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An Approximation for Exponential Hedging

Jun Sekine

Abstract.

An optimization problem in mathematical finance, called the
exponential hedging problem is addressed. First, the relations be-
tween the problem and the backward stochastic differential equation
(abbreviated to BSDE) having a quadratic growth term in the drift
are reviewed. Next, the asymptotic analysis by Davis (2000) for the
problem and the motivation of this paper are stated. Further, with
some extensions, his analysis is reinterpreted by using the asymptotic
expansion of the BSDE with respect to a small parameter, which sug-
gests an alternative approach to the analysis, and the result on an
approximated optimizer is obtained.

§1. Introduction

In [7], Rouge and El Karoui treated the following optimization prob-
lem of mathematical finance. For a fixed T > 0, let S := (Si)sc(o,1)>
Sy = (Stl, . St")l be the price process of n-risky assets defined by the
stochastic differential equation:

dSt = dlag(St) (Utdwt + [I,tdt) , S() € Ri,
st o --- 0
. 0 S -~ 0
diag(S:) = 0 Ot 0

on the probability space (2, F, P) with a d(> n)-dimensional Brownian
motion w := (W¢)yeor) o0 it and the augmented Brownian filtration
(Ft)ico,r)- Here, o is an n x d-matrix-valued left-continuous adapted
process such that oo’ € L*°([0,T] x 2, R"*"™) and that 007 is invertible
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for all t € [0,T] ((-)" denotes the transpose of a matrix or a vector), p
is an n-dimensional predictable process, and X := ¢’ (g0”) " (1 — 71) is
an element of L>([0,T] x 2,R?), where r(> 0) is the constant interest
rate and 1 := (1,...,1)’ € R™. On the other hand, let F' € L*>(Q, Fr)
be the payoff of a derivative security maturing at time T and consider
a seller of the derivative security, who trades the assets continuously
in self-financing way on the time-interval [0, T to control the terminal
wealth. The value process of the self-financing portfolio is given by

dX2™ = ) (diag(Sy)) "' dS; + (XP™ — mi1) rdt, X3™ =z,

or equivalently,

¢
XP™ =g {z + / ml oy (dwt + )xtdt)}
0

where z is the initial capital and an n-dimensional predictable process 7
is the asset holding strategy. To optimize the terminal wealth —F+ X"
of the seller, the utility maximization problem (called the exponential
hedging problem in this paper, following Delbaen et. al; 2002, [2])

P) V(z) := sup E (U, (—F + X7'")]
TEA

with respect to the exponential utility function:

e 1*

Uy(z) := — 5 (y>0)

over an appropriately chosen space A of admissible strategies is consid-
ered.

The importance of this problem is, from a viewpoint of mathematical
finance, that it relates to the pricing and hedging problems of derivative
securities in incomplete markets: the quantity called utility indifference
price,

W ser = jof Vet > B, GO},

is proposed as a coherent price of the derivative security in Davis (2000),
(1] and [7], and the optimizer of the problem (P) is focused and studied
to control (hedge) the “risk” of the seller in [1], [2] and [7].

Duality argument is well established for utility maximization (cf.,
Karatzas and Shreve; 1998, [5], for example) and is often used to attack
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this problem, as follows. For example, let us employ the space

T
/ |7Ttlzdt <o0ovp,
0

as the set of admissible strategies, .4, where C C R" is a fixed closed
convex cone and £3" is the totality of the n-dimensional predictable

Ag = {ﬂ € L% meCloralte0,T], E

processes m on the time-interval [0,T] such that fOT |me|2dt < oo, a.s.
For f,z € R, and y > 0, denote

-1 1
uy(z;y, f) i=Uy(—f+z)—yz and L,(y) = (U))" (y) = - log(y)
to see the relation

sup uq (z; 9y, f) = uy (f + Iy(¥); 9, f) = —y (f -
ze€R

Define ~
Z¥ =E(-(A—v)-w) and Z¥:=e TZY,

where v is an element of

D= {l/ € E%Zd; bounded and v; € (/orza for all ¢ € [0, T]}

and @F) is the notation for the negative polar cone of o;C, i.e.,
@(w) ={ye R% zy<oOforalze oi(w)C}.

For m € A:= A and v € D, observe that
t
e XD <z+ / mh 0w {dwy + (Au — vy )du}
0

and that Z¥ [n’o {dw+(A—v)du} is a martingale since E [suptE[O,T] |Z¢ |2]

< oo and since
T
/ Jmul?du| < oo
0

from Doob’s inequality and the boundedness assumptions of go’, A and
v. Therefore, the relation

t
/ 70,0y {dwy + Ay — vy )du}
0

2
}SclE

E | sup
te[0,T)

E[Z3X3"| <=
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follows. Based on the relation, for 7 € A and z € R,y > 0, we observe
the inequalities

(2) ElUy(-F+ X7")] —y=

< ggEkgeF+X$ﬂ—y%m%ﬂ
< infsup B [U'y (Xi’”;yz%» F)]
< ifE [u.y (F + 1, (yZ;) ;yZ;,F)] .

The minimization problem

(D) V(y):= inf B [u,, (F+1, (v22) ;yZT,F)]
is called the dual problem of the primal problem (P), and the inequality
(3) V(@) < inf (V(4) +yz)

is deduced from (2). Indeed, the equality can be established in (3) (i.e.,
there is no “duality-gap”) and the following expression is obtained.

Theorem 1. (Theorem 2.1 of Rouge and El Karous, [7]) For A :=
Agz, it holds that

@ V@ =0, (Mo Zsup (B BF - H (PP

where E¥[-] denotes the expectation with respect to the probability mea-

sure PY on (2, Fr) defined by
dpv
dP

=7/
Fi

and

d .
mqm;{fk%%%]ﬁq<a

is the relative entropy of Q with respect to P.

otherwise

Remark 1. The duality relations similar to (4) have been obtained
for more general semimartingale S and for other choices of the set of
admissible strategies A by Delbaen et. al. in [2]. Also, the work by
Kabanov and Stricker (2002), [4], should be referred.

For the computations of the value V(z) and the optimizer, one can
solve the BSDE for the value process of the dual problem, described as
follows.
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Theorem 2. (Theorem 4.1-2 of Rouge and El Karoui, [7]) Denote
Zyp =252, Z{p = Z1[/Z{, and 7 :=T —t for 0<t < T. Let

sty (01 12 . 7) 7]

= ¥ {—esssupE" [vF —log Z; 1| 7] + (1+logy—'r'7)}
Y veED ’

ye-—r-r

= = {-Y:+ (1 +logy —r7)}.

There exists E € H;’d = {f € ng’d; E [foT|ft|2dt] < oo} such that
(Y,E) satisfies

(5) dY, = f(t,5)dt+Edw;, Yr=~F,
1
where  f(t,£) = A;Haéc E+ ) — 2 |€ 0 (E+ )\t)|2 ‘

and Iy wyc : R? 3 z - Iy wyoz € oi(w)C(C RY) is the projection
operator onto the closed convex cone oi(w)C.
In particular, m* € Az satisfying

e—'rT

(6) oy = 5 o (Bt +Ay)  forallt €[0,T]

is an optimizer of the primal problem (P) with A := Ay, and v* =
(I —Ilyc) (E+ A) attains the infimum of the dual problem (D). Further,

(7) V(z) = U, (eTTw - %")

holds.

Remark 2. The existence and the uniqueness of the solution (Y,ZE)
of the quadratic BSDE (5) in the space H¥ X Hgld, where HF :=
{f € L*>([0,T] x ); predictable} is ensured by the work of Kobylanski
(2000), [6]. Further, utilizing the dynamic programming principle and
the comparison theorems between linear BSDEs and between quadratic
BSDE:s in [6], the above theorem is established.

On the other hand, if the model has a Markovian structure, one can
solve a dynamic programming equation to compute the value, which is
suggested in Delbaen et al (2002), [2], and is employed and studied in
Davis (2000), [1]. In particular, in [1], a special but a typical situation
is addressed, which can be stated as follows in our setting.
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(i) Let d =n = 2. o is the following constant matrix

) 7= ( W Jie )

with 01,09 > 0, € € [-1,1]. p = (p1,u2) is also a constant
vector. Further, € # 0, € < 1 is assumed, i.e., two assets S!
and S? are closely correlated:

d(s',s*»
aenaey Vet
(i) F := h(S}) with continuous, piecewise linear h : Ry — R
bounded from above.
(iii) The constraint of the asset-holding strategy = is given by m, €
C := {0} x R: only S? is tradable, and the derivative security
is written on the untradable asset S1.

Recall, in the situation, that the expressions
o'C ={kd; ke R}, D= {ndi; ne z:?;l,bounded},

and

_ 1 €09 0 H1—r
Ni=c Yu—-rl)=
o u=r1) €010 ( —03V1—€? o ) ( p2—T

hold, where we denote

de = (\/1—62,6), and di .= (e,—\/l—ez),.

The dual problem is now, rewritten as
~ 1 ~
. _Zw 1y 1 ,
Vuél%E [( yZT) {h (5F) ” (1 + logy + log ZT) }]

—rT
= yey {“ sup E¥ [yh (St) —log Z7] + (1 + logy — rT)} .

veD
Since
T 1 (T
log Z4 = -—/ (A€ — 1) dw? + —/ A€ — 1% dt,
0 2.Jo
where w¥ = (wy,wy), wf = w; + fot()\E — vy )du is a 2-dimensional

PY-Brownian motion, it is equivalent to solve the following:

1 (T
sup E¥ {vh (St) - 5/ [A¢ — 1/,3|2dt] ,
0

veD
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in which the process S' has the dynamics:

ds! = 8! [aldwl"(t) +{m -1 (X =)} dt]
= S} {o1dwi(t) + (r — eorm;) dt},

where we denote v := ndl with some bounded predictable 7. For the
value function

1 (7
v¢(t,y) := esssup E¥ ['yh () - —/ IS — 1) dt I S} = y} ,
veD 2 t

a dynamic-programming equation is derived and the existence of its
smooth solution is checked in the setting of [1]. Moreover, the following
expressions are obtained.

Theorem 3. (Theorem 6.1, 6.4 and 7.3 of Davis, [1] )
1. An optimal strategy of the problem (P) is given by

. € 1\ Q1
I)——IHU’C {( a:z:v (tbSt )St o1 ) +)\:}

( 7 {“2” \/1——?—18 ve(t, Sl)sl} )

Y

"
Ty

Il

2. For the utility indifference price defined by (1),

e T . 1 T (pus—r 2
oo, F) = & { o.5h+3 (227

holds for any z € R.
3. As €| 0, the value function has the expansion

T

9) vé(t,y) = ~E[h(AT)|A; = y]___z_(NZO;T>

+e2 ——Va.r [R(AT)|A: = y] + O(€*),

where Var[x|-] := E[(*)2]"] — (E[*|])?, O(¢*) depends on the value (t,y),
and the process A is defined by

dAt = At [Uld’lﬂ](t) + {Hl -V 1-— 0-1(“2 )}dt] s AO = Sé

o2
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In particular, we are interested in the expansion (9). From a prac-
tical viewpoint, it is an effective and useful expansion: it gives nice ap-
proximations of the value of the problem (P) and the utility indifference
price. By using the relation (7),

log V*(z) — log U, (e’Tw —7E [h(A7)] - % (&_—)2

O3

2
—627?Var [h(AT)]) = O(eb)
is observed, where we denote the value by V¢(z) emphasizing €, and
p(z, F) = =7 { B [h(4r)] + 2 Var k(A7) } + O(e?)

holds for any z € R. Also, both quantities E [h(A7)|A: =y] and
Var [h(AT)|A: = y| are fairly “computable”. In [1], it is derived from a
clever observation, however, the reason why the second term has O(€?)
and the error term has O(e*) seems to be obscure. To see its intrinsic
reason is one of our motivations.

Further, we are interested in the approximation of the optimal strat-
egy (optimizer), which is not mentioned in [1]. It looks natural to deduce

the strategy # := (7‘1’1,7'1'2)' defined by #! = 0 and

—rT

e (pug—r c
L2 . 2 1 o1
R [ \/1—62—02.S’t

——
Y g2

2
0, (VB (An)|4: =) + @ Var (ar)idc =l ) ||
and expect the approximation such that
(10) log V<(z) — log E [U., (—F + X;iv’"’)] = 0(e%),

for example.

In the next section, using the BSDE in Theorem 2 and its asymptotic
expansion with respect to € (precisely saying, with respect to €, cf., the
BSDE (14)), we reconstruct the expansions (9-10), which yields an alter-
native approach to the above analysis. The main contribution of this pa-
per is Theorem 4 in the next section, extensions of (9-10) under Assump-
tion 1. It is also suggested that the i-th derivatives (aé,YO", Bi,Eo’e) =0
for odd numbers i = 1,3,5,--- (cf., Remark 4).
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§2. An approximated optimizer

In this section, the probability space is assumed to be the product of
Wiener spaces: (2, F, P) := H?:I (S, F, P;), where Q; := Co([0,T],R),
Fi:= B(Q;) and P, is the Wiener measure, the law of the i-th canon-
ical Brownian motion w* := (wjf), e The filtration (F¢)iepo,r) =
(F¢ x F2)iepo,1) is the augmented natural filtration. Sometimes a ran-
dom variable X on (Q4,F!, P,) is identified with X o j; on (Q,F, P),
where j; : Q 3 w = (w1,ws) — wy € Q; is the projection onto the first
probability space.

We now impose the following conditions.

(i)’ The volatility matrix of the process S is given by (8). On the
other hand, u = (u1, u2)’ is a bounded F}-predictable process,
ie, p: [0,7] x Q1 3 (t,wy) — p(t,w;) € R? is measurable
with respect to the predictable o-algebra on [0,7] x ;.

(i)’ F(w1) = h(S*(w;)) with a bounded measurable function h on
C([07T}vR+) .

(iii) The constraint of the strategy  is given by m; € C := {0} xR.
Remark 3. The condition (i)’ is considered as an extension of the con-
stant p case employed in (i) in the previous section, though Assumption
1.1 will be added later. On the other hand, the conditoin (ii)’ does not
include the conditon (ii) in the previous section.

Further, we consider the problem (P) over the extended space: A :=

Aji, where

A = {71' € L2? 7, e CforVt e [0,T],

T /2
E (/ [ﬂt|2dt)q <oo fordg>1
0

and construct an approximated optimizer in A;, not in A;. We first
remark the following.

Proposition 1. Let n* be the process defined by the formula (6)
and by the solution (Y,E) € HE x H>? of the BSDE (5). It is also an
optimizer of the problem (P) with A := A,.

Proof. We first observe that F [Z;X;i"] < gz for all (m,v) € A xD
and z € R. For the purpose, since

t
—rt yvT,T _ ’ v
e "X —.'1:+/ T, Oudw;,
0
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holds, to show the martingale property of the process Z* [ n’'odw” is
sufficient, which can be verified by checking
t
E| sup |Z} / mh,oudw)
0

Lt€[0,T] ]

r t t
sup Z;’/ n;audwtl] + E[ sup |Z; / mlou(Ay — yu)dul]
Lte[0,T) (1] t€[0,T)

r 1/p 1/q
sup (Z;’)p] [ sup |f 7l Oy dwy, ]
Lte[0,T] t€[0,T]

1/q
[ sup '/ 1, 0u(Au uu)dui }
t€[0,T]

r

IA
=

IA
&

11/p

IA

C.E [(Z")’;/ 2

x {@E ( /0 T |7ru|2du)‘1/2] e CsE[ ( /OT mldu)q] X /q}

q1/ T /271/4
C.E [(Z”)g/z pE[(/ |7ru|2du)q ] < o0
- 0

INA

for p,q > 1 satisfying 1/p + 1/q = 1 by using the Hélder inequality and
the Burkholder-Davis-Gundy inequality. In particular, the inequalities
(2) and

(11) ElU,(-F+X3™)] —yz < V(y)

are deduced for any m € A; z € R and y > 0.
Next, note that the pair (7*,v*) defined by (6) and the formula
vt = (I =) (Ef + XY) satisfies the relation

(12 { F+1,(Y@)25) = x3™

with  Y(z) := exp (Yo + rT —ve™ z).
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In fact, the solution of the BSDE satisfies

1 T T
F = — }’0 —|—/ f(t, Et) dt+/ (Et)ld’wt}
v 0 o

Y, T 1
= —0 +/ {CTT (7!':)’ UtAt - I/\t —_ V:'z} dt
0 2y

8
T 1 ’
+/ {erTaéwf —=(e- ut*)} dw;
0 Y ‘
Y 0,7 "
= DX -1 (2¢),

which is equivalent to (12). Using (12) and Theorem 2, we observe that

(13) E[ZTXT"] - E[’Z“T (F+Iq (y(x)Z%*))]
=T

= = {Yo —log V(z)e ")} ==

Finally, replacing y by Y(z) in (11) and using Theorem 2 and (12-3), we
deduce that

E[Uy(-F + X3™)] - Y(2)z
E[uy (F+ L, (Y25 ) ; V(@) 2% F)]
ElU, (-F+x37)| - Y(@)z

IA

for all w € A;, which implies the optimality of n*. g
The BSDE (5) for the optimizer is now rewritten as, in the situation
of this section,

dYf = f(t,55¢)dt+ () dw, Y5 =F,
1 (-2 -
where f(t€¢) = 5 {% - (6d)"}+ X (g do),

(-,-) denotes the standard inner-product in R? and
Xi= (0 d) =221,
o2
Denote

7t = @10 35(0) = i+ ([ Tudu)



290 J. Sekine
to reexpress the solution (Y€, Z¢) = (Y%, E%¢) by using the BSDE:
’ ’ / ’
(t8e ¢ ) de+ (55) dms, Y5 =F,

{Xf - (& di,)z}.

(14) Ay =

N - Q

where g (t,&,€) =

We consider the asymptotic expansion of (Y€, 2¢') with respect to ¢’
at 0. Let (32Y0’€,8250") = (YO’G,EO’E) and introduce the BSDEs:

as) | ¢ (a;’,Yt"’f) =g (t, (ag,aﬁ’f)jz » ,o) dt + (a;',ag”f)'drug,

0,...,2
3 07 —_—
LY, =0,
using the functions g; defined inductively

9o (t7 £07 6,) = g (t’ EO’ EI)
i—1

and g; (t, (fj)j=0,...,i,€') = Z (3§J‘gi—1 (t, (fk)k=0,...,i—1,€’) ,§j+1)

=0
+ae’gi—1 (t1 (ék)k=0,...,i——la el) .

Formally, it is expected that (8%Y ¢, 8% E%¢) is the i-th derivative of
Y€€, 2€¢) with respect to ¢ at ¢ = 0, although we have not been

able to show the property. The standard results on the differentiation of
the solution of BSDE with respect to a parameter (cf., El Karoui et. al
; 1997, [3], for example) cannot be applied to our quadratic BSDE (14).

Define the probability measure P° on (Q, Fr) by

= & (—/Xdédw) =7,
F

- & (-\/1—-5 / del) £, (—e / dez) — ZE0)Z5(0)

s
dP

and the space H2** := {f € L2 fg |fe|2dt € Ll(—ﬁE)} to obtain the
expressions for the solution of (15) for ¢ = 0, 1,2, 3, as follows.
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Lemma 1. 1. The solution (Y€, E%¢) in the space HY x H;’z has
the expressions:
— 1 [T
fou [an 5/ X du ] .7-}} ,
t

1 [T
~yF——2—/ ,\ﬁdulft],
0

and EY°(t) = 0 for all t € [0,T), where E°[] denotes the ezpectation

wzth respect to the probability measure P°.
2. (8LY%¢,8LE%¢) =0 fori=1,3.
3. A solution of (15) with i = 2 ezists in HF x H?,:z’e and is given by

aY> = E [ /t i (E‘l”e(u))2 du | ft]
’yF_%/tTXidulft],
t T
2y + [ o2 wani) ~ B [/ (2w) du | 7 ]
0

and 82E9°(t) = 0 for all t € [0,T), where we denote Var [-|F;] =
=€ —e 2
B (%17 - (E1IF) -

Proof. 1. Suppose 3¢ = 0, then

0,¢
Y'tv

E

YJ’"+/Ot"°€( ) ()

57 —€
= Var

I

dye = —,\ dt + EYC(t)dws(t), Yp©=AF
is observed. 1 is now a consequence of the standard result of linear
BSDE (cf., El Karoui et. al, [3]) and the result on the uniqueness of the

quadratic BSDE studied in Kobylanski (2000), [6].
2-3. Observe that

£ o () (8)5(1)5(8) 00
= do+z - tdy + O(e*),

where O(e*) € R? is a vector with the norm |O(e?)| ~ €.
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(i) Noting that
g1 (8 (€)5=0,1,0) = = (6% dg) {(¢", do) + (¢°, 81d) }
and that 2 = 0, we can deduce
d (ae,Yt"’f) = 0EYdWE, B Y2 =0

and (9. Y€, 8,E%¢) = 0.
(ii) Observing that

92 (¢, (€%)j=0,1,2,0)
—(€",dg) {(¢",dg) + (€°, Berdy) }
~ (€% dg) {(€% dp) + (6", 0dg) }
— (€%, 0dy) {(¢",d3) + (€°, 0edy) }
(a8 (€ 00dd) + (€, 0240))

we rewrite the BSDE for (62Y %<, 822%¢) as
d (af,y;"’f) e ("’ E(t)) dt + (33,:26) dws, Y2 =0

since Eg’e = 0 and 0+E%¢ = 0. Define Fe-martingales M, N by the

formulas
T
vF — 1/ Xidu ' f;|
2 Jo

and N; := E° [(M )r|F] for t € [0,T], respectively. Note that M is
bounded and that N is P° -square integrable:

t
M= [ 2w = ¥+ B
0

E° [N <E [(M)?] =F {(Mf - MZ-2 /0 t MudMu)z] < oo.

The martingale representation theorem implies that H; := E[Z;(T)Np|F]
=Ny + f; $ndw; (u) holds for all ¢ € [0, T] and for some F}-predictable
¢ such that foT #2du < co. Therefore,

_ Z1(w)N. ¢u + V11— EHN,
Nt—NO—/O d( Z ) / 7@ = dw§ (u)
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is observed from the It6-formula. The solution is now constructed by
setting

B2Y%5 .= N, /0 ("Oe(u)) du, BZEY(t) =

and 82E0° = 0.
(iii) For (gj)j=o,1,2,3 such that £ = ¢2 = 0 and ¢! = 0, we can check
that

¢t+ V].—E Ht>\t
Z,(t)

93 (¢, (€7)j=0,1,2,3,0) = 0,
so the equation

d (af,yt"’é) 830 dms, 3Y2° =0

and (8%Y?*<,832%¢) = 0 are deduced.
We are now in the position to state our last theorem, an extension
of Theorem 3.3. We require the conditions:

Assumption 1. 1. The process ps is bounded and deterministic.
2. There is a kernel OF, finite measures OF (w1,-) on B([0,T]) for each
wy € Q, satisfying

tim L (P + )~ P} = [ 6)9F(or,at)
for all ¢ € C1([0,T]) and the Clark formula:
F=E[F]+ /0 " BOF(., (6, T) | Fildwn ().
(For sufficient conditions on F' and 8F to ensure the formula, cf., Ap-

pendiz E of [5], for ezample). Moreover, 8F (-, (-,T]) € L>(£, x [0,T])
holds.

For n=1,2,..., define

n 2i
v =Y %Y o~ and T =Y 0%FEDC <
2% iy el
and introduce the approximated strategy 7" := ('ﬁ:’")te[o’T] by the
formula
W) 7" = (o) e (‘a‘"i'"w(t))
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-—~0€

Note that 75! € A := A, since E [ fo dt] < oo and since

o[ ([leer«)"]

62 —0,e

€=t

- E (7;)_1 ( / . BZ,E?"zdt>Q/2]
0
2 1354 q/2
< E [(7;)_ﬁ] FV 2 E0 dt] < oo
0

for 0 < ¢ < 2. We obtain the following.

Theorem 4. Under Assumption 1, the relations

[ye-7| = O
Lo ([0,T]x <)
—e,1
and logV¢(z) —log E [U7 (—F—FX;J’r )] = 0O(e*)
hold as € | 0.
Proof. Denote AS(t) := ( fo Audu)d, and define the Wiener functional

and the kernel:

T
G (w1) :=vF (w1 — A})— %/ Xidu, 0G (w1, dt) :== vyOF (w; — Af, dt).
0

First, we observe the following:

22¢(t,wq) = E[8G(:, (t, T])|Fe)(wr + AS),
REY(t,wr) = 2{E[0G(,(t,T))G|F]
—E[0G(., (t, T))|F:] E [G|F¢]} (w1 + AT).

In fact, the first expression is a consequence from the Clark formula,
T
G(w) = E[G] +/ EOG(-, (¢, TD|Fe) (w1 )dw; (t, w1 ),
0

the Cameron-Martin formula, P*(-) = P(-+A€), and the relation w;(w+
A*) = wi(w),
Glwi +A5) = E°[G(w1+A])]

T
+ / E[0G (- (t, T))| Fol (w1 + AS)d5 (¢, wn).
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The second expression is deduced from the relation

[ (@)
_ ( [= =S f(t)trf(t))z —2 [ ' ([= EX 0w () ) 25w (0

) (G_EE[G])Z)”/ {BIGIF(- + A%) — BIG]} 23 (t)dws (1
= G- (E‘[G])2 _2/0 (E[G|FE[0G(, (t, TN F.]) (- + AS)dws (t),

the Clark formula, and the chain rule for differentiation. In particular, it
€,m :n,e) .

holds that :0 € 82,:(1) *“ € H. Therefore, in the BSDE for (7 , =

€

an 4y, = {g (t,Ej’",e) + Rf'"} dt + 5 dwi, Yo =AF,
2n+1 ei
€, R X ',:.0 < _ =6n
where R;"™ = ; gi (t, (62“_%)]':0,...,1' ,O) 79 (t, =, ,e) ,

||R 4 L= ([0,T],2) = O(e€*) is satisfied because of the boundedness of A,
0, dg, and 95,=%¢ (i = 0,...,3).

Next, we introduce the linear BSDE for (AY ", AZ%™) := (Y*© —
Yo", = — Ee’n), described as

dAYS™ = {—% (:—:: +E dl) (A=, dt) — Rf’"} dt + AZS™ dwe,
AY" =0

to observe the expression:

(18) T AYS™ = T AY,S" — /t TwRy™ du + My — M,

for 0 < s <t < T, where I := (I't);¢[o,7] is the solution of the SDE:
dl'y =T {% (Ei +_5-:’nadel) (dj)'dw;}, Fo=1

and M := (M;)c(o,r is the P°-local-martingale defined by

M, = /Ot T, {AE;“ +5Aven (35 + B db) di} dwe.
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Let n = 1. For a sequence of increasing stopping times (7, )menN, which
localizes the local martingale M, we deduce the relation

TATm
+ o, / T, du | J—‘Wm]
t

ATm

€,1
LCinrm ‘AYt/\-rm

<FE [I‘TM,,. ‘AY;’,me

with some constant C; > 0 from (18). The first term of the right-hand-
side is

S Ft/\Tm ‘L“’ (Q)

<E [Tram, | Finrn) ”Ay;fm a2,

’Lc"’(ﬂ)

as m — oo by using the optional stopping theorem, and the second term
of the right-hand-side is

e TATm —e
= '0,F / I‘udu‘]-}/wm — G E
t

ATm

T
/ I, du 1 }}] < 40, TT,
t

as m — oo for a continuous version of E°[ [ T Iy du|F.] by using the
monotone convergence theorem. Therefore, || AY “!|| oo o, 77x02) = O(€*)
follows.

Finally, define the process V" := (V*"),c[o, 1) by

(19) 7 = (I = Tyoc) (Ej’" + ,\g)
to deduce
‘ 7€, T /
YF = Y, +/ (eTyo'my™ — X + V™) dws,
0
T 2 —€,m (2
A€l — )
. (I £ — 7" +R:,n) W
0 2

from (16-7) and (19). Therefore, for z € R, we obtain that

T
F+L (3" @) = x5+ [ Ria

where Y"(z) = exp (7;’” - 'yerTw) ,



An approzimation for exponential hedging

which implies

log B [U, (-F+ X5™")]

—¢,1 —€,1 T €1
- logE[U,, (L, (7' @)2F )_/ RS dt)}
0

1—€1

= V@) + o)

6,1
= logU, (e x—YT)+O(e)

= logU, (e m—%—)-l—O( ) ase|O0.g

297

Remark 4. For the higher order terms, the following is observed, for

example:

T
Y e = —12E° l:/ E22¢(u) 92 EYE (u)du | .7-}] ,
t

t
YL — / O 52 (u)dw§ (u)

T
=—-12E° [/ E9¢(u)82E)" (u)du ' ft] ,
0

LEYE(t) = 0, and BZEO<(t) = 0 for all ¢t € [0, 7).

042%¢ € HY?, then

ye —€,2

I le([O,T]xQ)
and logV¢(z) —logE [U.y (—F + X;’?E,z)]

are deduced as € | 0.

So, if we assume

O(%)

O(€%)

Example: European put option case. Let uq,us be constant and
set F = (k— Sk)* (k > 0). Then, Assumption 1 is satisfied, and we
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have that

e = 7{k<1> — _eﬂe(T—t)Slq)(_cﬂ}_XZ(T;—t),

BBV = 4 {K8(—c) - 2ke” TIS}D(~c])
+e@n+ol)(T-1) (S})Zcb(—c;“*')} ,

V) = —yo1e" TY®(—cf)St,

2 (t) = 201 {-ke"TISIO(~cf)
+e(2"5+”?)(T"t)(S})Zcb(—c;*““)}

+27016"E(T"t)<1)(—c;")5tl
—2
c A (T -t
" [”{W—c;) - shp(—ct)} - 220 )] ,

where

n° = p—V1-€o10; (ug - 1),
¢ 1 -xz2/2

®d) = \/—2_7;6 dz,
1 S} o?

; = ———=41 £ - L)(T-¢t)y,

= i)+ (r3) )

¢ = ¢ +0vVT—t, and cft:=c; +201VT -t
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