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§1. Introduction

In [F], A. Floer introduced a new invariant for homology 3-spheres.
In this paper we generalize his invariant to arbitrary closed and oriented
3-manifolds. In the case when the first homology group of the manifold
is torsion free and nonzero, we also define invariants I (M) for s <
3, which, in the case s = 0, is a generalization of Floer’s one. The
construction of this invariant is closely related also to the Donaldson’s
polynomial for closed 4-manifolds [D4]. The construction is based on
the study of the moduli space of selfdual connections over M x R and
its compactification.
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In this section, we describe briefly the construction of our invariant.
Throughout this paper, we let M be an oriented 3-manifold, o a Rie-
mannian metric on it. It induces the Hodge *-operator, *, : A¥(M) —
A3~*(M). We consider the trivial SU(2) bundle over M. Let

AM) ={d+a|aeT(MA ®su(2)}

be the set of all smooth connections of it. (In later sections, we work
with Sobolev spaces but in this section we omit those details.) Put

G(M) = {g: M — SU(2) | C*-maps},
G(M) = {g € G(M) | deg g = 0},
B(M) = A(M)/G(M),

B(M) = A(M)/G(M),

where G(M) acts on A(M) by
g (d+a)=d+g~dg+ g ag.

Following Taubes [T4] and Floer [F], we define a functional cs : B(M ) —
R by

(1.1) cs(a):/ Tr(la/\da+—1-a/\a/\a)
w2 3

(Here and hereafter, we shall write a in place of d +a.) It is well known
that the right hand side is G(M)-invariant. The gradient flow of this
functional is described by

9y
ot

(1.2) = %, %,

The idea of Floer and Taubes is to use this gradient flow in order to define
the oo/2-dimensional homology group of B(M). It is not in general
true that gradcs is a Morse-Smale flow, then in [T4], [F], they used a
perturbation of it. In their case, where M is a homology sphere, the
singular locus SB(M) and the set of critical points of the flow grad cs
intersect at one point, the trivial connection. (Recall that the singular
locus of B(M) is the set of reducible connections, and a critical point of
the flow grad cs is a flat connection.) In our case the intersection is

(1.3) Hom (1 (M), U(1))/Zs.
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which is by (M)-dimensional. In §2, using the sum of the traces of the
holonomy along the generators of Hy(M;Z), we shall find a functional
f: B(M) — R, such that the equation

(1.4) *xoF* —grad, f =0

has only a finite number of solutions, each of which is nondegenerate
(see §2 for definition.) A connected component of elements of the set of
elements SB(M), the reducible connections, satisfying (1.4) is identified
to an element of

(1.5.1) Hom(Tor H1(M;Z),U(1))/Zs.

And each connected component is identified to

H,(M;Z)

or its quotient by Zy. Put

(1.6.1) Fl={a € B(M) | a satisfy (1.4)},
(1.6.2) Fly = {a € Fl| a is irreducible}.

For a,b € Fly, we set

as : (—00,00) — B(M), ay satisfies (1.7), |
M(a,b) = < at ' ’ .

lim a; =b, lim a; =a
t—o0 t——o0

(The precise definition is in §3.) Here

0]
T _ *o F'* — grad,, f.

(1.7) .

In a way similar to [F], we can find a map u: Fly — Z such that
dim M(a, b) = p(a) — p(b),

for a,b € Fly (§5.) We can also prove that M(a,b) is orientable (§6).
Then, following Witten [W1] and Floer [F], we put

(1.8) Cp= P Zla)

a€Flg
u(a)=k
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We define a boundary operator 9 : C’,? — C9_, as follows. (Again our
construction is the same as Floer’s.) The action of R on M x R induces
a free action of R on M(a,b). We put, for a € Fly, p(a) =k,

8([0‘]) = Z <8a’ b>[b]7

u(b)=k—1

where (da,b) is the difference of the number of connected components
of M(a,b) for which the direction of its orientation and the R action
coincide and the number of connected components for which the orien-,
tation is the opposite direction to the R-action. In a way similar to [F],
we can prove 99 = 0. Then we define

Kerd:CY — Cp_,
Imd:Cp,, —CY’

101) -

which, we shall prove, is an invariant of M. (In fact, we need to fix a
basis of H1(M;Z).)

As is pointed out by Donaldson, Atiyah [A] and Witten [W2], Floer
homology is closely related to the Donaldson polynomial [D4]. In fact,
in the case when M is a homology sphere and is a boundary of a 4-
manifold satisfying some additional assumptions, it is possible to define
a relative Donaldson polynomial, which has a value in I(M). But in
the case when the first Betti number of M is positive, it seems that the
above boundary operator is not enough for such a purpose. Then we
construct other boundary operators. To motivate our construction we
recall the definition of relative Donaldson polynomial very briefly. (Our
description is not precise since it is anounced that the precise description
will appear in [DFK].) Let X be a 4 manifold such that its boundary
0X = M is a homology sphere. Let [¥4],:- -, [2¢] € H2(X), a € Flp. By
M(X; a), we denote the set of all gauge classes of self dual connections
V with ¢?(V) = k, V|sx = a. Define a line bundle L5, on it by

top top

£5,9) = N\ (Kerdey,,) @ A\ Cokerdo,,

where 5v|2i is a Dirac operator on ¥; twisted by the restriction of V to
;. We put

Qi Eh@= [ ) v e e

Here we choose k, £ so that dimM(X,a) = 2{. We regard
Qe([X1],--+,[2¢]) as a cochain, an element of Hom(Cy,,0) with m =
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u{a). Under an appropriate assumtion this cochain is a cocycle and its
cohomology class is an invariant of X.

In case 0X; = 0Xo = M, X = X; Uy Xo, E1---%, C X,
e 222 C X5, one can prove, under appropriate assumption, that

Q£1+22(21) o .)E£1’E€[7 o .7222)

(1.9) , ,
= (Q& (217 ct 7241)5 le(zla Tty 22)>a

where { , ) is a coupling between Floer cohomologies of M and M ~,
(M with opposite orientation). Note that in case HyM = 0, we have
H>X = Ho X1 ® Hy Xs.

Now we remove the assumption Hy M = 0. Assume, for example
H, X, = Hi X5 = 0. Then we have Mayer-Vietoris exact sequence:

H2X1 &) H2X2 — H2X - HlM — 0.

Fix a section s : H1M — HyX. This is equivalent to choose, for each
[v] € H1M, surfaces X(;)(v) C X; with 8%;(y) = v such that s([y]) =
[y (7) UZa ()] = [E(7)]- To generalize (1.9) one needs to calculate

Q21+lz+23(21> R 231’2(71)7 CT 2(743)7 2/15 R} 22)5

in terms of invariants of X;,X5. So it is natural to consider cochains
such as

QZ+[’ (E(l)a T Zf, E(1) (’71)7 ) 2 (’YZ’))(G’)

:/ ,Cgl U"'UEZZUEE(I)('yl)U"'UACE(I)(W/)'
Mk(Xl,a)

But one finds that this cochain is not a cocycle in general. Hence in our
situation, the relative Donaldson polynomial should not take a value on
usual Floer cohomology but a generalization of it. Our purpose is to
find such a generalization.

We assume that H,(M;Z) is torsion free. Choose a set of closed
loops {71, +,74} representing a basis of H1(M;Z). Put £, = v, xR C
M xR. Let a; € M(a,b), a,b € Fly. It induces a connection of a trivial
SU(2) bundle over ¥;. Let §,, be the Dirac operator on ¥; twisted by
the connection. We may assume that a(+;) # 1 for each a € Flp. Tt
implies that d,, is Fredholm. Put

top top

Detd,, = /\ (Kerd,,)" ® /\ Coker @, .



6 K. Fukaya

By taking (Detd,,)®? and moving a; on M(a,b), we obtain a complex
t

line bundle on M(a,b), which is denoted by £§2). (The reason why we
have to take the square will be explained in §7.) Now, let a,b € Fly with
w(a) — p(b) = 2+ 1. Put M(a,b) = M(a,b)/R. Then we can “define”
the Chern number

/ HLPyu---ue(L£?) e z.
M(a,b)

This number is denoted by (8;, ... ;,a,b). (Since M(a, b) has a boundary,
the above number is, in fact, not well defined. This problem is discussed
in §12.) We define 9;; ... ;, : C§) — CP_,,_; by

Oiyvie([a) = 3 (B i, BB

b

Now we can state the main result of this paper. Let a € {1,---,d}*/S,.
(Here S, stands for the symmetric group.) We put 8, = Oy ... .a,-

Theorem 1.10. Iffa < 3, and if H1(M;Z) is torsion free, then

Z O,10,2 = 0.

alUua?=q

Remark 1.11. In case when o = (1,1) the formula is:

881’1 + 20,0, + 81716 =0.

Remark 1.12. For fa > 2 the formula is not correct. We discuss
the reason in §12. There we also discuss why the formula may not be
correct for s > 0 if Hy(M;Z) has a torsion.

Now let S*H;(M;Z) be the symmetric power. We put

Cy = P S*H\(M;Z) @ CF, -
£<s
Define 87 : C; — C;_, by
Ra®la)= Y. Yo ®a2ld,
alUa?2=qa

where Yo = Yo, ® -+ ® Va,. Theorem 1.10 immediately implies
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Corollary 1.13. Suppose‘ that H1(M;Z) is torsion free. Fors < 3
we have

Op_10; = 0:
We put
Ker 6%
(M) = —*&.
k(M) Im&;_,

Theorem 1.14. Suppose that Hi(M;Z) is torsion free. I;(M)
does not depend on the choices of the metrics, v;’s, etc, and is an in-
variant of M, equipped with a basis of H1(M;Z).

By construction we have an exact sequence of complexes
0— C; — O,j“ — Ss+1(H1(M; 7)) ® C,?+2S+2 —0
It follows that:

Theorem 1.15. Suppose that Hy(M;Z) is torsion free. There
erists a long exact sequence

— (M) — LN (M) — §F(H1(M, Z)) ® I 52 (M) —
for s =0 or 1. The exact sequence is also an invariant of M.

The proof of these theorems is based on the detailed analysis of the
end of the moduli space M(a,b). The results on it is in §7. In fact, we
shall prove more general results than we need to construct our invariants.
In the course, we develop various techniques, which might be useful in
other situations.

Using our invariant I (M), we can partially generalize the definition
of relative Donaldson polynomial to the case when the boundary is not
necessary a homology sphere. Those applications will appear elsewhere.

The organization of this paper is as follows.

In §2,3, we perturb the equation.

In §4, we review the sum formula for the index of the elliptic oper-
ators. We also discuss the sum formula of the family of indices.

This result is used in §5 to define the degree u. In §5 we study also
neighborhoods of various reducible connections.

In §6 we define the orientation of the moduli space. The fact that
every oriented 3-manifolds bounds an oriented 4-manifold, is essentially
used in the proof.

~ §8§7-11 are devoted to the study of the end of moduli space M(a,b).
The results of these sections are stated in §7.
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In §8, we prove that the patching procedure of selfdual connections
as in [T1] is possible in our situation, where various reducible connections
must be dealt with.

In §9, we shall prove that the selfdual connections constructed in §8,
contains all the connections in the end of the moduli space, except the
concentrated ones. For this purpose, we establish a decay estimate such
as in [FU).

Combining the results of §§8,9 we obtain a chart for a neighborhood
of each point at infinity. In order to patch those charts, we introduce,
in §10, the local action of the groups. This notion is a generalization of
one introduced in [CG] to study the end of Riemannian manifolds. We
use it to study the end of the moduli space.

The line bundle £§2) is constructed and is extended to the boundary
in §11. For this purpose we use the sum theorem for index bundles in
§4 and the existence of the lift of the local action to the bundle.

Using the results of §§7-11, we define the boundary operator in §12
and prove Theorem 1.10. As is remarked before, the Chern number
of the bundle EZ@) is not well defined. We shall prove in §12 that the
boundary operator is well defined modulo isomorphism. In §12, we also
discuss the case when s = 3 and describe why Theorem 1.10 does not
hold in that case.

Finally we shall prove Theorems 1.14 and 1.15 in §13.

As the reader can find easily, this paper heavily depends on the
brilliant ideas due to Donaldson, Floer, Taubes e.t.c. in their papers.
Before this work is completed the author is informed (without the precise
statement) that A. Floer generalized his invariant to homology S* x S2.

§2. Perturbation

Let L} be the Sobolev space of the sections, namely the set of sec-
tions LP-norms of whose f-th derivatives are finite. Put

AL(M)={d+al|ae LY(M,A @ su(2)}
Ge(M) = the set of maps : M — SU(2) of L3-class.

A? is denoted by A,. We choose sufficiently large £ and fix it throughout
this paper. Gpy1 acts on A, (See [FUJ.) Put

By(M) = Ay(M)/Gey1(M).
Let a € Ay(M). Then the set

(2.1) {u€ LI(M, ' @ su(2)) | diu = 0}
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is the orthonormal complement of T,G¢11a in T, A¢(M). In the case
when q is irreducible, the set (2.1) can be identified to Ty Bs(M). (See
[FU].) We let the set (2.1) be denoted by Tj,Be(M) also in the case
when a is reducible. In that case, [a] is a singular point of By(M).

The purpose of this section is to perturb the functional ¢s and the
equation (1.2), so that (1.4) has only a finite number of solutions each
of which is nondegenerate. We put

H(M;Z)

HI(M:Z)= .
1(M;Z) Torsion

First we deal with singular points on
Hom(H{(M;Z),SU(2))/conjugate C By(M).

Choose a set of loops {£,---,£3} representing a basis of H|(M;Z).
Extend £ to an embedding £ : S x D? — M. Choose a nonnegative
function v on D? with compact support such that

/Dz u(z)dz = 1.

For a loop £ : S' — M and a € A(M), let hy(a) € SU(2) be the
holonomy along ¢. Define a functional fy on Be(M) by

d
(22) ola) = €3 [ T (b (@) ),

where € is a small positive number. Then by [F] 1b.1, grad, f, €
T,B:(M) is well defined. Similarly we can define the hessian, Hess, f :
Tiq) Be(M) — Tig) Be(M).

Here we examine the set, F'R, of the flat reducible connections
in By(M). The set of the conjugacy classes of the elements of
Hom(Tor H;(M,Z),U(1)) has a one to one correspondence to mo(FR).
For ¢ € Hom(Tor H1(M,Z),U(1)), let FR, be the corresponding com-
ponent. FR,, is diffeomorphic to T¢ if Im(yp) ¢ {£1}, and is diffeomor-
phic to T9/Z, if Im(p) C {£1}. Let 1 € Hom(Tor Hy(M,Z),Z) be the
trivial representation.

Lemma 2.3. There exists a neighborhood U of F Ry such that, for
sufficiently small €, the set of elements of U satisfying

(2.4) x. % — grad, fo =0
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is identified to Hom(H| (M, Z),Z2) ~ {£1}%.

Proof. By identifying FR; = {(e%,---,€¥%)}/Z;y , we have

(2.5) fo(e®, ... eb) = QEZCOS 0;.
The lemma follows immediately.

Lemma 2.6. Let a € Hom(H{(M,Z),Z3). Then cs — fo is non-
degenerate at a. In other words

*odg — Hessy fo : Tiq)Be (M) — Tig)Be—1 (M)
is invertible.
Remark 2.7. Hess, ¢5 = *,d,. See [F],[T4].
Proof. We have
Ker s,d, ~ H'(M;R) ® su(2) ~ su(2)%

On this space Hess, fo is given by —e Y  z?. Hence the lemma follows
from the invertibility of the matrix

A+eE €B
eC eD
for small € and invertible A and D.

We take € in (2.2) such that Lemma 2.6 holds and fix it.

Next we use a method similar to [D3] and [F]. Let po € M and
vp € TpoM. Choose an embedding I : D? — M, such that I(0) = po,
and that I,(TpD?) is transversal to vy. Let I'1(pg,I,v) be the set of
smooth embeddings such that £(1,0) = po, ££(1,0) = v, £(0,z) = I(z).
We put

Tn= U @000, D™
(po,vo,T)
Let L., = SU(2)™/SU(2), where SU(2) acts by conjugation. Define a
map

&' : Ay(M) x T, — Map(D?, SU(2)™)
by B
(I)I(av (51, T 7€m))($) = (hh(-,w) (a)’ Tty hlm(-,m) (a))
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@' induces a map

@ : By(M) x T, — Map(D?, L,,).
Following [F], we choose (8;)icz, (8; > 0). and put

CP(Lm,R) = { € C°(Lm, R) | 9|5 < 00},
where -
I9lls = Z;/Bi max D'y (x)].

Fix a function u : D2 — [0, 00) as before and define

®: By(M) x Ty x CP(Lm,R) = R
by

B((dl (o b)) = [ 0@l (1, ) @) (o)

Forv € Ty, xCP(Lm, R), Weput fo([a]) = @([a],v). For A = (£1,- -+, £m)
€ Ly, and X = (04, --,£.,) € Ly, we say A < X if {f1,--- £y}

c{é m}

Lemma 2.8. There exists Ao € I'p,, and 6 > 0 such that for each
Xo < A, the set of ¥ € CP((Ln),R) satisfying the following conditions
is of first category in {¢ | ||¢¥||g < 6}.

(2.8.1)  The set Fl(y) of the solution of
*, [ = grad, (fo + foae))-

m

18 finite.
(2.8.2)  For each a € Fl(v)) the map

*xod — Hess[a] (fo+ f(Aﬂl))) : TaBg(M) — TaBg_l(M)
is tnvertible.

Proof. As is well known, (2.8.2) implies (2.8.1). Hence the prob-
lem is local on By(M). The argument in a neighborhood of irreducible
connections is the same as [F] 2c.1. Then we study the neighborhood of
the set of reducible connections. Precisely, we first take a perturbation
so that (2.8.2) holds in a neighborhood of the set of the reducible con-
nections, next we perturb again so that (2.8.1) and (2.8.2) holds, in the
set, of irreducible connections, as well.
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Let ¢ € Hom(Tor H1(M,Z), SU(2)). In the case when Im ¢ C {£1},
the proof of Lemma 2.6 works in a neighborhood of F'R,. Then we
assume that Im(p) ¢ {x1}. By the proof of Lemma 2.3, fo is a Morse
function on Fl, and has exactly 2¢ singular points on it. The same
holds for fo + fay if ||¥|lg is small. Hence it suffices to work at a
neighborhood of each singular point ag. Choose a neighborhood U of ag
with is of bounded L7 norm.

Sublemma 2.9. The set of ¢ such that x,d, — Hess,(fo + fx,¢)
is invertible for each a € U N Fl(v), is open.

Proof. First we remark that the set
Fi(¢) = {[a] € Be(M) | x5 F* = grad,(fo + fary)}

is independent of £ because the equation is elliptic modulo gauge trans-
formation. Hence we can find a bounded subset L in L7, ,(M, A'®@su(2))
such that if

(2.10.1) 19" = llg <&
(2.10.2) [a] € FI(¥)
(2.10.3) [a] e U

then [a] = [ag + u] for some u € L. Now, if the sublemma is false, then,
there exists v,1; and a; such that

(2.11.2) [ai] € Fl(¢),

(2.11.3) [ai] € U,

(2.11.4)  *,d,, — Hess,, (fo + fay,) is not invertible,

(2.11.5)  *,d, — Hesse(fo + fa,p) is invertible for each a € Fl(y) NU.

We can choose u; € L such that [ag + u;] = [a;]. By Rellich’s
Theorem, we can find a subsequence such that u; converges to uq, in
L7,,. Hence by (2.11.1),(2.11.2) and (2.11.3), we have [ag + uco] =
lase) € U N Fl(2p). Therefore *,d, . — Hess,__(fo + fry) is invertible.
On the other hand, we remark that the map

Ag1 (M) x Li(M, A' @ su(2)) — Li_, (M, A' ® su2))
:(a,u) = xodqu — Hessq(fo + fau)u

is continuous. (See [FU]). It follows that *,da, — Hessq, (fo + fr,g,) is
invertible for sufficiently large ¢. This contradicts (2.11.4). The proof of
Sublemma 2.9 is now complete.
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Hence it suffices to show that the set of ¥ for which

*oda, — Hessa, (fo + firy))

is surjective, is dense. We can choose a loop £y so that () ¢ {1}
and assume {fo} < A= ({1, -+, 4n). Put

(Ff)/(ao’ /\)(0) = (gl’ Tt ;gm)-
We have

(2.12) {9eSU@) g (g1, gm)g = (g1, 9m)} = U(1)

Hence [g1,- -, gm] is contained in U(1)™/Zy C SU(2)™/SU(2) and is a
regular point of U(1)™/Zs. Put

Bid(M) = {[a] € B*4(M) | a is reducible.}

It follows from (2.12) that [ao] is a regular point of Bi*d(M). Therefore,
by a U(1) analogue of [F] 2c.1, we may assume that

(2.13)  #oda, — Hessao (fo + o) : Tlao) (B (M) — Tiag) (B (M))
is invertible. Put
Ky = {ue T[ao]BZ(M) | ¥5daou — Hessq, (fo + fAﬂ,b)“ =0}

By the invertibility of (2.13) we have

(2.14) Kyn T[aO]B;ed(M) = {0}.
The group
(2.15) U1)={g € Ge(M)|g*ap =ao}

acts on Ky. By (2.14) and the finite dimensionality of K, we can
identify K, ~ CF. Therefore by taking sufficiently large A\ and m we
may assume that

P K¢ — T(gl,...,gm)SU(2)m

is injective, where P is the differential at [ag] of the map : [a] +—
U'(a,A\)(0) : A(M) — SU@2)™ By (2.8), U(l) acts on
Tigy,,9,)SU(2)™, which we can identify to C™ @ R™. The map P
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is U(1) invariant. Hence we may assume that P(Ky) C C™. We define
a function ¢’ in a neighborhood of (g1, -, gm) by

(2.16) ’(/)'(eXp(gl’...,gm)(Zl, c Zmy b1, tm)) = — Z |Zil27

and extend it to a SU(2) invariant function on SU(2)™. We obtain a
function on L,,, for which we use the same symbol. Now it is easy to
see that

*adao - Hessao (fO + f)x,l/)-{—e'(/ﬂ)

is invertible for each sufficiently small e. The proof of Lemma 2.7 is now
completed.

Note that a linear function is used in [F] for the perturbation in a
neighborhood of an irreducible connection. Here we use quadratic func-
tion to perturb the equation in a neighborhood of a reducible connection.

Remark 2.17. We choose the perturbation so that the zero eigen-
values of *,d — Hess,(fo + f(»,)) is perturbed to positive one, if a is
a reducible connection and if the corresponding eigenspace is identified
to C* with respect to the U(1) action. The set of such connections is a
subset of first category in an open set. This choice is used in the proof
of Theorem 5.6. (See Remark 5.7.)

Now we put f = fo + fi,4 for generic 9, and define FI and Fl, by
(1.6.1) and (1.6.2).

§3. Local structure of moduli space

Let p: M x R — M be the projection, p*(A*M) be the pull back
of the vector bundles on M x R. Let 6 be a number sufficiently close
to 0. Choose a C*-map ||| : R — [0, 00), such that ||t|| = [¢| outside a
compact subset, put es(t) = eIt For a smooth section u of p* (NM)®
su(2) with compact support, we put

p
(“ung’a) - Z/JWXReé(t)lvkulpdxdt.

k<t

Let L} s(M x R,su(2) ® p*(A*M)) be the completion with respect to
this norm. We put

b6 = L7 s(M x R, su(2) ® p*(A'M)).
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Define Lj (M x R, su(2) ® A*(M x R)) in a similar way. Let Lj s(M x
R, su(2)®@A% (M xR)) be the subspace of Ly s(M xR, su(2)®A?(M xR))
consisting of the elements u satisfying ¥,u = Zu, respectively. Here and
hereafter *, denotes the Hodge * operator on M x R with respect to
the product metric o @ dt?>. The Hodge operator on M induces *, :
p*(ARM) — p*(A3~%M). We define isomorphisms
I3 Ly s(M x R, su(2) ® p*(A'M)) —
Lj s(M x R, 5u(2) @ AL (M x R))
I': L (M x R, 5u(2) ® p*(A\°M & A'M)) —
Lzé(M x R, su(2) ® A'(M x R))
19: L} (M x R, su(2)) — Lj (M x R, su(2))

by
I2(a) = a % (xp0) Adt
I'(p,a) = pdt +
I° = identify.
We put

925 =L} s(M x R, su(2))
Qs = L} s(M x R, 5u(2) © A'(M x R))
Qs =Lj (M x R, 5u(2) ® A> (M x R))
and identify £§ 5~ Q) 5, L], ® Ly 5~ Y 5, L5~ by I'.
For a,b € FI, choose a connection d + A% of the trivial SU(2)

bundle on M x R such that A%® = b if t > 1 and that A%® = ¢ if
t < —1. We put

Ags(a,b) ={d+ A%t 4+ o | € Q},é}.

Clearly this space is independent of the choice of A%®?. Hereafter we
write A in place of d + A. Let G7s(M x R) be the set of all locally

L% map g : M x R — SU(2) such that there exists 1) € Ly s satisfying
exp ) = g outside a compact subset.

Lemma 3.1. GP,, (M x R) acts on Ags(a,b) by

g*A=gldg+g " Ag.
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The action is free if § is positive or a,b € Fly.

We omit the proof. (See [FU],[T3],[F].)
For a € Ay(M), A € Aps(a,b), we put

Go={9€Grr1(M)|g"a=a}
Ga={g: M xR — G|gisalocally L},, map satisfying g*4 = A.}

Remark 3.2. Gao C Gy, NGy
Put
B, (a,b) = {[A] | A € Ars(a,b),Ga # {£1}}
TiqBes(a,b) = {a € Qé’é | e(;djleé_la =0}.
G 4 acts on By s(a,b) and Tj4Be(a,b).

Lemma 3.3. The map Ti4Bes(a,b) — Bys(a,b) : a— [A+a],
induces a G 4-invariant diffeomorphism from a neighborhood of 0 onto a
neighborhood of A, if a,b € Fly, or if § > 0.

The proof is in [FU], [T3], [F].

Lemma 3.4. G, x Gy acts on Bes(a,b). The action is compatible
with the diagonal inclusion : Ga — G4 X Gp.

Proof. For each ¢g; € G, and g, € G}, choose amap g: M x R —
SU(2) such that g = gy if ¢ < —1 and that g = g5 if ¢ > 1. For
[A] € Bys(a,b) the element g*A is contained in Ay s(a,b), and [g*A]
depends only on [A] and g1, ge. Clearly this induces a desired action.

Hereafter we put

g1 [A]gz_l = (91,92)[4]

for A € Bys(a,b), 91 € Gqa, g2 € Gp. Then G, and Gy, act from left and
right on By s(a,b), respectively.

Remark 3.5. The action is trivial if § < 0.

Now we consider a differential equation

(3.6) FA—%,F* - grad,, f Adt+ *,grad,, f =0,
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for A € Ag5(a,b). Here we put A = I'(a, ). Let M\g,g(a, b) be the set
of all solutions of (3.6) in Ag,s(a,b). Since grad,.,, f = g; ' (grad,, f)gs,
it follows that

FOA —%,F9* —gradg.,, [ Adt+ %, grady.,, f =
971 (FA . :k'(,FA _ gradai FAdE+ %, gradat f) g.

Therefore ]\/4\5,5(a, b) is G +1,5 invariant. We put

My s(a,b) = Mys(a,b)/G, 1 5-

By a standard elliptic regularity estimate, My s(a,b) is independent of
£. Then we omit ¢ and write M;{a,b).

Here we remark that the set G,\Ms(a,b)/Gy is identified to the set
M(a,b) in §1. In fact, the elements of the set M(a,b) have a one to one
correspondence to the set of a,’s satisfying (1.7) and lim;_, o, a; = a,
limi,oolar] = [B]. - Put limyooay = b'. There exists goo such that
gt b’ = b. Choose g; such that lim; , o g; = 1, lim;_,00 gt = goo- It is
easy to see that g*(d+a:) € Ms{a,b). This element depends only on [a,]
and is independent of a;. Conversely, if A € M\g {(a,b), we can find g such
that g* A has no dt factor. Let (g*A)(-,t) = a;. Then [ay] € M(a, b).

Remark 3.7. 1t is not in general true that the set of loops joining
[a] and [b] in By(M) has one to one correspondence to By s(a,b). This is
valid if the loop is contained in By(M) — SB(M)

For A € Ay(a,b), we define D4 : Qf — Q2 | by
Do = (da — ¥5d4)a — Hessg, f(ue),

where a = I (ug, ¢), d+A = d+-a,+ipdt. If we identify Q 5 ~ L4 sBLY 5,
Qf 5Ly 4 wehave

Ou
(3.8) Dalu,p) = 5 + (kgda, — Hessg, f — WeA)u + dg, 0.

Recall that M (a,b) is a C*°-manifold in a neighborhood of [A] if D4 is
surjective.

Lemma 3.9. There exists A\g and mg such that, for each Ao < A,
the set of v € CP(L,,, R) satisfying the following is of first category in
an open set. Let a,b € Fl, f = fyy.

(39.1)  Ms(a,b) is a finite dimensional smooth manifold.
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(3.9.2)  For each [A] € Ms(a,b), D4 is surjective.

Proof. We write M;/’(a, b), D% while proving Lemma 3.9. In the
set of irreducible connections, the proof of [F] 2c.2 works. Hence we
study M?(a, b) in the neighborhood of reducible connections. Put

By%\(a,b) = {[A] € Bs(a,b) | Ga =U(1)}
M5 (a,b) = B5(a, b) N MY (a,b)
Then by a U(1) analogue of the argument by Floer [F] 2c.2, we may

assume that Mged’w(a, b) is a C*-manifold, and, for each [4] €
M;i;l ’¢(a, b), the map

DR Lf s(M x Ru(l) ® AY(M x R)) —
L 1 s(M x R,u(l) ® A2 (M x R))

is surjective. Let [A] € MF®Y. Choose a neighborhood U of [A] in
B:s/:e (a,b), which is bounded in L norm.

Sublemma 3.10. The set of all ¢’ such that 'fo{/ is surjective for
alAeUn Mg’l (a,b), is open.

The proof is similar to one for Sublemma 2.9 and is omited.

Sublemma 3.11. For each € > 0 and 1, there exists ¢’ and a
neighborhood U’ of A, such that ||¢||s < € and that D% " is surjective
for each [A'l € U'N M?H’/ (a,b).

Proof. By an argument similar to the proof of Sublemma 2.9, it

suffices to find 1’ such that ||¢’||s < €, and that Djﬁﬂbl is surjective. We
put

Cok = Ker (D%)* C L} s,
Ker ={u€ Ljs|Dau=0,d; u =0}

y Qay
The group U(1) =~ G4 acts on Ker and Cok. By the surjectivity of
Djf{’red, we have Cok ~ CF as U(1) module. By the index calculation in
§5, we can find a U(1) invariant subspace K of Ker which is isomorphic
to C* as U(1) module. (See Remark 5.7.) Choose an isomorphism
Q : Cok — K. For each t, let Ky, Cok; C Tj,,Be(M) be the projection of



Floer Homology for Oriented 3-Manifolds 19

K and Cok. By the unique continuation theorem ([Ar]), the projections
K — K;,Cok — Cok; are isomorphisms. Let Q; : Cok; — K; be the
projection of ). We can choose sufficiently large m and A such that
the curve t — ¥ (ay, \)(0) = a} is injective, and P, : Tia,) (Be(M)) —
T,,SU(2)™ is injective on K; + Cok; for each t. Since the action of
U(1) has no trivial component on Cok;, it follows that P;(K;+ Cok:) is
transversal to the tangent vector of the curve a;. Hence we can find a
function 1o € C#(Ly,, R) such that

(Hessa: tho) (PiV, BW) = (Q,V, W),

for each V € Cok; and W € K;. It is easy to see that ¢’ = 1 + 61 has
the required property.

Lemma 3.9 follows easily from Sublemmas 3.10 and 3.11.

§4. Sum formula for index bundles

It seems that many parts of this section are well known to experts.
But we include it here because of the lack of appropriate reference and
because we need a part of the proof in §11. However we omit the detail
of the proof since the results are essentially known. First we shall work
in the following situation.

Situation 4.1. Let X™*! be an oriented complete Riemannian man-
ifold, E, F' be vector bundles on it, K a compact subset. Suppose that
X — K is isometric to the direct product M X (0,00). Let V be a vector
bundle on M and ¥g : E — p*V, and ¥ : F — p*V be isomorphisms
of vector bundles. (Here p : M x (0,00) — M is the projection.) Let
DO :T(V) - I(V) and D : T'(E) — T'(F) be elliptic operators of first
order. Suppose that D° is selfadjoint. Assume that M is decomposed
to My II M_ such that

7]
D=V (= +D%)Vpg
ot
respectively on My x (0,00). Let {\;|i € Z} be the set of all eigenvalues
of D°. Put A\g = min;ez A\2.

Theorem 4.2. Suppose A\g > 0. Then D is Fredholm. Moreover,
for A < Ao, there exists a finite dimensional subspace Ly of L?(E), such
that

(4.21)  Ifu € Ly then |Du| > VAlu
complement of Ly

.. Here L;‘\- is a orthonormal
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(4.2.2) L) is generated by the vectors v satisfying D*Dv = Nv with
A <A
We omit the proof. See [LM],[T3]. Theorem 4.2 implies that
Index D = dim Ker D — dim Ker D*
is well defined.

Situation 4.3. Let X;, M;, E;, F;,V;,D;,D? be as in Situation 4.1.
We assume that there are unions of connected components, say Mﬂ 4
and MY _, of My and M, _ respectively, and an orientation reversing
diffeomorphism from MR 4 to MS’_, by which we can identity V;, DY
and V3, D. We patch X3 — M7, x (T,00) and X3 — Mg _ x (T,00) by
the diffeomorphism MP | x {T'} — Mg _ x {T'} to obtain X (7). (Figure
1)

Xy — (MY, x [T,00)) Xg— (M3_ x [T, 00))

Figure 1.

Let E(T) (resp. F(T)) be a vector bundle on X (T') obtained by
patching E; and Es (resp. F;) by \IIE;\IIEI (resp. \P;:\prl). Define an
operator D : T'(E(T)) — T'(F(T)) by

{ Dl on X1
D =
D2 on X2
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Theorem 4.4. If \g > 0 then we have
IndexD = Index D; + IndexDs.

Proof. Let 0 < A < Ag. We may assume that A is not an eigenvalue
of D*D or D} D;. Let Ly C L?(E) be the vector space generated by the
vectors v such that D*Dv = XNv with X < A. Define L} C L(F), Lj,
Lé\* in the same way. Note that an embedding X; — Mﬂ—i— x [T,00) — X
can be extended to an embedding X; — M} | x [2T,00). Let My, x
[0,2T] — X be its restriction. Put d(t) = min(|¢|, |2T — t|).

Lemma 4.5. Ifu € Ly then

V¥l (I(z, 1)) < Cre™ V2= AD |lu] 2.

Proof. We may assume D*Du = MNu, N < . Let py,--- be the
eigenvectors of DiDy. We put

u(I(z,1)) = Zui(tm(w)-

Since
82 DO 2
DD = ——
8t2 +( ) ?
we have
dzui

- a2 + )\fu, = )\'ui.

It follows that
fus(8)] < Ce™2e X4 max{jus (0)], [us ()]},
from which the lemma follows by the standard estimates for elliptic
operators.
Let x : [-1,1] — [0,1] be a nondecreasing C* function such that
if t<—1
X(t):{(; if t§1.

We define P} : Ly — ['.(X;, E;) as follows. (Here I'; stands for the set
of smooth sections with compact support.)

(Pl)(e,t) = (1= x(S5E)ulet) i (2,6) € MP, x [0,27]
(Pu)(z,t) =0 if (z,t) € MY, x [2T, 00)
(Pju){z) = u(2) if z¢ MP, x[0,00)
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(Pju)(a,0) = x(5E)ula,0) i (x,6) € Mg x [0,21]
( z,t) =0 if (z,t) € M3 _ x [2T, 00)
(P{u)(z) = u(2) if z¢ M3 _ x[0,00)

)

Let P;(u) be the orthonormal projection of P/(u) to LY. Put Py =
(P1, P2) : Ly — LY®L3. Then using Lemma 4.5 we can prove that P, is
an isomorphism for large T'. Similarly we can construct an isomorphism
Py L} — L%\* ) L?\*. On the other hand, D defines an isomorphism:
Lyn (Ker D)+ — L% N (Ker D*)*. Therefore

IndexD = dim Ly — dim L3.
Similarly, we have
IndexD; = dim L% — dim L%*.

The theorem follows immediately. (Recall that Index DT does not de-
pend on T.)

Remark 4.6. By the same method, we can prove that, if Dy is
invertible, then the Ce™ V2 ~2T/C_pneighborhood of the set

{eigenvalues of DT*DT smaller than o}
contains the set

{eigenvalues of D1 D] smaller than Mg}

U {eigenvalues of DyD; smaller than Ag}.

Also the Ce=V*~AT/C_peighborhood of the later set contains the former
set.

Moreover we can prove the following:

Corollary 4.7. In Situation 4.1, let M_?r, ML be unions of com-
ponents of M, M_, respectively. Suppose that M_?_, together with Do,V
on it, is diffeomorphic to M°. Construct X (T), E(T), F(T),DT, e.t.c.
as before. (Figure 2) Then we have

Index DT = Index D.

In §6 and §11, we need also a family version of Theorem 4.4.
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M2 = M°

e
N

X(T)
Figure 2.

‘ Situation 4.8. Let Y be a manifold, p; : W; - Y, q: Z - Y
be fibre bundles. Let E;, F; :(— W;, V — Z be vector bundles and
D, :T'(E;) —» T'(F;), D°: T(V) — (V) be families of elliptic operators.

Suppose that p; ' (y) = Xi(y), ¢ (y) = M(y), E; = Ei(y), Fi(y),
Xi(y)

V(y), Di(y), D°(y) are as in Situation 4.3, for each y € Y. As before,
we can construct, W(T) — Y, E(T), F(T) — W(T), D(T) : T(E(T)) —
T(F(T)). As in [AS], the index bundles

Index D;, Index DT € K(Y),
are well defined if D°(y) is invertible.

Theorem 4.9. Suppose D°(y) is invertible for each y, then we
have
Index D; + Index Dy = Index D7,

in K(Y).

Theorem 4.9 follows from the proof of Theorem 4.4, since Py and
L, e.t.c. there depend smoothly on operators.
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Remark 4.10. The results of this section hold in the case when,
for example, in Situation 4.1 the operator D is not exactly equal to
U (£2 + D°) ¥, but the difference is estimated by Ce™lt/C. (See
(T3].)

85. Dimension of moduli space

We put Ms(a,b) = G4\ Ms(a,b)/Gp. Recall that the action of
G, X Gy is trivial if § < 0. We can prove that Ms(a,b) is independent
of §. Hence we write M(a, b).

Theorem 5.1.  There exists a map p: Fl — Z such that u(1) =0
and that

(5.1) dim M(a, b) = p(a) — p(b) — dim G,,
except the component containing no irreducible connection.

Proof. First we assume that a,b € Fly. In this case dim M(a,b) =
dim Ms(a,b). We can use the perturbed Atiyah-Hitchin-Singer complex

0 da 1 DPa 2
(5-2) Q1z-|—1,0 - Qe,o - Qe—1,0-

(definitions of operators and spaces are in §3), to calculate the dimension

as
KerDy

ImdA )

dim M(a,b) = dim

Since a € Fly, it follows that d4 is injective. By Lemma 3.9, D4 is
surjective. Hence dim Mj(a,b) is equal to the index of the complex
(5.2). We put

(Da,dy) : Q%,O - Qg,o D> Q2—1,0~

Then we have:
dim Mg(a, b) = Index(D4, d%).

We identify 2} and Q2 & Q9 to Ls® LY s as in §3. For a € Ay(M),
define

D : Li(M, (AN @ A?) @ su(2)) — Li(M, (A' @ A?) ® su(2))

Dq(u, p) = (*¢dau — Hessq u + do, du).
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Then when ¢ — oo the operator (Dy4, d%) is asymptotic to -—% + Dy and

when ¢t — —o0 it is asymptotic to —(% + D,. Since a,b € Fly it follows
that
do : L*(M, su(2)) — L*(M,A' ® su(2))

is injective. Hence by (2.8.2), D, and D, are invertible. Therefore
by Theorem 4.3, (Da,d}) is Fredholm for each A € By s(a,b). Since
By s(a,b) is connected, it follows that its index is independent of A.
Therefore, we can use Theorem 4.4 to show

Index(Dc, di) = Index(D 4, d%) + Index(Dp, dy),

for A € Ms(a,b), B € Ms(b,c), C € Ms(a,c), a,b,c € Fly. In the case
when b is reduced, way we can prove

Index(Dc, esdie; ') =Index(Da, esdiye; ) + Index(Dp, esdje; )
— dim Gb,

in a similar way, for 6 > 0. Therefore the theorem follows by putting
p(a) = Index(Da, esdye; ') — 3,
for an element [A] € Bys(1,a).

Next we study the neighborhood of a reducible connection
A € Mg(a,b). There are two cases:

- Casel. dim G, =dim Gy =3, G4 = U(1).
CaseIl. dimG, =dimG, =1, G4 = U(1).

In case I, there exists ¢ : Tor H;(M,Z) — {£1} C U(1) such that
a,b € RF,. (See §2.) Then we can renumber the loops £, - -, £, which
we choose at the beginning of §2, such that

a)=1<=i<p
b)) =1<=i<p+k.

(At this point, it is not yet clear that & > 0.)

Replacing the element b by a gauge equivalent one, we may assume
that there exists a; € Ag(M) such that d + A = d + a;. (Namely A
has no dt component.) The group U(1l) = G4 acts on the complex
(Da,esdle; ). It follows that its index is a U(1) module.
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Lemma 5.3.

CH1IgRF1 if 6§>0
Index(Da, esdiye; t) ~
(Daeadies”) {Ck“leaRk‘l if §<0.

Proof. We replace the complex (D4, d%) by (Da,1+e€, d%+¢€), where

ou
Dai(u, ) = T *ola, U+ da, p.
Put
Index(Da ;1 +¢,d% +¢) = C* @ R*2.

The trivial su(2) bundle together with (nontrivial) connection d + a; on
M x R splits into a real line bundle £L® and a complex line bundle £,
since d+-a; is reducible. Note that the image of holonomy representation
of a and b is contained in {£1}, the center of SU(2). Therefore the line
bundles together with their connections, have canonical trivializations

on their ends. Hence we can apply Corollary 4.7 to obtain bundles ZR
and £ on M x S* such that

k; = dimg Index ((P_dA, d) ® ZC)

ky = dimg Index ((P_dA, 43 ® ZR) .

Here

L8 44 AN M x SYR LS S A2 (M x §1) 9 L,

and similarly for . Therefore, as in Atiyah-Hichin-Singer [AHS], we
have

_ p (M x SY) Lo, (L) A ED)
b= f () (1020 )

3 2
=0,
since
_C Ptk
ML= (B[S
i=p+1

Similarly k2 = 0.
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Next we compare the index of (Da1 + €,d% + €) to one of

(D A,egdj;eb-_l). For this purpose, we use the notion of spectral flow
due to Atiyah-Patodi-Singer [APS]. Put

Dat,l(uv 90) = (*Udatu + dat(P’ d:,tgo)'

The spectral flow of the operator Dg, 1 + € gives the index of (D4 +
€,d* +¢€). The operator D, ; has zero as eigenvalue. The eigenspace is
identified to (C®R)%+! ~ (Ho(M;R) ® H;(M;R)) ® su(2). Replacing
D4 by D4 + € is equivalent to push these eigenvalues a bit to positive
direction. Next we examine the effect of the perturbation. We put

Dg, 2(u, @) = (*sdq,u — Hess,, f(u) + da, ¢, d;t(p).
We take the basis (z1,- -, zq,t1, -+, tq) of Hi(M;R) ® su(2) such that

z; and t; correspond to £. Then, by (2.5) and our choice of a and b,
replacement of Dg, 1 by D,, 2 is equivalent to push the zero eigenvalues

corresponding zi,---,2, and t;,---,t, a bit to positive direction and
the others to negative direction while ¢ — —oo, and to push the zero
eigenvalue corresponding to z1, - - -, 2Zp4x and t1, - - -, tp4 & a bit to positive

direction and the others to negative direction while ¢ — oco. It follows
from ki = k2 = 0 that the index of the spectral flow D,, o is Ck @ RF.

Finally we examine the effect replacing Dq, by (Dq,,esdie; ). If
§ > 0, this is equivalent to push the zero eigenvalues in Ho(M;R)Qsu(2)
to positive direction while £ — oo and push them to negative direction
while t — —oco. If § < 0 this is equivalent to the perturbation to the
opposite direction. Lemma 5.3 follows.

Lemma 5.3 implies £ > 0. Using Lemma 5.3, we have a description
of the moduli space in a neighborhood of reducible connections. First
let k=1, 6 > 0. The group SU(2) x SU(2) x R acts on Ms(a,b). Here
SU(2) x SU(2) ~ G, x Gy acts on Mgs(a,b) by Lemma 3.4, and the
action of R is induced by its action on M x R. Since G4 = U(1) there
exists an embedding

SU(2) x SU(2)
——t < xR — Ms(a,b).
U (1) - 5((1 )
By Lemma 5.3, this map is a diffeomorphism onto a connected compo-
nent containing [A]. It follows that all the connections on this component
is reducible. In the case k > 2 we can use a similar argument. Summing
up we obtain
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Theorem 5.4. Suppose dimG, =dim Gy =3, dimG4 =1, [4] €
Ms(a,b), 6 > 0. Then u(a) = 3k + u(b) for some k < d and that there
erists a diffeomorphism from

SU(2) x Ck—1 x SU(2)

T x RF

onto a neighborhood of the G, x Gy xR orbit of [A]. The diffeomorphism
s compatible with G, X Gy x R ~ SU(2) x SU(2) x R action.

Remark 5.5. In case k = 1 the formula (5.1) does not hold for this
component. This is similar to the fact that the virtual dimension of the
trivial connection on S3 is —3. In case k > 1 the neighborhood of [A]
in M(a,b) is diffeomorphic to the product of CCP*~! x R*. Here C
means the cone. (Compare [D1].)

By a similar but simpler argument we can examine the case when
Go = U(1) and obtain:

Theorem 5.6. Let G, = G, = G4 = U(1), A € Ms(a,b) and
6 > 0. Then p(a) = p(b) +k for some k < d. All the connections
contained in the connected component of Ms(a,b) containing [A] are
reducible.

Remark 5.7. We used the above index calculation in the proof of
Sublemma 3.10. The fact we used there is that the C-part of the index
is always of nonnegative dimension.

If we use different perturbation from one we gave in §§2,3, (for ex-
ample if we change the sign in Formula (2.16) from point to point) then
the above fact is no longer true. As the consequence, Lemma 3.9 does
not necessary hold in that case, and we have an obstruction in second
homology of Atiyah-Hitchin-Singer complex.

Finally we remark:

Lemma 5.8. Let{al,[b] € Fl, b= g*a, where g : M — SU(2) and
degg = k. Then, ‘
p(b) = 8k + p(a).

For the proof see [F].

§6. Orientation of moduli space

Lemma 6.1. Mg(a,b) is orientable.



Floer Homology for Oriented 3-Manifolds 29

Proof. Let DET (a,b) = DET (Da,esde;") be the determinant
bundle of the Atiyah-Hitchin-Singer complex (5.2). We can extend
DET (a,b) to a real line bundle on Bys(a,b). On Msg(a,b), the bun-
dle DET (a,b) is isomorphic to the bundle of dim Mg(a, b)-forms. Hence
it suffices to show :

Lemma 6.2. The bundle DET (a,b) on By s(a,b) is trivial.

Proof. Since My g(a,b) is not simply connected, the argument in
[D1],[F], can not be applied directly to our situation. Instead we shall
proceed as follows. Since 3-dimensional oriented cobordism group is
trivial, we can find oriented manifolds X 4 such that X, = M, 90X _ =
M~ , where M~ is the manifold M with opposite orientation. Let W
be a closed oriented 4-manifold obtained by patching X, and X_ along
M. Take trivial SU(2) bundles on them. Let A,(W) be the set of all L2
connection on W, and G,(W) be the group of transformations. We put
By(W) = Ag(W)/Gey1(W). Put a metric on Xy = X4 — X4, such
that Xy — K is isometric to M x (0, 00) for some compact subset K .
Let es be a function on X4 such that es(x,t) = e Il outside K. For
a € Fl choose a connection d+ A® on X4 such that A* = a outside K.
Put

u is a locally L7 section
of A' ® su(2)

Ul
Z/ es|VFu| < oo
k=0 X%

A@g(Xi,a) = {d +A+u|ue L%,(g(Xi,/\l ® su(2))}

Lj 5(Xx, N ® su(2)) =

Define G 5 as in §2. Put

Bus(Xs,a) = Aps(Xg,a)/Goy s(Xx).

Let DET 1 (a) be the determinant bundle of Atiyah-Hitchin-Singer com-
plex on By s(X4,a). First we shall prove that DET 4 (a) is trivial. For
simplicity, we assume that a € Flg. It suffices to show that DET 4 (a) is
trivial on each compact subset L of Bys(X+,a). We define a map Pat :
Ly x L_ — By s(W) as follows. Define a Riemannian manifold X (T') by
patching X, and X_ along M as in Situation 4.3. Then M x [0,2T] is
embedded in X (7). Choose a C* function x : [-1,1] — [0, 1] by

(t)— 0 if t<-1
X010 t> 1
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For [d+ A] € L, [d + B] € L_ define Pat([A], [B]) by

Pat([A], [B])(2) = A(z) if ze€ Xy — M x (0,00)
Pat([4], [B])(z,t) = (1 - X (t—;l)> Az, t) + x (t;TT—) B(z,t)
Pat([A], [B])(z) = B(z) if z€ X_— M x (0,00)

Let DET x(ry — By(X(T)) be the determinant bundle of the Atiyah-
Hitchin-Singer complex on X (T'). By Theorem 4.9, we have

Pat*(DET x(T)) ~ DET 4 (a) ® DET —(a).

For sufficiently large T. By [D3], DET x(r) is trivial. It follows that
DET +(a) is trivial.

Next, Let L C Bgs(a,b), L' C By s(X™T,a) be compact subsets. In a
similar way, we define a map Pat : L x L’ — By s(X*,b). By Theorem
4.9, we have

Pat*(DET 4+ (b)) =~ DET (a,b) @ DET 4 (a).

Therefore the trivializations of DET 4 (a) and DET 1 (b) induces a triv-
ialization of DET (a,b), if a,b € Fly. The case when a and/or b are
reducible can be proved in a similar way, by using a perturbation of
the complex around the boundaries. The proof of Lemma 6.2 is now
complete.

§7. Partial compactification of moduli space

Let M}(a,b), M (a, b) be the quotients of Ms(a,b) and M(a,b) by
the R-action. The proof of the theorems in §1 is based on the following

Theorems 7.1 and 7.3 on the structure of the ends of ﬂ'(a, b). Hereafter
we fix sufficiently small positive number 6 and write M(a,b) e.t.c. in
place of M(a,b).

Theorem 7.1. For a,b € Fl, let C_./W,(a, b) be the disjoint union
of

k-1
T/i,(a, CO) X Hﬂ,(ci,@-{—l) X ﬂ,(ckab)v
i=0
for co,---,ex € Fl, with p(a) > p(co) > -+ > p(ek) > p(b). Put
m= dimﬂl(a, b).
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Then we can define a smooth structure on C./\_/l-l(a, b) such that the
following holds. -

(111) If

k-1
x € ﬂ/(a,co) X H ﬂ,(ci,Ci_‘,.l) X ml(ck,b),

=0

with G., = {£1}. Then a neighborhood of x in C_/W/(a, b) is diffeomor-
phic to [0,00)k*+! x Rm~—k—1,
(7.1.2)  Ifz = ([A],[B]) € M (a,c) x M (c,b), with G, = U(1), G4 =
Gp = {£1}. Then a neighborhood of x is diffeomorphic to R™.
(71.3)  Ifz = ([A],[B]) € M (a,c) x M (c,b), with G, = SU(2),
G4 = Gg = {*1}. Then a neighborhood of = is diffeomorphic to

CZ

— xR™4

Z;
(7.14)  Ifz = (A,B,C) € M (a,c1) x M (c1,¢3) x M (ca,b), with
G, =G, =8U(2), Gp=U(1), G4 = Gc = {%1}, 3k = p(cr)—p(cr).
Then a neighborhood of x is diffeomorphic to

SO(3) x CF1 x SO(3)
(%

% (0,00]2) / N) % Rm—2k—5,
where ~ is defined by

([glyzag2]a (OO,t)) ~ [91972792]7 (OO,t))

([gla Z’QZL (t, OO)) ~ [glv 27992]7 (ta OO))
(7.1.5)  Ifz = ([A],[B],[C]) € M (a,c1) x M (c1, c2) x M (ca, b), with
Ge, =G, =Gp=U(1), G4 = G¢c = {£1}. Then a neighborhood of

1s diffeomorphic to R™.
(7.1.6) Let A € Ry. Then the set

M (a,b;A) = {[A] € M (a,b) | sup |F4| < A}
is relatively compact in Cﬂl(a, b).
(7.1.7)  The orientations of M (ci,ciy1) are compatible in CM (a,b).

Remark 7.2. (7.1.1) ... (7.1.5) above do not cover all the possible
cases. The general case is the combination of them and the reader can
easily supply it.
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Next we construct the bundles in §1. Choose a set of loops
{71, *,7va} representing a basis of H{(M;Z). Put £; = v, xR C M xR.
The surface ¥; has a canonical spin structure. For A € A, s(a,b), we let

b To(B4, su(2) ® C) — To(Zi, su(2) ® C)

be the Dirac operator twisted by the connection A. For each a,b € Fl,
8% + € is a Fredholm operator. (We add e since 3% is not Fredholm when
a or b is reducible.) Then we obtain a complex line bundle

Ei(a, b) i Bg,g (a, b)

by

top top

Li(a,b)l 4 = /\ (Ker(@ +¢))" ® /\ Coker(d +¢).

(Note the action of G, s is free on Ay s(a,b)). The action of G, x Gy
on By s(a,b) is lifted to this line bundle. The group {1} acts trivially
on By s(a,b). The lift of the action of {1} to £;(a,b) is not necessary
trivial. (Compare [D2], where the similar action is trivial because the
numerical index of the Dirac operator on a closed surface is zero.) Then
we consider the tensor product £;(a,b) ® £;{a,b). It induces a complex

line bundle_zgz)(a, b) on M, (a,b), the set of irreducible connections in

M/(a, b). (If we want to “define” the first Chern class ¢! (L;(a, b)) itself,
we have to invert 2.)

Theorem 7.3. Collection of line bundles

k-1
£ (a,00)® - ® LD (e, b) — M.(a,0) x [] Miles, ei1) x Mi(ex, b),
=0

can be patched together to give a complez line bundle on Cﬂi(a, b).

Here and hereafter M, stands for the set of irreducible connections.
We can not extend the line bundle to the neighborhood of the connec-
tions described in Theorems 5.4 and 5.6. This is the reason why Theorem
1.10 does not hold for s > 2 when H;(M;Z) is torsion free and s > 0
when H'(M;Z) has a torsion. (We shall explain this point a bit more
detail in §12.) '

The proofs of Theorems 7.1 and 7.3 occupy §§7-11. We include the
analysis of the structure of moduli space and the line bundle on it in
the neighborhood of the connection described in Theorems 5.4 and 5.6,
though the author does not know how to use it to deduce a topological
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information. In order to explain the outline of the proofs of Theorems
7.1 and 7.3, we introduce the following notion. (Compare Donaldson
[D2].)

Definition 7.4. Let Ko C M (a,co), -+, Ki C M (ck,b) be com-
pact subsets and €,T,C > 0. We say that [A] € H,(a, b) is a standard
model of type (Ko,---,K,T,¢€,C), if there exist [4;] € Ki, Siz1 >
T + S,, and [A’] = [A], with the following property.

Let I, : M x[-T,T] — M xR be the embedding defined by I;(z,t) =
(xz,t+S;). Then we have

(7.4.1) |15 (A) — Aillce(z,t) <,
(7.4.2) |A" — ;| ce(z, 1) <
Cexp{—min{|S; + T/2 —¢|,|Si+1 — T/2 — t|}/C},

ifte [Sl +T/2, Siy1 — T/2]

S,'_l sz' Si+1
-
T T T
R
Figure 3.

The proof of Theorem 7.1 is based on the following two Theorems
7.5 and 7.6.

Theorem 7.5. There exists C such that, for each T, A, e > 0, we
can find a compact subset Kop of M(a,b) for each a,b € Fl, with the
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following property. If [A] € M(a,b), sup|F4| < A, and if [A] ¢ Kap,
then there exist co,- -, ¢ € Fl such that [A] is a standard model of type
(Ka,coa ) ch,b7 Ta €, C)

Theorem 7.6. For each compact set Ko C H’(a,co),'n,K,c

C m’(ck,b) and C, there erist ¢ = €(Ko,--,K;,C) and T =
T(Ky,---, Ky, C), such that the set of elements of M’(a,b) which is
a standard form of type (Ko, - -, Kg,€,T,C) is parametrized by

% % % k+1
Ko XGco K1 XGcl "-XGCk KkX(T,OO) .

Here K; C M'(¢c;_1,¢;) is the lift of K.

Here KX g, K1 is the quotient of Kox K; by the action g([A], [B]) =
([Alg™1, g[B]) of Go. The proof of Theorem 7.6 is in §8. For the proof of
Theorem 7.1, we need a bit more complicated version of Theorem 7.5.

Theorem 7.5'. For each A > 0 we can find K, C M(a,b) and
Cy, such that the conclusion of Theorem 7.5 holds for

€k = e(Ka,Co7 Tty ch,by Ck),
Tk = T(Ka,coa R ch,ba Ck‘)

where €(---), T(---), and C(---) are as in Theorem 7.6.

The proof of Theorem 7.5 is in §9. Now we are ready to explain
the outline of the proof of Theorem 7.1. Let a,b € Fly. Choose K
for p(a) > p(c) > p(c’) > p(b), as in Theorem 7.5". For ¢ = (co, " -+, ck),
Let €(¢) and T'(c) be the number in Theorem 7.6. Define an equivalence
relation ~ on

Ka,co Xoeee X I?Ck,b X (T(c)7oolk+l

by
(a: ez to. .t )N(a: R Y I et T )
0, sy Lk+1, L0, s Uk+1 0, y Lig,9g i+1, sy Uk+1
for each tg, -, tgx11
(xO""axk—}-latO,"'7tk+1)N(an’"7xig7$i+la"'3tk‘+1)
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Put

F(e) = Koo x oo x Koy x (T(0), 001

~

X () = G\ X(c)/Go,

)~(°(c) _ Koy X +o0 X I?c,c,b X (T(c),oo)’”’l’

~

X(c) = G\X°(c) /G-

By Theorem 7.6, we have a diffeomorphism
®: X(c) — —/\Z/(a, b).
to its image. If ¢/ C ¢, we have, by Theorem 7.6,
B X(€) = Ga\M'(a,ch) X, - Xa,, M (c4,b)/Gp x [T, 00]F 1.
0 1’4

We put
o]
Ue,d') = {z € X(¢) | @, (2) € X(¢)}.

If /@, = . is true, then we are able to use these maps to define the
smooth structure on CM/(a,b). But the above equality does not exactly
hold but holds modulo some small difference. Hence we have to perturb
them. The argument needed for it is in §10, where we define the notion
of local action and construct it on the end of M’(a,b). To extend line

bundle we use an argument similar to the proof of the theorems in §4
and a lift of the local action to the line bundle.

§88. Taubes construction

We prove Theorem 7.6 in this section. Theorem 7.6 corresponds
Donaldson [D2] §4. There Donaldson used the “alternating method”.
His method might work in our situation, where we have to deal with var-
ious types of reducible connections. But, since the organization needed
for alternating method is a bit complicated, we use here more direct
argument. (Maybe this is one Donaldson suggested in [D2] p 302.)

For simplicity of notation, we shall prove a special (but the most
difficult) case. Let a,c1,c2,b € Fl such that G, = G, = {£1}, G, =
G, = SU(2), u(c1) = p(cz) + 3, and K € M(cy,¢;) be a component
consisting of reducible connections. (We have, by Theorem 5.4,

SUR) x SU() |

K~ 710
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Let K7 C —M/(a,cl), K, C M'(cz,b) be compact subsets and K; C
M'(a,cy), K3 C M'(cy,b) be their lifts. We shall construct a diffeomor-
phism ®x x, x, : K1 X G, K Xa., Ky x [T, 00)2 x R — M(a,b), whose
image contains all standard model of type (K1, K, K2,T,¢,C).

Choose a finite open covering

Ulu---uUg D K,
UlU---UU% D Ky,

and sections 5 : U! — K;. Let s : Uj — Ags(a,cr), s7: U7 —

Ay s(ca,b) be their lifts. Choose also an open covering
ViU---UVy = SU(2),
such that Vj is contractible. We have maps

Ji Ve x R — SU(2)
J2 Vi x R — SU(2)

such that

(g,t) =1 if t<-1
(g,t) =g if t>0
(g t)y=1 if t>1
(g,t) =g if t<O.

Let d+af € Ags(c1,cz) be a representative of G, \K/G., = one point.
Choose a nonincreasing smooth function x : R — [0, 1] such that

X(t):{l if t<0

0 if t>1.
Now, we define a map
d : U}, X Viy X Viy x U3, % [T,00) x R — Ags(a,b),

’
J1,J2,k1,k2
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as follows. Let A; = s% ([Ai]), Si € [T,00), S € R, g; € Vi,. Then

&;‘Ijl,jz,kl,kz ([Al]a 91,92, [A2]: Sla 523 S)
= (Ji, (91,°)" A1) (z,t — 5) for t<S+51/3

_ (t—S—5/3\ .
=X ( 31/3 >glA1(Zl3,t S)

N

for te[s+51/3,5+251/3]
=a?_s_sl for te[S+2Sl/3,S+Sl+Sg/3]
L [t=5-8-5/3) 4
=X ( 52/3 ) a’t—Sl—S

t—S—Sl—Sg/3))

(1= *Agy(z,t—S— S — S

( X( 573 95 Aa( 1— S2)

for te[S’+S’1+Sz/3,S+Sl+2S2/3]
= (ng(gz,‘)*Az)(S,t -5 -5 — Sz) for t>85485+ 252/3

Here J; (g, ) is regarded as a map M x R — SU(2) and a gauge trans-
formation.

c3 = gice

Je, (g1, ) * A Jiy(g2,)* Ag

S
S

L

U =]

25 s
S+—3—‘ s+sl+§2 . S+81+8,
s Vo
s+3 S+58 S5+ 2
3 R
Figure 4

We remark that, by the compactness of Kj, we have a constant C.
such that

- a et/
51) {|<d+A1) (d+a)| < Ce"°,

|(d+ Ay) = (d+¢1)] < Ce™¥/C,
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for A; € K;. (Compare the decay estimate in next section.) A similar
estimate holds for K and K. Using (8.1) we can prove the following:
Lemma 8.2. If
1 1

[A2] € U;, NUZ,

g1 € Vkl N VkIZ,

g2 € Vi, N Vléz,

then there exists a gauge transformation ¢, such that

T, s krka ([A1], 01, 92, [A2], 1, 8, S)(t, 7) =
égi,jé,kg,k;([Al]vglag% [Az]a 51, 52, S)(tﬂ :l?),

ift ¢ [S+5’1/3,S+251/3] U [S+Sl +Sg/3,S+Sl +252/3], and

g™ gl,jZ,kl,kg - q);{,jé,k{,k§| < e(S1, S2).

Here and hereafter, we put

e(51, S2) = C exp(— min{S1, S2}/C).

Choose an embedding U(1) C SU(2) such that af is invariant by
the image. By Lemma 8.2 and the construction, we can apply the par-
tition of unity associated to the coverings {U}} and {U?} to prove the

following:
Lemma 8.3. There exists
ig'l,jz,khkz :Uj, X Vi, X Vi, x U, % [T,00)* x R — Ay 5(a,b),

such that

(83.1) 1D, ok ks = Ry o er | < €(S1, 82),

(8.3.2) the maps 5;.’1’]'27,61’,@2 can be patched together to give a map

~ SU(2) x SU(2 ~
/K1,K7K2 1 Ky XsU(2) %—) XsU(2) Ky x [T’ 00)2 X R

— By s(a,b).

By (8.1) we have:
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Lemma 8.4. Let [A] € Im @Y, x i, then

|FA +%,F* — grad,, f A dt — %, grad,, flz < e(S1,52).

We put
ule,sy,85,5 = lulrz(mxr) + U1 (mrxs,5+85:+8,)-
Then we have also

Lemma 8.4'. Let [A] € Im @ r g, then
|FA +%,F* — grad,, f Adt — %, grad,, fle.s, s,s < e(S1,S2).
We shall apply Taubes’ method as in [FU], to deform ®% g ., to

a map to M(a,b). For this purpose, the following estimate is essential.

Lemma 8.5. There exists A\ > 0 independent of S; such that if
AeIm®y ki, u € R we have

£ 3
|'DA'DA’IL|L§_2 > )\IulL%.
This lemma is an immediate consequence of Lemma 3.9 and Remark

4.6. Furthermore since a — grad, f is a C? map with respect to the L3
norm for large /¢, it follows that

grad,, ., f = grad,, f + (Hessq, f)(u:) + E(a,u)
with
|B(a,0)] 1 < Clul?
|E(a,w)le,s,5:,5 < Cluli s, s,.5-
Hence we can apply the argument of [FU] pp.132-139, and obtain

Lemma 8.6. There exists Ty, and @, j, k1 ks Uj, X Vi, X Vi, X
U?, x [Tp,00) x R — M(a,b) such that

(86.1) @, s ki ,ke can be patched together to give a map

~ SU(2) x SU(2 ~
Pk, K.K2 + K1 XsU(2) —()LWQ Xsu(z) K2 x [T,00)* xR

— M(a,b).
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Dy ki < e(S1,52).

(8.6.2) ®
C1,4,581,82,8

" .
J1,dz2.k1,k2

The definition of the norm in (8.6.2) is as follows. U jll X Vi, X Vi X
U?, x [To,00) x R has a natural Riemannian metric. We define a norm
on Aygs(a,b) by using (4, Si,S2,5)-norm. Then the norm in (8.6.2) is
the C'-norm with respect to this metric and norm.

Note that the linear equation solved in [FU] pp.132-139 is gauge
invariant. (8.6.1) follows from this fact.

We shall prove that the map ®x, x k, is an immersion, surjective
to the set of standard model, and that injective.

Let g1,92 € Vi, Va,, and II C Ty, 4,)(Vi,, Vi,) be an orthonormal
complement of Ty, 0.)(U(1) - (g1, 92))-

Lemma 8.7. There exists C independent of Sy, Se such that, for
each v € Il we have:

|

jla]’kalykZ*(v)IE’Slsz’S > Clo|,

for sufficiently large S;. Here we choose [A;] € U;-'i, S;,S and regard

Ic T([A1]791y92y[A2],51,52,5)(Uj11 X Vi, X Vi, X Uj22 x {T’ 00)2 x R)

Remark 8.8. The lemma does not hold if we replace the ||¢,s,,s,,5-
norm by Lf—norm, since ¢y and ¢y are reducible.

Proof. For simplicity, we put g; = go = 1. Set
A=) . o ([A1],1,1,[A42], 51, 52, 5)
v = (U1,72) € su(2) @ su(2).
Define v; : R — su(2), by
n(t) = T, (1+ 1)
ds ™ s=0
Then by definition

(d*rvy)(z,t — S)

B for t< S
(89) <I>;-17j2’k17k2*(v1,v2) = (dAZ'UQ)(:L',t_S] — S5 —S)
for t>S+Sl +SQ

0 otherwise.

Let the differential form in the above formula be denoted by w. Lemma
8.7 is a consequence of the following;:
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Lemma 8.10. There exists C such that
|w — dAu|e,sl,52,s > C(|v1]| + |v2])

for each u € 924—1 and sufficiently large S;.
(In the statement we omit &, since a and b are irreducible.)

Proof. We prove by construction. Then we assume that we have
vP € su(2) with |77| = 1, and SP* — oo, [AP],u™ such that

lim ‘w" — dA =
£,87,82,8

n—0o0

Since [A7?] and U7 move on compact sets, we may assume that they are
independent of n. Hence we have

St — o0

w® — d4 ™ — 0.

£,87,80,8

Here w™ is as in (8.9) with S; = S?, and

A" = ‘I);'l»jz,khkz([Al]’ 1,1, [A2]’ ST, S;, S)'

(Since everything is invariant by the R action, we may assume that S
is independent of n.) By construction, there exists a independent of n
such that

(8.11)
d+ A" —d| v < Ce PW/C it teS+0,[S+ 85" —a
C 1

d+ A" —d|pw < Ce™P2W/C if tc[S+ 87 +a,S+ ST+ S5 — a,
c 1 2
where

B1(t) =d(t,0]S + a, S + ST — o)
Ba2(t) = d(t,0[S + ST + o, S + ST + 53 — a]).
Hence, by (8.9), we have, for each o’ > «, that

n -a'/C
|du |Le}(s+a'.s+8f+s;—a/) <én+Ce )
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where €, — 0. Therefore there exists s7, sy € su(2) such that

[u™ — 87| ger (z,1) < Cep, + Ce™PrO/C
if te[S+d,5+S7—d]
[u” — 52| e (z,t) < Cep + CeP2(W/C
if te[S+S57+d,5+S7+57—<].
(This is the step we can not work with L? norm.)

Then patching u with s7 and s§, we have uf,uf,uf € L7 (M x
R, su(2)) such that

(8.12.1) |d* (v1 — ul)|ger < Cen
(8.12.2) |d42 (vy — u})|qer < Cey
(8.12.3) |d%us| oo < Cep

(8.12.4) [ul (t, ) — s|qer < CeH/C
(8.12.5) [uB(t, z) — 85| e < Cet/C
(8.12.6) [ul(t, z) — 85| e < Ce™t/C
(8.12.7) [uB (t, ) — 8| qer < Cet/C

(ul,uf, and u? are constructed from the restrictions of u™ to (—o0, S +
S7/3], [S+ ST 42857 /3,00), [S+257/3,5 + ST + S5 /3], respectively.)

We may assume that lim s} = s; and lim s} = s;. Therefore, by
(8.12.3), (8.12.6),(8.12.7) and the fact G40 = U(1) imply that s; = s €
u(1) C su(2). (u(1) is a Lie algebra of Gqo = U(1).) Hence, using the
fact that (v1,72) is perpendicular to u(1) C su(2) @ su(2), we can find
to such that

(8.13) vy — ul|(z, t0) > C

or
|’U2 — ug|(a:, —to) > C,
for some C independent of n. Suppose, for example (8.13) holds. By
scaling, we can find (u™)" such that
0o > Cy > |(u™)'|(z,t0) > Cy >0

|d% (u™)'| 5o < en — 0.
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Therefore, by taking a subsequence, (u™)’ converges to u’ such that
d41y/ = 0, with respect to the compact uniform topology. This contra-
dicts the irreducibility of A;. The proof of Lemma 8.10 is now complete.

An estimate similar to Lemma 8.7 for TK; direction and [T, 00)?x R
direction is easier. Then, combined with (8.6.2), they imply:

Lemma 8.14. IfV s a tangent vector of

~ SU(2) x SU(2 ~
K1 Xsy(z) —%m—(—) X su(2) Kz x [T,00)* xR,

at ([A1], 91, 92, [A2], S1, 52, S), then we have

|<DK17K,K2,*(V)|E,51,52,S > ClVl

Lemma 8.14 implies that ®k, i k, is of maximal rank.
Remark 8.15. By Holder’s inequality, we have
lle,51,82,8 < C(S1+ S22

Hence, Lemma 8.14 implies

|Pr,, i 1o (V)| L2 > 3

It seems that this reflects the fact that the sectional curvature K of
M(a,b) at ®(Ay, g1, 92, Az, S1, 52, S) is estimated as | K| < C(S1+S2)2.

Lemma 8.16. For each C, there exist T,S,e, such that if [A] is a
standard model of type (K1, K, K2, T,¢€,C), then

[4] € Bk, kK, (K1 Xa., K xa,, Kz x [$,00)* x R).

Proof. 'The definition of the standard model implies that there exist
[41],[42],91,92,51,52,S such that
| iz b1 ke (A1), 91,5 92, [A2], 5152, S) — AlL? < e(S1,8).

21,

Here A is a representative of A, and A; € U;;, g; € V;;. Let £:[0,1] —
Ayg 5(a,b) be the straight line connecting them. The length of £ is smaller
than e(S1, S2). By [FU] pp.132-139, we can deform this path to a path ¢/

in M(a,b) connecting @i, iz ks ko ([A1], 91, 92, [A2), S1, S2, S) and A. The
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length of ¢ is also estimated by e(S1, S2). By using Lemma 8.14, we can
lift this path to £: [0,1] — K Xa., K xq,, K2 x [T,00)? x R such that
Z(O) = ([A1], 91, 92, [A2], S1, S2, S). Therefore

Pk, kK, (1)) = [4],
as required.
Finally we shall prove that ®x, x k, is injective.
Lemma 8.17. If
@k, kK, ([A1], 91, 92, [A2],51, 82, S) =
Pk, K K> ([All],g;, gé? [A/2]» Sia éa S,)
then
|Ai — Aile,s,,5,,5 < €(S1,52)
|Si — S,:I < C(Sl,SQ)
IS — Sll < 6(51,52),
and there exists h € SU(2) such that
|hgi — g:l < e(Sl,Sg).

Proof. The proof is similar to the proof of Lemma 8.7. Suppose
Aj e Uy, A} € Uig,, 9; € Vi;, g € Vk;. The proof of the statement on S;

and S is easy, then we assume that S; = 5!, S = 5, for simplicity. By
assumption, there exists a gauge transformation § : M x R — SU(2)
such that

’g\*iil,iz,kl,kz([Al]ygl’g2a[A2]a 51,82,8) =
?{;i'l,ilz,ki,ké([Alng;agéa [ /2]a Sly 527 S)
Then
|§*521,i2,k1,k2 ([A1]7 91,92, [AQ]’ Sl’ Sz’ S)_
O o ke e (A1), 05 95, [45], 51, 2, 8)e,s1,5,5 < €(S1, S2)-

t19%2)

Therefore, we have

dGloe < Ce™P®/C if te[S+a,5+ 5 —qa]
2
T\ CeBWIC i te[S+ S +a,5+8+ 8 —al.
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Here 3; is as in (8.11). Hence we have g9 € SU(2) such that

|G- g% < Ce™PW/C if te[S+a,5+5 —a

G- g3l < Ce™PMW/C if te[S+8+a,S+ 5 +5,—a]
Hence as in the proof of Lemma 8.10, we obtain g; : M x R — SU(2),
1 =1,2,3, such that
(8.18.1)  |(@1Jk,(91,7)) A1 — Ji (91,-)" A2 < e(S1,52)
(8.18.2)  (G2Ji,(92,-)) A2 — JF, (g5, )" Al 2 < (S, S2)
(8183)  [35) — allzz < e(51,52)
and
(8.18.4)  [gi(z,t) — gP|ce < Ce™V/C
(8.18.5)  |Ga(z,t) — g9|ce < Cet/©
(8.18:6)  [g3(m,t) — gyloe < Ce
(8.18.7)  [Gs(z,t) — gllce < O

(8.18.3),(8.18.6),(8.18.7) and G,o0 = U(1) implies that we have h € U(1)
such that

|9 — hl < e(S1, S2).
Hence (8.18.1), (8 18.2),(8.18.4),(8.18.5) and the irreducibility of A;, A}
imply

lg; — hgi| < e(S1,S2)
|Az — A;ng < 6(51, Sz)

The proof of Lemma 8.17 is now complete.

Lemma 8.19. For sufficiently large T', the map ®x, x k, 5 in-
jective.

Proof. Let A;, A}, ¢, 9;, Si, S, S, S’ be as in the proof of Lemma
8.17. Replacing g; by hg;, we may assume that |g; — gz] < e(S1, S2).
Hence we can find a path £ : [0,1] — K XG., K XG., K x [T,00)? x
R connecting ([A1], g1, g2, [A2], S1, 52, S) and (Al,gl,g2,A2,S:'l,S§,S").
The length of £ is smaller than e(S;,S2). We may assume that A; and
A;- are in the same U;i, and that g; and g;- are in the same V. Therefore
the map

=9 U2V, Vi, 0f:[0,1] — M(a,b)
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is well defined. Note £(0) = (1) and the length of ¢ with respect to
the ||¢,5,,5,-norm is smaller than e(S;,Sz). Hence we can find H :

D? — Aps(a,b) such that H|sps = £. By [FU] pp.132-139, we can
deform H to H' : D — Mys(a,b) such that H = H' on 8D?. Since
the diameter of H’(D?) is smaller than e(S;,S;), we can lift H' to
K, Xa,, K XaG., K, x [T, 0)? x R, by Lemma 8.14. We conclude £(0) =
£(1). The proof of Lemma 8.19 is complete.

Thus, we have proved that the set of the standard model of type
(K1, K, Ko, T,€,C) in M'(a,b) is parametrized by

~ SU(2) x SU(2 ~
K1 Xsu(2) —%ﬁ-)—*Q Xsu(2) K2

We divide it by G, x Gp = {1} x {£1} and obtain

~ SO(3) x SO(3 ~
K1 Xsu(2) ()T)() Xsu(2) Ka-

This proves Theorem 7.6, in our case. The proof of the general case is
the same, but the notations will be more complicated.

Remark 8.20. It seems that the proofs of Lemmas 8.17 and
8.19 reflect the fact that the injectivity radius of ﬂ'(a,b) at
Dk, K.k, ([A1], 91, 92, [A2], S1, 52, 5) is larger than C(m)

89. Decay estimate

In this section we shall prove Theorem 7.5’. This theorem corre-
sponds to [FU] §9. There Weitzenbeck formula was used for the proof.
We can not use it here because, in our case, M is not S and because
we perturbed the equation.

Lemma 9.1. There exist e, A and C independent of T such that
if d+ a; is-a su(2) connection on M x [T, T| without dt component,
c € Fl and if

(921) |at - C|L§ <€
Oay
dt
(9.2.3) d*ag =0,

(922) = *aﬁm‘t - gra‘dat f
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then we have
(9.3) lag —c|rz < Ce™ (),
Here Br(t) = inf{T —t,T + t}.

Proof. We put u(t) = a; — c. We have

s Fte®) _grad_ f
= *odcu(t) — Hess, f (u(t)) + E(u(t)),

with
(9.0 B®)] 2 < Clud)l2;,
for sufficiently large £. Decompose u(t) = a(t) + B(t) with

dia(t) =0
B(t) € Imd,

Then we have

(951)  le@)|rz <Ce |Blrz < Ce,

(9.5.2) 8—21(:5—) = *,dca(t) — Hess. f(a(t)) + Ei(a(t), B(t))
(9.5.3) Q% = Ex(a(t), B(1)),

with

(9.6) [Bu(a(®), B0z < € (la)lzz +180)1zz)

We decompose
alt) = ar(t) + a(t),

47

where o, a_ belong to the spaces spanned by positive and negative
eigenspaces of x,d. — Hess, f, respectively. (Note that by Lemma 2.8,
zero is not an eigenvalue of *,d. — Hess, f.) We put g+ (t) = |a+(t)|zz,

h(t) = |B(t)|2- By (9.2.2) and (9.4), we have

| Ex(a(t), B(1)|ze < Clg4(t) +g- () + h(t))™
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Therefore, we have

d
(9.7.1) di: > Agy — Colg_ + h)?,
dg_
(9.7.2) % < —Ag_ + Colgs + h)?,
dh

Hence, by elliptic regularity, it suffices to show the following:

Sublemma 9.8. There exists a constant C and € depending only
on Cy and X and is independent of T such that if g+ ,9— and h be non-
negative functions satisfying (9.7.1)—(9.7.3) and

(9.7.4) lg£(®)] < [h(t)] <e,
(9.7.5) h(0) =0,

then

(9.9) lg= (®)], [R(1)] < Ce™2r®),

Proof. First we replace the assumption (9.7.5) by |h(0)] < 8, and
prove

9= @)1, [R(®)] < O(e 7 1 6).

when 82T < g, €T < po for some py depending only on Cy and A. For
this purpose we prove

(9.10.2n) |h] < Co(e™ + ce— BT @) +6)
(9.11.2n.4) lgx| < Co(e™ + ee~Mr(t) 8)

by an induction on n. (Here n is a half integer.) Assume (9.10.2n). Let
to € [-T,T]. We put

i (1) = e Mg, (2).
Then, by (9.7.1),(9.7.4),(9.10.2n), and (9.11.2n — 1,%), we have:
e MT710) > G, (T)

T
> gy (to) — / Cle=AMt=to)(n=1/2 4 o= 20r(t) 1 6)24y.
to
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(9.11.2n,+) follows. For the proof of (9.11.2n,—), we use g =
e*t=t)g_(t) in a similar way.
It is easy to see that (9.10.2n) and (9.11.2n) imply (9.10.2n+1).
For general T', we proceed as follows. Apply the first step to Ty =
po/€, and 6 = 0. We have h(3Tp/4) < Coe~T0*/%, Then we apply the
first step to g+(t — 3Ty /4), h(t — 3Tp/4) and T = Tp. We obtain

sup  |g+(t)] < Coe™5ToN12
0<t<4Ty/3

sup  |h(t)| < Coe 5ToN12,
0<t<4To/3

if 3Tp/2 < T. And similarly for —475/3 < t < 0. Hence we can apply
the first step to T' = 4T} /3. Iterating this, we obtain the desired result.
The proof of Lemma 9.1 is now complete.

Lemma 9.12. For each 6§, C, there exists € such that if a €
A(M),

| xo F* — grad, flr2 <e
|a|Lf <C,

then there exists c € Fl and g € Gyq such that

lg*a —c|r2 < 6.

Proof. 1If not, there exists a; € Ap(M) and § > 0, such that

(9.13.1) lim | *, F% — grad,, f|;2 =0,
(9.13.2) lail 2 < C,
(9.13.3) lgias —clpz > 6

for each i, g; € Gey1, and ¢ € FIl. (9.13.2) implies that, by taking
a subsequence, a; converges to an element ao of Ag_1s(a,b). Then,
(9.13.1) implies that

%o o — grad, _ flz =0.

Hence there exists g; € Goy1(M) and ¢ € Fl such that g*a,; converges to
cin A;_1(M). By replacing g; if necessary, we may assume that

(9.14) di(gfa; —c) =0.
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(See FU.) By (9.13.1) we have
(9.15) Zl_lglo| g F9% — gradg.,, fle = 0.
By (9.14),(9.15), lim |gfa; — |z =0, and an elliptic estimate, we have
(9.16) lim |gfa; —c|z2z = 0.
i—00 £
(9.16) contradicts (9.13.3).

Using this lemma, we can improve Lemma 9.1 as follows.

Lemma 9.17. There exists Ty,e,\, and C, such that if d + a; be
a su(2)-connection on M x [-T,T)| without dt component, and if

(9.18.1) T>T,
0
(9.18.2) % =%, F" —grad,, f
8045
(9.18.3) TH <
ot Iz

then there exists ¢ € Fl and g € Gor1(M) such that
(919) |g*at - C|L§ < Ce_)\,@T(t)‘

Here g is regarded as a gauge transformation on M x R independent of
the R factor. The constants C,e,\ are independent of T'.

Proof. Let ¢y be the number determined in Lemma 9.1, and S be
a sufficiently large positive number determined later. Put § = ¢y/2S.
Then we obtain € by Lemma 9.12. We may assume that € < 6. By
Lemma 9.12, we obtain ¢ € Fl. Replacing a; by gauge transformation
independent of ¢, we may assume that

(9.20.1) lag —clpz <6
(9.20.2) dX{ap —c) = 0.

By (9.20.1),(9.18.3), and 2Se < €, we can apply Lemma 9.1 to M X
[-S, S], and obtain
lag —clp2 < Ce s (),

Hence by taking S sufficiently large, we have
(9211) |a3s/4—CIL§ < EO/K
(9.21.2) la_3s/4 — c|rz < €o/K.
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Here K is a sufficiently large positive number determined later. There-
fore there exists g € Gpy1(M) such that
lg—1|r2 < Ceo/K

de(9"ass/s —c) =0
|9*a3S/4 - C|L§ < Ce/K.

Here C' depends only on M. Hence we can apply Lemma 9.1 to
g*ayy35/4, on M x [—S, S]. By choosing S sufficiently large, we obtain

lg*a¢ — c|rz < Ceo/K,

for t € [0,45/3], provided 35/2 < T. By taking K sufficiently large, we
have
las —clrz <6,

for t € [0,45/3]. By using (9.21.2) we have the same estimate for ¢t €
[-3S5/4,0]. Hence we can apply Lemma 9.1 to M x [—45/3,45/3] if
35/2 < T. Repeating this we obtain the lemma.

Lemma 9.22. There exists § > 0 such that, if [A] € Ms(a,bd)
with p(a) # w(d), and if g*A = d + a;, where d + a; is a connection
without dt factor, then we have

fon
Mxr | dt

Proof. By [F] p122, the integral in the lemma is independent of A
but depends only on a and b. Hence the lemma follows from (2.8.1).

2
dzdt > 6.

Proof of Theorem 7.5'. Fix a,b € Fl. Put ko = p(a) — pu(b). We
shall prove that, for each u(a) > p(c) > p(c’) > u(b) there exists K, o,
such that the conclusion of Theorem 7.5 holds for

6(-Kva,cm Tty ch,b)
2k
T(Ka,coa R ch,b)
2k )

€ =

T =

The proof is by induction on k. The first step is obvious, since ml(c, )
is a finite set if u(c) = p(c’) + 1. Hence it is enough to show the last
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step of the induction. We assume that the last step is false. Then we
have A; € /—\/l—l(a, b), such that

(9.23.1) sup |[F4i| < A,
(9.23.2) [4;] is unbounded in M (a, b),
(9.23.3) non of A; is a standard model.

Let g; be a gauge transform such that g¥ A; = d+at has no dt component.
We have

dal ;
% = *gF'% — grad,: f.
If
da <
67
dt |2

were true for each ¢, then Lemma 9.17 would imply that a} = c for some

c € Fl. It would follow that a = b. This is a contradiction. Hence there
exists t} such that

ajy
K3

dt

e

R

-

Figure 5.

Lemmia 9.24. There exists L independent of i, and there exist T;,
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th, ... 5, such that

(9.24.1) 4 < L,
(9.24.2) lim T; = oo,
[
(9.24.3) Oai|
Bt |,

£

if |t —tl| > T; for each i,
(9.24.4) W —t|>T, ifj+j.

Proof. The existence of the upperbound L of ¢; independent of
i is the essential part of the statement. Hence, if Lemma 9.24 is not
true, then, by taking a subsequence, we may assume that there exist
t}, -, t% € R, T; such that (9.24.2),(9.24.4) and

(9.24.5) lim4; = oo
da;,
(9.24.6) | >e
L2

£

hold. By |as| < A, and by Uhlenbeck’s theorem [FU] p117, we can find
g} € Goy1(M) such that a subsequence of the connection

g* i
b= gia
]

converges to an element d+ a2 of M(c;, c;), for fixed j, (in C? topology
on any compact set.) Here cj,c;s € Fl. By (7.24.6), we have c¢; # cjr.

Hence by Lemma 9.22
L
MxR dt

for each j. Therefore, Fatou’s lemma implies

2
dt >0,

2

tim [ |5
> f:/ i
T o Juxml| dt

Il

0.
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This contradicts the fact that

2

bail” 4

dt

/

is independent of 7 but depends only on a and b. The proof of the lemma
is complete.

By Lemma 9.24 and |F%| < A, we can take a subsequence such

that the following holds : ¢; = £ is independent of ¢ : let a;"j = ai_t,: :

there exists g; ; such that lim; .., gj ;@77 converges to an element a;°”
/!

of M(c},cy) uniformly on every compact set, for some ¢}, cj. If £ =1,

we can easily prove that A; is bounded in M’(a,b). This contradicts
(9.23.2). On the other hand, by induction hypothesis, @; ' is either an
element of Kc;,c;’v or a standard model. Therefore, using Lemma 9.17

and (9.24.3), we can prove that A; is a standard model for large i. This
contradicts (9.23.3). The proof of Theorem 7.5’ is now complete.

§10. Local action on the end of moduli space

Using the results in §§8,9, we obtain charts @, : X (c¢) — M—/(a, b) for
each ¢. As we pointed out in §7 these charts are not compatible. Then
we have to perturb them. Also, in order to extend bundles ng) to the
boundary, we have to examine its behaviour on the image of each chart.
For these purposes, it is useful to use the notion, local action of groups,
which is a generalization of one introduced by Cheeger-Gromov [CG].
They used the local action to study the end of Riemannian manifolds
with bounded curvature. In their case, a special kind of local action,
F-structure, (that is the local action of Torus,) arises, and the direction
of the orbits is the collapsed one. In our case, the curvature is not
bounded from above. (It might be bounded from below.) Hence the
group acting on the end is not necessary Abelian. (The group SU(2)
arises as well.) However the end is also collapsed and the collapsed
direction is homogeneous. (For example, in the case we studied in §8,
the collapsed direction is parametrized by SO(3) x SO(3)/S!.

Before stating our result we shall discuss examples. First consider
the case, when G, = Gy = {£1}, G, = G = U(1), p(a) > u(c) >
u(c’) > p(b). Choose a compact subset K. of _./W,(c, '), consisting
of irreducible connections. Then, by Theorem 7.6, the intersection of
m/(a7 b) and a neighborhood of K, . X K¢o X Kep in Cﬂ/(a, b) is
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diffeomorphic to
Go\Kae xa, Keo Xa,, Ko /Gy x (T, 0)2.
On this set we can define an action of U(1) x U(1) = G, x G by
(h, B')([z,y, 2], t, 8) = ([zh,y, k' 2], ¢, s).

Note that K, . — K, is a principal U(1) bundle, hence U(1) acts on

I~{a,c. As in §7, we have a map

@(c,cl)’(cl) : Ga\f{'a,c XaG, I?C,c’ XGc’ I?C/,b/Gb X (T, 00)2
— G \M'(a,¢) X, Ko p/Gp x (T, 00)

q)(c,c’),(c) : Ga\ka,c Xa, I?c,c’ X@, I?c’,b/Gb X (T, 00)2
— Go\M'(a,¢) xg, Kop/Gp x (T, 0)

Let Z5, Z; be inverse images of Ga\I?amr xXa, I?C:,b/Gb x (T, 00) and
Go\Ka. Xa. I~{c7b/Gb x (T,00) respectively. (See Figure 6.)
Ga\I?a,C/ Xa, I?c/’b/Gb x (T, 00) has a U(1) action. This action is iden-
tified to the action on the second factor of U(1) x U(1) on Z,. Similarly
the U(1) action of Ga\f(a,c X @, Kep/Gp x (T, 00) is identified to the ac-
tion of the first factor of U(1) x U(1) on Z;. This is exactly the situation
of T-structure defined in [CG].

{1} x U(1)-action

\I’(c,c')(c')(WZ)

U(1) x {1}~action 1)-action

™ (a,c) x m'(c,b) a

‘i’(c,c’)(c)(Wl) ™ (a,¢) x M (c,c) x m'(c,b)

Figure 6
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Next, consider the case, G, = G, = {£1}, G. = SU(2). A neigh-
borhood of K, . X K. in C./_\/i—/(a, b) is diffeomorphic to

Ga\I?a,c XsuU(2) I?c,b/Gb X (T7 OO)

On this set SU(2) does not has a global action, but has a local ac-
tion in the following sense. Consider the principal SU(2) bundle :

Kae — K,./SU(2). Let SU(2) act on itself by conjugation, and
P — I?aﬁ /SU(2) be the associated bundle. P’ has a structure of Lie

group bundle. P’ induces a bundle P — Iz'a,c/Gc X GC\I?C,I,. P has a
fibrewise action to

I?a,c XaG. I?c,b - I%a,c/Gc X Gc\kc,bv

induced from the fibrewise action of P’ to K, a,p from left. (Note SU(2)
act globally on K, from right.) This fibrewise action defines a local
action. If u(c) > p(c’) > p(b), the local action of G, = SU(2) can be
made to be compatible with the local action of G, X G .

Note that this action is not an action of a sheaf of groups in the
sense of [CG], because the fibre bundle P — f{a,c /Ge X GC\I?c,b is not
flat, in general.

Take a principal bundle‘I?cJ, — SU (2)\I~(c,b and construct a Lie
group bundle Q — I?a’c/Gc X GC\I?CJ, in a similar way. @ has also a
fibrewise action on

Ga\f{'a,c XsU(2) I?c,b/Gb X (Tv OO)

This action does not coincide to the action of P. But they have the
same orbits. By convention, we use only the action of P.

Definition 10.1. Let X be a C° manifold. A local action on X
is a collection (U;, G;, ¢; ;) such that

(10.1.1) U; is an open covering of X.

(10.1.2) -: G; x U; — U; is a smooth action of a Lie group G; on U;.
(10.1.3)  U;nUj is G; and G; invariant.

(10.1.4)  Let Em(G;,G,) be the set of all injective homomorphisms.
For i < j, there exists a smooth map ¢; ; : Uigzyj — Em(G;, Gj) such
that

9(x) = ¢i;([z])(9) ()
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holds for each x € U; N Uy, g € G;.

Example 10.2. Let X — N be a principal G bundle. (G acts on
X from right.) Let P = X X,q G. P is a Lie group bundle and has a
fibrewise left action on X. This gives a local action on X.

Example 10.3. Let X °(c) be as in §7. There exists a fibration
XO(C) - Ga\I?a,CO/GcO X oo X G, \I?Cknb/Gb X (T(c), Oo)k+1

the fibre of which is G, X G, X - -+ X G, X Gp. We have a Lie group
bundle

P— Ga\ka,co/Gco XX Gck\f{'ck,b/Gb X (T(C), Oo)k+1

whose fibre is G, X G¢, X+ + X G¢, X Gp. The bundle P has a fibrewise
action to X°(c). This gives a local action on X°(c).

Theorem 10.4. There exist a local action on —M—,(a, b) and maps

T, : X(c) — M (a,b),
Vo :U(e,¢') = X(c),

such that

(10.4.1)  The restriction by ¥, of the local action on X(c) of the local
action coincides to one in Example 10.3.
(104.2) ¥V, =T (The subset U(c,c’) C X(c) is as in §7.)

Theorem 7.1 follows immediately from Theorem 10.4. We have also
(10.5) Iq)c — \IJCKZ) < e(Sl, s ,Sk)

Here ®, is the map constructed in §8, z = ([A44,- -, 4], S1, -+, S%) and
e(S1,-++,Sk) =Y _ Ce™5/C.

To prove Theorem 10.4, we modify the maps ¥, inductively on c.
First we take ¢ which is maximal with respect to the inclusion and put
¥, = &. We do not change ¥, while modifying ® . with ¢/ O ¢. For
simplicity of the notation, we discuss one step of modifications. We
consider the following case. Let p(a) < p(c) < wp(c) < p(b), with
Go, = {£1}, G. = Go = Gp = U(1), and consider the component
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of K. consisting of irreducible connections. Suppose, by induction
hypothesis, we have
‘I/(c,c’) : I?a,c X@G. «[?c,c’ e I?c’,b X (Ta 00)2
— M'(a,b)
\I/(c,c/)’(c) : I?a,c Xa. I?Qc/ XGC, I?C/J, X (T, OO)2
— M (a,c) xg, M'(c,b) x (T, 0)
\’I}(c,c'),(c’) : I?a,c X@Ge I?c,c’ X@G I?c’,b X (T’ 00)2
— M'(a,) xg,, M'(¢,b) x (T, ),

and a local action on the image of ¥ (. ). We shall define ¥ () and ¥,
such that

V) ¥(c,e)(e) = Y(ee)

on
W, = \I}(_c’lc/),(c)(ka,c xa, Kep x [T,00)),
and
YenYiee) ) = Yiee)
on _ _
Wo =Wl o (Kae Xa, Kop x [T, 00)).

(See Figure 6.) By induction hypothesis, ¥(c o) () and ¥(c o, (1) pre-
serves G. X Gp and G- X G} actions respectively. (In this case, those
actions are defined globally since the groups are abelian.) The maps
V() and ¥ () we shall construct must be Gy invariant. Once we obtain
such maps ¥ (. and ¥y we can define a local action on their images
by pushing out one by those maps. These local actions can be patched
together with one on the image of V(. ) by the G. X Gy and G X Gy
invariance of the maps ¥ (. ¢y () and ¥(¢ c) (c)-
We begin the construction of .. We choose an open coverings U jl,
U?, U2, Ug, of I?G,C/Gc, K., GCI\I?c/,b/Gb, Koo' |Ge, respectively.
Let Vi be an open covering of U(1). Take maps J} and J? as in §8.
Choose sections s} : U} — Ag(a,c) and s?,s3.s7. As in §8, define a map
@

J1.92.33,k1,k2

: U;l X Uj22 x U.?s X Vkl X sz X (Tv 00) xR — Al,é(a, b)

by
¢;1,j2,j3,k1,k2([A1]7 [AQ]’ [A3]agla92, S1, S2, S)
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(= (Jg, (g1,) A1)(z,t = F) for t<S+5/3

_ (t—=8-5/3\ ,
—X( 573 )glAl(ac,t S)

t—S—5,/3
1-— — — —
(on () s s
for te€[S+S1/3,8+28,/3]
:AQ(t_S_Sl) for tE[S+2sl/3,S+Sl+Sg/3]

X (t == _55/13_ 52/3> Aalt =5 = 5)

t—8 —S; —55/3
+<1—x( 1 — 52/ ))g;As(w,t—S—sl-Sz)

I

S,/3
for t€[S+S1+52/3,5+ 81 +2S5/3]
\ = (Jlgz(gg, ')*Ag)(s,t -5-5— Sg) for t>854+5;+ 252/3

By perturbing this map as in §8, we obtain a map

.77l 2 3 A
¢j11j2,j3,k1,k2 : Ujl X Uj2 X Ujs X Vk1 X sz X (T,OO) xR — Mg,(s(a,b)

which is a lift of the map ®( .y of Theorem 7.6. By construction in §8,
we have N N
|q)_/7'1,j2,j3,k1,k2 - (I).1'17.7'27j3yk1,k2| < 6(517 52)-
Similarly we have
=1(1
Cb.lig,z'zyh : Ujll X Uj22 X Vkl X (T7 OO) xR — 'AZ(G'? cl)
W Uj x U2 x Vi, x (T,00) x R — Mo(a, '),

J1.dz,k1

such that &'V is a lift of

J1,32,k1

@(C) : Ga\ka,c XGC I?c,c’/Gc/ X (T, OO) xR — ﬂ(a, C’).

Here 52:);2 k, 1s obtained by a similar patching procedure as
<I>_,7'1,j2,j3,k1,k27 and that

& &1

195, 2.k~ Paga k| < €(S1)-

We may assume that for each ji,j2 with

Ga\[’jjll Xa, 6322 Xa I?c’,b X (T,OO)2 C Wy,
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there exists j = j(j1, j2, k1) such that

Im (I)jhj27k1 - U]4
We have maps

D sy Ut x U3, x Viy x (T,00) x R — Ag(a,b)

Jrjzk2 *
8%) | UL x U2 x Vi, x (T,00) x R — My(a,b)

such that ¢>( ) 5 ka is a lift of
Do) Koo X, Ko p/Go x (T,00) x R — M(a,b),

Here <I>( ) 5.kp 1 obtained by a similar patching procedure as @'
and that

J1,J2,53:k1,k2?
’(2) _35@
I JJ3,k2 (I)J Js,kzl < 6(52)'

By construction, we can choose lifts sjl- e.t.c. so that

=/(2 (1
Q.;((j)hj%kl)yjs’kz ((I);(l ,;‘2,191 ([A1], [A2], 91, 1, S), [A3], g2, S2, S/)
= ‘f)gl,jz,ja,kl,kz([z‘lﬂ, [A2], [A3], g1, 92, 51,52, 5").
(Here S” is determined by S,5’,S; and S,.) It follows that
12()R(e,e), () = Pesen)] < €(S1, 52).
Using induction hypothesis (10.5), we obtain

12 ¥(e,e) ) = ¥ieen] < €(S1,52).

Ay
Let \IIJLJz,JsJﬂ,kz and \Iln yJ2,k1

tively. Then we have

be the lifts of ¥, . and ¥ (c, o1y(), T€SPEC-

B0, sabaysonka (Torsiauss (Al [Az], 91, 51, S), [As], 92, 52, 8')

](]1)]2,":1)’]37’92
- E’jl;j2:j3yk1’k2([A1]7 [A2], [A3], 91,92, 51, 52,5")| < e(S1, S2).

Therefore we can define

B jang : Ujl X sz X Uja X Vkl X sz X (T, 00)2 X [Oa 1] - Al(a’ b)/R

51,52,53,k1,k2
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by
é;hjz,js,kl,kz([AlL [A2]’ [AS],91,92, 81, Sa, 5) =
x T, (1
(1) ®§%;1:j2;k1)1j37k2 (‘Il§1?j27k1([A1]’ [A2]’gl’ 51,5), {A3]7g2’ Sz, S,)

+s- qjjhjz,js,kl,kz([Al]’ [A2]’ [A3]791v92a S1, 82, S”)-

Since gauge transformation is an affine map (namely g*(sA+(1—35)B) =
s3g* A+ (1 — 8)g* B holds for each connections A, B and gauge transfor-
mation g), it follows from an argument similar to the proof of Lemma

=/

8.3 that we can perturb Z; . . . . so that it defines a map =
Wi x [0,1] — Bg(a,b), which is Gy invariant. Using Taubes’ method
as in §8, we can perturb this map and obtain & : W; x [0, 1] — Mj(a,b).
This map E is an isotopy between ¥(. .y and @) ¥(c ) (). Take a
small open neighborhood W7 of W; in
M(a,c) xg, M(c,d) xg,, M(c,b) x (T, 00)>.
= can be extend to Wy. Let ¢ : W] — [0,1] be a Gp-invariant function
such that
{ plz)=0 if zedWj, and if U o eny(z) € X
plzy=1 if zeW.
(See Figure 7.) Define ¥y on ¥, oy, ) (W]) by

U (er) (Yo (e (@) = E(z, ().

m'(a,c) x ™ (c,b)

™ (a,¢) x m(e,;0)  pp m{a,¢) x m (¢, ¢) x (¢, b)

Figure 7.
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Since

E(:L‘ O) = ‘P(c/)\lf(c ¢, (c/)(m)
we can extend ¥, by putting ¥(.) = @) outside \I!(c @) (W)

Since
""( Z, )—w(c,c’)( )7

we have W (.U oy ey = Y(eer), on Wi. The inequality (10.5) holds
by construction. Using Lemma 8.14, we can prove that ¥ . is a dif-
feomorphism to its image. Thus the patching argument for the proof of
Theorem 10.2 is completed in our case. The proof of general case is the
same, but the notation will be more complicated.

Remark 10.6. If we can establish rigorously what we suggested in
Remarks 8.15 and 8.20 we might be able to prove Theorem 10.2 using
the center of mass technique in Riemannian geometry. (See [GK].) But
the direct argument we gave above might be simpler.

§11. Extension of the line bundle to the boundary

In this section, we shall prove Theorem 7.3. First we consider the
case when none of ¢; are reducible. We put

k-1
CiM (a,b) = U M (a, co) X H M (ci,cipr) X M (ck, b).
coyrecis G ={E1} i=0

Lemma 11.1. Let ¢ = (cg,* -+, ck), u(a) > u(cg) > -+ > pler) >
u(b), G, = {£1}, and

Vet Kaeo X [ [ Kevverrr X Koy % (T,00)F — M (a,b)

be the map given in §10. Then there exists an isomorphism of line
bundles

I \Ilfﬁgz) (a,b) — Egz)(a, Co)®--® EEZ)(ck, b).

This lemma follows from Theorem 4.9 and the construction of V..
Hereafter we write

£2(e) = £P(a,¢0) @+ @ LD (cx, b).
Similarly, for ¢’ C ¢, we have an isomorphism

00 L) = £8P (c).
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Lemma 11.2. On
Ka,co X HKCivCH—l Ck,b X {(Sl’ 7Sk)}

we have ' _ .
llpc,cr 0 per — el < e(S1,- -+, Sk)-

This lemma follows from the construction of ¢!. By Lemma 11.2,
we can perturb ¢, <pi,c, such that

Pl 0 o = pi
Using these isomorphisms, we can patch the bundles Egz)(c) and obtain

a line bundle over Clﬂl(a, b).
Next we consider the case when some ¢; are reducible. The following
three results are used for this purpose.

Theorem 11.3. The local action on /V/(a, b) constructed in §10,
can be lifted to [,52) (a,b).

Hence, for each ¢, the line bundle \P:‘Ligz)(a, b) on K, c, X Gy " X G,
I?Ck’b x (T, oo)k has a local G4 X G¢, X - -+ X G¢, X G} action. Therefore
we obtain a bundle \Pj£§2)(a, b) on

;cu X H CiyCit1 ck p X (T7 Oo)k'

Here K, ., , denotes the set of reducible connections. As before we put

£2(0) = £ (@,c0) ® - © L (ex,b),
which is a line bundle on
K ., X H CirCig1 K p % (T,Oo)k-
Lemma 11.4. There exist isomorphisms
o UL (a,b) = L7 (c)
el WL (@) = L7(0).

c,c’

Lemma 11.5. On
:Co X H CiyCit1 X K:k,b X {(517”.7319)}
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we have ‘ ‘ .
o, 0 e — pell < e(S1,-+-,Sk)-

Using these results, we can prove Theorem 7.3 in a way similar to
the case when none of ¢; are reducible. The proof of Lemmas 11.4 and
11.5 are similar to one of Lemma 11.1 and 11.2 respectively. In the rest
of this section, we prove Theorem 11.3.

First we lift the action on the image ¥.(X°(c)) C M'(a,b). We
are studying the determinant bundle of the operator 8%, + € defined on
¥ ~ S x R C M x R. On their ends, these operators are asymptotic
to £ + 8% + ¢, for some a € FI. Here the operator & is defined on S.
We choose A\g such that the first eigenvalue of (3¢ + €)* (8% + ¢€) is larger
than )¢ for each a.

For simplicity, we shall consider the case where ¢ = (¢), G, # {£1}.
In this case, ¥, is a perturbation of the map ® defined below. (See §8.)

Choose an open covering

UlU---UUj 2 Kape,
UZU---UUx D Kep,
Viu---UVy =G,

and sections s} : U} — Ags(a,c), 85 : U — Ags(c,b). Let Jp :

Vi x R — G, be a map such that

1 ift< -1
g ift>0

Jr(g,t) = {

Then the map
O UL x Vi x U2 x [T,00) x R — Ag 5(a,b)
is defined by

;i)/ ([Al]vgv [Az],SI,S)

Ji,j2,k

( (Jr(g,")*A1)(z,t = S) ift<S+5/3.

X (t—_—g,—kg/—?’) 6" Ax(z,t — S)

- +(1—x<#—/—3))Az(t—S—S’)

ifS+S5/3<t<S+25/3
Ayt—5—-5) ift>S5+25/3.
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/

i1,ja,k induce a map @ :

Here x is the cut function in §8. The maps &
X°((c)) — By s(a,c). They satisfy

(2 ) — ®)([A1], 9, [A2], S, )|z < Ce=5/€.

Therefore, there exists an isomorphism \Ilz‘c)ﬁgz)(a, b) — @*ZEZ)(a, b).
We shall lift the local action of G, on I?a,c Xa, I?c,b, to a local action
on @*L§2)(a, c).

Replacing U}, and UZ2, by a smaller one if necessary, we can find
positive numbers A;, ;, < Ao, such that the following holds.

(11.6.1)  If [a¢] € U}, then Aj, j, is not an eigenvalue of (3, +€)* (3, +
€) on %;.
(11.6.2)  If[a;] € UZ then );, ;, is not an eigenvalue of (3,,+€)* (31,4 +
€) on %;.

Then, by Remark 4.6, A;, ;, is not an eigenvalue of (34 +¢€)* (94 +¢)
on X;, if

[A] € (U}, x G x U, x (T,00) x R)

for sufficiently large T. Let [4;] € U}

J1?
A= . ([A1],9,[A2], 5, S), we put

[A2] € U2, g € Vi C G, and

L(Alyg)AZ,SI)S)z @ {ul (8A+€)*(8A+€)U=)\u},

’\<)‘7‘1,J'2
L'(A1,9,42,5,8)= O {u|(@a+e)(Ba+e) u=Iu},
)‘<’\1'1-12
L= U L(Alvg7A2aS,aS)a
A1,9,A2,58",8
L' = U L'(Al,g,Az,S',S).
A1797A2as/)s

By (11.6.1) and (11.6.2), the dimensions of L and L’ are constant. By
definition,

Q* ('C’EZ) (a’ b))'([Aﬂ,g,[Az],S’,S)

top top ®2
= (/\ (L(AlagaA2aS/75))*®/\L/(A1>gaA2’S/vS)) .
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Lemma 11.7. Lett € [S+5'/3,5+25'/3], uw€ L(A1,9,42,5,5).
Then
u(z, )| oe < Cem V3o a2 POy

Here B(t) = d(t,9]S + §'/3,8 + 25'/3))

The proof of the lemma is similar to one of Lemma 4.5.
For u € L(A4,9,A42,5,5), g,h € G. with g, hg € V3, we put

L) (u)(t, ) =
Ji(hg,t — 8)Jk(g,t — S) tu(z,t)  ift<S+S/3.

if S+9'/3<t<S5+25/3,

u(z,t) ift >S5 +429/3.

Let Iy(h)(u) is the orthonormal projection of Iy(h)(u) to
L(A1,hg.A2,5,S). Lemma 11.7 implies:

Lemma 11.8.

1T2(h) (u) = Lu(B) (w)l|z2 < Ce™ /€| lul| .

Lemma 11.9. Ifge Vi, hg € Vi, and h'hg € Vy, then

1I2(h' ) (u) = I(R) 2 (R)(w) | 12 < O™/ |Jul| 2.

Next we extend I5 to I5 which is defined also for A such that g € Vj,
and hg ¢ Vi. Note that G, = U(1) or = SU(2). Hence, in fact, we
need only two charts V; and V3 to cover G.. (This fact is not essential
for the proof but we use it to simplify the notation.) Choose gy €
ViNV,. For g € Vi, hg € Vs, we take hq and hy such that hig = go and
hghi = h. Then, for h € L{A1,g, 42,5, 5), the element Iz(h1)(u) €
L(A1, g0, A2,5,9) is well defined. We put

I3(h)(u) = Iz(h2)I2(h1)(w).

Since hy(h1g), h1g € Va, it follows that I5(hs) in the above formula is
well defined. Choose x : G, — [0, 1] such that

1 ingVl—(VlﬂVz).

X(g):{o ifgeVe—(VinVa).
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Put
I (h)(u) ifhge Vi — (ViNVa),

X(hg) T2 (h)(w) + (1 — x(hg))I5(h)(w)
if hg e Vi NVs,
Is(h)(w)  ifhgeVa— (ViNVa).

Ti() =

In the case when g € Va2, we define I?(h) in a similar way. Finally we
put, for u € L(A4,g, As,5’,9)
LR)(w)  ifgeVi-(inVa),
X(9) T3 (R) () + (1 = x(9))IZ (h) (u)
if g€ Vinvs,
IZ(h)(uw) ifgeVa—(VinW,).

Is(h)(u) =

Then I is defined for every h and g and depends smoothly on them. By
perturbing Is a bit we obtain Ig(h) which is a linear isometry

L(Al’ga A27 SI’ S) - L(Ah hga AZ? S,7 S)
By construction, we have
(11.10) | I6(R'R)(u) — Is(h')Is(h)(u)|| 12 < Ce_SI/C”u“Lz.

Next we use the center of mass technique, to perturb Is and obtain
I satisfying I(h)I(h') = I(hh’). Namely we use the following:

Lemma 11.11. For each compact Lie group G and n,e > 0, there
ezxists 6,(G, €) > 0, such that the following holds.

Let w: L — X be a hermitian vector bundle of rank n, G act on X,
and ¢ : G X L — L be a map. Suppose

(11.12.1) m(p(g,v)) = g(m(v)),
(11.12.2) p is a linear isometry on each fibre,
(11123)  |o(o1,2,0) — 9(01(0(g2, )| < 60 (G, ).

Then, there exists a lift of the action of G to L, such that

le(g,v) —g-v| <e

“In the case when X' is a point, Lemma 11.11 means that an almost
homomorphism G — U(n) is approximated by a homomorphism. This
case is proved in [GKR]. The proof of Lemma 11.11 is identical to that
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case and hence is omitted. (See also [BK] p138.) Note that §,(G,€) in
the lemma is independent of X.

Now, using Lemma 11.11, we can perturb Ig to obtain a lift I of
the local action on U x G x UZ x (T,00) x R to the vector bundle
L(Ay,g,A45,5,5) on it. In a similar way, we can lift the action to
L'(Ay,g,A2,5,5). Hence we obtain a lift of the action to the restriction
of B*L) to UL xa, U2 x (Th00) x R = UL x G x UZ x (T, 00) x R.
(Here [7]11 and 17122 are the inverse images of Ujl1 and szz in I?a,c and

K, respectively.) We denote the lift by I;, ;,. By construction, we
have, on (ﬁjll Xa, 17322) N (ﬁ;{ Xa, U]?é) x (T,0) x R,

d(Ljy,3, () Ly . (R)) < Ce~T/C.

Hence using a partition of unity, we can patch them as an almost action.
Therefore, using Lemma 11.11, we obtain a lift of the local action to
&L (a,b).

In order to lift the local action on M(a,b), we have to patch those
lifts we constructed above. By construction, they are compatible mod-
ulo a difference estimated by e(Sy, -, Sg) on -+ x {(S1, -, Sk)} x R.
Hence we can apply a similar patching procedure as above. The proof
of Theorem 11.3 is now complete.

§12. Boundary operators
In this section, we define the boundary operators
d:Cp — C,Q_l
8y : Cf — Ci_s
Oyi vz Cp — Ci_s.

The definition of d is the same as Floer’'s. Let a,b € Fl, with

p(a) = u(b) + 1. Then, /—\/l_/(a, b) consists of finitely many points each
of which is given an orientation + or —. We let (Oa,b) be the number
of the points with + orientation minus the number of points with —

orientation. Put
Ola] = Z(aa, by[b].

Next we define 0,. For a closed loop v on M we obtain a line bundles
L,(YZ)(C, '), over ﬂl(c, c'). We choose sections s.,(c, ') to E,(yz) (e,c), such
that the following holds.
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(12.1.1) For each a,b € FI, the collection of the sections
5’7(a700) - ® S‘Y(ckvb)

to
LP(a,c0) @+ ® LD (ck, b)

can be patched together to give a smooth section on C_./W,(a, b). (We use
the symbol s.,(a, b) also for this extension.)

(12.1.2)  The zeros of s,(c,c’) are transversal and transversal to each
other.

Since we restrict ourselves to the case when s < 3 if Hy(M;Z) is
torsion free, and when s = 0 otherwise, then we need only to study
the case when p(a) < u(b) + 8, H1(M;Z) is torsion free and a and
b are irreducible. In this case, if pu(a) > p(c) > p(d) > p(d), and if
M(a,c) # 0, M(c,b) # 0, then M(c,c’) does not contain a reducible
connection. Also in our case, Lemma 5.8 implies that bubbling off of
instanton does not happen. Hence (7.1.6) implies that the set Cm,(a, b)
is compact. The later fact is not really necessary for the argument. (We
can discuss as in Donaldson [D4], in case when a and b are irreducible.)
However the former point is essential. We discuss it at the end of this
section.

Now, let u(a) = p(b) + 3. Set

S, (a,b) = {a: € CM'(a, b)|s. (a, b)(z) = o} .

Dimension counting, the compactness of C—./T/t—/(a, b) and the transversal-
ity (12.1.2) imply

%, (a,b) N OCM (a,b) = 0
1%, (a,b) < co.
The orientation of m'(a, b) induces an orientation of each point of %;.

We define (8ya,b) by
(0,a,b) = §5..

Here and hereafter f§ stands for the number of points with + orientation
minus the number of points with — as orientation. We set

d,la] = 3(8ya, B)[.

b
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For u(b) = p(a) + 5, and loops 1 and 72, we put
S e (@) = {z € CM (a,b)|5-, (a,b)(x) = s4,(a,b)(z) = 0.},
and define

<8’Yl 2@ b) = uz"/l“rz (a” b)
a’Yl V2 [a’] = Z(aﬂ 2@ b> [b]

b

Now we prove Theorem 1.10. For simplicity, we discuss the case
a = {v}, and prove 8,0 + 89y = 0. Let a,b € Fl with p(a) = p(b) + 4.

The line bundle £{? (a,b) — M (a,b) can be extended to CAM (a,b) by
Theorem 7.3. Since dim I/l—’(a, b) = 3, the set

. (a,b) = {z € CM (a,b)|s,(a,b)(z) = 0}
is one dimensional oriented manifold. And
8%, (a,b) = £, (a,b) N M (a, b).
By transversality and dimension counting we have
8%, (a,b) = {(z,y) € M (a,b) x M (c, b)|

sy(a,c)(x) - sy(c,b)(y) = 0, c is irreducible.}.
= I =@bxMbu
u(c)=pn(b)+1
[ Miacd)xs,(c,b).

w(c)=pn(b)+2
The orientations are also compatible. Therefore we have

> (8ya,¢)(dc,b) + Y (Da, ')y, b) = 0.

c

Hence 0,0 + 84, = 0, as required.
The proof of 8, ,,0 + 9,,0,, + 0,,0,, + 00,, ,, = 0 is similar.

Now put

Cli = @SZHI(M, Z) ® 02—2%
£<s
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and define 3 : C; —C;_,, by

01a®la) = D Vo1 ®Bazal.

alUa?2=a

(Here we fix a basis 71, -+, vq of the first homology group and put

80‘ = Z H Ci:jia7j1 " Yie
Jiyseade 1
if o = (5, Cuplinl -2 Xy, Col)). Eater, in Lemma 12,10, we
shall prove that 0, are additive with respect to v.) Theorem 1.10 implies
88 = 0.
As we pointed out in §1, the boundary operator 3 itself does depend
on the choice of the sections s,(c, ¢’), because the spaces Cﬂl(c, ¢’) have

boundaries. Next we prove that the chain complex (C*, 8) is independent
of the choice of the section.

Theorem 12.2. Suppose Hy(M;Z) is torsion free and s < 3. Let
s4(a,b) and s/, (a,b) ere the sections satisfying (12.1.1) and (12.1.2). Let

(Cs,g) and (03,5' ) be the corresponding chain complezes. Then there
exist maps ¥, p : C° — C° such that

(12.2.1) do=pd
(12.2.2) O = 1pd’
(12.2.3) Y = P = identity.

Proof. For each loop vy and ¢, ¢’ € Fl, we choose a section 5,(c,c)
to E(f) (¢,d) x [0,1] — M (c, ) x [0,1] such that

54(c, C,) (z,0) = Sy (c, cl) (z)

5y(e, ) (=, 1) = sl (¢, )(z)

(12.3.2) For each a,b € Fi, the collections of sections

(12.3.1)

g’Y(a”cO) X ®§’Y(Ck7b)

can be patched together to give a smooth section on Cﬂl(a, b) x [0,1].
(12.3.3) The zeros of 5, are transversal and are transversal to each
other.
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Now, let p(a) = u(b) + 3, and put
S (a,b) = {(z,t) € CM (a,b) x [0,1]|3, (a, b)(z,t) = 0}.
Then dim £, (a,b) = 1. Note that (12.3.2) implies that
S (a,b) N (M (a,¢) x M (c,b) x [0,1]) # 0
only if ¢ is irreducible and p(c) = p(b) + 1 or 2. Therefore

(124)
0%, (a,b) =
{(z,0)[35(a, b)(z,0) = 0} U {(z,1)[55(a, b)(=, 1) = O}V
[ [{(@1,22,0)15,(c,b)(21,1) - 5y(a, ) (w2, 1) = O}

| m/(a,c) x m(c,b)

/
s
/
, .
Il \\
4 RY
\ > .\

' (a,¢) X M (c,c) x m(c,b)

™ (a,¢) x ' (c,b)

Figure 8.
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For each a,c € Fl, with p(a) = u(c) + 2, we put

(pra,c) = #{(z,t) € M (a,c) x [0, 1]|3 (=, t) = O}

Note the set in the right hand side is a finite set, by (12.3.3) and dimen-
sion counting. Define ¢, : C,g — CY_, by

oyl = 3 (pa, -

Then (12.4) implies

(12.5) 8, — &, + ¢, — 9,0 = 0.

Now define ¢, : C! — C* by

p(1® [a]) =1®[d]
p(y®[a]) =7 ® [a] +1® p4[a],
Y(1®la]) =1®]a]
Y(r®[a]) =7®[a] —1® py[a].

Then using (12.5), it is easy to verify (12.2.1),(12.2.2), and (12.2.3).
Next we consider the case s = 2. Let p(a) = p(b) + 5. Put

Sy 72 (a,0) = {(z,t) € CM (a,b) x [0,1][3, (z,1) = 5, (z, t) = 0}.



74 K. Fukaya

‘We have

(12.6)
8%, ~,(a,b) =
{(z,0)[sy, (a,0)(z) = 54,(a, b)(x) = 0}
U {(z,1)|s,(a, b)(z) = s7,(a, b)(z) = 0}
u I @yt eMae)x Me,b) x [0,1]]
p(er)=p(b)+1
5y (a,c1)(@,t) = 3y, (a, c1)(2, 1) = O},
U [ A{@yt) e M (aca) x M (ca,b) x 0,1]]
w(ea)=p(b)+4
Sy (Ca, b)(, t) = 54, (ca, ) (3, 8) = 0},

(z,y,t) € M (a,c3) x M (cz,b) x [0,1]
U ]_[ {(z,y,1) | 3y, (a,c2)(z,t) = 0 =3,,(c2,b)(y,t) }

or
co)=u(b)+2 ~ _~
weny=ul®) 51 (02, B)(@, ) = 0 = o, (a, ¢2) (3, )

(z,u,t) € M (a,c3) x @/(c3,b) x [0,1]
U ]_[ {(z,y,1) | 5y, (a,c3)(z,t) =0 =3,,(c3,b)(y, 1) }.

(es)=n(v)+3 - b
Sy, (c3,0)(z,t) = 0 =75,,(a,c3)(y, )

Let Ag, As, A1, Ay, Ao, A3 be the sets in the above formula, respectively.
We have

(12.7.1) HAo = (By, 4y B),
(12.7.2) fAs = — (8, a,b).

Y1 ’Yz

For a,c € Fl with u{a) = p(c) + 4, we put

(D1 720, ¢) = H{(z, 1) € M (a, ) x [0,1)[3,, (z,t) = 5, (z,1) = 0}.

Then we have

(12.7.3) fA; = Z(‘P*uma’ ¢1){0cy, by,

c1

(12.7.4) fAs == (9a,cs)(Pr,1aCarb).

Ca
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To examine §A, and §A3, we remark that the sections 5,(c,c’) can be
defined by an induction on p(c) — p(c¢’). Then, we can assume the
following conditions (12.8). For ¢,c’ € Fl with u(c) = p(c') + 2, we put

T(c,c') = sup{t|3z (z,t) € =,(c,¢)},
S(c,d') = inf{t|3z (z,t) € &,(c,c)}.

(12.8.1) If p(e) = p(d) +3 = p(c”) + 5, and if t > T(, ¢”) then

5,(c,¢)(@,t) = F,(c,¢) (2, 1)
(12.8.2) If u(c) = p(d)+ 2 = p(c”) + 5, and if t < S(c, '), then

8,(d,d")(=z,t) =5, (,")(,0)
Using (12.8.1), we can prove:

=] [{z € M'(a,c2)Is), () = 0}

c2

{(4,1) € M'(c2,8) x [0, 1][3. (v, 1) = 0}
U ]_I{m eEM (a, ca)lsl, (z) = 0} x

{( ) € M (027 ) [O’ 1]]’571 (yat) = 0}'

Therefore
(129.1)  $A2 = —> (8}, a,02){ps,C2,0) — Y (8,0, C2) (¢, 2, D).
c2 c2
Similarly, using (12.8.2), we can prove:
(12'9'2) Az = Z(‘p’n a, C3> <8’Yzc3’ b> + Z<‘P’Y2a7 03> <8’Y1 3, b)
c3 c3

By (12.6.1),(12.7),(12.9), we have
(12.10)
4
8’71 vz T P 372 + 8‘72 + @71,728 8’,71 ve T ‘P'yz + 8»,72 Py + 0 Py1,y2-

Now we put
) =m72 ® [a] + 71 ® pyla] + 72 @y a] + 1 ® @y yla]

) =172 ® [a] =1 ® py,la] =72 ® pq, [a]
-1® (‘P’Yln’z + PviPva + Pz ‘p’)’l)[a]'

e(mm2®la
P(ny2 ®la

]
]
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Formulas (12.2.1),(12.2.2),(12.2.3) follow immediately from (12.5) and
(12.10). The proof of Theorem 12.2 is now complete.

Next we shall prove the following;:

Lemma 12.11. Let v1,72,7,7 be closed loops on M with [v1] +
[v2] = [y] in H1(M;Z). Then we can find collections of sections
Sqy (€, )84, (e, ), sy(c, )84/ (c, ) with (12.1.1), (12.1.2) such that the
corresponding boundary operators satisfy

(12.11.1) By 48y, =8,
(12.11.2) Byt + By = By 1.

Proof. Let u(a) = u(b) +3. Consider CM(a,b). (We do not divide
it by the R action.) Let X be a surface on M x R which is asymptotic
to (71 Uv2) x Rast— —oo, and to v X R as t — co. Using the Dirac

operator on X, we can define a line bundle .Cg ) (a,b) on CM(a,b) =
C./T/l_,(a, b) x R. We put

CCM(a,b) = CM(a,b) x [—00, .

By construction and Theorem 4.9, the bundles ﬁg ) (a,b) on CM(a,b),
and L,(fl)(a, b) ® L',,(é)(a, b) on Cﬂl(a,b) x {—o0}, and £.(,2)(a, b) on
Cﬂ,(a, b) x {oo} can be patched together to give a line bundle over
CCM(a,b). We extend the sections s, (a,b) ® s,,(a,b) and s,(a,d) to
a section on CCM(a,b). Then, by an argument similar to the proof of
Theorem 12.2, we can find ¢, such that

Oy — (03, + 0y,) = Opy — ©40.

Using this map ¢.,, we can modify the section s., such that (12.11.1) is
satisfied. The proof of (12.11.2) is similar.

Finally, we discuss what happens when s > 1 in case H;(M;Z) has
a torsion, and when s > 3 in case H;(M;Z) is torsion free.

Suppose first that H;(M;Z) has a torsion, and up(a) = u(b) + 5.
In this case, there may be reducible connections ¢ and ¢’ such that
G. =Gy =U(1) and that p(c) = p(c’) + 1 = p(b) + 2. Then

dim M (a,c) = dim M (¢, ¢') = dim M (¢, b) = 0.
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The set H/(C, ¢’) may have a 0 dimensional orbit _./\_/T;ed(c, ¢’) which
consists only of reducible connections. (See Theorem 5.6.) A neighbor-
hood of each point of M (a, c) x M. (e, ) x M (d,b), in CM (a, b)
is identified to (0,00] x (0,00] x U(1)/ ~, where (¢,s,g1) ~ (t,5,92)
if and only if ¢ = oo or s = oco. Here {oo} x (0,00) x U(1)/ ~
and (0,00) x {co} x U(1)/ ~ are identified to M (a,c) x M (c,b) and
ﬂ/(a, )% —./\Zl(c' ,b) respectively. The bundle £S,2) (a, b) is extended out-
side oo x 0o x U(1)/ ~= point. The neighborhood of this point is a cone
of $2. (It may be more natural to regard that this S? has two singular
points.)

Using the basis [¢;] of H;(M;Z), chosen at the beginning of §2, we
can find ¢;, such that

(12.12.1) ) =) ifiio
(12.12.2) el =1, ¢(l,)=-1.

In this case we can prove that the restriction of the line bundle L:gfg (a,b)

to this S? is nontrivial. (Its chern number is +1.) (See the proof of
Lemma 12.13 below.) Then the formula

0,0+ 0,0=0
does not hold in general.

Next suppose that Hy (M Z) is torsion free. Let c and ¢’ be reducible
connections such that G, = Go = SU(2), A € ./Vl(c, ), Ga = U(1),
u(e) = u(c’) + 3. Then, if a,b € Fl and if M(a,c) # 0, M(c',b) # 0,
then p(a) > p(c) + 4,u(b) < p(c’) — 1. Hence, the first case we are to
examine is the case when p(a) = pu(b) +8 = () + 7 = p(c) +4. In this
case,

dim M (a, ¢) = dim M., 4(c, ¢') = dim M (¢, b) = 0.

Here m;ed(c, ') is the component of [A], which consists of one point.
By Theorem 7.1 a neighborhood of each point of

M (a,c) x M.oqy(c, ') x M (', b)
in Cﬂ/(a, b) is

50(3) x SO(3) 5
(5 <o)/~
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where ~ is as in (7.1.4). In other words, it is a cone of CP3/Z; = X.
(See the proof of Lemma 12.13.) Here Z; acts by

7[26,21722,23] = [20,21, *22,—23]-

The fixed points set of this action has two components. The fixed points
correspond to the singular points of X. Those singular locus are identi-
fied to

(598 X 506) gy 0,00))  ~

c M'(a,¢) x M (c,b),

and

(_____50(3[);[1;9 OB) & (0,00) x {oo}) /~

C M (a,c') x M(c,b),

respectively. We can find 4, such that (12.12.1) and (12.12.2) are satis-
fied. '

Lemma 12.13.

/ (L (a,b))® = 4.
x 0

Proof. Let a? be a representative of ./V/(c, ') = point, (used in §8.)
On £;, x R, a) converges to the trivial connection as t goes to —co, and,
as t goes to oo, it converges to a flat connection —1 whose holonomy,
p—1:Z=m(St) — SU(2) is given by p_;(1) = —1.

Sublemma 12.14.
Index(8,0 +€) = —1.

Proof. We put S = R/27Z. Let x be the coordinate of S*. We
have

1s)
ESm"uia. = =7 i—.
ivial = 5 F o,

We can perturb af so that it is a connection with holonomy

e‘/rit 0
0 e——wit .
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(ad is a trivial connection and a9 = —1.) Then the spectral flow cor-
responding to the operator 8,12 + € is as in Figure 9. (Here we take

€>0.)

eigenvalue

2+€</////,

3,
(”///”,,,,«,’—# 2
1+ef=

- _l_'_e
(///,,,—,,—,,—//J 2
—-1+e€

- 3 +€
/ —5
—24€[Teal __
~> —g +e€
t
-1 1
Figure 9.

The sublemma follows.

Remark 12.15. In our case, the half spin bundle ® C? together with
connection af splits to the direct sum of two complex line bundles. The
dotted lines in Figure 9 correspond to the second factor and the others
to the first factor.

The group U(1) = I, acts on the eigenspaces, and the index in
Sublemma 12.14 can be regarded as an element of the representation
ring R(U(1)) ~ Z[t,t~1]. Here t be the representation corresponding to
z+ z and t7! to 2 — 27!, where we identify U(1) = {z||z| = 1}. By
Figure 9, The index is equal to —t 1.

If we choose € < 0 then the index is t.

Now we consider the map w : SU(2) x SU(2) — M(c,c') con-
structed in Theorem 5.4. Let £;(c,c’) be the line bundle defined in §7.
(We have not yet divided it by G. x Ger.) 7*Li(c, ) is trivial.
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On SU(2) x SU(2), the group U(1) = I,0 acts by

h(glag2) = (g1h7 h—lgz)‘

This action lifts to #*(L;(c, ¢’)). The quotient is identified to the restric-
tion of L;(c,c’) to the image of 7, which is diffeomorphic to SU(2) x
SU(2)/U(1). By Sublemma 12.14 and Remark 12.15, the action of U(1)
on ™ (L;(c, ') is given by

(12.16) h((g1,92),v) = ((91h™", hga), hw),
(in both cases € > 0 and € < 0.)
We put
e SU(2) x SU(2) x [0,1]

~

where

(91792:0) = (gjllnga 0)7

(915927 1) = (glvgéu 1)'
X is diffeomorphic to S7. By Theorem 7.1,
X
X=c——
U(l) X Z2

Here h € U(1) and 7 = —1 € Z, acts on X by
h([yl;QQ;t]) = [glh) h_lg27t]a
T({gl7927t]) = [_glag27t]'

Hence X /U(1) ~ CP3. By (12.16), the bundle £;(a,b) on X/U(1) C
CM’(a,b) is isomorphic to the canonical bundle on CP3. Hence, its
Chern class is equal to the generator, u. Therefore,

1 3 —_ —
/X c (c§2>(a,b)) - /C P3(2u)3/2—-4.

The proof of Lemma 12.13 is now complete.

Using Lemma 12.13, we can discuss as in the proof of Theorem 1.10,
to show

Y OO, =4 1M (a,0) - M (C, 1),

aiUas=a c,c!



Floer Homology for Oriented 3-Manifolds 81

in the case when a = (4;,, %, iy )-

It might be possible to define an invariant mod 4 using the above
formula. But the author does not try to do it here, because he suspects
if it is a correct way.

From the above observation, it seems that we need to examine the
reducible connections more seriously when we generalize the invariant
for larger s.

§13. Independence of the metrics and the perturbations

The proof of Theorem 1.14 is based on an argument similar to one
in §§7-12 and [F]. Let 01,02 be two metrics on M and fi,f2 be two
perturbations as in §§2,3. Let Fl; and F'ls be the set of solutions of

*q, F —grad, f1 =0,

and
*o’zFa - gra‘da f2 = 0,

respectively. Let (C'(sl),81) and (0(32),32) be corresponding complexes
constructed in §12. Choose a family of metrics g; such that

(13.1.1) o =0y fort<—1.

(13.1.2) or =09 fort>1

Choose x such that

x(t)=1 fort>1,
x(t) =0 fort<O.

Let o; be the metric o, ® dt? on M x R. We consider the equation

(13.2) F4 —%, FA—x(—t) (grad,, f1 A dt — %4, grad,, f1)
—x(¥) (gradat fa A dt — %4, grad f2) =0,
for A € Ags(a,b). (Compare (3.6).) Here a € Fl; and b € Fly. The
linearization of (13.2) is given by
0="Da(u,p) =
Ou

% + (*¢,da, — ¥t — x(—t) Hessq, f1 — x(t) Hessq, f2) Au+da,

Here u, ¢ e.t.c are the same as in (3.8). Let D} and D% be the operators
in (3.8) for 0 = 01 ® dt?,02 ® dt? and f = fi, fo, respectively.
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Lemma 13.3. If A€ Ay, (a,b) witha € Fl; b€ Fls, then

dim Coker D4 < 0.

Proof. If not we have (u;, ;) such that

DZ(”’i) Qoz) =0,
< (ui, i), (uj, 05) >= 6 5.

Then, by elliptic regularity, we have |t;| — oo such that
[(ui(zo, ti), pi(z0,ti))| > Co > 0.

We may assume that t; — oco. Put ui{t,z) = u;(t — t;,x), ©i(t,x) =
@;(t — t;,x). By taking a subsequence we may assume that (u},})
converges to (U, p) with respect to the C* topology on each compact
set. Then we have

DY*(@,3) =0
(@ @) #0.

This contradicts (2.6).

Using Lemma 13.3, we can apply the argument of [D3] to obtain a
perturbation Q(-), such that the linearized operator D/, of

(13.4) FA-%,F* — x(—t)(grad,, fi A dt — *,, grad,, f1)
— x(t)(grad,, f2 A dt — %o, grad,, f2) + Q(A) =0.

is surjective. Here @Q(A) depends only on a restriction of A to M x
[~1,1] and its support is also contained in it. Let M(a,b) be the set

of solutions of (13.4) divided by gauge transformations. Let _M—El)(a, b)
and m/@)(a, b) be the set of solutions of (3.6) for o = o1, f = f1 and

o = 09, f = fo, divided by the gauge transformations and R action,
respectively.

Theorem 13.5. For a € Fl; and b € Fl,, let CM(a,b) be the
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disjoint union of

M(a,b),

- = .

M(a,co) x [T Migy(ess civa) x Mgy (ex,b),
=0

k—1
Misy(a,c0) x J] My (e, cirn) x Mcx,b),

=0
., ko—l_l e
My (a,co) x ] My (eir cit1) X M(cros Chot1)
=1
k—1
X H A_/lzz)(ci,cﬂ_l) X M22) (ck, b).
1=ko+1

Then CM(a,b) has a smooth structure with properties similar to (7.1.1)
~(7.1.7).

The proof is similar to the proof of Theorem 7.1 and is omitted.

We remark here the reason why we need to fix a basis of H;(M;Z).
Let pq,u2 be the maps defined in Theorem 5.1 for metrics o1,02 and
let f1 and fo be functions we used in sections 2 and 3. If we use the
same basis of H|(M;Z) (or more precisely Hi(M;Z)®Z,), then we have
u1(c) = pa(c) for each reducible connection c¢. This fact is essential for
the argument of the rest of this section. In fact, suppose, for example
there exists reducible ¢ such that

p(e) = p2(c) — 10.

Then for some a € Fly,b € Fly with p;(a) = pz(b)+1, the space M(a, b)
may have an end described by

My (a,¢) x M(c,c) x My (c,b).

And p1(a) — p1(c) can be greater than 7. Therefore, in the compactifica-

tion of /721) the end we discussed at the end of §12 can appear. These
ends can cause serious problem for the argument of the well definedness.
The point is that the virtual dimension of M(a,b) is —10 but we can
not find perturbation to make it empty

The author has no explicit example which shows that our invariant
does depend on the choice of the basis of H;(M;Z). But it seems quite
unlikely that it is independent.
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We return to the proof of invariance. For v ~ S C M, we define
bundles
[,512’% (a,a’) on My.(a,a’),
LZ(b,0')  on Mz (b, ),
LP(a,b) on M(a,b).

Theorem 13.6. The tensor products of L'Efi,ﬁff%, and [”(yz) can

be patched together to give a line bundle on CM.,(a,b).
The proof is the same as the proof of Theorem 7.3.
Now we define ¢ : (C3;y,0") — (Cl,, 6%). We put
< @,(a),b >= §M(a,b)

if p(a) = p(b). (Here  is the same as in §12.) Set

pla] = Z < @,a,b> [b].
b

This defines the map ¢ : C?l) — C?z).
Next we fix sections s,(a,b), sy1(a,a’), sy,2(b,d) to £,(y2)(a, b),
I.',,(fi(a, a'), I.Zfﬁ%(b, b') such that (12.1.2) holds and that they can be

patched together to give a section of the line bundle obtained in Theorem
13.6. Now, for p(a) = u(b) + 2, we put

< pya,b>=t{z € M(a,d)|s,(z) = 0.}.
For p(a) = u(b) + 4, we put
< Py 18, 0 >= Hz e /V(a’v b)ls’h (z) = 872(:'7) =0}
Set

pyla] =) < pya,b> [b],
b
Pmrela] = Z < Py 72050 > [B].
b

Lemma 13.7. If|a| < 3, then

Y 2 ar= Y, ParOi,

ayjUaz=a ajUaz=a
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(If |a| > 0 we assume that Hi(M;Z) is torsion free.)

The proof is the same as the proof of Theorem 1.10 in §12. Put

(p('}'a & (L Z Yo, ® Yo @

ajUaz=a
Lemma 13.7 implies that ¢ : (C’(Sl),a ) — (0(2),8 ) is a chain map.

Lemma 13.8. The chain map ¢ modulo chain homotopy is inde-
pendent to the choice of the homotopy oy of the metrics and the pertur-
bation @ in (13.4).

Proof. Let o},02,Q1,Q2 be the homotopies and perturbations and
1, @2 be corresponding chain maps. Choose homotopies o} and Q,
among them. Let /_\/1_; (a,b) be the set of solutions of (13.4) for oy = o}
and @ = Q.. Let C_./W;(a, b) be the disjoint union of

M (a,b)

o Bl ,

M(a, o) x H Mgy(cis €ir1) X Mg)(ck, b),
1=0

k-1
'/T/t—l(l)(a’ co) X H_M_El)(ci,ci—{-l) X Xmu(ck,b),

=0
. Ro=1 B
My(a,c0) x [ Miy(eiscir) x Muleko, crora)
i=0
el .
X H Mg (eis cit1) X Mg)(ck, b).
i=kgo+1

(Here we do not assume that p(a) > p(co) > -+ > per) > pu(b).) (Note
that M(1)(a, b) # Mi(a,b).)
Put

HM(a,b) = U./T/fu(a, b) x {u},

CHM(a,b) = UCM a,b) x {u}.

Theorem 13.9. We can take o} and Q, such that CHM(a,b)
has a smooth structure which has properties similar to (7.1.1)—(7.1.7).
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The proof of Theorem 13.9 is a bit more difficult than that of The-
orem 7.1. The reason is that we can not assume that the operator
Df:) obtained by linearizing (13.4) is surjective for every u, (even if we
choose o} and @, to be generic.) Then we have to use the Kuranishi
map as in [T2], [D2]. For simplicity we prove the case p(a) = u(b). Here
a € Fly,b € Fly. Then dimHM’(a,b) = 1. In this case, Theorem 13.9
follows immediately from the following two lemmas.

Lemma 13.10. Suppose that the sequence (A;,u;) € HM(a,b) is
unbounded. Then, by taking a subsequence if necessary, there exist either

c€ Fly, t;, B€ My(a,c), C € ./Vl(z)(c, b) with p(c) = p(a) +1 orc €
Fly, t}, B' € M(1)(a,c’), C' € My(c,b) with u(c') = p(a) — 1 such that
the Conditions (13.10.1)~(13.10.3) or (13.10.1) ~(13.10.3)" below hold.

(13.10.1) U; — U

(13.10.2) |Ai(z,t) — B(z,t)| = 0
(13.10.3) |Ai(z,t —t;) — C(=,t)] — 0
(13.10.2)’ |As(z,t +t;) — B'(z,1)| — 0
(13.10.3)’ |Ai(z,t) — C'(z,t)] — 0.

(See Figure 10.) Note that My(a,c) = 0 = M,(c',b) for generic u.
(The virtual dimension of them is —1.) But ”1-parameter family of —1-
dimensional spaces is a finite set”. Hence by a generic choice of o} and
Q. there exist a finite number of u’s, for which M, (a, c) or M, (c’,d) is
nonempty.

< (M x R,0")
(M, 1) ('

Figure 10. 4 (M, 03)
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Lemma 13.11. Let B € My(a,c), C € _/\_/I—I@)(c, b). Then there
exist u(v) : (0,00) — 0,1, A(v) € My (a,b) and t(v),t'(v) € R, such
that

(13.11.1) vlirrolou(v) =u
(13.11.2) vlirgo |A(w)(z,t —t(v)) — B(z,t)| =0
(13.11.3) Jim |A(v)(z,t +t' (v)) — C(z,t)| = 0.

Moreover, if A; satisfies (13.10.1) - (13.10.3) then [A;] = [A(vi)] for
large i. A similar statement holds for ¢'.

The proof of Lemma 13.10 is similar to the proof in §9 and is omitted.
Before proving Lemma 13.11 we complete the proof of Lemma 13.8 in
the case when s = 0.

In this case, Theorem 13.9 implies

8Hﬂ(a, b) - I/l—l (a, b) - mz (a, b)
= Uﬂu(a, c) x _./\/—1,(2) (¢,b) U U ﬂl(l)(a, ) x My(c,b).

u,c u,c’
We put
< Pa,c >= Zﬁmu(a, ¢)
< ®,b>=Y fM,(c,b),
u
and

Then we have
p1 — pg = 0P — BO.

Here 1 and @, are the chain maps constructed using o}, @1 and o7, Qa,
respectively. This proves Lemma 13.8 when s = 0. The case when s > 0
can be proved by combining the methods of §§7 - 12 and Theorem 13.9.
(In fact, the case s > 0 is simpler, because we do not have to use
Kuranishi map in that case.)
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Proof of Lemma 13.11. Let D% be the operator obtained by lin-
earizing the equation (13.4) for o3 = of and Q = Q.. By the generic
choice of o} and @, we have dim Coker D}, = 1. We consider the set X
of the connections which is a standard form of type ({ B}, {C},¢,T). By
Remark 4.6, there exists a positive number Ag, such that, if A € X and if
|u—u'| < €, then, there is exactly one eigenvalue of fo; 'fo\'* smaller than
Ao- Let TI; be the orthonormal projection to this eigenspace, (which is
isomorphic to R). Put Il;; = identify — II1. For A € A(a,b), v’ € [0,1]
we consider the equation

(13.12)
I (FA - ;G:IFA — xu (—t)(grad,, f1 Adt — *pu grad,, f1)

— Xu () (grad,, fz Adt — %, grad,, f2) + Qui(4)) = 0.

8B(a,b) x [0,1] D B(a,c) x B(c,b) x [0,1]

Z x {c} =CY = (-1,1)

((B,u),C) = one point

Figure 11.

The set of solutions of (13.12) divided by gauge transformations
consists a 2-dimensional family Y. Let Z be the set of solutions of (13.12)
for A € A(a,c) and v’ € [0,1]. (dim Z = 1.) Then, using the method of
the proof of Theorem 7.1, we can compactify Y by adding Z x {C}: Put
CY =Y U (Z x {C}). A neighborhood of ((B,u),C) in CY is identified
to [0,1) x (0,1), where {0} x (0,1) C Z x {C}. (See Figure 11.) For
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(A,u'), we put
FlAW) =L (FA =%, FA — xu (—t)(grad,, fi Adt — %, grad,, f1)
— X (t)(grad,, fo A dt — * gt grad,, f2) + Qu/(A)).

We identify the image of II; to R and regard f as a function. Using the
decay estimate in §9 we can extend the function f to a smooth function
on CY. The set of zero’s of f is identified to a neighborhood of ((B, u), C)
in CHM(a,b). We consider the restriction of f to {0} x (0,1) C Z. If
we choose g and @, generic, we may assume that the derivative of
this restriction is nonzero at ((B,u),C) € {0} x (0,1). It follows from
implicit function theorem that the zero of f in CY is diffeomorphic to
[0,1) where 0 € [0,1) corresponds to ((B,u),C). Lemma 13.11 follows
immediately.

The proof of Lemma 13.8 is now complete.

Next we take another metric o3 and another perturbation fs.
Choose homotopies O’él 2 and O'tz 3 from o1 to o3 and from oy to o3.
Choose also perturbations 1 2 and Q2,3. Let ¢1 2 and @2 3 be the chain
maps obtained by them, respectively.

Lemma 13.12. We can find homotopy of metric Ut1’3 from oy to
o3 and a perturbation Q13 such that the chain map @13 : Cfl) — C(SS)
satisfies
©3,201,2 = ¥1,3-

Proof. We put

0f = X(~t = )0y, + X(t — $)07 7,

We shift the perturbation @12 by 2s to the negative direction and shift
Q2,3 by 2s to the positive direction. Let QF 3 be the sum of them. We
consider the equation

(13.13)
FA — %, F4 — x(—t — s)(grad,, fi Adt — s grad,, f1)
— x(t +s)x(s — t)(grad,, f2 A dt — .2 grad,, fa)
— x(t — s)(grad,, fa A dt — *gs grad,, f3) + Q13(A4) =0

Let M(s;a,e) be the set of solutions of (13.13) divided by gauge trans-
formations. Let 7\4—172 (a,b) and Hgvg(b, e) be the moduli spaces used in
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the definitions of ¢; 2 and @9 3 respectively. (Here a € Fli, b € Fly,
ec F l3)

By using Remark 4.6, we can prove that the linearized equation for
(13.13) is surjective for sufficiently large s. Consider the disjoint union
of

CM(s;a,e) x {s} s € [s9,0)

and

ko—1
., _
H M(l)(ciaci+1) X M1,2(Ck0,6k0+1)
=1
Bol
X H Mg (cis €it1) X Maz(Chys Chyt1)
1=ko+1

k2
X H M/(3)(C,;,Ci+1) X {OO}

i1=k1+1

(Here we put a = c_1, € = cg,+1.) The later one is a compactification of
UpMi 2(a,b) x Ma3(b,e). Let CCM(a,e) be the union. Using this mod-
uli space, the proof of the lemma goes in a way similar to the argument
of §87 - 13.

Now we are in the position to complete the proof of Theorem 1.14.
Suppose 01 = 03, in Lemma 13.12. Then we can take a trivial homotopy
ol3 = 0, and Q1,3 = 0. In this case, it is easy to see that the corre-
sponding chain map is the identity map. Therefore by Lemma 13.12
and Lemma 13.8, @9 31 2 is chain homotopic to identity. (In this case
2,3 = ®2,1.) Thus the chain map ¢; 2 we constructed gives an iso-
morphisms on the homology groups. Also the isomorphism is canonical
because of Lemma 13.8. The proof of Theorem 1.14 is now complete.
The proof of the independence of the exact sequence 1.15 is similar.
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