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Invariants of Spatial Graphs

Jun Murakami

§1. Introduction

The purpose of this paper is to construct invariants of spatial graphs
from regular isotopy invariants of non-oriented link diagrams of knit trace
type. Kauffman’s bracket polynomial [4], which is a version of the Jones
polynomial, is of knit trace type. The Dubrovnik polynomial [5], which
is used in the definition of the Kauffman polynomial, is also of knit
trace type [6]. Hence these two invariants are generalized to invariants
of spatial graphs by our method. The Yamada polynomial introduced in
[10] is the non-trivial simplest one of our invariants. A similar invariants
are introduced in [9] for ribbon graphs. They use quasi-triangular Hopf
algebras. But we use representations of knit semigroups or braid groups
instead of Hopf algebras.

To introduce regular isotopy invariants of link diagrams of knit trace
type, we need notion of a Markov knit sequence. Let C be the field of
complex numbers. Knit semigroups K, (n = 1,2, --) are introduced in
[6] defined by the following generators and relations.

K, = <7—17""Tn—17 7—1_17"'77—;—11’ €157 "y €p1 |
=Tt =1, 1 =71 (i =4l > 2),

TiTi1 Ty = Tip1 TiTopr, T = ;7 ([ —j] 2 2),

Ei€i+1€; == &y, £i&5 = €4 (li =34l =2),
— -1 -1 _
ETit1 = €8Ty »  &iTid1 = €&

-1 -1
Tit1€i = T; €ix1€ir  Tig1€i = Tifit18;)
The generators of K,, are presented graphically as in Figure 1. In the
graphical presentation, the product of two elements of K, corresponds
to the composite of two diagrams as in the case of braid groups. Let
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Fig. 1. Generators of K.

CK,, be the semigroup algebra of K, over C. We regard the braid group
B,, as a subsemigroup of K,, generated by 7,79, -+, 7,,_1-

Let v be a non-zero complex number. Knit semigroup algebra with
writhe factor v, denoted by K, (7), is a quotient algebra of CK,, defined
by the following.

Kn(7) = CKyn/(t3e; — e, e —4tle;, (1<i<n—1)).

Let A be a semisimple C-algebra. Let A be the set of equivalence
classes of irreducible representations of A. A C-linear map T from A to
C is called a trace if T' is a linear combination of irreducible characters
of A, ie.

(1.1) T(z) = Z a, Trace(p(z)) (a, € C)
pEA

The trace T is called faithful if all the coefficients a, are not equal to
0. A sequence Aj, As, ---, Ay, - -+ of semisimple C-algebras are called a
knit type sequence if they satisfy the following.

(1) There is an algebra epimorphism p, from K,(v) to A4, and
monomorphism j,, from A, to A,4; such that j,op, = pnt101,
forn=1,2,---, where i, is an inclusion from K, () to K,11(Y)
which sends 77! € Ky, (7) to 75 € Kppa(7) and €; € K, (7) to
g, € Knti(y)for1<i<n-1

(2) There are a complex number i and a faithful trace T}, from A, to
C which satisfy the following. For any = € A, Th41(5,(z)) =
pTn(@), Ta(z) = 7" Tos1(Jn(@) Pogr (771)) and Ta(z) =
Toi1(zpnta(e,))-
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For x € K, let & denote the link diagram obtained from the closure of
z (Figure 2). A regular isotopy invariant X of link diagrams is called of
knit trace type if there is a Markov knit sequence and X is obtained by
the traces of it, i.e. X (&) = T,,(p,(x)) for z € K,,. Kauffman’s bracket
polynomial [4] is of knit trace type (see Section 3 of [7]). The Dubrovnik
polynomial is also of knit trace type [6].

Fig. 2. Closure of x € K.

Remark. Let X be a regular isotopy invariant of knit trace type
with writhe factor . For an oriented link diagram x, there are a positive
integer n and y € K, such that § is equal to x without orientation.
Let w(z) be the sum of signatures of the crossings of z. Let X'(z) =
%@ X (7). Then X’ is an invariant of links.

Now we define spatial graphs in S2. Let V is a set of 2-disks and
€ be a set of edges homeomorphic to [0,1] in S3. Each edge has an
orientation induced by the orientation of [0,1]. The terminal points of
an edge corresponding to 0 and 1 are called the initial point and the final
point of the edge respectively. The pair I' = (V, £) is called an oriented
spatial graph if it satisfies the following. The disks in V are mutually
disjoint and the edges in £ are mutually disjoint. Also assume that the
interiors of the disks in V and edges in £ are mutually disjoint. Terminal
points of edges in £ are contained in the boundaries of disks in V. Two
spatial graphs I' and I are called equivalent if there is an isotopy of
53 which sends T to I'. A spatial graph I is called an embedding of a
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Fig. 3. Reidemeister moves.

tri-valent graph if the degree of all the vertices of I' are equal to 3. A
diagram of a spatial graph is defined as in the case of a link.

Proposition 1. Two spatial graphs T' and I are equivalent if and
only if there is a sequence of Reidemeister moves of types (SRI)—(SRV)
sending a diagram of T to a diagram of T”.

For a spatial graph I', we define a diagram of I' as in the case of
links. Let Ay, As, --- be a Markov knit sequence. For each edge F of T,
we associate a non-negative integer N(E), an irreducible representation
R(E) € AH(E) and a signature S(E). The triple (N, R, S) is called a
coloring of T if it satisfies the following. For a vertex v of T, let £, be a
set of edges with terminal point v Then

(1.2) Z N(E) = even and 2N(E) < Z N(E') for all E € &,.
Eeg, E'e€E,



Invariants of Spatial Graphs 151

We construct an invariant of spatial graphs colored as above. First,
we generalize link invariants of braid trace type to invariants of colored
oriented tri-valent graph embeddings in S® in §2. And then we generalize
invariants of knit trace type to invariants of colored spatial graphs in §3.
By attaching the same color to all the edges of graphs, we get invariants
of spatial graphs. In §4, we give some examples.

§2. Invariants of colored oriented tri-valent graphs

In this section, we generalize link invariants of braid trace type to
invariants of embeddings of colored oriented tri-valent graphs in S3. To
introduce link invariants of braid trace type, we need notion of a Markov
braid sequence.

Definition. A sequence (A1,Ty), (42, T%), ---, (An,Tyn), +-- of
pairs of a semisimple C-algebra and its trace are called a Markov braid
sequence if they satisfy the following.

(1) There is an algebra homomorphism p,, from CB,, to A,, and j,
from A, to Any; such that j,op, =p, 04, forn=1,2,--,
where ¢,, is an inclusion from CB,, to CB,;, which sends o, €
CB,too, €CBpyg for1<i<n-—1.

(2) There is a faithful trace T,, from A, to C and u, ¢ € k\ {0} which
Sa'tiSfy I‘LTn(m) = Tn+1 (Jn(x))v Tn(.'t) = CTn+1(mpn+1(o-n)) and

To(z) = ¢ Tha (@ ppyq (0,71)) for any z € A,.

From a Markov braid sequence, we get a C-valued link invariant.
For a braid b = ai(l)s(l) ai(z)s(Z) . cfi(r)e(r) € By, let w(b) = >.1_, £(3).
Then w(b) is a sum of signatures of all the crossings of b. For a braid b,
let b denote the link obtained from the closure of b. Let

X(6) = ¢ To(p, (b))

Then Alexander’s theorem and Markov’s theorem ([1], Theorem 2.1 and
2.2) implies that X is an invariant of links. Link invariant obtained
from a Markov braid sequence as above is called of braid trace type.
Jones polynomial, HOMFLY polynomial and Kauffman polynomial are
all of braid trace type and the associated braid type sequences are Jones
algebras, Iwahori’s Hecke algebras and a g-analogue of Brauer’s algebras
respectively ([2], [3], [6], [8]).

- From now on, fix an invariant X of braid trace type and let (4;,7T1),
(A2, T3), - - - be the Markov braid sequence of X. Since A, is a semisim-
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ple algebra, we have
A, = @ Md(p) ((C)
pPEAL
where d(p) is the degree of p. Let g, be an element of A,, such that

v(q,) = byp id € My()(C) for veA,.

Let g, be an element of CB,, such that p,(q,) = g,. Note that g, is not
unique. Let hy, = 0,040, 10, F,_o -+ 0,050,. We call h,, the
half twist of B,,. Let f, = hn2 and we call f,, the full twist of B,. It is
known that f,, commute with every element of B, and so p(p,(f,)) is
a scalar matrix, i.e. p(p,(f,)) = «, id.

A formal C-linear combination of link diagrams are called a virtual
link diagram. We generalize the link invariant X to a function from
virtual link diagrams to C formally as follows. For a virtual link diagram
L=3%"_,a;L; (a; € k, L; isalink diagram), let X (L) = 3_7_, a; X (L;).

As in the case of links, we define a diagram of an oriented tri-valent
graph embedded in S3. Let G be an oriented tri-valent graph. We define
a coloring of G. For each edge E of G, associate a non-negative inte-
ger N(E), an irreducible representation R(E) € An( g) and a signature
S(E) = £1. The triple (N, R, S) is called a coloring of G if it satisfies
the following. For a vertex v of G, let E be a set of edges with end
point v and E a set of edges with start point v. Then

Y NE)= ) N(E).

EcE, EcE}

Let T’ be a diagram of an embedding of an oriented tri-valent graph
G colored by (N, R,S). We identify the edge sets of I' and G. For an
edge E of T, let B(E) = %QR(E) (1+S(E) a;(lg h,.) € CBy(g)- Replace
every vertices and edges as in Figure 4, we get a virtual link diagram
[(N:E.S) For a edge E of T, let ¢(E) = S(E) a}%/(ZE).

Theorem 2. LetT' and I” be equivalent embeddings of an oriented
tri-valent graph G colored by (N, R,S). Then, for every edge E of G,

there is an integer d(E) such that

N,R,S
(2.1) X(@MRS) = T «(B)*® X @™ F),
Ec&

Proof. We check (2.1) for Reidemeister moves (SRI)-(SRV). Let I'
and IV be diagrams of embeddings of G. We identify the sets of edges
of T and I with that of G.
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N,R,S) N
E l — |B®
Ny N, N; N,

. % X'*

Fig. 4. Replace vertices and edges.

Case 1. Assume that T' and I are regular isotopic, i. e. there is a
sequence of Reidemeister moves of types (SRII), (SRIII), (SRIV) sending
I toI". Then the associated virtual link diagrams I'™:%:5) and I (N.R,S)
are equivalent. Hence we have

(22) X(F(NvRvS)) — X(]_-\I(NvaS))

Case 2. In this and the next cases, we check (2.1) for (SRI) moves.
Assume that I" and I are identical except within a ball where they are
as shown in Figure 5. Let E be the edge of G embedded differently by I'
and I'. Let n = N(E), p= R(E), s = S(F) and 8 = S(E). Then there
are positive integer N and a braid b € CBpy such that the associated
link diagrams T'V-%5) and "NVES) are equivalent to the closures of
b; = bn(B) and b, = bn(B) f,, where 7 is an algebra homomorphism
from CB,, to CBy defined by n(o;) = 0, for 1 < i < n —1. Since X
is an invariant of trace type, there is an algebra homomorphism J from
Arn to An such that py on = Jop,. From the definition of trace type
invariants, we have

X (by) = T (py (by)) = T (o (b1(B) £,))-

The definitions of g, and 8 imply that p, (8 REY) = (s a},/z)ilpn(ﬁ).
Hence we have

Tn (pn (51(B8) £,)) = Tn(pn (b) J(pn (B R,%)))
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=T (pn(b)J (@, (B))) = p Ty (P (0) T (Pn(8)));

and so we get
X (by) =, X(by)-

In other words,

(2.3) X(F(N,R,S)) p— ap X(I'\I(N’R’S))

Fig. 5.

Case 3. Let T and IV be diagrams of colored tri-valent graphs iden-
tical except within a ball where they are as shown in Figure 6. Then, as
in Case 2, we have

(2.4) X(@TWNRS)) = 0‘1_2%5‘) X(F,(N,R,S))'

Fig. 6.
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Case 4. To check (SRV), it is suffice to verify the theorem for moves
illustrated in Figures 7-10. Assume that ' and I are identical except
within a ball where they are as shown in Figure 7. Let n(i) = N(FE;),
p(i) = R(Ei)7 5("') = S(Ei)7 g = qp(i)’ 4% = Qp(i)> Pi = Pn(i) h; = hn(i)
and 8, = B(E;) for ¢ = 1,2,3. Then there are positive integer N and

b € CBy such that the associated link diagrams T (V%) and T*(V:F5)
are equivalent to the closures of

by =bny (B1) n2(B2) 13(Bs),
ba =bm, (6;) 772(fn(2) Ba) On(1),n(2) n3(B5),

where Un(l) n(2) = Tn)%n(M+1 " Tn(1)+n@2)-1 n(1)-1"" Tn(1)+n(2)—2
1010y O, and 1y, 1y 3 are algebra homomorphisms from CB,, ,,,

CB,, ) CB, ) to CBy defined by the following. 7,(0;) = o; for 1 <
i < n(l) =1, m2(0;) = 0,1y, for 1 <4 < n(2) — 1 and n3(0;) = o; for
1 <4< n(3)—1. We know that 7, (hn(l))n2(hn(2)an(1),n(2)) =13(hp3)-
Hence we have

by = bny (6, hfl)nz (B2 ho)nz(hs3fs)-

Since X is an invariant of trace type, there are algebra homomorphisms
Ji, Jo and J3 from A1), Ane) and Ays) to An such that py on, =
Jyo Pr(s) for s = 1,2, 3. From the definition of the trace type, we have

X (by) =Tw (P (b2))
=Tn(pn (bny (51 hl_l) N2(Ba ha) 3 (k3 B3))
=Tn(pn(b) J1(p1 (B hl_l)) J2(p2 (B2 hy)) J3(p3(h3 B3)))-

The definition of g and B(E) implies that
+
(B HEY) = S s’ pi(B)  (£=1,2,3).
Hence we have

TN(PN(b) J1 (Pl(ﬂl hl_l)) Ja2 (P2 (By hz)) J3(p3(h3 B3)))
—(H () ) o) anls T (P (6) Ji (p1.(B)) J2(p2(8)) Ja(p3(B5)))

and so we get

X (by) = s(1) e, )% 5(2) aay 5(3) aunlay X (by).
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In other words,

N,R,S
25)  XICMES) = 5(1) o117 5(2) alzy 5(3) bl X (L"),

R &

2 1"2 E3

Fig. 7.

Case 5. Assume that I' and T” are identical except within a ball
where they are as shown in Figure 8. Then, as in Case 4, we have

- N,R,S
(26)  X@TWMR) = 5(1)alf? 5(2) a,i)” 5(3) oy X (TN F),

Es; E2 1, E;
Fig. 8.

Case 6. Assume that I" and I are identical except within a ball
where they are as shown in Figure 9. Then, as in Case 4, we have

2.7)  XTWED) = 51)a/? e s(2) o (2) s(3) —ééz X(F/(N,R,S))‘
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E, E;
Fig. 9.

Case 7. Let I and I be diagrams of colored tri-valent graphs iden-
tical except within a ball where they are as shown in Figure 10. Then,
as in Case 4, we have

- N,R,S
(28)  X@OWR) = s(1) 0} s(2) a3 s(3) el X (@),

E, E;

Y

Fig. 10.
The above formulas (2.2)—(2.8) implies Theorem 2. Q.E.D.

§3. Invariants of non-oriented spatial graphs

Let X be a regular isotopy invariant of link diagrams of knit trace
type with writhe factor 4. Let G be an abstract graph. For each edge
E of G, we attach a non-negative integer N(E), an irreducible represen-
tation R(E) € An(p) and a signature S(E) = +1. If these data satisfy
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(1.2) in §1, they are called a coloring of G and denoted by (N, R, S).
Let &, be the subset of edges of G with a terminal point v.

From now on, fix an invariant X of knit trace type and let (A, T3),
(A2, T»), - - - be the Markov knit sequence of X. Since A, is a semisimple
algebra, we have

An= @& M) ©)
PEAR

where d(p) is the degree of p. Let g, be an element of A,, such that
U(qp) = 61/;7 id e Md(,,) (C) for ve An

Let g, be an element of CK,, such that p,(g,) = g,- Note that g, is
not unique. Let h, =77y T, 1Ty - Tp_qg -+ Ty Ty T;. We call h, the
half twist of K,,. Let f,, = hn2 and we call f,, the full twist of K. It is
known that f,, commute with every element of K, and so p(p,,(f,,)) is
a scalar matrix, i.e. p(p,(f,)) = o, id.

Let G be an abstract graph colored by (N, R, S). Let T" be a colored
non-oriented spatial graph equal to G as an abstract graph. We identify
the sets of edges of I" and G. Let v be a vertex of I'. Let Ey, Es, ---, E,
be the edges with a terminal point v. Let &;, &, - -+, €. be the terminal
points of Ey, Es, ---, E,. on the boundary of v and N(i) = N(E;) for
§1) %2)a ) C§N(1))7 gél)a B

v, ¢ ¢N™) 4 in Figure 11. Let ny = (i N(@))/2.

A diagram D on v is a set of mutually disjoint n, curves connecting 75((11))

i=1,2,---, r. Replace these points by (
C2(N(2))

)

to ’ygg)). Two diagrams D and D’ on v are called equivalent if there is an

isotopy of v sending D to D’ which fixes the boundary of v. A diagram
D on v is called essential if D satisfies the following.

(*) Let 75'((11)) and 73((22)) be distinct boundary points of a curve of D.

Then i(1) # (2).

We denote by D, the set of equivalence classes of essential diagrams on
v. If the valency of v is equal to 3, then D, has only one element. If
the valency of v is equal to 4 and N(E;) =2 fori =1, ---, 4, then D,
consists of 3 elements as in Figure 12.

Let B(E) = }dpg (1 + S(E) ol hn) € CBy(p). Let T(N:R:S)
be the virtual link diagram obtained by replacing each vertex v by a
sum of the all elements of D, and each edge E by 3(E) as in the case
of embeddings of oriented tri-valent graphs. For a edge E of I, let

o(E) = S(B) ajl-
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1

¢
(N@) (N(1)
£ Sl S1 (O

m °T

Flg 11. Replace 517 Ty E'r by C§1>7 Y CfN(l))a 42(1)a T
(N@) A1) AN ()
G G s G

Fig. 12. Elements of D,,.

Ny
N, No
Ny N2 Ny N
.~ (XD \
De d, /
N

N N, Ny Nz

®.RS) N /

E| — B® /

—_—

Fig. 13. Replace edges and vertices.

Theorem 3. Let T and IV be colored spatial graphs isomorphic to
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a graph G colored by (N, R, S) as abstruct graphs. Identify the sets of
edges of I' and IV with that of G. If I" and IV are equivalent as spatial
graphs, then there are integers d and d(E) for every edge E of G such
that

(3.1) X(F(N R S) ~e H d(E)X(F/(N,R,S)).
EceE

Proof. We check (3.1) for Reidemeister moves (SRI)—-(SRV). Let
I' and I” be diagrams of colored spatial graphs isomorphic to G. We
identify the sets of edges of I' and IV with that of G.

Case 1. Assume that I' and IV are regular isotopic, i. e. there is a
sequence of reidemeister moves of types (SRII), (SRIII), (SRIV) sending

I' to I". Then the associated virtual link diagrams I'N-%-5) and T (N.R.S)
are equivalent and we have

(3.2) X(F(N’Rvs)) — X(F/(Nvas))'

Case 2. In this and the next cases, we check (2.1) for (SRI) moves.
. Assume that I and IV are identical except within a ball where they are as
shown in Figure 5. Let n = N(E), p = R(E), s = S(E) and § = B(E).
Then there are positive integer N and b € CKy such that the associated
link diagrams T'M-%5) and IV (N.RS) are equivalent to the closures of
b, = bn(B) and b, = bn(B) h2 where 7 is an algebra homomorphism
from CK, to CKy defined by n(s;) = o, for 1 < ¢ < n — 1. Since
X is a regular isotopy invariant of knit trace type, there is an algebra
homomorphism J from A, to Ay such that py on = J op,. From the
definition of trace type invariants, we have

X (by) = Tn (P (b2)) = T (px (b1(B) b))
The definition of § implies that

pn(ﬂ h'::”lb:l) = Sag:l/zpn(ﬂ)'
Hence we have
Tn (P (51(8) hy?)) =T (o (b) T (pn (8 k%))
=Tn(pn(b)J(a, pn(8)))
=Qp Ty (pn (0)J(p,(8))),

and so we get

X (by) = a, X(by).
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In other words,
X(F(N R, S)) _ (F/(NR S))

Case 3. Assume that I and I are identical except within a ball
where they are as shown in Figure 6. Then, as in Case 2, we have

(3‘3) X(F(N’R’S)) — Oz;l X(P/(N’R’S)). R

Case 4. Assume that I' and I are identical except within a ball
where they are as shown in Figure 14. Let El, Es, ---, E, be edges
around the vertex v. Let n(¢) = N(E;) for { = 1 2,---,rand n =

Yoioin(i). Let ey, =165+ 69, 4 € Kp.

around vertex v around vertex V'

E\E;.. E

Fig. 14.

Let h,, e, and €], be the element of K, corresponding to the diagram
in Figure 15. Let n, ; . (i, > 0, k > 0, z'+ k < j) be a semigroup
homomorphism from K, to K; which sends Ti , € € K; to rE +k, itk €
Kj and ¢, ; = D (3),j,n (1) +n(2)++n(i—1)" Note that

_an
hnev =7 €y

hne‘v = e; ¢1,n(hn(1)) ¢2,n(hn(2)) o ¢r,n(hn(7’))’

and so we have
(3.4) 6; =7"e, ¢1,n (h;(ll)) ¢2,n(h1_1(12)) T ( n(r))

Let p(i) = R(E;), s(i) = S(E;) and B(¢) = B(E;) for ¢ = 1, 2,
r. Then there are an integer N and an element b € CK,, such that the
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n(2)

1 strings
n(1) - .n(rt—l) n(r) U U o U
ev' = z

(1-1) n(1)

Fig. 15. Diagrams of h,, e, and el,.

associated link diagrams I'™:%5) and TV (VRS are equivalent to the
closures of

by =b Un,N,o(ev) ¢1,N(ﬂ(1)qp(l)) ¢2,N(ﬁ(2)(jp(2)) T ¢r,N(/8(T) ~p(r))-
by =b7, N o(€uhy) 01,8 (B(1)d,p1)) b2, 8 (B(2)dp(2)) *+* Srn (B()dp(ry)-

From (3.4), we have
(3.5) by =7"bmn, noley) ¢’1,N(h,_i(11)ﬂ(1)qp(1)) e ¢T,N(h;(1,~)/3(7')‘7p(T))-
Recall that the definition of gp y and B(E) implies that
+
Qp(t)Pn(t) B() hn(t):tl) = s(1) Gfp(lt)/z Ap(t) Pr(e) (B(t))

for t =1,2,---,r. Hence formula (3.5) implies
(36) X(6;) = [[ 5@ e X (by),
i=1

because X is of knit trace type.



Invariants of Spatial Graphs 163

Case 5. Assume that I" and I are identical except within a ball
where they are as shown in Figure 16. Then, as in Case 4, we have

3.7) X (by) = [ s(t) /5 X (by)-
i=1
E,E,.. E -
T
Fig. 16.
Formulas (3.2), (3.3), (3.6), (3.7) show Theorem 3. Q.E.D.

Let N be a positive even number. Let R be an irreducible repre-
sentation of the algebra Ay associated with the link invariant X. Let S
be 1 or —1. For a spatial graph T, let (N’, R', S’) be the coloring of T
defined by N'(E) = E, R'(E) = R and S’(E) = S for every edge E of T".
Let X(N-ES)(T) = X(TV'R5). Then XV:R:5) is a regular isotopy
invariant of diagrams of spatial graphs.

Corollary 4. LetT and IV be diagrams of the same spatial graph
G. Then, there are integers d and d' such that

X(N,R,S) (F) — ,yd aRd’ X(N,R,S) (1-\/).
The proof is similar to that of Theorem 2.

84. Examples

KauffmanUs bracket polynomial (.) is a regular isotopy invariant
of knit trace type and the Jones polynomial is obtained from (.) as
in Remark in §1. To fix the notation, we give the definition of the
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bracket polynomial {.) [4]. Let A € C\ {0} which is not equal to any
roots of unity. The bracket polynomial with parameter A is a regular
isotopy invariant of non-oriented link diagrams defined by the following
relations.

(La) = A(Ly)) + A" (Loo),

where Lo is a trivial knot and L, L, Lo are link diagrams identical
except within a ball where they are as shown in Figure 17.

Lo Ly L..

Fig. 17. Diagrams of Ly, L||, Loo-

Let A be a non-zero complex number which is not equal to any roots
of unity. Let J,,(A) be the Jones algebra defined over C by the following.

Jn(A) = (e1, €3, en_1leeip1 €, =€, € €; =¢€;¢€; (It =3l = 2),
e = —(A7+A%)ey).

The Markov knit sequence of KauffmanUs bracket polynomial (.) is
J1(A), J2(A), - --. The algebra homomorphism p,, from CK,, to J,(A)
is defined by p,,(¢;) = €;, p,(1;) = A+ A" le; and p,(7;1) = A~ 4 Ae,.
Let p,, be the linear representation of J,(A) sending e, ey, - -+, €,,_; to
0. Since p,(p,(7;)) = A, we have

(4.1) pn(hy) = A"V,

Let a, = A™"Y and /&, = A»»"1/2. The Yamada polynomial in

[10] is coming from (. ) as in Corollary 4 with N =2, R = p, and S = 1.
Let I'; and I'2 be two diagrams of spatial graphs as in Figure 18.
The diagrams I'; and T’y are colored as in the figure. Let Cq, C,

denote the above coloring for I'; and I's respectively. Since py(1+ (A% +
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(2, P2, 1) (27 P2, 1)

I‘1 w 1-‘2

(1, Pl, 1) (19 Pl, 1) (1’ Pl, 1)

Fig. 18. Diagrams of spatial graphs I'; and T's.

1
TATy A2

Fig. 19. Virtual link diagrams I'{* and I'S2.
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A=2)71¢)) = gp,, the virtual diagrams I'(* and T'y? associated to the

colorings are given in Figure 19.
Hence we have
AP+ A +1

(M) = T D)

and
I R S S

(L2)% = - AB3 (A% 11)
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By (4.1) and Theorem 3, we know that I'; and I'y are not equivalent as
spatial graphs.

To investigate the invariants associated with the Jones polynomial
more closely, Section 4 of [7] may be helpful.

The HOMFLY polynomial P is an oriented link invariant of trace
type. Hence we get invariants of colored oriented tri-valent graph em-
beddings from the HOMFLY polynomial.

The Kauffman polynomial F' is an oriented link invariant obtained
from the Dubrovnik polynomial [5], which is a regular isotopy invariant
of unoriented link diagrams. It is shown in [2], [7], [8] that the Dubrovnik
polynomial is of knit trace type. Hence we get invariants of spatial
graphs from the Dubrovnik polynomial. To investigate properties of
these invariants, Section 5 of [7] may be helpful.
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