


























244 T. Tanisaki

(VH) Q—Q—I—o—o—o

Here, I = Iy \ {0}, where iy corresponds to the white vertex of the
Dynkin diagram.

2.2 Let us identify nj with an open subset U of G/P; via the embed-
ding a — exp(a)P; . Note that U is stable under the left multiplication
by Ly and that the induced action of L; on n;' is the adjoint action. Let
C denote the set of Lj-orbits on njf.

Proposition 2.1 (see Richardson-Rohrle-Steinberg [22]). (i) For any
P -orbit D on G/ Py the intersection DNU consists of a single Ly-orbit.

(ii) The correspondence D — D NU gives a bijection

(2.3) Py\G/P; ~C.
In particular, n'}' consists of only finitely many Ly-orbits.

By a well known result on the Bruhat decomposition we have the
following natural one-to-one correspondence:

(2.4) W\W/W; ~C.

Proposition 2.2. Let C € C, and set O = Ad(G)(C) C g. Then we
have O Nnf = C, and dim C = dim O/2. \

Proof. Let N be the set of nilpotent orbits on g which intersects
with nf. In order to show that Ad(G)(C) Nnf = C for any C € C,
it is sufficient to show that the map C — N given by C — Ad(G)(C)
is injective. Since it is apparently surjective, it is sufficient to show
#(C) = fi(N). We can calculate {(C) in each individual case by using (2.4).
Let Oy € N be the nilpotent orbit such that Og N n? is open dense in
n}". Since the moment map T*(G/ PI+ ) — g is a projective morphism, its
image Ad(G)(n}) is a closed subset of g. Hence A consists of nilpotent
orbits O contained in Op. It follows that we can also determine f(N)
using explicit description of the closure relations of the nilpotent orbits
(see [12], [19]), and we conclude that #(C) = (). The latter half of our
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statement is also verified using case-by-case consideration. Details are
omitted. Q.E.D.

Let Ag be the set of zeros of the b-function of the prehomogeneous
vector space (Lz,ni), and set A = {—a — 1|a € Ap}. The following
explicit description of A is given in Gyoja [11].

@ A={0,1,2,...,k—1} (1) A—_—{o,%’l,g,,_,,%—l}
)  A={o, 28 av) A={0,n—2}

V)  A={0,2,4,...,2([%2)} (V) A={0,3}
(VII) A={0,4,8}

Here, n = 4(Iy).

Let C be the set of non-open Lj-orbits on n}L. By a case-by-case
check we see that §(C) = f(.A) and that C is a totally ordered set with
respect to the closure relation. Hence there exists a unique bijection
A — C(r — C,) satisfying

(2.5) C.CC,ifr<s.

2.3 We shall give an explicit description of the maximal proper sub-
module J,, of M(rw;,) for r € A.

Let A € Hom(p},C). By the Poincaré-Birkhoff-Witt theorem the
natural linear map U(n;) — M;(A) = U(g)/tr,» is an isomorphism.
By the condition (2.1) U(n}) is isomorphic to the symmetric algebra
S(n;). Via the Killing form of g S(n;) is identified with the algebra
C[n}] consisting of polynomial functions on n}". Hence we have a natural
bijective linear map

(2.6) Fy : Cnf] — My(N).

For C € C let I(C) be the defining ideal of the closure C of C in nj.
Proposition 2.3 (see [5], [26], and their references). We have
(2.7) Jrasy = Freo, (I1(Cr))

for anyr € A.

Remark 2.4. For rg = min(A \ {0}) the ideal Jy,x, is generated by
polynomials with degree 2 by [10].
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83. Radon transforms

3.1 Let f: X — Y be a morphism of smooth algebraic varieties.
For a TDO-ring A on Y one can a§sociate a TDO-ring f*A on X, a
(f*A, f~' A)-bimodule Ax .y, and a (f~'A, f*A)-bimodule Ay x (see
[3], [15]). If £ is an invertible Oy-module and A = Lo, Dy ®0, L&,
then we have

flA = f*L®o, Dx Qo, f*LE,
Ax_y = Ox®ji0, [T'A, Ayvcx =fTTAQs-10, Q.

Here, L&~ = Homo, (£,0y), f*L = Ox Qf-10, f'L, and Q5 =
Qx Qf-10, f—lﬂg—l.
For an A-module M set
(3.1) Lf*M = Ax_y ®%-1, f7'M.
It is a complex of f# A-modules. If f is smooth, we have H*(Lf*M) = 0

for ¢ # 0, and in this case we simply write f*M for HO(Lf*M).
For an f*A-module M set

(3.2) /f M =Rf.(Ayx ®% 4 M).

It is a complex of A-modules.
3.2 Let I and J be subsets of I;. Let

(3.3) p1: Xing — X7, p2: Xing — X

be the canonical projections. Set

(34) Y1 = > a€h”.

ae(AT\AJ)NA;
Let A € Hom(ps,C) C h* and u € Hom(py,C) C h* satisfying
(35) A=p—-

Then for a Dx, ,-module N we can define a complex Rr;(N) of Dx, -
module called the Radon transform of N by

(3.6) RuM) = [ (@37 o).

P1
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Indeed, Qg’l_l ®p3N isa Dx, . ; »-module since p; N isa Dy, ., ,-module
and we have Q,, ~ Ox,.,(v17).
3.3 By the definition we have

(3.7) R1;(N) = Rp1(Ars ®H1;2—1DXJ’“ p3'N)
with
(3.8) Apy = (P1_1DX1,/\ ®p1_1C’)XI Ox1ns) ®Hﬁxmj,u

(Oxrns ®prroy, Py ' Dx;,p)-
Lemma 3.1. Seti= (p1,p2): X1ns — X; X X ;. Then we have
(3.9) H*(Ar5)=0 fork #0,
(3.10) H°(Ary)
= (T (Dx,»® DY, ) ®i-10x,xx, OXins) ®Dx,., Oxinns-
This follows from the following general result.

Lemma 3.2. Let f: S5 — X and g: S — Y be morphisms of smooth
varieties, and let Ag, Ax, Ay be TDO-rings on S, X, Y respectively
such that Ag = g*Ay = (fPAF)°P. Set o = (f,9): S — X xY. Then
we have
(f'Ax ®5-10x Os) @4, (Os ®g-10y 9 Ay)
~ (71 (Ax BAY) ®-10xy Os) ®p Os.

In particular, if ¢ is a closed embedding, then we have
H*((f'Ax ®f-10x O5) @i, (05 @510, 97" 4Ay)) =0 (K #0).

Proof. Let A:S — S x S be the diagonal embedding. In general,
for a left Ag-module M and a right As-module N we have

N ®%, M = (N &b, M) ®p, Os
=AY (NR M) ®% 10, Os) ®p Os.
Hence we have
(f ' Ax ®j-10x Os) @4, (Os ®g-10y ' Ay)
= (A™N(f'Ax @105 Os) R (g7 AY ®4-10, Os))
®h-105,595) @D Os

= ((p_l(AX & Aoyp) ®4P_10X><Y OS) ®%S OS'
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If ¢ is a closed immersion, then ™} (Ax KAY) ®p-104 .y Os is a locally
free Dg-module. Hence H*((o~!(Ax NAYP)®u-10x vy (93)@111‘)5 Os) =0
for k #£ 0. Q.E.D.

By the definition we see easily that

(3.11) : Dxiosp = Uxins(8)/Z,
(3.12) pl—lDXI,A ®p1_1(9x1 Oxiny = Ux;ns(9)/T,
(3'13) Ox;ny ®p2_10XJ p2_1DXJ,# = Uxjns (g)/’Ca
where

(314) I = £%,.,(tns),

(3'15) J = 5(L0Xm1 (tI,—)\+2P1)) = pl_l‘cg(j (tl,)\)UXmJ (9)7
(3’16) ’C = ‘COXIQJ(tJ,I‘) = UXIﬂJ (g)pglﬁg(] (t-I,I-")‘

Here, 6 is as in (1.11). Hence we have

(3.17) Ary = Ux;n;(8)/(T + K).

Let n € ['(X;, N). Since Ar; has a canonical section 1, we have a
morphism

C— Ay ®cp;'N — Ary ®f; py'N

2 'D XJsm
given by 1 — T ® n. Hence the composition of

C — Rp1(p7 'C) = Rp1.(C) — Rp1.(Ars ®f;—1 py 'N) = Rr;(N)

2 DXJ,M
induces a section
(3.18) RIJ(n) S F(XI,HO(RIJ(N)))

3.4 In the rest of this section we fix a subset I of I satisfying (2.1) -
and r € A. We set

(3.19) A =Ty,

Let J be a subset of Iy and set = A + 7. We have p € Hom(p}L,(C)
if and only if
(3:20) Y15 (hig) = -1,

where I = Iy \ {io}. In this case we can define, for a Dx, ,-module N,
its Radon transform R;;(N) as a complex of Dx, y-modules.
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Lemma 3.3. Let J be a subset of Iy satisfying (3.20), and set u =
A+71s5. Let ¢ : Dx, » — H°(Rr;(Dx, ) be the canonical morphism
given by 1 — Ry;(1) (see (3.18)). Assume that nf Nn} C C,.. Then we
have Lx,(Jy) C Ker .

Proof. By (3.17) we have
Rry(Dx;u) = Rp1a(Ux;,(9)/(T + K)),

where J and K are as in (3.15) and (3.16). Let 1 be the canonical section
of the left p; ' Dx, x-module Ux, ., (g)/(J +K). Let m be the canonical
generator of the right g-module M;()), and set Jy = {u € U(g) |um €
Ja}. It is sufficient to show p7 ' (Lx,(Jx)) -1 =0, or equivalently,

(3.21) i (L, () C T +K.

Since the problem is local, we have only to show (3.21) on the open
subsets g N, JPI? g/ PIF j of X1ny. We may assume g = 1 without loss of
generality. We can identify N JP_,? 5/ PI—ir_w g with N7 ; via z +— a:PI";] g
Note that N;,; ~ N; x (N; N Lj) via the multiplication. Define
¢1: Niy — Ny and @3 @ Nioy — Ny 0Ly by g = ¢1(g)e2(g) for
g € Njr\;. Let R € p7 (L%, (J1)). Then there exists a (locally defined)
U(g)-valued function R on N such that

R(z) € Ad(z)(Jx) (€ Np),  R(gPf;) =Rlei(9)) (9 € Niny)-
Set V. =J, N U(n;). Then we have h=Veae t7,x. Since nj is com-
mutative, we have Ad(z)Jy = V @ Ad(z)r; » for x € N; . Hence we can
decompose R into the form R = R; + R, with

Ri(z) €V, Ry(z)€ Ad(z)rrn (z € Ny).
Correspondingly, we have R = Ry + Ry with
Ri(9P) =Ri(ei(9) €V (9€Npny)s Raepy'(£%,(trp) C T

Then we have only to show R; € K. This is equivalent to showing
V C Ad(g)ty,, for any g € Ny ;. Let us show that V is ad(n} ;)-stable.
Since ny~; = n; @ (n; Nlr), we have only to show that V is stable under
the adjoint actions of n; and n; N[;. Since n; is commutative, we have
[h7,V] = 0. Let z € n; N{;. By the definition of Jy we see easily
that "Jy is ad(l7)-stable. In particular, we have [z,V] C Jy. On the
other hand, since n; is ad(l;)-stable we have [z,V] C U(n}). Hence,
V is ad(nj,)-stable. Therefore, we have only to show V C t;,. Since
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tre O b5 pFU®@) D (7 nny)U(ny), it is sufficient to show V C
(pF Nn;)U(n;). Since V corresponds to I(C,) under U(n;) ~ C[n}],
this follows from our assumption n;r N n}' cC,. Q.E.D.

3.5 In the rest of this section we fix a subset J of Iy satisfying the
conditions (3.20) and

(3.22) Ad(L })(n}’ nnt) =C,.

We set
(3.23) B=A+71J-

By Proposition 2.2 the condition (3.22) is equivalent to
(3.24) Ad(G)(nf NnT) = Ad(G)(C,).

We note that such J does not necessarily exist. If r = 0, then (3.20) and
(3.22) obviously hold for J = I. In the case where g is a classical Lie
algebra, there exists such J if and only if r € Z. We list below possible
choices for J when g is a classical Lie algebra and r € Z+,.

k—1 n—k
M I — e o e e
re{l,2,....k—-1}, k—-1<n-—k
r—1 n—r
J — o—o-uo—o—m
p = kwj, with J = Iy \ {jo}
n—r r—1
J e T e a0 G e

M) I —— o—e ereeeeriin... o 0—<o
r e {1,2,...,["7_1]}
r—1
J — m—o—o ------ —=e

= nw;, with J = I\ {jo}
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/-
p = nwj, with J =1Ip\ {jo} \'

3.6 By Lemma 3.3 we have a canonical morphism

(3.25) ¢ : Dx; 2/Lx,(Jx) = H°(R1s(Dx,.u))-
Let _
(3.26) io: V=P PF/PF — X,

be the natural embedding. We see easily by (3.23) that igD;’g’L# o

251

~

QE)’ oDy ® Q;,, and hence we can consider a Dgi?h “—module fio Q?O) -1
with a canonical section mg. Let T* X ; be the cotangent bundle of X,
and let 737X ; be the conormal bundle of V. Let v : T*X; — g be the
moment map. Here we identify g with g* via the Killing form. By (3.22)

we have (T3 X 7) = C,. Let

(3.27) ¥:To Xy — C,
be the induced morphism.

Theorem 3.4. (i) We have

(3.28) H*R;;(Dx, ) =0  (k#0),

(3.29) @ : Dx,z/Lx,(Jx) =~ H(R1;(Dx, )

if and only if
(3.30) kY, / Q2 =0 (k #0),

(3.31) /Q® Y = U(n})my.
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(ii) The conditions (3.30) and (3.31) are satisfied if

(3.32) HYT3X5,0m3x,) =0 (k#0),
(3.33) 5 has connected fibers.

Proof. (i} Set X = X;,Y = X5, Z = Xiny. Let pr: Z2 - X
and ps : Z — Y be the canonical morphisms, and set i = (p1,p2) : Z —
XxY.Letm : X XY — X and mp : X XY — Y be the projections.
Since 7 is a closed embedding, we have

Rr;(Dx, ) = Rpiu(Ary) = Rry (44 Arg).

By the definition of Aj; we see easily that i, Ar; >~ f Q® Yasa Dy By
D;p -module. Note that we have i*(Dx y & D°’7 ) = Q;@ o Dy ® Q
by (3 23). Hence we have

Rrj(Dx, ) = Rm (M)  with Mz/Q?—l.

We have a canonical section m of M, and we see easily that the morphism
¢ Dx, A/Lx,(J\) = m1.(M) is given by 1 — m,(m). Since m1.(m) #
0, we have ¢ # 0. Since ¢ is G-equivariant, and since Lx,(Jy) is the
unique maximal G-stable left ideal, we see that ¢ is injective. Hence the
conditions (3.28) and (3.29) hold if and only if

(3.34) Rrfmi (M)=0  (k#0),
(3.35) T1.(M) = Dx am1.(m).

Set N = N;, and identify N with an open subset of X via the
embedding j : N — X (z +— zP}). Since M is G-equivariant, it is
sufficient to consider (3.34) and (3.35) on N. Consider the following
Cartesian diagrams.

zZ . Xxy =, X

i a1 Ik
NxV —— NxY —— N

% T

Here 7; is the projection, and i(z,yPJ) = (z,zyP}), j(z,yP}) =
myPIT” forxe N,ye PI+. Then we have

REnyL (N = Roma (G % 1)° [ 9770 = Bém, [007
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Let f : N xY — N xY be the isomorphism given by f(z,yPJ) =
(z,zyPf) for z € N and y € G. Then we have i = f o (1 x 4y) and
T1« = 71+ © f. Hence we have

R*7, / 08t = Rm. / 0P = R (O K / Q2
i 1xip o

= Oy ®CHk(Y,/ Q2.

0

Therefore we have obtained

(3.36) REm.(M)|N ~ Oy ®c H*(V,7I) with M = / 081,

In order to consider the condition (3.35) let us examine the action of
Dx A\|N ~ Dy on m+(M)|N ~ Oy ®c I'(Y, M). Define a ring homo-
morphism L : U(nl—) — I'(N, Dn) by

(L(a)(N))(=z) = (wexp(ta))l =0 (aen;,fe€On,z€EN).

This induces an isomorphism Oy ®c U(n;) ~ Dy. Let ® : Dy —
Dy ®c U(g) be the ring homomorphism given by

d(f)=f®1 (feOn), ®(L(a))=L(a)®1+1®a (a€ny).

Regard I'(Y, M) as a U(g)-module via U(g) — Dy,, (u+— 0% =1T®u).
Then we have

Pv=®P)v  (Pe€ Dy,veOycl(Y,M)).

Since 71.(m)|N = 1®mp € Oy ®c I'(Y, M), we have Dx \m1.(m)|N =
On ® U(ny )mg. The statement (i) is proved.

(ii) Define a good filtration of M by F,(M) = F,(Dy,,)m. Then
we have

M = U,F,(M), grp M := @, F,(M)/Fp_y(M) ~ m.Orsy,

where 7 : T3;Y — Y is the canonical map. Since 7 is an affine morphism,
we have

H¥(Y, 7015 y) = HF(T}Y,Ozy) =0 (k#0)

by (3.32). Hence H*(Y, F,,(M)/F,_1(M)) = 0 for any k # 0 and any p.

By the exact sequence

HE(Y, Fp-1(M)) — HE(Y, Fp(M)) — H*(Y, F,(M)/Fp—1(M)) =
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we see by induction on p that H*(Y, F,,(M)) = 0 for any k # 0 and any
p. Hence H*(Y, M) = 0 for any k # 0, and (3.30) holds.
Define a filtration of T'(Y, M) by

F(T(Y, H)) =T(Y, FP(M)) cI(, M)
Then we have
Fp(U(ng ) Fo(L(Y, M)) C Fpio(T(Y, M)),

where F,(U(n})) denotes the subspace of U(n; ) consisting of elements
with order < p. Hence in order to show (3.31) it is sufficient to show
that

grp D(Y, M) := & Fp(T(Y, M)/ Fp1 (T(Y, M))

is generated by the canonical element [mg] € Fo(I'(Y, M))/F_1(T(Y, M))
as a module over grzU(n;) = S(n;) = C[nj]. On the other hand by
the exact sequence

0 — I(Y, Fpr (A1) — D(Y, Fy (7))
> DY, Fy(M)/Fy-r () — H'(Y, Fyos (1)) = 0

we have

grp DY, M) = T(Y,grp M) =T(Y,mOry) = (T}, Oryy)
= T(Cr;7(Oryv)).

Let ¢ : O — ¥,(Or;y) be the canonical morphism. Since [mo] corre-
sponds to (1), it is sufficient to show that ¢ is an isomorphism. Since
% is a proper morphism, we have the Stein factorization ¥ = 71 0 ¥
of v, where vy : I3Y — Spec(ﬁ*(OT{;y)) is a projective morphism,
and 7y : Spec(7,(Oryy)) — Cy is a finite morphism. By (3.33) 7, is
bijective. Moreover, by Lemma 2.1 and the normality of the Schubert
varieties the variety C, is normal. Since we are working in characteristic
0, we see that 7; is an isomorphism of algebraic varieties, and hence ¥
is an isomorphism. Q.E.D.

Proposition 3.5. The conditions (3.32) and (3.33) are satisfied for
g =sl,(C).

Proof. The condition (3.33) is easily checked by a direct calcu-
lation. Let us show (3.32). Since the projection p : Ty Xy — V is
affine, it is sufficient to show H*(V,p,Orzx,) = 0 for k # 0. Note
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that V = Pf" Pj’ /P} = Li/Lin Pj'” is the generalized flag manifold
of the smaller group L;. For an L; N P}"—module U let Ly denote
the locally free Oy-module consisting of sections of the Lj-equivariant
vector bundle on V' = L;/L; N P}' corresponding to U. Then we have
P01 x; = Lg((ntrnt)- Since S((nfnnk)*) is a union of finite dimen-
sional LN P}L-modules, p+Ory x, is a union of locally free Oy-modules
with finite rank. Hence it is sufficient to show that for any irreducible
Ly N Pf-module U appearing in S((nj Nn})*) we have H*(V, Ly) =0
for k # 0. Let jo be the unique element of I \ J. By the theorem
of Borel-Weil-Bott we have only to verify (v, hj,) > 0 for any highest
weight y appearing in the L N Lj-module S(nj Nn7¥). This condition
holds if (7, hj,) > 0 for any weight ~ appearing in the L; N L ;-module
n}" N n}r. We can easily check it directly. Q.E.D.

Corollary 3.6. Ifg=sl,(C), we have

H*(Rpy(Dx,,) =0  (k#0),
@ : Dx;a/Lx;(J2) =~ H(R15(Dx;,4))-

Real versions of this result are given in Kakehi [13], Oshima [21],
and Sekiguchi [23].

§4. Hypergeometric systems

4.1 TIn this section we fix a subset I of I satisfying (2.1).
For r € A, a closed subgroup K of G with Lie algebra ¢, and a
character { € Hom(¢,C) we define a Dx; rw, -module M, k¢ by

(41) Myke = Dx, o, /(Cx:(Trmy) + > Dityromy (807 — £(a))
act

Let g = s0,(C). If r = 1 and K is a maximal torus, then the
system M, k¢ is nothing but the hypergeometric system investigated
in Gelfand [6] and Gelfand-Gelfand [7] (see also Aomoto [1]). The case
r =1 and K is the centralizer of a (not necessarily semisimple) regular
element was also treated in Gelfand-Retakh-Serganova [8] and Kimura-
Haraoka-Takano [16]. Moreover, Oshima [21] recently considered the
case where 1 < r < k — 1 and K is an appropriate subgroup of G.
Our systems M, k¢ are natural generalization of the systems mentioned
above, and we call them the hypergeometric systems on the Hermitian
symmetric spaces Xj.
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4.2 We identify the cotangent bundle T*X; of our flag manifold X;
with

{(gPr,a) € X1 x g|la € Ad(g)nT}

via the Killing form. For s € A let O, be the nilpotent conjugacy class
of g satisfying Ad(G)Cs = O,. For s € A and a closed subgroup K of G
we define a locally closed subset Ag’ x and a closed subset A, g of T*X;
by

(4.2) A g = {(gPr,a) €T*X;|a € O, NELY,
(4.3) Aok = {(gPr,a) € T"X1|a € O, NE},

where € is the Lie algebra of K and ¢+ = {a € g|(a,t) = 0}. Here
( , ) is the Killing form of g. We have As x = Usca,sr<sAY k-

For a coherent module M over a TDO-ring on a smooth algebraic
variety X one can define its characteristic variety Ch(M) as a closed
subset of the cotangent bundle T*X. Then M is called a holonomic
module if dim Ch(M) = dim X. By Proposition 2.2 we see easily the
following.

Lemma 4.1. We have Ch(M, k¢) C Ar k.

Lemma 4.2. We have

dim A 5 = dim X7 + dim(O, N ) — %dim O,.

Proof. Set
Z ={(gPr,a) € X; x g|la€ Ad(9)C,} = {(gPr,a) e T*X1|a € O,}.

The first projection Z — X is a G-equivariant fibering onto the homo-
geneous space X; whose fiber at the origin is C,., and hence we have
dimZ = dim X; + dimC, = dim X + (dim O,./2), The second pro-
jection p : Z — O, is also a G-equivariant fibering onto the homoge-
neous space O,., and hence we have dimp~!(a) = dimZ — dim O, =
dim X; — (dim O, /2) for any a € O,. Since A2 ;o = p~1(O, NE+), we
have dim A? ;o = dim(O, N¢+) + dim X; — (dim O,/2). Q.E.D.

Hence the DXI’m,iO—module M, k¢ is holonomic if dim(O; N EJ-) <
dim O, /2 for any s € A such that s <.
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Remark 4.3. (i) The equality dim(O, N &) = dim O, /2 apparently
holds true for s = 0. Hence, for 7 = r¢ = min(A \ {0}), the system
M, Kk ¢ is holonomic if dim(O,, N &) = dim O,,/2. One may suspect
that a candidate for a closed subgroup K of G satisfying dim(O,,, N¢t) =
dim O, /2 is the maximal torus H. However, we have dim(O,, Nht) =
dim O, /2 if and only if (g, ) is of type (I) or type (II). In other cases
we have dim A, g > dim X;.

(ii) In [9] a certain D, —-module is investigated as a special case of
the so called A-hypergeometric systems. Identifying n; with an open
subset of X via the embedding n; — X; (a — exp(a)P), this D, -
module coincides with the restriction of M,, g ¢ to ny when (g,I) is
of the type (I) or the type (II). In other cases it is some quotient of
My, mglny -

4.3 We fix r € A and a subset J of I, satisfying the conditions (3.20)
and (3.22), and set

(4.4) A = 1w, w=A+1J.

Then, for a Dx, ,-module N, we can define its Radon transform
R;;(N) as a complex of Dx, y-modules. Let K be a closed subgroup of
G with Lie algebra ¢, and let £ € Hom(¢, C). Set

(4.5) Ny =Dx,u/ Y Dx,u(8% —€(a)).
act

By the argument in the proof of Lemma 3.3, we see easily the following.

Proposition 4.4. There exists a canonical homomorphism
M ke — Rrj(Nr k).

Proposition 4.5. Assume that there exist only finitely many K -orbits
on Xj.

(i) We have dim A < dim X7 + (dim O5/2) — dim(O, N nt) for
any s < 7.

(i) We have dim A2 ; < dim X;. Especially, if 7 = 1o = min(A \
{0}), then the system M, k¢ is holonomic.

(iii) If g = s1,(C), then we have dim AS,K < dim X; for any s <.
Especially, the system M, k¢ is holonomic. .

Proof. (i) By Lemma 4.2 it is sufficient to show

(4.6) dim(O N€t) < dim O — dim(O Nn¥)



258 T. Tanisaki

for any nilpotent conjugacy class O in g such that O N n}' # 0. Let
~v:T*X; — g be the moment map. By the assumption O is contained
in the image of 7. Set Z = y~!(O). Since the projection Z — X is
a G-equivariant fibering onto the homogeneous space X ; whose typical
fiber is O Nn7, we have

dimZ = dim X + dim(O Nn}). Since the natural morphism 7 :
Z — O is a G-equivariant fibering onto the homogeneous space O, we
have dim5~!(a) = dim Z — dim O = dim X; + dim(O Nn¥}) — dim O for
any a € O. Hence we have

(4.7)
dim7 (0 N &) = dim X + dim(O Nn}) — dim O + dim(O N &t).

By the definition v~!(¢1) is the union of the conormal bundles of the
K-orbits on X ;. Hence by the assumption on K we have dimy~*(¢+) =
dim X7, and thus

(4.8) dim7 (0O Nnet) < dimy~(8H) = dim X ;.

The assertion (4.6) follows from (4.7) and (4.8).
(ii) By (i) it is sufficient to show

(4.9) dim(O Nnf) =dim(0O Nn}) =dimO/2

for any nilpotent conjugacy class O in g such that there exists some
w € W satisfying Ad(G)(nf Nw(n})) = O. Let A be the union of
the conormal bundles of the G-orbits on X; x Xj. Since there exists
only finitely many G-orbits on X; x X;, A is a closed subvariety of
T*(X1 x Xj) ~ T*X1 x T* X ; with pure dimension dim X + dim X .
We can identify A with

{(91Pf,92PF,a) € X1 x X; x g|a € Ad(g1)n} NAd(g2)nT}.

Let ¢ : A — g be the natural morphism given by (glPI+ , gZPj“,a) —
a. Let A, C A be the conormal bundle of the G-orbit containing
(ePf,wP}) € X1 x X;. By the assumption on O we see that ¢=1(0) N
A, is an open subset of A,,, and hence we have dim ¢~}(0) = dim X+
dim X ;. Fix a € O and set

X§={gPf |a € Ad(g)n})}, X% ={gPT |a € Ad(g)(n})}.

Since ¢~1(0) — O is a G-equivariant fibering onto O whose typical fiber
is X x X9, we have

(4.10) dim O = (dim X; — dim X?) + (dim X, — dim X¢)
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Set D = {(gP;,z) € X; x O|a € Ad(g)(n])}. Considering the natural
morphisms D — X; and D — O we obtain dim X; —dim X¢ = dim O —
dim(ONny). Similarly we have dim X ;—dim X¢ = dim O—dim(Onn}).
Hence we have

(4.11) dim O = dim(O Nn}) + dim(O Nn?).

On the other hand, we have dim(O Nnt) = dim /2, where n* = nj
for § C I (Spaltenstein [25]), and hence

(4.12) dim(ONn}) <dim0/2, dim(ONnt) <dimO/2.

We obtain (4.9) from (4.11) and (4.12)

(iii) By Spaltenstein [24] we always have dim(ONn},) = dim O/2 for
any nilpotent conjugacy class O in g = sl,,(C) and any I1 C Iy (unless
O Nnj, =0). Hence the assertion follows from (i). QED.

4.4 We give an example in this subsection.

Let V be a 2n-dimensional vector space over C with nondegener-
ate skew-symmetric bilinear form ¢ : V x V. — C. Choose a basis
(€1,---y€ny f1,.---, fn) of V such that

(4.13) (e, ej) = o(fi, f3) =0, o(ei, f7) = bij.
Set,
g = {f€End(V)|d(fvi,v2) + ¢(v1, fva) =0 (v1,v2 € V)},

G {9 € GL(V) | #(guv1, gva) = d(v1,v2)  (v1,v2 € V)},
h = {feglfle) €Cei, f(fi)eCfi (i=1,...,n)}

Define €; € h* by f(e;) = ei(fle; for fehandi=1,...,n. Set

(4.14) I={1,2..n}), I={1,2,...,n-1},

(4.15) a;=¢€ —€41 (i€ lyi#n), oy = 2€,.

Then g is a simple Lie algebra of type (C,), G is the corresponding
algebraic group, § is a Cartan subalgebra of g, {a; }icr, is a set of simple
roots, and (g,I) is of type (II). The generalized flag manifold X; is
identified with the set of n-dimensional subspaces W of V satisfying
¢(wr,wz) = 0 for any wy,wy € W. We shall identify n; with

(4.16) Sn={z = (2i5) € Mp(C) 'z = 2}
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(4.17) T3 fezr=(25)€S,  (fle) = Zzijfi)'
i=1
We further identify n; with an open subset of X; via the embedding
n; O a +— exp(a)Pr € X;. Note that S, — Xy is given by z —
i1 Clei + Z?:l zij f3)-
We consider the case r =1 € A in the following. Then we have
(4.18) A=rw;, =w, = (€1 +--+€,)/2.
In this case the subset
(4.19) J=1{2,...,n}
of Iy satisfies the conditions (3.20), (3.22), and we have
(4.20) ©= A+ v15 = nwi = ne;.

Fix 0 < m < n. Set W, = > 10| Ce;, W), = >_i» | Cf;. Identify the
group K; = GL,,(C) x (C*)*~™ with a subgroup of G via the following
action of K; on V:

(4.21) (9 Oma1y---san) v = gv (vE€Wy,),

(422)  (9,0mt1s---r0n) € = aie; (i=m+1,...,n),
(423)  (gyami1,---ran)-v = ‘g7lv (ve W),

(424)  (9,@mt1s---yan) - fi = a7'fi (i=m+1,...,n),

where W,,, and W, are identified with C™ through the bases (e; |i =
1,...m) and (f; |7 = 1,...m), respectively. We define a subalgebra &
of nj ~ 8, by & = {2z = (zij) € Sn|zi; =0 unless 3,5 > m+ 1}, and
set Ky = exp(t;). We take K to be the semidirect product K = K; K.

Let us give an explicit description of M; k ¢|Sn. We use (zij)1<i<j<n
as a coordinate of S,,. Set 0;; = 0j; = (1 + 6;;)0/0z; for i < j. For
1<iy<--<iy<mnandl<j < - < jny < n set Dﬁ::::% =
det(;,j,)1<p,q<n- For (€1,&my1,...,8&n) € Cn~™*1 define a character ¢

of ¢ = Lie(K;) ¢ Lie(K3) by

(4.25) &(a, ami1, .- an) = & tr(a) + Z &a;

i=m

((a, @met1, - - -,0n) € Lie(Ky)),
(4.26) £(b) =0 (b€ Lie(K2)),
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where we identify Lie(K:) with gl (C) x C*~™. Then M k ¢|S, corre-
sponds to the following system of differential equations for an unknown
function f.

i1,i2,% _
(4'27) D]LJ;JSS (f) =0
for 1 <i3 <is<iz<n,l <1 <ja<jzs<mn,

(429) D zdn(f) = 8i5(61 - %)f for 1 <i,5 <m,

k=1
- 1
(4.30) }:aﬁmu)zgr-?f form+1<i<n.
k=1
The equation (4.28) allows us to rewrite the system (4.27), ... ,(4.30)

into a system of differential equations on S,, X My, ,_m(C) with the
coordinate (zij)i<i<j<m X (Zip)i<i<m,m+i<p<n. L m—m > 3 and
H{p|m+1<p<n, €& =1/2} <2, then the rewritten system is equiva-
lent to the following.

(4.31) D2 () =0 fori; <ig<izg<m, Jji<ja<js<m,
(4.32) Dﬁfz’f;s (f)=0 foriz<ia<m<p, 71<j2<73<Dp
(4.33) D;i’;";”;(f) =0 foriu<iza<m<p, H<j<m<yg,
(4.34) D;ll”pzz (f)=0 fori <ix <m<p; <p2,

1 .
(4.35) (Z zikOjk + Z 2ip0jp)(f) = 6ij(§1 — 5)f  ford,j <m,

p=m+1 2

(4.36) Zzipai,,( f= (- %) f forp>m.
=1

Here 8,y = 0 in (4.33).

Next we give integral representations of solutions of this system. The
Dx ,.,-module Ny g ¢ is nonzero at the generic point of X ; if and only if
& = 0. Hence we restrict ourselves to this case. Define an (n — 1)-form
7 on C™\ {0} by

(4.37) T = Z(—l)i+IUidU1 VARERIA d/di A A dug,

i
=
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where (u1,...,u,) is the coordinate of C* \ {0} C C™. Let

(4.38) 21 = (2i5) € S, 22 = (2ip) € My n—m(C),

(4.39) u; = (ug, . Um), Uy = "(Umg1y .- Un)-

Then the (n — 1)-form

(4.40)

O(u1,. .. up) = (fugziug + tulzgug)(§m+1+"'+5"_”)/2u;§:1“ ceug ST

on C™\ {0} induces an (n — 1)-form w on P*~! = (C™ \ {0})/C*. We
see that the function

(4.41) f(Zl,Zz) = /Fw

on S, X My n—m(C) is a solution to the system (4.31), ..., (4.36) with
& = 0 for any twisted (n — 1)-cycle I' on P*1,

This example is related to the system investigated in Matsumoto-
Sasaki [18].
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