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Invariants of Spatial Graphs 

Jun Murakami 

§1. Introduction 

The purpose of this paper is to construct invariants of spatial graphs 
from regular isotopy invariants of non-oriented link diagrams of knit trace 
type. Kauffman's bracket polynomial [4], which is a version of the Jones 
polynomial, is of knit trace type. The Dubrovnik polynomial [5], which 
is used in the definition of the Kauffman polynomial, is also of knit 
trace type [6]. Hence these two invariants are generalized to invariants 
of spatial graphs by our method. The Yamada polynomial introduced in 
[10] is the non-trivial simplest one of our invariants. A similar invariants 
are introduced in [9] for ribbon graphs. They use quasi-triangular Hopf 
algebras. But we use representations of knit semigroups or braid groups 
instead of Hopf algebras. 

To introduce regular isotopy invariants of link diagrams of knit trace 
type, we need notion of a Markov knit sequence. Let C be the field of 
complex numbers. Knit semigroups Kn, (n = J., 2, ···)are introduced in 
[6] defined by the following generators and relations. 

TiTj = TjTi (Ii - JI 2: 2), 

Ticj = cjTi (Ii - JI 2: 2), 

cici±lci == ci, cicj = cjci (Ii - JI 2: 2), 
-1 -1 

ci 7 i±l = cici±l 7i , ciTi±l = cici±l 7i, 

-1 -1 ) 
7 i±l ci = Ti ci±l ci, 7 i±l ci = Tici±l ci 

The generators of Kn are presented graphically as in Figure 1. In the 
graphical presentation, the product of two elements of Kn corresponds 
to the composite of two diagrams as in the case of braid groups. Let 
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Fig. 1. Generators of Kn. 

CKn be the semigroup algebra of Kn over C. We regard the braid group 
Bn as a subsemigroup of Kn generated by -r1 , -r2 , · · ·, Tn-I · 

Let 'Y be a non-zero complex number. Knit semigroup algebra with 
writhe factor 'Y, denoted by Kn( 7), is a quotient algebra of CKn defined 
by the following. 

Kn('Y) = CKn/(ri±lCi - 'Y±1ci, Ci'Tr - 'Y±1ci (1 ~ i ~ n - l) ). 

Let A be a semisimple C-algebra. Let A be the set of equivalence 
classes of irreducible representations of A. A C-linear map T from A to 
C is called a trace if T is a linear combination of irreducible characters 
of A, i.e. 

(1.1) T(x) =Lap Trace(p(x)) (ap EC) 

pE.A 

The trace T is called faithful if all the coefficients aµ are not equal to 
0. A sequence A1, A2, ···,An, ···of semisimple C-algebras are called a 
knit type sequence if they satisfy the following. 

(1) There is an algebra epimorphism Pn from Kn('Y) to An and 
monomorphism in from An to An+l such that in opn = Pn+l oin 
for n = l, 2, ···,where in is an inclusion from Kn('Y) to Kn+l ('Y) 
which sends -rl 1 E Kn('Y) to Ti±l E Kn+1b) and ci E Kn('Y) to 
ci E Kn+ib) for 1 ~ i ~ n - l. 

(2) There are a complex numberµ and a faithful trace Tn from An to 
C which satisfy the following. For any x E An, Tn+1Un(x)) = 
µTn(x), Tn(x) = 7±1Tn+1Un(x)Pn+1(-r.;' 1)) and Tn(x) = 
Tn+1(x Pn+i(cn)). 
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For x E Kn, let x denote the link diagram obtained from the closure of 
x (Figure 2). A regular isotopy invariant X of link diagrams is called of 
knit trace type if there is a Markov knit sequence and X is obtained by 
the traces of it, i.e. X(x) = Tn(Pn(x)) for X E Kn. Kauffman's bracket 
polynomial [4] is of knit trace type (see Section 3 of [7]). The Dubrovnik 
polynomial is also of knit trace type [6]. 

I I I 

diagram of x 111 

I I I 

Fig. 2. Closure of x E Kn. 

Remark. Let X be a regular isotopy invariant of knit trace type 
with writhe factor '"Y· For an oriented link diagram x, there are a positive 
integer n and y E Kn such that fj is equal to x without orientation. 
Let w(x) be the sum of signatures of the crossings of x. Let X'(x) = 
'"Yw(x) X(fj). Then X' is an invariant of links. 

Now we define spatial graphs in 83 • Let V is a set of 2-disks and 
£ be a set of edges homeomorphic to [O, 1] in 8 3 • Each edge has an 
orientation induced by the orientation of [O, I]. The terminal points of 
an edge corresponding to O and 1 are called the initial point and the final 
point of the edge respectively. The pair r = (V, £) is called an oriented 
spatial graph if it satisfies the following. The disks in V are mutually 
disjoint and the edges in £ are mutually disjoint. Also assume that the 
interiors of the disks in V and edges in £ are mutually disjoint. Terminal 
points of edges in £ are contained in the boundaries of disks in V. Two 
spatial graphs r and f' are called equivalent if there is an isotopy of 
8 3 which sends r to r'. A spatial graph r is called an embedding of a 
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RI 9, - " - ,,(z 
RII 1[-)(-JI 
RIII x-x \ k 

RIV A - t II .. \ - ~ - -... -

RV ~ rD ~ - "' -(_·:·,· 
Fig. 3. Reidemeister moves. 

tri-valent graph if the degree of all the vertices of r are equal to 3. A 
diagram of a spatial graph is defined as in the case of a link. 

Proposition 1. Two spatial graphs r and f' are equivalent if and 
only if there is a sequence of Reidemeister moves of types (SRI)-(SRV) 
sending a diagram of r to a diagram of r'. 

For a spatial graph r, we define a diagram of r as in the case of 
links. Let A 1 , A2 , ···be a Markov knit sequence. For each edge E of r, 
we associate a non-negative integer N(E), an irreducible representation 

R(E) E An(E) and a signature S(E). The triple (N, R, S) is called a 
coloring of r if it satisfies the following. For a vertex v of r, let Ev be a 
set of edges with terminal point v Then 

(1.2) L N(E) = even and 2N(E) ~ L N(E') for all E E Ev. 



Invariants of Spatial Graphs 151 

We construct an invariant of spatial graphs colored as above. First, 
we generalize link invariants of braid trace type to invariants of colored 
oriented tri-valent graph embeddings in S3 in §2. And then we generalize 
invariants of knit trace type to invariants of colored spatial graphs in §3. 
By attaching the same color to all the edges of graphs, we get invariants 
of spatial graphs. In §4, we give some examples. 

§2. Invariants of colored oriented tri-valent graphs 

In this section, we generalize link invariants of braid trace type to 
invariants of embeddings of colored oriented tri-valent graphs in S3 • To 
introduce link invariants of braid trace type, we need notion of a Markov 
braid sequence. 

Definition. A sequence (A1, T1), (A2, T2), · · ·, (An, Tn), · · · of 
pairs of a semisimple C-algebra and its trace are called a Markov braid 
sequence if they satisfy the following. 

(1) There is an algebra homomorphism Pn from CBn to An and Jn 
from An to An+l such that Jn o Pn = Pn+l o in for n = 1, 2, · · ·, 
where in is an inclusion from CBn to CBn+l which sends ai E 

CBn to ai E CBn+l for 1 ::::; i ::::; n - 1. 
(2) There is a faithful trace Tn from An to (C andµ, c Ek\ {O} which 

satisfy µTn(x) = Tn+1(jn(x)), Tn(x) = cTn+1(XPn+1Can)) and 
Tn(x) = c- 1 Tn+1(XPn+1(an - 1)) for any XE An. 

From a Markov braid sequence, we get a C-valued link invariant. 
For a braid b = ai(l)"'(l) ai(2)c(Z) · · · ai(r)c(r) E Bn, let w(b) = I:;=l c:(i). 
Then w(b) is a sum of signatures of all the crossings of b. For a braid b, 

let b denote the link obtained from the closure of b. Let 

Then Alexander's theorem and Markov's theorem ([1], Theorem 2.1 and 
2.2) implies that X is an invariant of links. Link invariant obtained 
from a Markov braid sequence as above is called of braid trace type. 
Jones polynomial, HOMFLY polynomial and Kauffman polynomial are 
all of braid trace type and the associated braid type sequences are Jones 
algebras, Iwahori's Hecke algebras and a q-analogue of Brauer's algebras 
respectively ([2], [3], [6], [8]). 

From now on, fix an invariant X of braid trace type and let (A 1 , T1 ), 

(A2, T2), ···be the Markov braid sequence of X. Since An is a semisim-
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ple algebra, we have 
An = ~ Md(p) (C) 

pEAn 

where d(p) is the degree of p. Let qP be an element of An such that 

for v E An. 

Let ijP be an element of CBn such that Pn(iip) = qP. Note that ijP is not 
unique. Let hn = a 1a 2 ···an-la 1 ···<7n_ 2 ···a 1a2 a 1 • We call hn the 

half twist of Bn. Let fn = hn 2 and we call fn the full twist of Bn- It is 
known that fn commllte with every element of Bn and so p(pnUn)) is 
a scalar matrix, i.e. p(pnUn)) = aP id. 

A formal C-linear combination of link diagrams are called a virtual 
link diagram. We generalize the link invariant X to a function from 
virtual link diagrams to C formally as follows. For a virtual link diagram 
L = ~;=1 ai Li (ai Ek, Li is a link diagram), let X(L) = ~;=1 ai X(Li)-

As in the case of links, we define a diagram of an oriented tri-valent 
graph embedded in S 3 . Let G be an oriented tri-valent graph. We define 
a coloring of G. For each edge E of G, associate a non-negative inte­
ger N(E), an irreducible representation R(E) E An(E) and a signature 
S(E) = ±1. The triple (N, R, S) is called a coloring of G if it satisfies 
the following. For a vertex v of G, let E:;; be a set of edges with end 
point v and E;; a set of edges with start point v. Then 

L N(E) = L N(E). 
EEE;; EEEf 

Let r be a diagram of an embedding of an oriented tri-valent graph 
G colored by (N, R, S). We identify the edge sets of r and G. For an 

edge Eoff, let /3(E) = ½ ijR(E) (l+S(E)a;~,~ hn) E CBN(E)· Replace 
every vertices and edges as in Figure 4, we get a virtual link diagram 

r(N,R,S). For a edge E of r, let c(E) = S(E) a1(~)" 

Theorem 2. Let r and f' be equivalent embeddings of an oriented 
tri-valent graph G colored by ( N, R, S). Then, for every edge E of G, 
there is an integer d(E) such that 

(2.1) X(r(N,R,S)) = II c(E)d(E) X(r'(N,R,S)). 

EE£ 

Proof. We check (2.1) for Reidemeister moves (SRJ)-(SRV). Let r 
and r' be diagrams of embeddings of G. We identify the sets of edges 
of rand f' with that of G. 



Invariants of Spatial Graphs 
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Fig. 4. Replace vertices and edges. 
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Case 1. Assume that r and r' are regular isotopic, i. e. there is a 
sequence ofReidemeister moves of types (SRII), (SRIII), (SRIV) sending 
f to f'. Then the associated virtual link diagrams f(N,R,S) and f'(N,R,S) 

are equivalent. Hence we have 

(2.2) X(r(N,R,S)) = X(r'(N,R,S)). 

Case 2. In this and the next cases, we check (2.1) for (SRI) moves. 
Assume that r and r' are identical except within a ball where they are 
as shown in Figure 5. Let E be the edge of G embedded differently by r 
and r'. Let n = N(E), p = R(E), s = S(E) and (3 = (3(E). Then there 
are positive integer N and a braid b E CB N such that the associated 
link diagrams r{N,R,S) and r,{N,R,S) are equivalent to the closures of 

b1 = b17((3) and b2 = b17((3) f n where 77 is an algebra homomorphism 
from CBn to CBN defined by 77(ai) = ai for 1 ::; i ::; n - l. Since X 
is an invariant of trace type, there is an algebra homomorphism J from 
An to AN such that PN o 17 =Jo Pn· From the definition of trace type 
invariants, we have 

X(b2) = TN(pN(b2)) = TN(pN(b17((3) fn)). 

The definitions of qp and (3 imply that Pn(f3h;?) = (sa~ 12)±1Pn(f3). 
Hence we have 
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and so we get 

In other words, 

(2.3) 

G)@ 
r r 

Fig. 5. 

Case 3. Let rand r' be diagrams of colored tri-valent graphs iden­
tical except within a ball where they are as shown in Figure 6. Then, as 
in Case 2, we have 

(2.4) X(r(N,R,S)) _ a-1 X(r'(N,R,S)) 
- R(E) · 

G)@ 
r r 

Fig. 6. 
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Case 4. To check (SRV), it is suffice to verify the theorem for moves 
illustrated in Figures 7-10. Assume that r and r' are identical except 
within a ball where they are as shown in Figure 7. Let n(i) = N(Ei), 
p(i) = R(Ei), s(i) = S(Ei), qi= qp(i)' qi = qp(i)' Pi= Pn(i), hi = hn(i) 

and /Ji = f3(Ei) for i = 1, 2, 3. Then there are positive integer N and 
b E <CBN such that the associated link diagrams r(N,R,s) and r,(N,R,S) 
are equivalent to the closures of 

b1 =brJ1 (/31) T/2 (/32) r13 (/33), 

b2 =bTJ1 (/31) TJ2Un(2) /32) (J"n(l),n(2) T/3(/33), 

where O"n(l),n(2) = O"n(l)O"n(l)+l · · · O"n(l)+n(2)-1 O"n(l)-1 · · · O"n(l)+n(2)-2 
· · · o-1 o-2 · · · un(2) and 771, 772 773 are algebra homomorphisms from <CBn(l), 

<CBn(2) <CBn(3) to <CB N defined by the following. 771 ( ui) = o-i for 1 ~ 

i ~ n(l) - 1, TJ2( ui) = a-n(l)+i for 1 ~ i ~ n(2) - 1 and 773 ( ui) = o-i for 

1 ~ i ~ n(3)- l. We know that TJ1(hn(l))TJ2(hn(2)0-n(l),n(2)) = TJ3(hn(3)). 
Hence we have 

Since X is an invariant of trace type, there are algebra homomorphisms 
J1, J2 and J3 from An(l), An(2) and An(3) to AN such that PN o TJ8 = 
Js o Pn(s) for s = 1, 2, 3. From the definition of the trace type, we have 

X(b2) =TN(PN(b2)) 

=TN(PN(bTJ1 (/31 h1 1) T/2 (/32 h2)TJ3 (h3 /33)) 

=TN(PN(b) Ji (P1 (/31 h1 1)) Jz (P2 (/32 h2)) h(p3 (h3 /33))) · 

The definition of qR and /J(E) implies that 

(t=l,2,3). 

Hence we have 

TN (PN(b) J1 (P1 (/31 h1 1)) J2 (P2 (/32 h2)) J3 (p3 (h3 /33))) 
3 

=(IJ s(t)) a;(~~2 a!{~) a!{f) TN(PN(b) J1(P1(/J1)) Jz(P2(/J2)) h(p3(/J3))), 
t=l 

and so we get 

(A ) ) -1/2 ( ) 1/2 ( ) 1/2 (A ) X b2 = s(l ap(l) s 2 ap( 2) s 3 ap( 3) X b1 . 
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In other words, 

(2.5) X(r(N,R,S)) = s(l) a -l/ 2 s(2) a 1/ 2 s(3) a 112 X(I''(N,R,S)). 
p(l) p(2) p(3) 

Fig. 7. 

Case 5. Assume that r and r' are identical except within a ball 
where they are as shown in Figure 8. Then, as in Case 4, we have 

(2.6) X(r(N,R,S)) = s(l) a 1/ 2 s(2) a -l/ 2 s(3) a -l/ 2 X(I''(N,R,S)). 
p(l) p(2) p(3) . 

Fig. 8. 

Case 6. Assume that r and r' are identical except within a ball 
where they are as shQwn in Figure 9. Then, as in Case 4, we have 

(2.7) X(r(N,R,S)) = s(l) al/2 s(2) al/2 s(3) a -1/2 X(I''(N,R,S)) 
p(l) p(2) p(3) · 



Invariants of Spatial Graphs 157 

Fig. 9. 

Case 7. Let rand r' be diagrams of colored tri-valent graphs iden­
tical except within a ball where they are as shown in Figure 10. Then, 
as in Case 4, we have 

(2.8) X(r(N,R,S)) = s(l') a -1/2 s(2) a -1/2 s(3) al/2 X(r'(N,R,S)) 
p(l) p(2) p(3) • 

Fig. 10. 

The above formulas (2.2)-(2.8) implies Theorem 2. Q.E.D. 

§3. Invariants of non-oriented spatial graphs 

Let X be a regular isotopy invariant of link diagrams of knit trace 
type with writhe factor 1 . Let G be an abstract graph. For each edge 
E of G, we attach a non-negative integer N(E), an irreducible represen­
tation R(E) E AN(E) and a signature S(E) = ±1. If these data satisfy 
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(1.2) in §1, they are called a coloring of G and denoted by (N, R, S). 
Let Ev be the subset of edges of G with a terminal point v. 

From now on, fix an invariant X of knit trace type and let (A 1 , T1 ), 

(A2 , T2 ), ···be the Markov knit sequence of X. Since An is a semisimple 
algebra, we have 

An = EB_ Md(p) ((C) 
pEAn 

where d(p) is the degree of p. Let qP be an element of An such that 

Let ijP be an element of CKn such that Pn(iip) = qP. Note that iJp is 
not unique. Let hn = T 1 T2 · · · Tn-l T 1 · · · Tn_2 • · • T 1 T2 T 1 . We call hn the 

half twist of Kn. Let f n = hn 2 and we call f n the full twist of Kn, It is 
known that f n commute with every element of Kn and so P(PnUn)) is 
a scalar matrix, i.e. p(PnUn)) = aP id. 

Let G be an abstract graph colored by (N, R, S). Let r be a colored 
non-oriented spatial graph equal to G as an abstract graph. We identify 
the sets of edges of I' and G. Let V be a vertex of I'. Let E1, E2, · · ·, Er 
be the edges with a terminal point v. Let ~i, ~ 2 , • • ·, ~r be the terminal 
points of E 1 , E 2 , · · ·, Er on the boundary of v and N(i) = N(Ei) for 
. - R 1 h . b ((1) ((2) ((N(l)) ((1) z - 1, 2, · · ·, r. ep ace t ese pmnts y 1 , 1 , · · ·, 1 , 2 , · · ·, 

dN(2ll, . - ·, ($1l, · · ·, ($N(r)) as in Figure 11. Let nv = CE;=l N(i))/2. 

A diagram D on v is a set of mutually disjoint nv curves connecting 'Y;g} 
to 'Y;g}. Two diagrams D and D' on v are called equivalent if there is an 

isotopy of v sending D to D' which fixes the boundary of v. A diagram 
D on v is called essential if D satisfies the following. 

(*) Let 'Y;g} and 'Y;g} be distinct boundary points of a curve of D. 

Then i(l)-/- i(2). 

We denote by 'Dv the set of equivalence classes of essential diagrams on 
v. If the valency of v is equal to 3, then 'Dv has only one element. If 
the valency of v is equal to 4 and N(Ei) = 2 for i = 1, · · ·, 4, then 'Dv 
consists of 3 elements as in Figure 12. 

Let /3(E) = ½ ijR(E) (1 + S(E) a~~,~ hn) E CBN(E)· Let r(N,R,S) 

be the virtual link diagram obtained by replacing each vertex v by a 
sum of the all elements of 'Dv and each edge E by f3(E) as in the case 
of embeddings of oriented tri-valent graphs. For a edge E of r, let 

c(E) = S(E) a~(~l' 
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JI) E1 E<N~ns1 E(N(l)) fo~ ~o> r 
1 t'> r 2 ~r 2 

-
. . . . . . 

Fig. 11. (1) (N(l)) (1) 
Replace e1, · · ·, er by C1 , · · ·, C1 , C2 , · · ·, 
r(N(2)) . . . ,,.(1) • • • r(N(r)) 
":,2 , , ":,r , , ":,r • 

0-
Fig. 12. Elements of 'Dv. 

-~ 
~ 

Fig. 13. Replace edges and vertices. 

159 

Theorem 3. Let r and r' be colored spatial graphs isomorphic to 
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a graph G colored by (N, R, S) as abstruct graphs. Identify the sets of 
edges of r and f' with that of G. If r and f' are equivalent as spatial 
graphs, then there are integers d and d(E) for every edge E of G such 
that 

(3.1) X(r(N,R,S)) = 'Yd II c(E)d(E) X(r'(N,R,S)). 

EE£ 

Proof. We check (3.1) for Reidemeister moves (SRI)-(SRV). Let 
r and r' be diagrams of colored spatial graphs isomorphic to G. We 
identify the sets of edges of r and f' with that of G. 

Case 1. Assume that r and r' are· regular isotopic, i. e. there is a 
sequence ofreidemeister moves of types (SRII), (SRIII), (SRIV) sending 

f to f'. Then the associated virtual link diagrams f(N,R,S) and f'(N,R,S) 

are equivalent and we have 

(3.2) X(r(N,R,S)) = X(r'(N,R,S)). 

Case 2. In this and the next cases, we check (2.1) for (SRI) moves. 
Assume that r and r' are identical except within a ball where they are as 
shown in Figure 5. Let n = N(E), p = R(E), s = S(E) and /3 = f](E). 
Then there are positive integer N and b E CKN such that the associated 
link diagrams r(N,R,S) and r,(N,R,S) are equivalent to the closures of 

b1 = b rJ(/3) and b2 = b rJ(/3) h;, where rJ is an algebra homomorphism 
from CKn to CKN defined by rJ(a-i) = a-i for 1 ::; i ::; n - l. Since 
X is a regular isotopy invariant of knit trace type, there is an algebra 
homomorphism J from An to AN such that PN o rJ =Jo Pn· From the 
definition of trace type invariants, we have 

The definition of f3 implies that 

Pn(/3 h";l) = s a;l/2Pn(/3). 

Hence we have 

TN(PN(brJ(/3) hn 2 )) =TN(PN(b) J(pn(/3 hn 2 ))) 

=TN(PN(b )J( ap Pn (/3))) 

=ap TN(PN(b)J(pn(/3))), 

and so we get 
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In other words, 

Case 3. Assume that r and f' are identical except within a ball 
where they are as shown in Figure 6. Then, as in Case 2, we have 

(3.3) 

Case 4. Assume that r and r' are identical except within a ball 
where they are as shown in Figure 14. Let E 1 , E 2 , · · ·, Er be edges 
around the vertex v. Let n(i) = N(Ei) for i = 1, 2, · · ·, r and n = 
I:;=l n(i). Let El,n = c1c3 · · ·Ezn-l E Kn. 

around vertex v around vertex v' 

r r 

Fig. 14. 

Let hv, ev and e~ be the element of Kn corresponding to the diagram 
in Figure 15. Let "li,j,k ( i, j > 0, k 2: 0, i + k ::; j) be a semigroup 

homomorphism from Ki to Kj which sends Tl1 , ci E Ki to <tt Ei+k E 

Kj and </.>i,j = 'l]n(i),j,n(l)+n(Z)+··+n(i-l)· Note that 

and so we have 

Let p(i) = R(Ei), s(i) = S(Ei) and {J(i) = {J(Ei) for i = 1, 2, · · ·, 
r. Then there are an integer N and an element b E CKn such that the 
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n strings 

I 
uu u 

e = V 

DE "9v 

hv= n(l) n(2) n(r) 

n strings 

n(i) n(rt-1) n(r) uu u 
ev•= I 

DE JSJv• 
n(r) n(r-1) n(l) 

Fig. 15. Diagrams of hv, ev and e~. 

associated link diagrams r(N,R,S) and r'(N,R,S) are equivalent to the 
closures of 

bl =bTJn,N,o(ev) ¢1,N({J(l)iJ.p(l)) ¢2,N({3(2)iJ.p(2)) · · · ¢r,N(fJ(r)iJ.p(r))-

b2 =bTJn,N,o(e~hv) ¢1,N((J(l)iJ.p(l)) ¢2,N(f3(2)iJ.p(2)) · · · ¢r,N(fJ(r)iJ.p(r))-

From (3.4), we have 

Recall that the definition of qR(E) and (J(E) implies that 

for t = 1, 2, · · ·, r. Hence formula (3.5) implies 

r 

(3.6) X(b2) = II S(t) a;c!{2 X(b1), 
i=l 

because X is of knit trace type. 
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Case 5. Assume that r and f' are identical except within a ball 
where they are as shown in Figure 16. Then, as in Case 4, we have 

r 

(3.7) A II 1/2 A X(b 2 ) = s(t) °'p(t) X(b 1 ). 

i=l 

r r 

Fig. 16. 

Formulas (3.2), (3.3), (3.6), (3.7) show Theorem 3. Q.E.D. 

Let N be a positive even number. Let R be an irreducible repre­
sentation of the algebra AN associated with the link invariant X. Let S 
be 1 or -1. For a spatial graph r, let ( N', R', S') be the coloring of r 
defined by N'(E) = E, R'(E) =Rand S'(E) = S for every edge Eoff. 
Let X(N,R,S)(f) = X(f(N',R',S')). Then X(N,R,S) is a regular isotopy 

invariant of diagrams of spatial graphs. 

Corollary 4. Let I' and I'' be diagrams of the same spatial graph 
G. Then, there are integers d and d' such that 

The proof is similar to that of Theorem 2. 

§4. Examples 

KauffmanUs bracket polynomial (.) is a regular isotopy invariant 
of knit trace type and the Jones polynomial is obtained from (.) as 
in Remark in §1. To fix the notation, we give the definition of the 



164 J. Murakami 

bracket polynomial (.) [4]. Let A E (C \ {O} which is not equal to any 
roots of unity. The bracket polynomial with parameter A is a regular 
isotopy invariant of non-oriented link diagrams defined by the following 
relations. 

(Lo) = 1, 

(Lx) = A(L11) + A- 1 (Loo), 

where Lo is a trivial knot and Lx, L1 I, L 00 are link diagrams identical 
except within a ball where they are as shown in Figure 17. 

Lo Lu 

Fig. 17. Diagrams of Lx, L11, Loo. 

Let A be a non-zero complex number which is not equal to any roots 
of unity. Let Jn (A) be the Jones algebra defined over (C by the following. 

Jn(A) = (e1, e2, · · ·, en-i I ei ei±l ei = ei, ei ej = ej ei (Ii - jl :2: 2), 

e; = -(A 2 + A- 2 ) ei). 

The Markov knit sequence of Kauffman Us bracket polynomial (.) is 
J1(A), J2(A), · · ·. The algebra homomorphism Pn from C.Kn to Jn(A) 

is defined by Pn(ci) = ei, Pnh) = A+A- 1 ei and Pn(Ti- 1) = A- 1 +Aei. 
Let Pn be the linear representation of Jn(A) sending e1 , e2 , · · ·, en-l to 
0. Since Pn (Pn (Ti)) = A, we have 

( 4.1) 

Let an = An(n-l) and -Ja;;, = An(n-l)/ 2. The Yamada polynomial in 

[10] is coming from (.) as in Corollary 4 with N = 2, R = p2 and S = l. 
Let f1 and f2 be two diagrams of spatial graphs as in Figure 18. 
The diagrams f 1 and f 2 are colored as in the figure. Let C1 , C2 

denote the above coloring for f1 and f 2 respectively. Since p2(1 + (A2 + 
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(2, P2, 1) (2, P2, 1) 

r,00 (1, pi, 1) 

r1 

(1, pi, 1) (1, P1, 1) (1, P1, 1) 

Fig. 18. Diagrams of spatial graphs r 1 and r 2 . 

0 

Fig. 19. Virtual link diagrams r~1 and rf 2 • 

A- 2 )- 1 c:1 ) = qR2 , the virtual diagrams rf1 and rf2 associated to the 
colorings are given in Figure 19. 

Hence we have 

and 

(r )c2 - - _-_A_3_2_+_A_2s_+_A_2_o_+_A_s _+_1 
2 - A 13 ( A 4 + 1) . 
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By (4.1) and Theorem 3, we know that f 1 and f 2 are not equivalent as 
spatial graphs. 

To investigate the invariants associated with the Jones polynomial 
more closely, Section 4 of [7] may be helpful. 

The HOMFLY polynomial P is an oriented link invariant of trace 
type. Hence we get invariants of colored oriented tri-valent graph em­
beddings from the HOMFLY polynomial. 

The Kauffman polynomial F is an oriented link invariant obtained 
from the Dubrovnik polynomial [5], which is a regular isotopy invariant 
of unoriented link diagrams. It is shown in [2], [7], [8] that the Dubrovnik 
polynomial is of knit trace type. Hence we get invariants of spatial 
graphs from the Dubrovnik polynomial. To investigate properties of 
these invariants, Section 5 of [7] may be helpful. 
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