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Numerical study and examples on singularities of
solutions to anisotropic crystalline curvature flows of
nonconvex polygonal curves

Chiaki Hirota, Tetsuya Ishiwata and Shigetoshi Yazaki

Abstract.

We construct explicit solutions of the anisotropic motion of closed
polygonal plane curves by a power of crystalline cuvature, in the case
where the initial curves are nonconvex and the power is less than one:
The solutions develop degenerate pinching singularities of a “whisker”-
type and a split-type in finite time, and do not become convex polygons.
Moreover, in the splitting case, we conjecture degenerate pinching rate
from numerical experiments.

§1. Introduction

In this paper we consider an evolution equation of a closed, simple
N-sided polygonal curve P(t) in the plane R?:

(1) V; = a(b;)sign(H;)|H;|*

for j =0,1,...,N —1, where V};, H;, a and a(§;) denote an inward nor-
mal velocity of the j-th edge of P(t), a crystalline curvature, a positive
parameter and a positive function which describes anisotropy of mo-
bility, respectively. The detailed formulations will be mentioned later.
The interface motions of polygonal curves in a certain class are called
crystalline motion and the motions which is governed by crystalline cur-
vature are called crystalline curvature flow. These interface motions
were introduced by J.E. Taylor[18] and S. Angenent and M.E. Gurtin[3]
(precise history is found in e.g., [1]). They considered the case where an
interfacial energy density is not smooth and its Wulff shape is a convex
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Fig. 1. Numerical simulation for nonconvex solution (case
a =1, a(f;) =1in (1)): (a) The initial nonconvex
curve, (b) Motion of nonconvex solution curve, and
(c) The solution curve becomes convex in finite time.

polygon and introduced the suitable class of piecewise linear curve, so-
called admissible curve, and defined crystalline curvature for admissible
curves. Since their pioneer works, various kinds of crystalline motion
has been studied by several authors.

For crystalline curvature flow (1), it is known that some kinds of
singularities may happen in finite time. When the initial curve P(0) is
convex, the solution curve shrinks to a single point or collapses to a line
segment in finite time. In this case the velocity V; and the curvature H;
diverge to infinity in finite time. We call this phenomena blow-up. The
blow-up rate and the relation between the blow-up rate and the limit
shape are discussed in [2], [11, 15, 16], [17].

If the initial curve P(0) is not convex, there is a possibility that
self-intersection or admissibility-breaking of solution curves may hap-
pen. K. Ishii and H.M. Soner [13] considered the flow V; = H; in the
case where the Wulff shape is a regular polygon. They discuss edge-
disappearing and non-existence of self-intersection. M.H. Giga and Y.
Giga [5] considered a general flow V; = g(6;, H;) and mentioned the
convexity theorem, which means that nonconvex solution curve becomes
convex in finite time (See Fig.1). This type of theorem is shown for
smooth curve by curve-shortening flow in [6] and [4]. However, in [14]
the examples of nonconvex self-similar solution are shown (see also [12,
the second Remark in §3], Example 1 in §3 below and Fig.2). These
solutions keep nonconvexity and shrink to a single point. Therefore the
convexity theorem does not hold in general. Moreover, L-shaped de-
generate pinching is shown in [12] (c¢f. Example 1): The solution curve
keeps nonconvexity and converges to an L-shaped line segment (does
not shrink to a single point or collapse to one line segment). That is,
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Fig. 2. Nonconvex self-similar solutions: The outermost
curve in each figures is the initial curve and the solu-
tion curves shrink to a single point.

the motion is more complicated than the convex case. Hence, it is nec-
essary to be clear the conditions for such a convexity theorem holding
and for the nonconvexity being preserved. In this short paper, we show
some examples of degenerate pinching phenomena and self-intersection
of nonconvex curve. Also we study these singularities numerically for
general cases.

The organization of this paper is as follows. In Section 2, we formu-
late the crystalline curvature flow. In Section 3, we show some examples
of degenerate pinching and discuss the singularities theoretically. In
Section 4, we explain the numerical algorithm to estimate the extinction
rate and show a numerical conjecture.

§2. Crystalline curvature flow

Let f(n) be an interfacial energy defined on the unit circle S! =
R/277Z. First we consider the smooth case. The gradient flow of to-
tal interfacial energy on a simple closed curve P, fp f(n)ds, yields a
weighted curvature flow V = (0 + ¢”)K. Here ds is an arc-length pa-
rameter, V is a velocity in the n direction, K is a curvature in the n
direction (K =1 if P is a unit circle), and o(8) = f(n) (8 is a normal
angle which satisfies n = —(cos#,sinf)). We denoted ¢” = d?c/d§>.
When o = 1, this flow is well-known curve-shortening flow.

If the Wulff shape of o, defined by

W, = ﬂ {(z,y) € R? |z cos + ysinf < ()}
fPest

is a convex polygon, then o is not differentiable and the weighted cur-
vature flow v = (0 + ¢”)K is not well-defined in the usual sense. In
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this case, f = o is called crystalline energy. When W, is an N,-sided
polygon (N, > 3), the set of its normal angles is defined as

®Na = {(p078017'.' 7QONU—1}7

where ¢,, € S! is a normal angle of the n-th edge satisfying wo < 1 <
s <N, —1 < po + 27 with pp41 — @n < 7 for all n (¢n, = wo mod
27). Then the Wulff polygon W, can be restated as follows:

Ws = [ {(z,y) eR*|zcosp +ysing < o(p)}.
PEPN,

When o is a crystalline, we restrict curves to piecewise linear curves
in a specific class in the following way: A curve P has N vertices (z;,y;)
(j =0,1,...,N — 1), which are labeled in an anticlockwise order with
(@n,yn) = (z0,90). Let S5 = {(1 —t)(z;,y;) +t(zj+1,¥5+1) [0 < £ <1}
be the j-th edge of P. Then we may express P as P = U;V:Bl S;. Let 8,
be a normal angle of ;. We say that P is an N-admissible curve if the
all normal angles belong to ®x_, and the angles of adjacent edges in P
are adjacent in &5, (6 = 6p mod 27).

For an admissible curve P, the total interfacial crystalline energy is
given by Z;Y:Bl o(8;)d; (d; is the length of S;), and then the gradient
flow (in the family of admissible curves) of this yields V; = x;1,(6;)/d;,
where V; is a normal velocity at S; in the inward normal direction n; =
—(cosfj,siné;), 1-(0;) is a length of the n-th edge of W, satisfying
vn = 6;, and x; is a transition number, which takes +1 (resp. —1) if
P is convex (resp. concave) at S; in the n; direction; otherwise we set
x; = 0. The quantity
l5(85)

d;

is called crystalline curvature, and then V; = H; is called crystalline
curvature flow. Note that x; = +1 for all j if P is a convex polygon,
and that the every crystalline curvature of W, equals +1 on each edge.

In this paper we consider the following generalized crystalline cur-
vature flow

Hj:Xj

(2) V; = a(8;)sign(H;)|H;|* on S;

for j =0,1,...,N — 1, where a is a positive parameter and a(-) is a
positive function which describes anisotropy of mobility.

Under the generalized crystalline curvature flow, each edge S; keeps
the same normal angle but moves in the n; direction with the velocity
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v;. Then we have the following system of ordinary differential equations
dj(t) = (COt '19]' + cot 19]'_1)‘/]' — (sin '19]'_1)—1‘/}_1 — (sin 19]‘)—1‘/]'+1

for j = 0,1,...,N — 1 where ¥; = ;41 — 0;. Here and hereafter we
denote (-) = d(-)/dt. See, e.g., M.E. Gurtin [7]. The local existence and
uniqueness of solutions of this problem follow from a general theory of
system of ODEs. Therefore, if the initial curve P(0) is admissible, then
the admissibility of a solution curve P(t) is preserved as long as all edges
of the solution curve exist.

§3. Examples of degenerate pinching singularities in noncon-
vex case

In this section, we show some examples for degenerate pinching sin-
gularities for nonconvex curves and discuss them theoretically. Through-
out this section, we assume that the Wulff shape is a square (N, = 4),
centered at the origin, with ¢, = 7n/2 and I, (p,) =1 forn=0,1,2,3.
For more general case, we treat them numerically.

We first mention an example of a “capital L”-shaped (L-shaped in
short) degenerate pinching singularity has been shown in [12].

Example 1 (L-shaped). Let the initial curve P(0) be a 6-admissible
elbow-like curve with 8; = ¢; (7 = 0,1,2,3) and 0; = ;4 (j = 4,5).
We assume symmetry of P(0) such as do(0) = d5(0), d1(0) = d4(0) and
d2(0) = d3(0) = dp(0) + d1(0). See Fig.3 (left) and Fig.4 (left). Suppose
that o € (0,1), and that a(pn) = p € (0,1) for n = 0,1 and a(p,) =1
for n = 2,3. If da(0)/d1(0) > max{r, + ¢, (1 — p)~/*} for any fixed
€ > 0, where r, > 1 satisfies r}~® —r® — 4 = 0, then there exists T' > 0
such that lim¢,rdi(t) = 0 and infocicr d2(t) > 0 hold, that is, the
nonconvex solution curve shrinks to an L-shaped line (see Fig.4). The
extinction rate of di(t) is exactly T" —¢t. (This is the same rate in the
case of degenerate pinching singularity for convex curves.) We refer the
reader [12, §3] for the proof, and {12, the second Remark in §3] and [14]
for self-similar solutions of elbow-like curve (see also Fig.2).

Next we show “whisker”-type singularities.

Example 2 (T-shaped). Let the initial curve P(0) be an 8-admissible
“capital T”-shaped (T-shaped in short) curve with §; = ¢; ( = 0,1,2,3)
and 04 = @2, 0 = o, 05 = 6; = 3. We assume do(0) = d2(0),
d1(0) = d3(0) + d5(0) + d7(0) and d4(0) = d¢(0). See Fig.3 (middle
left). Suppose that a € (0,1), and that a(p,) = 1 for n = 0,1,2 and
a(ps) = p > 0. If p € (0,p) with ' = (d4(0)/do(0))(d5(0)/d1(0))*,
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Fig. 3. Symmetric 6-admissible elbow-like curve (left), non-
symmetric 8-admissible “capital T”-shaped curve
(middle left), symmetric 8-admissible “capital Z”-
shaped curve (middle right), and symmetric 8-
admissible “capital U”-shaped curve (right). In each
figure, the number ¢ = 0,1, ... in a circle denotes the
i-th edge.
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Fig. 4. Numerical simulations of L-shaped degenerate pinch-
ing singularity (case a = 1/2 and a(p,) # 1). The
initial symmetric 6-admissible elbow-like curve (left),
time evolution of solution curves (middle) and the
limit shape at ¢t = T (right).

and Cyp = d1(0)17® — 2dp(0)}~* > 0 and d;(0) > C; for i = 3,7 with
Cy = (d1(0) = Cé/(l-a))/2 > 0, then there exists T > 0 such that
lim, 7 d;(t) = 0 (j = 0,2) and infocyer d;(t) > 0 (j # 0,2) hold, that
is, the nonconvex solution curve shrinks to a rectangle with two whiskers.
(See Fig.5). Moreover, the extinction rate of d;(t) (j = 0,2) is exactly
T—t.

Proof. From assumption, we have the following evolution equations:

C@o = d:2 = —d;“, d:l = ~dy* —d3 %, d:s = —d,“,
dy =ds = —pds*, ds =0, dr = —dy °,
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Fig. 5. Numerical simulation of T-shaped degenerate pinch-
ing singularity (case o = 1/2 and a(yp,) = 1). The
initial non-symmetric 8-admissible T-shaped curve
(left), time evolution of solution curves (middle) and
the limit shape at t = T" (right).

since V; = a(6;)x;d; *. Therefore we have
(3) do = —dy®, dy =2d3 = 2d; = —2d ©,
and also we have da(t) = do(t), ds(t) = d5(0), and

4) 4u(t) = do(t) = da(0) ~ 7ot
It holds that, by (3),

di(1)17% = 2dp(t)' =% + Cy, Co = d1(0)* ™ — 2do(0)* .
Hence if Cy > 0, then inf;~o d1(t) > 0 holds. Moreover, we have

(5) do = —dy® = —(2do(t)' ~* + Co) =/ (1=,

549

Therefore the maximal existence time of dy(¢) is less than or equal to

Tli

do (0)
t= / (2617 + Co)*/ =) dg
do(t)
do(0)

0 0
< / (2do (0)1 ™ + C)¥ (1= d¢ = do(0)d, (0)* =: Th.
A .

From (3)(right), for ¢ = 3,7 we have

di(t)
C =

%((%(t)““ + )72 4 24,;(0) — d1(0)) > d;(0) — Cy,
(dy(0) — CY/=%y > 0.

N = Il
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Hence if d;(0) > C}, then inf;5d;(¢t) > 0 for i = 3,7. On the other
hand, from (4), d4(t) = dg(t) = 0 holds just at t = T = d4(0)d5(0)*/p.
Therefore, if T, > T}, then the first assertion holds. From (5), —¢; <
do < —cs holds for some positive constants c; and ¢y since d; is positive.
By integration from ¢ to 77, we have the second assertion. Q.E.D.

Example 3 (Z-shaped). Let the initial curve P(0) be an 8-admissible
“capital Z”-shaped (Z-shaped in short) curve with §; = ¢; (§ =0, 1,2, 3),
Hj = Pj-2 (j = 4,5) and 9]‘ = Pj—-6 (_7 = 6,7) Put Wy = do(O) —dQ(O) >
—d2(0). We assume d;(0) = d;j14(0) (j = 0,1,2,3) and wy = d1(0) —
d3(0) > 0. See Fig.3 (middle right) and Fig.6 (left). Suppose that
a € (0,1), and that a(¢,) = 1 for n = 0,2 and a(p,) = p > 0 for
n=1,3. Ifwy > 0 and p > g’ with ' = da(0)*~%/(d1(0)1=% — w}™%),
then there exists 7' > 0 such that lim,,7d;(t) = 0 (j = 2,6) and
infoct< d;(t) > 0 (j # 2,6) hold, that is, the nonconvex solution curve
shrinks to a rectangle with two whiskers and the extinction rate of d;(t)
(j =0,2) is exactly T — t. (See Fig.6). Moreover, if wo = 0 and p > ¢/,
then there exists T' > 0 such that lim;_,7d;(t) = 0 (j = 0,2,4,6) and
infoctcr d;(t) > 0 (5 = 1,3,5,7) hold, that is, the nonconvex solution
curve collapses to a line segment directly.

Remark 3.1. In case wyp € (—d2(0),0), the nonconvex solution
curve shrinks to a rectangle in a finite time, and eventually shrinks to a
single point or a line segment.

Proof. From assumption, we have the following evolution equations:
do = do = —pd7®, dy =ds = —d; %,

and d;(t) = dja(t) (j = 0,1,2,3), since V; = a(0;)x;d;*. Therefore
we have

(6) dy = —d3y®, dy = —pd;?,

and do(t) — da(t) = wo and d1(t) — d3(t) = w; hold for ¢ > 0. We note
that there are no self-similar solutions since dy(t) > w; > 0, and that
there exists T' > 0 such that either lim;_,7 d(¢) = 0 or lim;_,7 d3(t) =0
hold. ) )

From (6), pd1/d§$ = d2/dg, and then
1o _ 200017 da(t)'"

— + .

" "

By virtue of d;(t) = d3(t) + wy and da(t)1=%/u > 0, it holds that

d2(0)1—a 1/(1-a)
L

di(t)'™* = d1(0)

dg(t) > <d1(0)1_a -
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Fig. 6. Numerical simulation of Z-shaped degenerate pinch-
ing singularity (case & = 1/2 and a(¢,) = 1). The
initial symmetric 8-admissible Z-shaped curve (left),
Time evolution of solution curves (middle) and the
limit shape at ¢ =T (right).

since a < 1. Hence if u > p’, then the right hand side is positive, that is,
inf;~¢ d3(t) > 0 holds, while there exists T' > 0 such that lim; .7 da(t) =
0 holds, and so limy_,7 do(t) = wp > 0 holds.

By the same argument in the previous example, we can obtain that
the extinction rate of d2(t) and dg(t) is exactly T' — ¢. Q.E.D.

Example 4 (U-shaped). Let the initial curve P(0) be an 8-admissible
“capital U”-shaped (U-shaped in short) curve with 8; = ¢; (j =0,1,2),
03 = 1 and 0; = pj_4 (j = 4,5,6,7). Put u = dy1(0)/d3(0), v =
d1(0)/do(0) and w = (do(0)—d2(0))/do(0). We assume ds;(0) = ds_;(0)
(1 =1,2,3), d7(0) = d3(0) + 2d1(0) and w € {0,1). See Fig.3 (right).
Suppose that @ € (0,1), and that a(p,) = p > 0 forn = 0,2, a(p1) =
A >0 and a{ps) = p > 0. Put

doz2(t) = do(t) — daft).

Then there exists a time T > 0 such that at least one of d;(t), da(t) or
doz2(t) converges to zero as t tends to T', and d;(t) > 0 holds for t € [0,T),
j =1,2,02. Therefore five limit shapes are possible as in Table 1.

The case (a) is similar to the previous two examples. The case (b)
means that the region enclosed by solution curve is split. The other
cases are a combination or special case of (a) and (b). In the following,
we will consider only cases (a) and (b). (See Fig.7).

From assumption, we have the following evolution equations:

do = —Md7% — pd5®, dy = —pdy®, dy=-Md[%—Xd3% d3=0,
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(a) | (b) [ (c) | (d) | (e)

ast —» T I:I M ‘_] — | O
dy(t) o+ ]0][+/0]+/0

da(t) + |+ | +] 0 0

dt) [+]0]0] 0 [ +

Table 1. - Possible five limit shapes at a time T in the U-
shaped case. In the table, the mark “+” means
infoct<r d;(t) > 0, and “0” means lim,_,rd;(t) =
0 for 7 =1, 2 and 02.

and d344(t) = d3—i(t) (i = 1,2,3), since V; = a(6;)x;d; *. Therefore we
have

(7) = —Adi(t)™% — p(d3(0) + 2d1(t)) "7,
(8) = —pdo(t)™*

9) = —Ads(t) ™% — Ad3(0)~,

(10) doz = Ad3(0)™ — p(d3(0) +2dy ()"

We note that there are no self-similar solutions since d3(t) = ds(0) > 0.

Case (a). From (7), d1(0) > d1(t), and d3(0) + 2d1(t) > dy1(t)/u +
2d1(t) = (2 + u=1)d1(t), we have

. p _
dg > — _ @,
0= <“<2+u-1>a)d1 |

Then by (8),
. M. .
A%y > — (A + #> drodT® = 20g-o4,.
° s < @+u e/ ot
Here p
My=A4—2"
T BT ue

By the assumption « € (0,1), (dg™)" > Mo(di~*)"/u holds, and then
we obtain

do(t)l-a > do(o)l—a _ _dl(O)l-a — dO(O)l_a (1 — %’Ul_a) ,
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since dq (t)17* > 0.
Hence if we assume

(A0) > Movl—,
then we have the positivity of dy(¢) for all ¢:

MO 1/(1-a)
do(t) > C(), Co = do(O) (1 — 7U1_a> > 0.

By (10) and d;(0) > dy(t), we have

. A P u ¢ P
doa(t) < - = - .
02(t) d3(0)*  d3(0)(1 + 2u)® (vdo(O)) ((1 T 2u)e — A)
Therefore if we assume

A1+ 2u)™
p

@ = (w&m)a ((1+25>a —A) >0

holds, and we have do2 (t) < —Cy.
Assume (AO) and (Al), then dog(t) < dog(O) — Clt = ’U}dg(O) — Clt
holds, and so we have

1/(1-a)
dg(t) Z CO - wdo(O) = dQ(O) ((1 - %’Ul_a) - w) .

(A1) <1,

then

Hence if we assume (A1) and

MO 1—o

(A2) 1> Minfs it = T 4mg

then we have the positivity of dy(t) for all t:
da(t) > Co, Cy = Cy — wdp(0) > 0,

since if (A2), then (A0) holds.
If we assume (A0), then by da(t) < d2(0) = (1 — w)dp(0) we have

1/(1-a)
dgg(t) Z C() - (1 - W)dO(O) = do(O) ((1 —‘%’Ul_a) -1+ ’UJ) .
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Hence if we assume

Moy -«

! !
(A3) B> Mings  Hinf = T-(wra’

then we have the positivity of dyz(t) for all ¢:
doz(t) >Cy, Cy=Cy-— (1 — w)dg(()) > 0,

since if (A3), then (AO) holds. Q.E.D.
Consequently, we have the following assertion:

Lemma 3.2 (Case (a)). Assume (Al), (A2) and (A3), then there
exists T > 0 such that infocicr d;(t) > 0 holds for j = 2,02, and
lim¢ 7 di(t) = 0 holds.

Remark 3.3. The set of parameters {a € (0,1), u, A, p > 0}
satisfying (A1), (A2) and (A3) is not empty for any parameters of the
initial shape {u, v > 0, w € (0,1)}. Conversely, for any o € (0,1),
@ > 0and p > A > 0, one can find u satisfying (Al), and v and
w satisfying (A2) and (A3), since small pins and pf ; can be achieved
taking small v > 0. In Fig.7, Case (a), we show a numerical example
using the parameters satisfying all of the assumptions: The parameters
are & = 1/2, 4 = 27, A = 0.1, p = 16, and the data of the initial shape
are do(0) = dg(0) = 8, d1(0) =1, d2(0) = 7, d3(0) =9, d(0) = 11. Note
that assumptions (Al), (A2) and (A3) are sufficient conditions. One can
control parameters which realize case (a), at least numerically, without
satisfying some of the assumptions. Fig.8 (a) (upper middle) suggests
that such parameters exist: All the parameters except @ = 2/3 are the
same as those in the above example of Fig.7, Case (a).

Case (b). From (8), (9) and —da > Ad] %, we have

A A [ —dy\ T
Jz 2 d arp > @ ﬂ(————2—> .

T dmEt T Tgedte T g \ T

If we assume (A0Q), then

. oL N (I+a)/a
dy > —W— (—dg) .

We put Dy = —dg, and we obtain

_(Dgl/a)' < WKT/E'
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Integration of this over (0,t) yields

7

11 Do(t)" Y > Dy(0)" Ve
(11) 2(t) > D,(0) Cont/a

t.
By (9), we have

. -1/ vd (0)
-1/ _ | _ . 0
DQ(O) - ( d2(0)> - Al/a(l +ua)1/a'
By the way, from (10) and d; () < d;(0), we have dga < —C}, and
50 doa(t) < wdp(0) ~ Cqt holds. Hence if we assume (Al), then C; > 0
and the maximum existence time of dpz(¢) is less than or equal to Tps:

Too =
02 C,

Hereafter we will show that d;(¢) is positive at least until t = Tpo.
From (11), we have

Dy(t)™/* > C5, C5 = Dy(0)™1/* - Ca':uaTO?'
0

Therefore if Cs > 0, then
Dy(t) = —dy = Add[® + Ad3(0)™® < C5 %,

and so d7% < (C5® — Ad3(0)™%)/A holds. Here we claim that C;® >
Ad3(0)~* holds. Indeed, we have

1 u® \ Y ds(0
0<Cs < D20V = 51 (1w ) 00 < B2

Hence if C5 > 0, then we have
di(t) > Co,  Co = A/ (C5™ = Ad3(0)7%) /% >0,

for all ¢t € [0, Tpy).
Now we will show C5 > 0. If we assume (Al) and (A2), then
da(t) = Cy = Cy — wdy(0) > 0 holds. Therefore we have

C: = vdg(0)  wudg(0)H*e v(l +2u))\"
5 = A/e(1 4 ue)l/a  AVa(p — X1 + 2u)®) Cou

do(0) [v(1+ 2u)\“ 1o pwt=
M S ]
Z e ( u 1 p— A1+ 2u)e
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Here

1 u «
M; = .
! (1 4 ue)l/e (1 + 2u)

If we assume

Mi(p — AL + 2u)%) Moy
wl—«o > 1 — wl-o’

(Ad)

then psyp > pins holds, where

Mi(p — A1+ 2u)%) 1-a

Hsup = wi-a v

Hence we can assume (A2) and

(A5) Hsup = H,

simultaneously, and then finally we obtain C5 > 0.

Let T be an extinction time. Then, from positivity and boundedness
of dqy and Cq > 0, we have —C7 < doa < —Cj for some positive constants
C7 and Cg. Thus, the extinction rate of dga(t) is exactly T'—¢. Q.E.D.

Consequently, we have the following assertion:

Lemma 3.4 (Case (b)). Assume (Al), (A2), (A4) and (A5), then
there exists T > 0 such that infocicr d;(t) > 0 holds for j = 1,2,
and lim;_,7 do2(t) = 0 holds. Moreover, the extinction rate of doa(t) is
exactly T — t.

Remark 3.5. Under the conditions a € (0,1), w € (0,1) and (A1),
the assumption (A4) is equivalent to the following inequality

u * 1 —wl® 1
1-6 & 6= .
ol ) (1 + 2u) A +0u?) <0, wl—o (14 ux)l/e

Ifa <1orw <1 orwis sufficiently large, then § < 1 holds and the left
hand side of the above inequality is positive. Therefore (A4) is not satis-
fied. However, for parameters of the initial shape {u, v > 0, w € (0,1)}
in an appropriate range, the set of parameters {a € (0,1), u, A, p > 0}
satisfying (A1), (A2), (A4) and (A5) is not empty, and the converse is
also true. In Fig.7, Case (b), we show a numerical example using the
parameters satisfying all of the assumptions. The initial shape and all
the parameters except u = 2.694 are the same as those in Fig.7, Case
(a) (see Remark 3.3). Note that assumptions (A1), (A2), (A4) and (A5)
are sufficient conditions. One can control parameters which realize case
(b), at least numerically, without satisfying some of the assumptions.
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8 I 8 ;?aa r i8 !
il i ’
6} | 6 | 6 |
5 ‘ 5] ! 5

4 4f | 4 |
3 ; 3} 3

2p | 24 i 21 i
i ] 1 a
o} | of % 0
210 8 6 -4 -2 0 -12 10 8 6 4 2 0 -2 -0 8 6 4 2 0

Case (a)

8 ’ ........... 8i 8

7 ] 7 7

6 6 6

5 . 5! 5

4 ! 4 4

3 3 3

2 | 2 2

1 1 1

of L 0 0

A27HETE TS0 2 0 8 e 4T A3 T A TTE e

Case (b)

Fig. 7. Numerical simulation for U-shaped curves (case a =
1/2 and a(p,) # 1). The upper figures show the time
evolution of solution curves in the case (a). The lower
figures are for the case (b): The initial symmetric 8-
admissible U-shaped curve (left), time evolution of
solution curves (middle) and the limit shape at t =T
(right). See Remark 3.3 and 3.5 for the data and
comments.

Fig.8 (b) (upper right) suggests that such parameters exist: All the pa-
rameters except o = 1/3 and g = 3 are the same as those in the above
example of Fig.7, Case (b).

Remark 3.6. In Fig.8, we show examples which realize all limit
shapes numerically starting with the same initial shape and changing
only the parameters. The initial shape is the same as one in Fig.7,
Case (a) (see Remark 3.3), and the parameters are given in Table 2.
Conversely, one can easily realize the limit shapes in the cases (a), (b)
and (e) numerically controlling only the initial shapes without changing
parameters, while we need fine tuning to realize the cases (c) and (d).



558 C. Hirota, T. Ishiwata and S. Yazaki

| [a [ w | X [p|(AD](A2) [(A3) ] (Ad) ] (AS) |
/[ |/
/[ |/

2/3| 27 | 0.1 | 16| OK. | OK.

=
00 1/3] 3 | 01 |16| OK. | OK.
L

)
1/2 |13.8] 0.1 | 16 | OK. | OK. OK.| /
d) 1/2] 01 |9.25|16| OK. | / OK.

egldl1/2| 27 | 50 |16 / / / / /
Table 2. The parameters in Fig.8. See Remark 3.6.

~ ™~ ™~ ™~

8 8 8l
7 7 7

6 6 6

5 5 5|

4 4 4

3 [ i3 3

2; 2 2

1 1 1

0 0 0

1210 8 -6 -4 -2 0 -2 -10 8 -6 -4 -2 0 -12 10 -8 -6 4 -2 0
8 8 8 )

7 7 7L

6 6 8

5 5 5

4 4 4l

3 3 3

2 2 2

1 1 1l :

0 o ol *T

4271086 4 2 0 42 0 8 6 4 56 43408 e T e o

Fig. 8. Numerical examples of all limit shapes starting with
the same initial shape (upper left). See Remark 3.6
in detail.

§4. Numerical algorithm and results

In [9, 10], Hirota and Ozawa developed a new numerical estimating
method of blow-up time and (T — t)™P type blow-up rate of solutions
to a system of ordinary differential equations. We apply this method to
1/d;(t) and estimate (T' — ¢) P type extinction rate numerically.

Let us consider the following system of ordinary differential equa-
tions:

d .
E_t'yj(t):f](t’ym?ylv—l)a jzovl»vN_l
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We suppose that some of y;(¢) blow up in finite time T. The numerical
method consists of the following three parts:

Part 1. Arc-length transformation technique. We translate
the blow-up problem to the following:

t(s) 1
d Yo(s) 1 fo {0) = 0
ds : \/ 1+ Zk 0 fk :
yn—1(s) fn-1

From this transformation, a solution of a new system never blows up in
a finite time even if the solution of the original problem blows up in a
finite time. This transformation is called arc-length transformation.

Part 2. Generate a linearly convergent sequence to T. As-
sume that there is only (7' — ¢)~? type singularity. Here p > 0, and T is
a blow-up time of the original problem. We note that blow-up time is

given by
B / o ds
N-1 .5
O V1I+oo fi
Let {s,} be the geometric sequence given by

Sn=580r" (86>0,7>1, n=0,1,2,...),

and let {t,} be the time sequence given by

/0 1+Zk0fk

Then {t,} converges to T linearly, that is, lim, .o |€n/€n_1| = 7~ V/7,
where e, =T — t,.

Part 3. Acceleration by the Aitken A2 method. The Aitken
A? method can be applied to linearly convergent sequence in order to
accelerate the convergence. Thus, we obtain an approzimation of the
blow-up time, say T. Using T instead of T, we can calculate an approx-
imate value of p by p ~ p, = —logr/log|é,/é,_1|, where &, = T—t,
From this procedure, we obtain a sequence {p,} and extinction rate
numerically. For a numerical integrator of ODEs from s = s,_1 to
$ = Sy, we use the DOPRIS code (see [8]) with parameters ITOL=0 and
RTOL=ATOL=1.d-15 and we set s, = 1-2" (sp = 1 and r = 2}. And
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45 = 45 T A
N //_\ / \ ::5 | f / \\' / \

-2-‘101234567-2-101234567-2-101234567

Fig. 9. Numerical simulation of splitting-type degenerate
pinching singularity (case N, = 6, & = 1/2 and
a(pn) # 1). The initial 10-admissible curve (left),
time evolution of solution curves (middle) and the
limit shape at t = T' (right).

we apply the Aitken A% method three times. All computations are per-
formed by using the double precision IEEE arithmetic.

Here we only treat splitting-type singularities. Note that the flows
are not isotropic. In this case, we introduce a new variable w(t) which
is the distance between two parallel edges which are touched each other
at splitting time T". We consider the extinction rate of w(t) ~ (T — t)?.
Table 3 (a) shows the sequence {p,} in the case where the Wulff shape
is a regular hexagon centered at the origin (N, = 6), and & = 1/2 and
a(yy) # 1. Fig.9 (middle) shows time evolution of solution curves with
the initial shape (left) and the limit shape at ¢ = T' (right). From them
we see that the solution polygon splits two regions at t = T and the
extinction rate is exactly T — ¢ (p = 1). Table 3 (b) shows the sequence
{pn} in the case where the Wulff shape is a regular octagon centered
at the origin (N, = 8), and @ = 1/2 and a(y,) # 1. Fig.10 (middle)
shows time evolution of solution curves with the initial shape (left) and
the limit shape at t = T (right). From them we see that the solution
polygon splits two regions at t = T and the extinction rate is exactly
T—-t(p=1).

From the above numerical computations and the examples in the
previous section suggest that in every splitting-type degenerate pinching
cases the extinction rate is exactly T — t or very close to T' — t.

Conjecture I. Suppose that 0 < o < 1 and a solution polygon splits
more than two regions and let w(t) be the width of the pinching part.
Then there exist two positive constants c1 and cz such that c; (T —t)1T¢ <
w(t) < co(T —t)1=¢ for any € > 0.
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(nl P In] po J[n] P [n] p |
1| 1.818+00| 7 | 1.013e+00 1] 1.472e+00 | 7 | 1.002e+00
2 | 1.404e+00 | 8 | 1.006e+00 2 | 1.157e4+00 | 8 | 1.001e+00
311.202e4+00| 9 | 1.003e+00 3| 1.053e4+00| 9 | 1.000e+00
4 | 1.101e+00 | 10 | 1.002e+00 4 | 1.019e+00 | 10 | 1.000e+00
5| 1.051e+00 | 11 | 1.001e+00 51 1.008e+00 | 11 | 1.000e+00
6 | 1.025e4-00 | 12 | 1.000e+00 6 | 1.004e+00 | 12 | 1.000e+00

(a) N, =6 (b) N, =8
Table 3. Convergent behavior of extinction rate.
55
5
4.
45 /ﬂ}
35
: /
25 /
2
15
11
R T B R B L S A I I I B VR I

Fig. 10. Numerical simulation of splitting-type degenerate
pinching singularity (case N, = 8, a = 1/2 and
a(pn) # 1). The initial 16-admissible curve (left),
time evolution of solution curves (middle) and the
limit shape at ¢t =T (right).
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