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Introduction
Let (X, g) be a Riemannian symmetric space of compact type. Consider a family of Riemannian metrics {gt} on X, for ltl < c:, with go= g.
We say that {gt} is an isospectral deformation of g if the spectrum of
the Laplacian of the metric gt is independent of t. We say that the
space (X, g) is infinitesimally spectrally rigid (i.e., spectrally rigid to
first order) if, for every such isospectral deformation {gt} of g, there is a
one-parameter family of diffeomorphisms 'Pt of X such that gt= r.p;g to
first order in t at t = 0, or equivalently if the infinitesimal deformation
ftgtlt=O of {gt} is a Lie derivative of the metric g.
In [13], V. Guillemin proves that the infinitesimal deformation h of
an isospectral deformation of g satisfies the following integral condition:
for every maximal flat totally geodesic torus Z contained in X and for
all parallel vector fields ( on Z, the integral

l

h((, () dZ

vanishes, where dZ is the Riemannian measure of Z. If all of these
integrals corresponding to a symmetric 2-form h on X vanish, we say
that h satisfies the Guillemin condition. It is easily verified that a Lie
derivative of the metric always satisfies the Guillemin condition. We say
that the space (X,g) is rigid in the sense of Guillemin if the following
Radon transform property holds on X: the only symmetric 2-forms
on X satisfying the Guillemin condition are the Lie derivatives of the
metric g. Thus according to [13], if the space (X, g) is rigid in the sense
of Guillemin, it is infinitesimally spectrally rigid.
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We are interested in determining which irreducible symmetric spaces
of compact type are infinitesimally spectrally rigid. Although much work
has been done on the problem of isospectrality, there are still very few
results for positively curved spaces.
In [9], we study the real Grassmannian G 2 ,n of (unoriented) 2-planes
in JRn+ 2 , with n 2: 3. Here, we present an outline of the proof of the
following result of [9]:

Theorem 1. For n 2: 3, the real Grassmannian G 2 ,n is rigid in
the sense of Guillemin.
The real Grassmannian G 2 ,n, which is a space of rank 2, is therefore
infinitesimally spectrally rigid. This provides us with the first examples
of symmetric spaces (with positive curvature) of rank > 1 which are
infinitesimally spectrally rigid.
All the previously known spectral rigidity results for symmetric
spaces with positive curvature concern spaces of rank one. In fact,
the Guillemin rigidity of the spaces of rank one which are not spheres
was proved by Michel [14] for the real projective spaces IRJF, and by
Michel [14] and Tsukamoto [18] for the other projective spaces (see also
[2], [5], [6]). On the other hand, ·for 2 ::; n ::; 6, the spectral rigidity
of the n-sphere
and the real projective space IRJP>n is established by
Berger and Tanno (see [1] and [17]).

sn

§1.

The maximal fl.at Radon transform

Let X be a manifold whose tangent and cotangent bundles we denote by T and T*. By Sk E and /'/ E, we shall mean the k-th symmetric
product and the j-th exterior product of a vector bundle E over X,
respectively. If E is a vector bundle over X, we denote by Ere its complexification, by £ the sheaf of sections of E over X and by C 00 ( E) the
space of global sections of E over X.
Let g be a Riemannian metric on X and let v' be the Levi-Civita
connection of (X,g). The Killing operator

D0 : T

---+

S 2 T*

e

of (X, g), sending a vector field
on X into the Lie derivative of g
along
and the symmetrized covariant derivative

e,

n 1 : T* - s2 T*
defined by

(n 1 0)(e, ,,,) = ½((vo)(t ,,,) + (v0)(,,,, e)),
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for 0 E 7*, ,, T/ ET, are related by the formula

(1)
for , E 7, where g" : T --+ T* is the isomorphism determined by the
metric g.
Let R be the Riemann curvature tensor, as defined in [5, §4], which
is a section of the bundle f\ 2 T* ® I\ 2 T*, and let R be the section of
I\ 2 T* ® T* ® T determined by

for

6, 6, 6,

,4 E T. Let
Dg : 8 2 7*

--+ /\ 2 7*

® /\ 2 7*

be the linear differential operator defined by

(Dgh)(6,6,6,,4)
(2)

= ½{(v7 2 h)(6,6,6,,4) + (v7 2 h)(6,,4,,1,6)
- (v7 2 h)(,1,,4,6,6) - (v7 2 h)(6,6,6,,4)

- h(R(,1, 6, 6), ,4) + h(R(6, 6, ,4), 6)},
for h E 8 2 7* and ,1,6,6,,4 ET.
We now suppose that (X, g) is a Riemannian symmetric space of
compact type. We write X as a homogeneous space G / H, where G is a
compact, connected semi-simple Lie group, which acts on X by isometries, and H is a closed subgroup of G such that (G, H) is a symmetric
pair. Since all the maximally totally geodesic flat tori of X are conjugate
under the action of G on X, the space 3 of all such tori of X may be
regarded as a homogeneous space of G. The maximal flat Radon transform of X is a G-equivariant linear mapping from the space of functions
on X to the space of functions on 3; it assigns to a function f on X the
function Jon 3, whose value at a torus Z of 3, is the integral

off over Z, where dZ is the Riemannian measure of Z. Together with
Guillemin's above-mentioned result, this leads us to define a maximal
flat Radon transform for syillilletric 2-forms as follows. Let L be the
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homogeneous G-vector bundle over 3 whose fiber Lz at a point Z E 3
is the space of all parallel vector fields on the flat torus Z. We consider
the space c= (3, 8 2 L *) of all sections of the vector bundle 8 2 L * (of
quadratic forms on L) over 3. The maximal flat Radon transform for
symmetric 2-forms on Xis the linear mapping

from the space of symmetric 2-forms on X to the space of quadratic
forms on L, which assigns to a symmetric 2-form h on X the section
I (h) of 8 2 L * whose value at the point Z E 3 is determined by

where ( 1 , ( 2 are elements of the fiber Lz. The vector bundle 8 2 T* is a
homogeneous G-bundle over X and it is easily verified that the mapping
I is G-equivariant. Clearly, a symmetric 2-form h on X satisfies the
Guillemin condition if and only if I(h) vanishes.
The adjoint space of Xis the symmetric space which admits X as a
Riemannian cover and which is itself not a Riemannian cover of another
symmetric space. For example, the adjoint space of the n-sphere 3n
is the real projective space ~n. The maximal flat tori of 3n are the
closed geodesics (i.e. the great circles). A function on ~ lifts to an even
function on 3n, and all the even functions on 3n arise in this manner.
The kernel of the maximal flat Radon transform of 3n is the space of
the odd functions on 3n. In fact, the Radon transform is injective when
restricted to the even functions on 8n; this is equivalent to the classic
fact that the Radon transform for functions on ~ is injective. In (11]
and [12], Grinberg generalizes these results and proves that the maximal
flat Radon transform for functions on X is injective if and only if the
space X is equal to its adjoint space.
We say that a symmetric 2-form on X satisfies the zero-energy condition if all its integrals over the closed geodesics of X vanish. Lie
derivatives of the metric always satisfy this condition. The space (X, g)
is said to be infinitesimally rigid if the only symmetric 2-forms on X satisfying the zero-energy condition are the Lie derivatives of the metric g.
For spaces of rank one, this notion of infinitesimal rigidity coincides with
rigidity in the sense of Guillemin. Thus, as stated in the introduction,
the infinitesimal rigidity of the projective spaces which are not spheres
has been established.
In [9, §1], we show that:
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Lemma 1. A symmetric 2-form on X satisfying the zero-energy
condition also satisfies the Guillemin condition.
§2.

The complex quadrics and the real Grassmannians

Let n be an integer 2". 3. We henceforth suppose that X is the
complex quadric Qn, which is the complex hypersurface of complex projective space (C]pm+l defined by the homogeneous equation

where ( = ((o, (1, ... , (n+1) is the standard complex coordinate system
of cn+ 2 . Let g be the Kahler metric on Qn induced by the FubiniStudy metric on (C]pm+l of constant holomorphic curvature 4. The
group SU(n + 2) acts on (C]pm+l by holomorphic isometries. Its subgroup SO (n + 2) leaves the su bmanifold Q n of (C]pm+ 1 invariant and acts
transitively on Qn; it is then easily verified that Qn is the homogeneous
space

SO(n + 2)/S0(2) x SO(n)
of the group SO(n + 2), which is an irreducible Hermitian symmetric
space of compact type of rank 2.
We consider the functions

fo,1(() =((o + i(1)((2

+ i(3) li,o(() =((o + i(1)((0 + i(1)

((2

+ i(3)((0 + i(1),

on cn+ 2 . If r, S are integers 2°'. o, the function fr,s = Jr,o · fo,l on
is invariant under U(l); its restriction to the unit sphere s 2 n+ 3 of
induces by passage to the quotient a function on (C]Pm+l, whose
restriction to Qn we denote by fr,s·
The complex conjugation of cn+ 2 induces an involutive isometry of
(C]Pm+l which preserves the quadric Qn, The induced isometry T of Qn
commutes with the action of the group SO (n + 2). The group { id, r} of
isometries of Qn acts freely on Qn and so we may consider the quotient
Riemannian manifold Y of X by this group, with the metric induced
by g, which is also a homogeneous space of SO(n + 2). The natural
projection w : Qn ---+ Y is a Riemannian submersion and a two-fold
covering.
Let G2,n be the real Grassmannian of oriented 2-planes in JRn+ 2 . It
is easily verified that the mapping
cn+ 2
cn+ 2
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sending the oriented 2-plane of JRn+ 2 determined by x I\ y, where { x, y}
is an orthonormal system of vectors of JRn+ 2, into the point of CCJP>n+l
with homogeneous coordinates ( = x + iy E ccn+ 2, and that its image is
contained in Qn. This mapping \[I allows us to identify the quadric Qn
with G 2,n. If ro is the involution of G2,n corresponding to the change of
orientation of a 2-plane, we see that
ro\[l=\[loro.

Thus we may identify Y with the real Grassmannian G2,n and w with
the natural projection of G2,n onto G2,n, and then view the quadric Qn
as the double cover of the real Grassmannian G 2 ,n. In fact, the adjoint
space of Qn is the Grassmannian G2,n•
This situation is entirely analogous to that of the sphere
viewed
as the double cover of the real projective space JR]pin. If we consider the
sphere
as the space of oriented lines in JRn+l and the real projective
space !RlP'n as the set of lines in JRn+l, the antipodal mapping a of the
sphere corresponds to the change of orientation of a line and the projective space !RlP'n is equal to the quotient of sn by the group {id, a} of
isometries of
By analogy with the sphere, the involution r of Qn determines notions of even and odd tensors on Qn: a symmetric p--form 0 on Qn is said
to be even (resp. odd) if r*0 = 0 (resp. r*0 = -0). The function
on
Q n is even (resp. odd) if and only if the integer s is even (resp. odd). The
space C 00 (SPTcfv (resp. C 00 (SPTic) 0 dd) of all even (resp. odd) complex
symmetric p--forms on Xis an SO(n + 2)-submodule of C 00 (SPTc), and
we have the decomposition

sn

sn

sn.

Jr,s

We now construct an explicit maximal totally geodesic flat torus
of Qn. Let
n : cn+2 _ {O} _, CCJP>n+l
be the natural projection. We consider the submanifold Z0 of X which
is the image of the mapping a: IR. 2 _, X defined by a(0, <p) = na(0, <p),
where

a(0,<p)

=

(cos0,sin0,O, ... ,0, -isin<p,icos<p) E ccn+ 2,

for (0, <p) E IR. 2 . This mapping a satisfies

a(0, <p)

= a(0 + 2kn, <p + 2ln) = a(0 + kn, <p + kn),
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for all k, l E Z and (0, r.p) E JR.2 • We consider the group of translations
of JR. 2 generated by the vectors (27r,0) and (7r,7r) and the flat torus
2
JR. /r, which is the quotient of JR.2 by the group r. According to the
preceding relations, we see that a induces an imbedding

r

a : JR.2 ;r - x.
Let (0, r.p) be the standard coordinate system on JR.2 • It is easily verified
that
a*g = ½(d0 © d0 + dr.p © dr.p).
Therefore, if the quotient JR.2 /r is endowed with the flat metric induced
by the metric ½(d0 © d0 + dr.p © dr.p) on JR.2 , the mapping a is a totally
geodesic isometric imbedding. Thus Z 0 is a maximal flat totally geodesic
torus of X.
The vector fields 8 / 80 and 8 / 8r.p on JR. 2 are a-projectable; thus, there
exist well-defined parallel vector fields ~o and 'f/o on Zo determined by
8/80 and 8/8r.p, respectively. In fact, {fo,'T/o} is a basis for the space of
parallel vector fields on Z 0 •
Since the group SO(n + 2) acts transitively on 3, a symmetric 2form h on X satisfies the Guillemin condition if and only if, for all
¢ E SO(n+2), the section I(</>*h) of 8 2 L* vanishes at the torus Z0 of 3,
or equivalently if

f

~

(</>*h)(~o,~o)dZo=

f

~

(</>*h)('Tfo,'T/o)dZo=

f

~

(</>*h)(fo,'Tfo)dZo=0,

for all¢ E SO(n + 2).
In [9, §3], by means of this torus Z 0 we prove that:

Proposition 1. (i) The odd symmetric 2-forms on X satisfy the
Guillemin condition.
(ii)A symmetric 2-form h on Y satisfies the Guillemin condition if
and only if the even symmetric 2-form w* h on X satisfies the Guillemin
condition.
On the symmetric space Qn, according to [4, §7] the Lie derivatives
of the metric can be characterized as the symmetric 2-forms h satisfying
the condition Q9 h = 0, where Q9 is a non-trivial differential operator
of order 3. Let x 0 be a given point of X; choose an open subset U
of X containing x 0 such that Un r(U) = 0. We now choose a symmetric 2-form on X whose support is contained in U and which satisfies
(Q 9 h)(x0 ) =/- 0. We know that his not a Lie derivative of the metric on
any neighborhood of x 0 • The symmetric 2-form h - r* h on X is odd and
its restriction to U is equal to h. Thus we have proved the following:
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Proposition 2. There exist odd symmetric 2-forms on Qn which
are not Lie derivatives of the metric.
From the preceding proposition, it follows that the quadric Qn is not
is rigid in the sense of Guillemin. This is analogous to the non-injectivity
of the maximal flat Radon transform (for functions) on this space.
In order to prove the Guillemin rigidity of the adjoint space G 2 ,n of
the quadric Qn, according to Proposition l,(ii) it suffices to verify:

Theorem 2. For n 2: 3, an even symmetric 2-form on Qn satisfies
the Guillemin condition if and only if it is the Lie derivative of the
metric.
From the infinitesimal rigidity of the quadrics Qn, with n 2: 4, which
we proved in [6], [7] and [8], we infer that it suffices to prove the preceding
theorem when n = 3. Indeed, let h be an even symmetric 2-form on
Qn, with n 2: 4, satisfying the Guillemin condition. Let 'Y be a closed
geodesic of Qn- It is contained in a totally geodesic submanifold X'
of Qn isometric to the quadric Q 3 • The restriction of h to X' is even
and satisfies the Guillemin condition. (The demonstration of these last
two assertions is given in the course of the proof of Theorem 10.1 of [9].)
Then Theorem 2, with n = 3, tells us that the restriction of h to X' is a
Lie derivative of the metric; thus the integral of h over 'Y vanishes. Hence
the 2-form hon Qn satisfies the zero-energy condition. The infinitesimal
rigidity of the quadric Qn now implies that h is a Lie derivative of the
metric.

§3.

Totally geodesic spheres

We now introduce decompositions of the bundle S2 T* of symmetric
2-forms on X. The complex structure of X induces a decomposition
S 2 T*

= (S 2 T*)+ EB (S 2 T*)-

of the bundle S 2 T* of symmetric 2-forms on X, where (S 2 T*)+ is the
sub-bundle of Hermitian forms and (S 2 T*)- is the sub-bundle of skewHermitian forms. We now use the differential geometry of X considered as a complex hypersurface of (CJpm+l, which has been studied by
Smyth [15]. The components of the second fundamental form of X in
<CJP'n+l generate a sub-bundle E of (S 2 T*)- of rank 2 and determine an
involution of the bundle (S 2 T*)+. If (S 2 T*)++ and (S 2 T*)+- are the
eigenbundles corresponding to the eigenvalues +1 and -1, respectively,
of this involution, we therefore obtain a direct sum decomposition
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of (S 2T*)+.
We consider the totally geodesic spheres of the quadric X of dimension 2 which are totally real. According to [3], these spheres have
constant curvature 2 and are all conjugate under the action of the group
SO(n + 2). Moreover, such a sphere is the double cover of a closed totally geodesic submanifold of the real Grassmannian Y = G 2 ,n isometric
to the projective plane JRJP2 with its metric of constant curvature 2.
Let B be the sub-bundle of S 2 T* consisting of the elements of S2 T*,
which vanish when restricted to the closed totally geodesic submanifolds
of X isometric to the sphere S 2 with its metric of constant curvature 2.
In [9, §5], we verify the following:
Lemma 2.

We have

From Lemma 2 and properties of the operator D 9 , in [9, Lemma 5.2]
we deduce that:
Lemma 3. Let Z be a totally geodesic closed submanifold of X
isometric to the 2-sphere S 2 with its metric of constant curvature 2. Let
x E Z and let 6,6,6,~4 E Tx be tangent to Z. If h is a section of
(S 2 T*)+- over X, then we have

Using the injectivity of the Radon transform on the real projective
plane, in [9, Lemma 5.3] we obtain the following result, which provides
us with another relation between our two notions of rigidity:
Lemma 4. Let h be a symmetric 2-form on the real Grassmannian Y satisfying the Guillemin condition. Then the restriction of h to a
closed totally geodesic submanifold of Y isometric to the real projective
plane with its metric of constant curvature 2 satisfies the· zero-energy
condition.
From Lemma 4 and the infinitesimal rigidity of the real projective
plane (see [14], [2] and [10, §2]), we immediately deduce:
Proposition 3. Let h be a symmetric 2-form on Y satisfying the
Guillemin condition and let Y' be a closed totally geodesic submanifold
of Y isometric to the real projective plane with its metric of constant
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curvature 2. Then the restriction of h to Y' is a Lie derivative of the
metric on Y'.
This last proposition together with properties of the operator D 9
can be used to show the following (see Proposition 5.4 of [9]):

Proposition 4. Let Z be a totally geodesic closed submanifold of
X isometric to the 2-sphere S 2 with its metric of constant curvature 2.
Let x E Z and let ~1 , 6, 6, ~4 E Tx be tangent to Z. An even symmetric
2-form h on X which satisfies the Guillemin condition also verifies the
equation

§4.

The Radon transform on the complex quadric

As we have seen, the mapping I is SO(n + 2)-equivariant. Thus
the kemel_ of I is an SO(n + 2)-submodule of C 00 (S 2 T*), and the space
Ne consisting of all sections of S2Tc over X satisfying the Guillemin
condition is a SO(n+2)-submodule of C 00 (S 2 Ti;). The space of all even
complex symmetric 2-forms on X satisfying the Guillemin condition is
the SO(n + 2)-submodule

Nev= Ne n C 00 (S 2Tcr
of C 00 (S 2 Tc,),
Let r be the set of equivalence classes of irreducible SO(n + 2)modules over C. The vector bundle F = SPTc, endowed with the Hermitian scalar product induced by the metric g, is homogeneous and
unitary. The space C 00 (F) endowed with the Hermitian scalar product
obtained from the Hermitian scalar product of F and the SO(n + 2)invariant Riemannian measure dX of Xis a unitary SO(n + 2)-module.
We denote by C:;"(F) the isotypic component of this SO(n+2)-module
C 00 ( F) corresponding to 'Y E r.
The differential operator D 1 : Tc - S2 Tc is homogeneous, and so
we have

D 1 C';(Tc,)

C

C';(S 2 T/:,),

for all 'Y E r. Since r is an isometry and as the Lie derivatives of the
metric satisfy the Guillemin condition, we see that
D 1 C 00 (Tcr C

For 'YE

r,

Nev·

we consider the SO(n + 2)-submodule

N;v = Nev n C'; (S 2Tc)
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of the isotypic component C'{'(S 2 T/:,).
Using the SO(n + 2)-equivariance of the mapping I, the ellipticity
of the operator D 1 and the results of [20, §5], we are able to reduce the
assertion of Theorem 2 to a question involving the isotypic components
of the SO(n + 2)-module C00 (S 2 T;yv as follows:

Proposition 5. The even symmetric 2-forms on Qn satisfying the
Guillemin condition are Lie derivatives of the metric if and only if the
equality
holds for all 'Y E

r.

In [9, §7], we consider an orthonormal basis { v1, v2, v3, w1, w2, w3} of
the tangent space Ta 0 at a specific point ao E X which has the following
property: for all 1 S i < j S 3, the vectors {vi, Vj} (resp. {wi, Wj}) are
tangent to a totally geodesic closed submanifold of X isometric to the
2-sphere S 2 with its metric of constant curvature 2. We set
Aijh

= (D 9 h)(vi, Vj, vi, vj),

for 1 S i < j S 3. Let
D: C 00 (S 2 T/J----+ <C 5

be the linear mapping defined by

Dh

= (A12h, A23h, A~ 2 h, A~ 3 h, A; 3 h),

for h E C 00 ( S 2 Tc). According to Proposition 4, the subspace N[t of
C 00 (S2 Ti) is contained in the kernel of D.

§5.

The complex quadric of dimension three

In this section, we suppose that n = 3 and that X is the quadric Q3
of dimension three.
We denote by g the Lie algebra of the group SO(5). We fix a specific
Cartan subalgebra tc of the complexification gc of the Lie algebra g and
consider the linear forms Ao and A1 on tc defined in [9, §9]. We choose
a Weyl chamber of (gc, tc) for which the system of positive roots b. +
of gc is equal to

then Po - A1, A1} is a system of simple roots of gc. The highest weight
of an irreducible SO(5)-module is a linear form A= CoAo + c1 A1 on fc,
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where Co, c1 are integers satisfying Co ~ c 1 ~ 0. The equivalence class
of such an SO(5)-module is determined by this weight. We identify r
with the set of all such linear forms on {c. In particular, we consider the
elements

'Yr,s

=

(2r

+ s)>.o + s>.1,

'Y~ ,s

= (2r + s + 1)>.o + s>.1

of r, with r, s ~ 0. If 'Y E r, an SO(5)-submodule W of C';(SPT~,)
is isomorphic to k copies of an irreducible SO(5)-module with highest
weight 'Y, where k is an integer called the multiplicity of W and denoted
by Mult W. In fact, the multiplicity of Wis equal to the dimension of
the weight subspace C(W) of W corresponding to the weight 'Y·
The decomposition of the bundle S2 Tc of complex symmetric 2forms on Q 3 into irreducible SO(5)-invariant sub-bundles described in [7]
and the branching law of [19] allow us to compute the multiplicities of
the isotypic components of C 00 (Tc,) and C 00 (S 2 Tc,), which are given by
Proposition 9.1 of [9]. In particular, we obtain:

Proposition 6. Let 'Y be an element of r. If the S0(5)-module
C';(Tc,) (resp. C';(S 2 Tc,)) is non-zero, then we may write"/ in the form
'Y = 'Yr,s or 'Y = 'Y;,s, for some integers r, s ~ 0.
If we define integers dr,s and d~,s by

dr,s

=

0
{ 2

1
for r, s ~
(3)
(4)

ifr=s=0
if r, s

~ 1,

,

otherwise,

ifs~ 1,
1
d 'r,s -- { O
otherwise,

0, then Proposition 9.1 of [9] tells us that
Mult C';,. (Tc,) = 2dr,s,

MultC';,.(S 2 Tc,) ~ 13,

Mult C;f.,. (Tc,) = 2d~,s,
MultC;f_,.(S 2 Tc,) ~ 8,

for all r, s ~ 0.
According to Strichartz [16], the function Jr,s is the highest weight
vector of the irreducible SO(5)-module
(X) = C';,. (S 0 Tc,) and
an eigenfunction of the Laplacian of X, for r, s ~ 0. In [9], we use this
result together with the equalities (3) to construct explicit highest weight
vectors of the SO(5)-modules C';,. (Tc) and C;t_. (Tc) and to prove the
following two lemmas.

c;:,.
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The multiplicity of the S0(5)-module c:;:_,s (Tctv or

Lemma 5.

of the S0(5)-module c:;:_,s (Tic)odd is equal to dr,s· Moreover, the kernel
of the operator D 1 : C 00 (Tic)----+ C 00 (S 2Tc) is equal to C~, 1 (Tictv.
0, s ~ 1, the S0(5)-modules C';lr,s (Tctv and
c;;r,s (Tic)° rld are irreducible.

For r

Lemma 6.

~

Thus from Proposition 5 and the two preceding lemmas, we deduce:

Proposition 7. The even symmetric 2-forms on Q3 satisfying the
Guillemin condition are Lie derivatives of the metric if and only if the
equalities

hold for all r, s

~

0, and if

Nev
'"Y0,1

= {O}.

In [9], we introduce finite-dimensional subspaces Vr,s and Wr,s (resp.
v:,s and w;,s) of c:;:__JS 2Tc) (resp. C.'.Z)S 2Tc)) all of whose elements
are vectors of weight 'Yr,s (resp.

'Y~,s)- We define generators of these

subspaces in terms of the functions Jr,s and explicit Hermitian symmetric
2-forms on <CIP'4, and then verify that they are either odd or even and
that

c= (S2T,*e )ev ,

Vr,2p+l C C 00 (S 2Tic)°dd,

Wr,2p+l C C 00 (S 2Tc)ev,

Wr,2p C c=(s2Tic)odd,

V'r,2p C C 00 (S 2T,*)ev
e
,

V'r,2p+l C c=(s2T,*)odd
e
,

V,r,2p C

(5)

W'r,2p c c=(s2r,*)odd
e
,
for all r,p ~ 0.
In [9, §7 and §9], we simultaneously determine the dimension of the
spaces Vr,s, Wr,s, v:,s and w;,s and prove the following lemma:

Lemma 7. Let r, s
(i) Ifs is even, we have
dim (Ne

~

0 be given integers.

n Vr,s)

::::; dr,s,

dim (Ne

n v:,s)::::; 1.

dim (Ne

n w;,s)::::;

(ii) Ifs is odd, we have
dim (Ne

n Wr,s)::::;

dr,s,

1
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Ne n v;, 0 = {0}.

Then using Proposition 9.1 of [9], we verify that

(6)

Mult C~,s (S 2Tc)

= dim Vr,s + dim Wr,s,

Mult C':(!,,s (S 2Tc)

= dim v;,s + dim w:,s,

for all r, s 2: 0. From the inclusions (5) and the equalities (6), we obtain
directly the following:
Lemma 8.

For r, s 2: 0, we have

= Vr,2s, C(C~, 2s+l (S 2Te,)odd) = Vr,2s+l,
(S2T,*)odd)
= W r,2s, C(C~,2s+l (S 2 r;:,r) = Wr,2s+l,
C

C(C~_ 2 ,(S 2 Tcr)
C(Coo
')'r,2s
C(C 00

; ~ 128

(S 2 T*r)
= V'r,2s'
C

In fact, we have W0 , 1
Lemma 8, we see that

(7)

C(C;J

r,2s+l

0 and W6,r

c= (S2T*)ev
= {0} ,
e
,0,1

1

(S 2Te,)°dd) = v:2s+1,
'

0, for r > 0.

Thus by

Ne n w;, 0 = {0},

for r 2". 0. Since

for I E r, from the equalities (7), Proposition 7 and Lemmas 7 and 8,
we deduce Theorem 2 for the quadric Q3. We recall that this last result
implies both Theorems 1 and 2.
§6.

Integration over flat tori of the quadric

This section is devoted to some aspects of the proof of Lemma 7.
It is obtained by integrating the symmetric 2-forms of the spaces Vr,s,
Wr,s, v;,s and w:,s over flat totally geodesic tori of the quadric Q3; for
the first equality of Lemma 7,(i) we shall also consider the restriction of
the operator D to Vr,s·
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We assume that X is again the quadric Qn. The restriction of the
mapping a to the subset Z0 = [0, 27r] x [0, 7r] of ~ 2 is a diffeomorphism
from Z0 to Z 0 . Therefore if f is a function on Z 0 , then we see that

(8)

1
Zo

fdZ0

11

1111"1271" (a*J)(0,cp)d0dcp.

= - _ (a*J)(0,cp)d0dcp= 2
2 Z
0

0

0

.

The following formulas relate the decomposition of the bundle S 2T*
and the parallel vector fields on flat totally geodesic tori and play a
fundamental role in our computations of integrals of symmetric 2-forms
over these tori. If J is the complex structure of X and ( is a vector field
on Z 0 , we define complex vector fields on X along Z 0 by

(' = ½(( -

iJ(),

(" =

½(( + iJ()

= (',

which are of type (1, 0) and (0, 1), respectively. Let
7r+ : S2 T*
7r++: S2 T*

(S 2 T*)++,

-t

-t

(S 2 T*)++,

7r+-: S2 T*-+ (S 2 T*)+-

be the orthogonal projections. If h is a section of ( S 2 T* )+ over X, we
have
(7r++h)(eo, eo) = h(eo, eo),
(9)

(7r++h)(fo,'f/o)

(7r++h)('TJo, 'T/o) = h('f/o, "lo),

= (7r+_h)(eo,fo) = (7r+_h)('TJo,'TJo) = 0,

(7r+-h)(fo, "lo)= h(eo, 'f/o)-

If Hess f denotes the Hessian of a complex-valued function f on X,
because X is a Kahler manifold, from Lemma 1.1 of [7] and (9) we
obtain the relations
(10)

(7r++Hessf)('f/o,'T/o)

= 2(7r+Hessf)("lb,"li) = 2(88J)('TJb,"li)

and

(11)

(7r+_Hessf)(fo,'f/o)

=

(7r+Hessf)(eb,,,,i)

+ (7r+Hessf)("lb,ei)

= (aan(eb,,,,i) + (aan(,,,b,ei).

In [9, §3], we give explicit expressions for the vector fields eb and "lb
on the intersection of Z 0 and an open dense subset V of (C]pm+l in terms
of a system of holomorphic coordinates on V.
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We now again suppose that X is the quadric Q 3 • For r 2: 0 and
s

2: 1, we consider the section

of (S 2 T*)t-; for r 2: 0, we set hr,o = 0. For r, s 2: 0, we define a
subspace Vr,s of C':(:.,. (S 2 Tc,) generated by explicit complex symmetric 2forms hj, with 1 :::; j :::; 7, which are sections of (S 2 T*)t+ or of (S 2 T*)"c.
The subspace Vr,s of

c;:,. (S 2 T;:,)

is generated by Vr,s and the section

hr,s of (S 2 T*)t-. According to Lemma 3, we have
(12)

Dhr,s

= 0.

At the end of this section, we shall indicate how to prove the following:

Lemma 9. Let s 2: 2 be an even integer and let r > 0 be an
arbitrary integer. Then we have
J(hr,s) -/- 0.
The restriction Dr,s : Vr,s - (C 5 of the operator D to the space Vr,s
is determined by a 5 x 7 matrix, which is given by formula (7.5) of [9].
In [9, §7], we use this result to compute the dimension of the space Vr,s
and show that the rank of Dr,s is equal to dim Vr,s - dr,s when s -/- 1; in
particular, when r, s 2: 2 we prove that the 2-forms { hj}, with 1 :::; j :::; 7,
are linearly independent and that the mapping Dr,s is surjective. Since
Nev is contained in the kernel of D, from these last results, Lemma 9
and the equality (12), we easily deduce the first equality of Lemma 7,(i).
For a E JR, let 1Pa be the element of SO(5) defined by

'1/Ja(()o = sin a· (4 + cos a· (2,

1Pa(()4 = cos a· (4 - sin a· (2,

where ( E C 5 .
Let r 2: 0 and s 2: 1 be given integers. We set

qr,s(t, 0, cp)

= (t 2 cos 2 cp -

sin 2

er .(t cos 0 cos cp + sin 0 sin cp)s-l

and

Pr,s(t, 0, cp)

=

(cos 0 cos cp + t sin 0 sin cp) · qr,s(t, 0, cp),
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fort, 0, r.p ER We consider the polynomial

Pr,s(t)

=

CPr,s(t, 0, 'P) d0 dr.p

ho

in t. Using the expressions for the functions 'l/J~Jr,s-1 and '1/J~Jo,1 on V
and for the vector fields eb and TJb on Z 0 n V, according to (12) we verify
the equality

(13)

('¢:hr,s)(fo, TJo)(a(0, r.p))

= (~~)s Pr,s(sina, 0, r.p),

holds for all 0, r.p E R
Lemma 10. Ifs :2'. 2 is an even integer, then there exists ao E JR
such that the integral

does not vanish.

Proof. The coefficient of t 2 r+s-l of the polynomial Pr,s(t) is equal
to the integral
( cos 2 r r.p (cos 0 cos r.p )s- 2

ho

• ( (s

- 1) sin 2 0 sin 2 r.p

+ cos2 0 cos2 r.p) d0 dr.p,

which is clearly positive. Thus the polynomial Pr,s is non-zero and
so there exists a real number a 0 such that Pr,s(sinao) does not vanish.
From (8) and (13), we infer that the integral of the lemma corresponding
to this element a 0 E JR does not vanish.
Since '¢00 induces an isometry of X, we see that Lemma 9 is a direct
consequence of Lemma 10. The constant term of the polynomial Pr,s(t)
is easily seen to vanish, and hence so does the integral

{ ('¢0hr,s)(fo, TJo) dZo.

lzo

Therefore our proof really does require the variation of the family of
integrals

with a ER
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The other assertions of Lemma 7 are proved by performing various
integrations over flat tori. They are either done directly or, as in the
case of Lemma 9, by computing the variation of the integrals over a one
or two parameter family of flat totally geodesic tori.
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