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Geometric Singularities
for
Hamilton-Jacobi Equation

Shyiiichi Izumiya

§1. Introduction

In this paper we will consider the Cauchy problem for Hamilton-
Jacobi equation :

Jy Ay Oy, _
(].) Bt+H(t’m1""’x"’8—xi""’a—%)_0
(2) y(0,21,...,Zpn) = &(T1,--.,Zn),

where H and ¢ are C°°-functions.

By the method of characteristics, the solution of this problem is ex-
plicitly constructed. It is well-known that, even for smooth initial data,
the solution becomes multi-valued in finite time. That is, singularities
appear.

Recently Tsuji ([6] [7]) and Nakane [5] studied the behavior of so-
lutions near the singular point. They assumed that singularities of the
projection to the base space from the multi-valued solution are fold or
cusp type singularities. But, other type of singularities may be appeared
in generic.

Our purpose is to describe bifurcations of singularities of solutions
along the time parameters geometrically. We will study this problem
in the framework of the theory of Legendrian unfoldings. In §2 we will
introduce the theory of one-parameter Legendrian unfoldings for prepa-
rations. In §3 the geometric treatment of Hamilton-Jacobi equation will
be given and we will formulate a generalized Cauchy problem associated
with the time parameter. Theorem 3.2 is the base of our theory. By
this theorem we can apply Arnol’d-Zakalyukin’s classifications of one-
parameter perestroika of wave front sets and caustics to our situations

([1],(21,[8])-
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All map germs and diffeomorphisms considered here are class C,
unless stated otherwise.

§2. One parameter Legendrian unfoldings

In this section we will briefly introduce the theory of one-parameter
Legendrian unfoldings. In [3] we will develop the general theory and its’
applications. Thus detailed proof will be appeared in there.

Let J1(R™,R)be the 1-jet bundle of functions of n-variables. Since
we only consider the local situation, the 1-jet bundle J!(R™, R) may be
considered as R?"*1 with a natural coordinate system

(xlr"’xn’yapla"'apn)a

where (z1,...,2Zn) is a coordinate system of R™. We also have natural
projections. Namely,

m: J R R)->R"xR ;  7(z,y,p) = (z,9)
7 JY(R™R) — R ; 7' (z,y,p) = .
An immersion germ
i:(L,q)— JR",R)
is said to be a Legendrian immersion germ if
dimL=n and "0 =0,

where § = dy — >, pidz;. The image of 7 o1 is called a wave front set
of 4. It is denoted by W (3). We say that ¢ € L is a Lagrangian singular
point if

rankd(n’ 0 i), < n.

The critical value set of 7’ o is called a caustics of 4. It is denoted by
C3).

Let i : (L,q) — J*(R",R) be a Legendrian immersion germ, then
foi: (L,q) —» T*R" is a Lagrangian immersion germ, where 7 is the
canonical projection onto the cotangent bundle T*R"™. Hence the above
definition is reasonable.

We now describe the notion of one-parameter Legendrian unfoldings.

Let R be an (n + 1)-dimensional smooth manifold and

i (Ryuo) — (R to)
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be a submersion germ and
2: (R,ug) — JY(R™,R)

be a smooth map germ. We say that the pair (u, £) is a Legendrian family
if ; = £|u~1(t) is a Legendrian immersion germ for any ¢ € (R, ty). Then
we have the following simple but very important lemma.

Lemma 2.1. Let (u,£) be a Legendrian family. Then there exists
a unique element h € C3°(R) such that

£*0 = h-dp,
where C32(R) is the ring of smooth function germs at ug.

We now consider the 1-jet bundle J!(R xR™, R) and the canonical 1-
form © on the space. Let (¢,z1,...,Z,) be canonical coordinate system
on R x R™ and

(tawla Ty Y4 P1s - - - 7p'n)

be corresponding coordinate system on J!(R x R™, R). Then the canon-
ical 1-form is given by

n
(-)zdy—Zpi-dxi—q-dt=€—q‘dt.
i=1
We define two natural projections. Namely,

I:J'(RxR"R)— (RxR") xR

by
I(t,z,y,q,p) = (t,z,y)
and
I : JY(R x R*,R) — R x R"
by

I'(t,z,y) = (t,).

We call the above 1-jet bundle an unfolded 1-jet bundle.
Define a map germ

L: (R,uo) — J*(R x R™",R)

L(u) = (u(u),z 0 £(u),y o £(u), h(u), po £(u)).
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Then we can easily show that £ is a Legendrian immersion germ. If
we fix 1-forms © and 6, the Legendrian immersion germ £ is uniquely
determined by the Legendrian family (p,£). We call £ a Legendrian
unfolding associated with the Legendrian family (u, £).

Since £ is a Legendrian immersion germ, there exists a generat-
ing family of £ by the Arnol’d-Zakalyukin’s theory {[1],[2],[8]). In this
case the generating family is naturally constructed by the one-parameter
family of generating families associated with (u, £).

Let

F:((RxR") x R*¥ 0) — (R,0)

be a function germ such that
daF|0 x R™ x RF

is non-singular, where

oF oF
dQF(t’ Z, q) = (E&I(t7$aq)’ sy 8_%(t7 Z, Q))

We call F a generalized phase function germ. Then C(F) = daF~1(0)
is a smooth (n + 1)-manifold germ and

mp: (C(F),0) - R
is a submersion germ, where
wr(t,z,q) =t.
Define map germs

& : (C(F),0) — JHR™,R)

by

~ oF

@F(t7 z, q) = ($, F(ta z, q)a %(t’ z, q))
and

®r: (C(F),0) — JYR x R",R)
by
@5 (t,7,0) = (1,2, F(t,2,0), o (1, ,0), 2 (t,,0).

Since %!F—i =0 on C(F), we can easily show that

oF

(®r)*0 = -7 |C(F) - dt|C(F).
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By the definition, ®p is a Legendrian unfolding associated with
the Legendrian family (rp,®g). By the same method of the theory of
Arnol’d-Zakalyukin ([1],[2],[8]), we can show the following proposition.

Proposition 2.2. FEvery Legendrian unfolding germs are con-
structed by the above method.

§3. Geometry of Hamilton-Jacobi equation

In this section we will treat Hamilton-Jacobi equation in the frame-
work of the geometric theory of first order partial differential equations
[4]. Hamilton-Jacobi equation is defined to be a hypersurface

E(H) = {(t,z,y,9,p) € J'(R x R",R)|q + H(t,z,p) = 0}

in JY(R x R™,R). A geometric solution of E(H) is a Legendrian sub-
manifold £ lying in E(H).

Since the equation is contact regular at every points (i.e. ©|E(H) #
0), a generalized Cauchy problem (GCP) has a unique solution: It is
solved by the method of characteristic equations. In this case the char-
acteristic vector field is given by

n

8H 8 oH a LOH D 8H 8
="“_Z ap; 0z; ;p’ t dq ;3%3}%

We say that a generalized Cauchy problem (GCP)is given for an
equation E(H) if there is given an n-dimensional submanifold ¢ : L’ C
E(H) such that i*© = 0 and Xp , ¢ T;(L’) for any =z € L.

Theorem 3.1 (Classical existence theorem [4]). A GCPi:L' C
E(H) has a unique solution, that is, there is a Legendrian submanifold
L C E(H), L' C L and any two such Legendrian submanifolds coincide
in a neighbourhood of L’.

But GCP is not enough to serve our purpose. We need a more
restricted framework. For any ¢ € (R, 0), we set

E(H). = {(c,z,y,—H(c,z,p),p)|(z,y,p) € J"(R™",R)}.

Then it is a (2n + 1)-dimensional submanifold of J}(R x R",R) and
O, =O|E(H). =dz — Y., pidz; gives a contact structure on E(H)..
We define a mapping

te : JJ(R™R) — E(H),
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by

LC(CE, Y, p) = (C, z,Y, _H(Cy xap)7p)
Then it is a contact diffeomorphism and the following diagram is com-
mutative:

JYR™ R) —<— E(H).
m| e

R™ x R R™ x R.
We say that a generalized Cauchy problem associated with the time
parameter(GCPT) is given for an equation E(H)ifa GCPi: L' C E(H)
with i(L'} C E(H), for some c € (R, 0) is given.

Remark. The Cauchy problem y(0,z1,...,%,) = ¢(T1,...,2Z,) I8
a GCPT. The initial submanifold is given by

0p, O¢

’ %)7 %)L’E € Rn} C E(H)O

Lyo= {(0, z,d(z), —H(0,x

Our purpose is formulated as follows:
Problem. Classify the generic bifurcations of singularities of
m|: LNE(H), = R* xR

and
m|: LN E(H); — R™

with respect to the parameter t.

Remark. In their papers Tsuji ([6],[7]) and Nakane [5] assumed that
singularities of 7}| are fold or cusp type singularities. But these singular-
ities are stable in the sense of Thom, then these do not bifurcate along
the time parameter. Since the initial condition of the Cauchy problem
is non-singular, then other types of singularities must be appeared in
generic.

Let i : L' C E(H)o C E(H) be a GCPT and £ be the unique so-
lution of L’. Since Xg , ¢ T,E(H), then L is transverse to E(H),
in E(H) for any ¢ € (R,0). It follows that £, = LN E(H), is an
n-dimensional submanifold of E(H). and it satisfies ©.|L. = 0 (i.e.
L. is a Legendrian submanifold of E(H).). If we consider the local
parametrization of £, we may assume that £ is a image of an immersion
germ

£: (R x R",0) — E(H)
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such that £L|(c x R™) is a Legendrian immersion germ of E(H).. Hence
the coordinate representation of £ is given by

L(t,u) = (t,z(t,u),y(t,u), —H(t, z(t,u),p(t,u)),p(t,u)).
We now define the projection
7: JHR x R",R) — J*(R",R)
by
(t, 2, 9,9,p) = (2,9, p)-

It follows from the above arguments that (7,7 o £) is a Legendrian
family, where
m : (R xR",0) - (R,0)
is the canonical projection. Hence £ is a Legendrian unfolding associated
with (my,7 o L).
The following theorem is fundamental in our theory.

Theorem 3.2. (1) The local solution of the generalized Cauchy
problem associated with the time parameter for Hamilton-Jacobi equation

g+ H(t,z,p) =0
is a Legendrian unfolding
L:(RxR"0)— J'(RxR"R).

(2) Let £ : (R x R*,0) — JYR x R™",R) be a Legendrian un-
folding associated with (m1,£). Then there exists a C™-function germ
H(t,x1,...,Zn,D1,--.,Dn) Such that L is a local solution of the general-
ized Cauchy problem associated with the time parameter for Hamilton-
Jacobi equation

g+ H(t,z,p) =0,

where the initial condition is given by £(0,u).

Proof. The assertion (1) is already proved by the above arguments.
We now prove the assertion (2). Taking a coordinate representation of
£, we have

E(ta u) = (.’L‘(t, u)a y(t7 u),p(t, u))

Since (m1,4) is a Legendrian family, we have

<dt>5n+1 o <£*9>Sn+l'
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Hence, there exists a C™-function germ h(¢,u) such that

n

dy(t,u) — Zpi(t, w)dz;(t, u) = h(t,u)dt.

i=1
By the definition of the Legendrian unfolding, we have
Lt u) = (¢, z(t,u),y(t,u), h(t,u), p(t,u)).
We now define a C*°-map germ
Z: (R xR",0) — T*R"
by }
L(t,u) = (z(t,u),p(t, u)).

Since (m1,£) is a Legendrian family, 4, is a Lagrangian immersion
germ with respect to the canonical symplectic structure on T*R"™ for
any t € (R,0).

We also define a C'*°-map germ

¢ :(RxR"0)—RxTR"

by
Ot u) = (t,z(t,u),p(t,u)).

By the above argument, ¢ is an immersion germ. Then
€7 : Cfoy(R x T*R™) — C°(R x R™)

is an epimorphism. Since h € C§(R x R"), there exists H €
Cio)(R x T*R™) such that ¢*(H) = —h. That is,
—H(t,z(t,u),p(t,u)) = h{t,u).
Thus the Legendrian unfolding
L:(RxR"0)— J'(R x R",R)
is a geometric solution of the Hamilton-Jacobi equation

g+ H(t,z,p) =0.

By the uniqueness of the solution, it is also a local solution of GCPT of
the Hamilton-Jacobi equation whose initial condition is #(0,u).
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84. Classifications

We now give generic classifications for bifurcations of singularities
of solutions along the time parameter. By Theorem 3.2, we can apply
the classification theory of bifurcations of singularities of one-parameter
Legendrian unfoldings. This section depends heavily on Arnol’d and
Zakalyukin’s results ([1],[2],[8]). Let

L:(R,u0) — (J'(R x R™,R), z)

and

L' (Ryuy) — (Jl(]R x R™" R), 21)

be Legendrian unfoldings. We say that two wave front sets W (L) and
W (L") have diffeomorphic bifurcations if there exists a diffeomorphism

o ®: (RxR") xR, II(20)) = ((R x R™") x R, II(21))

of the form ®(¢, z,y) = (¢(¢), P2(t, z, y)) such that
d(W(L)) =W(L).

We also say that two caustics C(L) and C(L') have diffeomorphic bifur-
cations if there exists a diffeomorphism germ

U (R x R, T (x0)) — (R x R”, TT'(21))
of the form ¥(¢,z) = (¢(t), ¥2(t,z)) such that
T(C(L)) =cC(L).

In their papers ([1],[2],[8]) Arnol’d and Zakalyukin gave generic clas-
sifications of one-parameter perestroika of wave front sets and caustics
in the case n < 4. As an application of their classifications, we have
classifications as follows.

Theorem 4.1. (1) Bifurcations of wave front sets in generic one-
parameter Legendrian unfoldings for n < 2 are diffeomorphic to one of
the bifurcation of wave front sets defined by generalized phase function
germs from the following list :
n=1:

%A1 : ¢f;

%z : ¢} +z1a1;

"As : qf +qit+zqn.
n=2:

A1 ¢ qf;
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A 1 ¢ +xqr;
%43 : qf +T1q1 + 2207 ;
‘Az Qf +¢ﬁ(til’§) +1q1 5
A4+ ¢f + gt + g1+ T2q ;
"Dy @ qaqf £ 45 + g5t + z2q2 + 1141
(2) Bifurcations of caustics in generic one-parameter Legendrian un-
foldings for n < 2 are diffeomorphic to one of the bifurcation of caustics
defined by generalized phase function germs from the following list :
n=1:
Ay @+ g
As : gt +t¢ + 7q1;
n=2:
Ay @ +aiqn;
Az Qf + 332(1% + z14q1 ;
Ay 1 gl + (tE23)d + ma
Ay ¢ @§ + I + 22qt + 711 5
DF : @@+ ¢+ @z +axy £1) + 2191 + T2q2,a € R, where a is a
moduli parameter.

In their classifications ([1],[2],[8]), A;1-type (i-e., ¢? + t* £ 2% + y?,
@ +t+a?+x2+9?) and YAs-type (ie., ¢ +q1(t£2?), ¢ +q1 (t£22 £73))
bifurcations are contained in the list of perestroikas of wave front sets.
Because the notion of extended Legendrian manifolds in [8] is slightly
different from our notion of Legendrian unfoldings, thus A;-type and
1A,-type bifurcations do not appear in our list. We can also list up
normal forms of bifurcations in the case when n = 3 or n = 4. But it is
too complicated to explain here.

We now represent the list of bifurcations in the above theorem by
using the coordinate representation of map germs. Let

fig9: (R xR 0)— (R?,0)
be smooth map germs. We define map germs
F,G:(RxR"0)— (RxRP Q)

by
F(t,z) = (¢, f(t, ) and G(t,z) = (t,9(t,z)).

We say that two images Image(F) and Image(G) have diffeomorphic
bifurcations if there exists a diffeomorphism germ

d: (R x RP,0) — (R x RP,0)
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of the form ®(t,y) = (¢(¢), P2(¢,y)) such that
®(Image(F)) = Image(G).

We also say that two critical value sets C(F) and C(G) have diffeomor-
phic bifurcations if there exists diffeomorphism germ

T: (RxRP,0)— (R xRP,0)
of the form ¥(¢,y) = (¥(t), ¥Y2(t, y)) such that
U(C(F)) = C(G).

Let £: (R x R, 0) — JY(R x R™,R) be Legendrian unfolding asso-
ciated with (71, £). Then the wave front set W (L) is the image of ITo £
and the caustics C(L£) is the critical value set of II’ o £. Thus we have
the following corollary of Theorem 4.1.

Corollary 4.2. (1) Bifurcations of wave front sets in generic one-
parameter Legendrian unfoldings for n < 2 are diffeomorphic to one of
the bifurcation of images defined by map germs from the following list :
n=1:

%4; : (x,0);

%45 : (22%,2%) ;

A3 ¢ (223 + tz, 3zt + tz?).

n=2:

OA1 : (.’1,'1,.1‘2,0) 3

Ay : (mq,2%,73) ;

OAs : (z1,73 + tzo, 323 + 7122) ;

143 @ (21,223 + z2(t £ 22), 325 + 23(t £ 2%)) 5

1Ay ¢ (1,574 + 375t + 2x0wy, 425 + 275t + x371) ;
Dy (w179, (2% £ 323) + 2298, 2(x225 + 23) + Ti0).

(2) Bifurcations of caustics in generic one-parameter Legendrian un-
foldings for n < 2 are diffeomorphic to one of the bifurcation of critical
value sets defined by map germs from the following list :
n=1:

Ay z?

As ¢ 23 +tx.

n=2:

A2 ($1,$2)

Az ¢ (1,25 + 2122) 5

A (z, 23+ xa(t £ 2))
Ag ¢ (z1,78 + 2ht + 3071) 5
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DEf  (z12,, T;ﬂ;(élxlx% F 2zot — 22 F 322)),a € R, where a is a

moduli parameter.

Remark. In the above lists, bifurcations of caustics given by As for
n =1 and A} for n = 2 describe the process of birth of the caustics from
the empty. If the initial condition of the Cauchy problem is smooth,
these process must exist for a neighbourhood of some #o.
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