius, 1999, Acta Appl. :Math., 58 (1999), 
175-188. 

[140] J. Kubilius and Z. Juskys, The distribution of the values of multiplicative 
functions. (Russian), Litovsk. Mat. Sb., 11 (1971), 261-273. 

[141] H. Kubota and H. Sugita, Probabilistic Proof of Limit Theorems in Num
ber Theory by means of Adeles, Kyushu J. Math., 56 (2002), 391-404. 

[142] P. Kunth, Einige funktionalanalytische Aspekte in der Theorie der zahlen
theoretischen Funktionen, Dissertation, Frankfurt, 1988. 

[143] E. Landau, Uber die Maximalordnung der Permutationen gegebenen 
Grades, Arch. Mat. u. Phys. (3), 5 (1903), 92-103. 

[144] E. Landau, Euler und die Funktionalgleichung der Riemannschen Zeta
funktion, Bibliotheca Math. (3), 7 (1906), 69-79. 



414 W. Schwarz 

[145] E. Landau, Uber die Verteilung der Zahlen, welche aus v Primfaktoren 
zusammengesetzt sind, Gottinger Nachrichten, 1911, pp. 361-381. 

[146] A. Laurincikas, On the limit distribution of multiplicative functions. (Rus
sian), Litovsk. Mat. Sb., 16 (1976), 121-131, 243. 

[147] A. Laurincikas, Number Theory in Lithuania, Proc. of XXXVI Conf. Lith. 
Math. Soc., (eds. R. Kudzma and V. Mackevicius), Vilnius, 1996, pp. 
87-171. 

[148] A. Laurincikas, Limit theorems for the Riemann zeta-function, Kluwer 
Acad. Publ. Dordrecht, 1996. 

[149] A. Laurincikas, The universality of zeta-functions, Acta Appl. Math., 78 
(2003), 251-271. 

[150] A. Laurincikas, The joint universality of Dirichlet series, Fiz. Mat. Fak. 
Moksl. Sem. Darb., 7 (2004), 33-44. 

[151] A. Laurincikas, A survey on limit theorems for general Dirichlet series, 
Fiz. Mat. Fak. Moksl. Sem. Darb., 7 (2004), 45-56. 

[152] A. LaurinCikas, On the limit distribution of the Matsumoto zeta-function, 
I, II, Acta Arithm., 79 (1997), 31-39; Liet. Mat. Rink, 36 (1996), 464-
485; On the Matsumoto zeta-function, Acta Arithm., 84 (1998), 1-16. 

[153] A. LaurinCikas and R. Garunkstis, The Lerch Zeta-function, Kluwer Acad. 
Publ., 2002. 

[154] A. Laurincikas and K. Matsumoto, The joint universality and the func
tional independence for Lerch zeta-functions, Nagoya Math. J., 157 
(2000), 211-227; The universality of zeta-functions attached to certain 
cusp forms, Acta Arithm., 98 (2001), 345-359. 

[155] A. LaurinCikas and K. Matsumoto, The joint universality of twisted auto
morphic L-functions, J. Math. Soc. Japan, 56 (2004), 923-939. 

[156] A. Laurincikas, W. Schwarz and J. Steuding, The universality of general 
Dirichlet series, Analysis, 23 (2003), 13-26. 

[157] Y.-W. Lee-Steinkamper, Mean behaviour of uniformly summable Q
multiplicative functions, Dissertation, Paderborn, 2005. 

[158] W. J. LeVeque, On the size of certain number-theoretic functions, Trans. 
Amer. Math. Soc., 66 (1949), 440-463. 

[159] B. V. Levin and A. S. Falnlelb, Distribution of values of additive arith
metical functions. (Russ.), Dokl. ANauk SSSR, 171 (1966), 281-284. 

[160] B. V. Levin and N. M. Timofeev, Sums of multiplicative functions. (Rus
sian), Dokl. Akad. Nauk SSSR, 193 (1970), 992-995. 

[161] L. G. Lucht and K. Reifenrath, Weighted Wiener-Levy theorems, Analytic 
Number Theory, Allerton Park, 1995, Progr. Math. Birkhauser, 1996, 
pp. 607-619. 

[162] L. G. Lucht and K. Reifenrath, Mean-value theorems in arithmetic semi
groups, Acta Math. Hungar., 93 (2001), 27-57. 

[163] E. Lukacs, Characteristic Functions, New York, 2nd ed., 1970. 
[164] E. Manstavicius, Laws of the iterated logarithm for additive functions, 

Number Theory, Vol. 1, Budapest, 1987, Coll. Math. J. Bolyai, 51, pp. 
279-299. 



History of probabilistic number theory 415 

[165] E. Manstavicius, A nonuniform estimate in the central limit theorem for 
additive functions. (Russian), Litovsk. Mat. Sb., 29 (1989), 507-516. 

[166] E. Manstavicius, Probabilistic Theory of Additive Functions Related to 
Systems of Numeration, New Trends in Prob. and Stat., (eds. A. Lau
rincikas et al.), 4 (1997), 413-429. 

[167] E. Manstavicius, Functional Limit Theorems in Probabilistic Number The
ory, Paul Erd~s and his Mathematics, Budapest, 1999, Bolyai Soc. Math. 
Stud., 11 (2002), 465-491. 

[168] E. ManstaviCius, On random permutations without cycles of some length, 
Period. Math. Hungar., 42 (2001), 37-44. 

[169] E. Manstavicius, Mappings on Decomposable Combinatorial Structures: 
Analytic Approach, Combinatorics, Probability and Computing, 11 
(2002), 61-78. 

[170] E. ManstaviCius, Iterated logarithm laws and the cycle lengths of a ran
dom permutation, Trends in Math., Birkhauser Verl., Basel, 2004, pp. 
39-47. 

[171] E. ManstaviCius, An Analytic Method in Probabilistic Combinatorics, ln
ternat. Conf. Kanazawa, 2005, Advanced Studies in Pure Mathematics, 
43, 2006. 

[172] E. Manstavicius and R. Skrabutenas, On analytic problems for additive 
arithmetical semigroups, Ann. Univ. Sci. Budapest, Sect. Comp., 22 
(2003), 269-285. 

[173] J. P. Massias, Majoration explicite de l'ordre maximum d'un element du 
groupe symetrique, Ann. Fac. Sci. Toulouse, 6 (1984), 269-281. 

[174] J. P. Massias, J. L. Nicolas and G. Robin, Evaluation asymptotique de 
l'ordre maximum d'un element du groupe symetrique, Acta Arithm., 50 
(1988), 221-242; Effective bounds for the maximal order of an element 
in the symmetric group, Math. Comp., 53 (1989), 665-678. 

[175] K. Matsumoto, Value-distribution of zeta-functions, Springer Lecture 
Notes Math., 1434, Analytic Number Theory, (eds. K. Nagasaka and 
E. Fouvry), 1990, pp. 178-187. 

[176] K. Matsumoto, The mean-values and universality of Rankin-Selberg £
functions, Proc. Turku Symp., 1999, (eds. M. Jutila and T. Metsiinkyla), 
W. de Gruyter, Berlin, 2001, pp. 201-221. 

[177] K. Matsumoto, Probabilistic value-distribution theory of zeta-functions, 
Sugaku Expositions, 17 (2004), 51-71, (in Japanese, 2001). 

[178] J.-L. Mauclaire, Integration et theorie des nombres, Paris, 1986. 
[179] J.-L. Mauclaire, Sur une inegalite de la theorie probabiliste des nombres, 

Proc. Japan Acad. A, 63 (1987), 134-137. 
[180] J.-L. Mauclaire, Integration and number theory, Prospects of Math. Sci

ence, Tokyo, 1986, World Sci. Publishing, Singapore, 1988, 97-125. 
[181] J.-L. Mauclaire, Comments on an article by J. Delsarte: Essay on the 

application of the theory of almost periodic functions to arithmetic, 
Ann. Sci. Ecole Norm. Sup. (3), 62 (1945), 185-204; Groupe de Travail 



416 W. Schwarz 

en Theorie Analytique et Eh§mentaire des Nombres, 1987~1988, Publ. 
Math. Orsay, 89~01, Univ. Paris XI, Orsay, 1989, pp. 49~64. 

[182] J.-L. Mauclaire, Deux resultats de theorie probabiliste des nombres, C. R. 
Acad. Sci. Paris Ser. I. Math., 311 (1990), 69~72. 

[183] J.-L. Mauclaire, Measure theory and arithmetic functions, New Trends in 
Prob. and Stat., 2, Palanga, 1991, VSP Utrecht, 1992, pp. 251~267. 

[184] J.-L. Mauclaire, Some Results on Additive Arithmetical Functions with 
Values in a Group, Anal. Probab. Methods Number Theory, (eds. A. 
Dubickas et al.), 2002, TEV Vilnius, 200~220. 

[185] J.-L. Mauclaire, On some multiplicative functions and vector spaces of 
arithmetical functions, Ann. Univ. Sci. Budapest., Sect. Comp., 24 
(2004), 29~68. 

[186] T. Maxsein, W. Schwarz and P. Smith, An example for Gelfand's theory 
of commutative Banach algebras, l\Iath. Slovaca, 41 (1991), 299~310. 

[187] H. L. Montgomery, Ten Lectures on the Interface Between Analytic Num
ber Theory and Harmonic Analysis, Amer. Math. Soc., 1994. 

[188] H. L. Montgomery and R. C. Vaughan, Exponential sums with multiplica
tive coefficients, Inventiones Math., 43 (1977), 69~82. 

[189] W. Narkiewicz, The Development of Prime Number Theory, Springer
Verlag, 2000. 

[190] J.-L. Nicolas, Sur la distribution des entiers ayant une quantite fixee de 
facteurs premiers, Acta Arithm., 44 (1984), 191~200. 

[191] E. V. Novoselov, A new method in probabilistic number theory. (Russian), 
lzv. Akad. Nauk SSSR Ser. Mat., 28 (1964), 307~364. 

[192] I. N. Orlov, Integral laws for the distribution of additive functions, and 
algebraic number fields, Litovsk Mat. Sb., 28 (1988), 741~752. 

[193] A. G. Postnikov, On a theorem of Delange, In: Current problems of 
analytic number theory, Proc. Summer School Analytic Number Theory, 
Minsk, 1972, Minsk, 1974, pp. 168~177. 

[194] A. Reich, Werteverteilung von Zetafunktionen, Arch. Math., 34 (1980), 
440~451. 

[195] K. Reifenrath, Gewichtete Wiener~Levy~Siitze und arithmetische Halb
gruppen, Diss. Univ. Clausthal, 1995. 

[196] A. Renyi, On the distribution of values of additive number-theoretical 
functions, Publ. Math. Debrecen, 10 (1963), 264~273. 

[197] A. Renyi, A new proof of a theorem of Delange, Publ. Math. Debrecen, 
12 (1965), 323~329. 

[198] A. Renyi, Probability Theory, Amsterdam, London, 1970. 
[199] A. Renyi and P. Tunin, On a theorem of Erdos~Kac, Acta Arithm., 4 

(1958), 71~84. 
[200] H.-E. Richert, Uber quadratfreie Zahlen mit genau r Primfaktoren in der 

arithmetischen Progression, J. Reine Angew. Math., 192 (1953), 180~ 
203. 

[201] H.-E. Richert, Lectures on Sieve Methods, Tata Institute Bombay, 1976. 



History of probabilistic number theory 417 

[202] B. Riemann, Uber die Anzahl der Primzahlen unter einer gegebenen 
Grosse, Monatsb. Konigl. PreuB. Akad. Wiss. Berlin, 1859, pp. 671-
672. 

[203] K. F. Roth, Sur quelques ensembles d'entiers, C. R. Acad. Sci. Paris, 234 
(1952), 388-390; On certain sets of integers, J. London Math. Soc., 28 
(1953), 104-109. 

[204] W. Rudin, Real and Complex Analysis, McGraw-Hill, 1966. 
[205] W. Rudin, Functional Analysis, McGraw-Hill, 1973. 
[206] L. G. Sathe, On a problem of Hardy on the distribution of integers having 

a given number of prime factors, I-IV, J. Indian Math. Soc., 17 (1953), 
63-82, 83-141; 18 (1954), 27-42, 43-81. 

[207] J.-Ch. Schlage-Puchta, W. Schwarz and J. Spilker, Uniformly-almost-even 
Functions with prescribed Values, III, IV, Application of Gelfand's The
ory, Ann. Univ. Sci. Budapest Sect. Camp., 22 (2003), 317-330; Analy
sis, 24 (2004), 63-70. 

[208] I. Schneider, Die Entwicklung der Wahrscheinlichkeitstheorie von den 
Anfangen bis 1933, Wiss. Buchges. Darmstadt, 1989. 

[209] I. J. Schoenberg, On asymptotic distributions of arithmetical functions, 
Trans. Amer. Math. Soc., 39 (1936), 315-330. 

[210] W. Schwarz, Some Aspects of the Development of Probabilistic Number 
Theory, Prob. Theory and Math. Stat. VSP, (eds. B. Grigelionis et al), 
1994, 661-701. 

[211] W. Schwarz and J. Spilker, Eine Anwendung des Approximationssatzes 
von WeierstraB-Stone auf Ramanujan-Summen, Nieuw Archie£ voor 
Wisk. (3), 19 (1971), 198-209. 

[212] W . .Schwarz and J. Spilker, Mean values and Ramanujan expansions of 
almost even arithmetical functions, In: Call. Math. Soc. Janos Bolyai 
13, Topics in Number Theory, Debrecen, 1974, (ed. P. Tunin), North
Holland, Amsterdam et al., 1976. 

[213] W. Schwarz and J. Spilker, Wiener-Levy-Siitze fiir absolut konvergente 
Reihen, Archiv Math., 32 (1979), 267-275. 

[214] W. Schwarz and J. Spilker, Eine Bemerkung zur Charakterisierung der 
fastperiodischen multiplikativen zahlentheoretischen Funktionen mit 
von Null verschiedenem Mittelwert, Analysis, 3 (1983), 205-216. 

[215] W. Schwarz and J. Spilker, A variant of the proof of Daboussi's theorem on 
the characterization of multiplicative functions with non-void Fourier
Bohr spectrum, Analysis, 6 (1986), 237-249. 

[216] W. Schwarz and J. Spilker, Arithmetical Functions, Cambridge Univ. 
Press, 1994. 

[217] F. Schweiger and E. Manstavicius (eds.), New Trends in Probability and 
Statistics, Proc. Intern. Conf. Palanga, Sept. 1991, VSp 1992, pp. 24-28. 

[218] A. Selberg, Note on a paper by L. G. Sathe, J. Indian Math. Soc., 18 
(1954), 83-87. 

[219] H. N. Shapiro, Distribution functions of additive arithmetic functions, 
Proc. Nat. Acad. Sci. U. S. A., 42. (1956), 426-430. 



418 W. Schwarz 

[220] J. V. Siaulys, The Erdos-Wintner theorem for additive functions of a 
rational argument. (Russian), Litovsk. Mat. Sb., 30 (1990), 405-415. 

[221] R. Slezeviciene, Joint limit theorems and universality for the Riemann and 
allied zeta functions, PhD. thesis, Vilnius Univ., 2002. 

[222] R. Slezeviciene, The joint universality for twists of Dirichlet series with 
multiplicative coefficients, Proc. 3rd Internat. Conf. in Honour of J. 
Kubilius, Palanga, 2001, (eds. A. Dubickas et. al.), TEV Vilnius, 2002, 
pp. 303-319. 

[223] J. Steuding, Universality, Lecture Notes Frankfurt Univ., 2002, available 
at www. math. uni -frankfurt. de/ steuding/ steuding. shtml . 

[224] J. Steuding, Universality in the Selberg class, Proc. workshop MPI Bonn, 
(eds. R. Heath-Brown and B. Moroz), 2003. 

[225] J. Steuding, Value-distribution of £-functions and allied zeta-functions
with an emphasis on aspects of universality, Habilitationsschrift, Frank
furt, 2003, 253 pp. 

[226] H. Sugita and S. Takanobu, The probability of two integers to be co-prime, 
revisited- On the behavior of CLT-scaling limit, Osaka J. Math., 40 
(2003), 945-976. 

[227] E. Szemen§di, On sets of integers containing no k elements in arithmetical 
progressions, Acta Arithm., 27 (1975), 199-245. 

[228] G. Tenenbaum, Introduction to analytic and probabilistic number theory, 
Cambridge Univ. Press, 1995. 

[229] N. M. Timofeev, Estimation of the remainder term in one-dimensional 
asymptotic laws. (Russ.), Dokl. A.Nauk SSSR, 200 (1971), 298-301. 

[230] N. M. Timofeev, An analogue of a theorem of Halasz in the case of gen
eralizing an additive problem of divisors. (Russian), Mat. Zametki, 48 
(1990), 116-127. 

[231] N. M. Timofeev, The Erdos-Kubilius conjecture on the distribution of 
values of additive functions on sequences of shifted primes. (Russian), 
Acta Arithm., 58 (1991), 113-131. 

[232] S. T. Tulyaganov, Asymptotic of the mean values of multiplicative func
tions. (Russian), Mat. Zametki, 38 (1985), 15-28. 

[233] M. I. Tulyaganova, A certain extension of a theorem of Halasz. (Russ.), 
lzv. Akad. Nauk UzSSR ser. Fiz.-Mat. Nauk, 14 (1970), 35-40. 

[234] M. I. Tulyaganova, A generalization of a theorem of Halasz. I, II. (Russ.), 
lzv. Akad. Nauk UzSSR Ser. Fiz.-Mat. Nauk, 1978, pp. 35-40; 1984, 
pp. 26-31. 

[235] P. Turan, On a theorem of Hardy and Ramanujan, J. London Math. Soc., 
9 (1934), .274-276. 

[236] P. Turan, Uber einige Verallgemeinerungen eines Satzes von Hardy und 
Ramanujan, J. London Math. Soc., 11 (1936), 125-133. 

[237] P. Turan, On a New Method in Analysis, J. Wiley & Sons, 1984. 
[238] R. Uzdavinis, An analogue of the Erdos-Wintner theorem for the sequence 

of values of an integral polynomial. (Russ.), Litovsk. Mat. Sb., 7 (1967), 
329-338. 



History of probabilistic number theory 419 

[239] Ch. de la Vallee-Poussin, Recherches analytiques sur la theorie des nombres 
premiers, Annales de la Societe Scientifique de Bruxelles, 20 (1896), 
183-256. 

[240] I. M. Vinogradov, The Method of Trigonometrical Sums in the Theory of 
Numbers. (Russian), Interscience Publishers, 1948, pp. 180. 

[241] S.M. Voronin, Theorem on the 'universality' of the Riemann zeta-function. 
(Russ.), Izv. Akad. Nauk SSSR, Ser. Mat., 39 (1975), 475-486. 

[242] S. M. Voronin, On the functional independence of Dirichlet L-functions. 
(Russ.), Acta Arithm., 27 (1975), 493-503. 

[243] A. Walfisz, Weylsche Exponentialsummen in der neueren Zahlentheorie, 
Berlin, 1963. 

[244] S. Wehmeier, Arithmetical semigroups, Dissertation Univ. Paderborn, 
2004/05. 

[245] D. V. Widder, The Laplace Transform, Princeton, 1941. 
[246] A. Wintner, On a statistics of the Ramanujan sum, Amer. J. Math., 64 

(1942), 106-114. 
[247] A. Wintner, Eratosthenian Averages, Baltimore, 1943. 
[248] E. Wirsing, Das asymptotische Verhalten von Summen iiber multiplika

tive Funktionen, Math. Annalen, 143 (1961), 75-102. 
[249] E. Wirsing, Das asymptotische Verhalten von Summen iiber multiplikative 

Funktionen. II, Acta Math. Hungar., 18 (1967), 411-467. 
[250] Wen-Bin Zhang, Probabilistic Number Theory in Additive Arithmetic 

Semigroups. I, II, III, Analytic Number Theory, Allerton Park, Progr. 
Math., 39, Boston, 1996, 839-885; Math. Z., 235 (2000), 747-816; Ra
manujan J., 6 (2002), 387-428. 

[251] Wen-Bin Zhang, Mean-value theorems of multiplicative functions on ad
ditive arithmetic semigroups, Math. Z., 229 (1998), 195-233; Corrigen
dum Math. Z., 248 (2004), 445-448. 

[2.52] Wen-Bin Zhang, Mean-value theorems for multiplicative functions on ad
ditive arithmetic semigroups via Halasz's method, Monatsh. Math., 138 
(2003), 319-353. 

[253] Wen-Bin Zhang, Halasz type theorems for multiplicative functions on ad
ditive arithmetic semigroups, Math. Z., 251 (2005), 359-391. 

Department of Mathematics 
Johann Wolfgang Goethe University 
Robert-Mayer-StrajJe 10, D 60054 Frankfurt am Main 
Germany 




