Advanced Studies in Pure Mathematics 18-1, 1990
Recent Topics in Differential and Analytic Geometry

pp. 239-249
Compact Kahler Manifolds
with Parallel Ricci Tensor
Ichiro Enoki
Introduction

Kiahler manifolds with parallel Ricci tensor, which are called gen-
eralized Einsten Kéhler manifolds in some literature, are locally direct
products of Einstein Kahler manifolds. In this note we shall study global
structures of a compact Kéhler manifold locally decomposable as an iso-
metric product of Ricci-positive, Ricci-flat and Ricci-negative parts:

Theorem. Suppose that the universal covering space X of a com-
pact Kihler manifold X is (isometrically biholomorphic to) a Kdhlerian
direct product P x F x N, where P, F, N are Kdhler manifolds with
positive, zero, negative Ricci curvature respectively. Then

a) X s a holomorphic fiber bundle X — Y with fiber P over a
compact Kihler manifold Y, and

b) Y admits a holomorphic map Y — Z onto a compact Kihler
V-manifold Z such that the universal covering space of a typical fiber is
F.

If P reduces to a point, namely X=FxN , our theorem gives a partial
affirmative answer to the Abundance Conjecture (see, e.g., a survey
article [KMM]). For a compact Riemannian manifold with non-positive
sectional curvature, an analogous result was obtained by Eberlein [E,
Cor. 2].

The problem treated in this note can be regarded as an existence
problem of compact leaves for the foliations on X and Y induced respec-
tively by the projection P Xx F x N — F x N and F x N — N. The
compactness of leaves in P-directions, a) in Theorem, can be derived
only from the positivity of Ricci curvature in these directions. On the
other hand, the compactness of leaves in F-directions, b) in Theorem,
depends on both tangential and transversal structures of the foliation.
We illustrate this point with the following two examples.
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The first example is the foliation on X induced by the projection
PXxFxN — P. Let X = C x P! (the direct product of flat complex
Euclidean line C and complex projective line P! with the Fubini-Study
metric). Note that our P! is isometric to the standard 2-sphere SZ.
Define holomorphic isometries o and 7 of X by

o: (2,p) € Cx P (241, p),
7: (2,p) € Cx P! = (2 + w, p(p)),

where Imw > 0, and p: P! — P! is a rotation of P! = S? by an irrational
angle. Then o and 7 generate a group I' whose action on X is properly
discontinuous and free of fixed points. Let X := X /T. Then every leaf of
the foliation on X induced by the projection C x P! — P! is isomorphic
to C.

The second example is a foliation on the Inoue surface S without
curves [I]. This surface S has C x H as the universal covering space,
where H is the upper half plane in C. The Poincaré metric on H in-
duces a d-closed (1, 1)-form on S. This form defines a Ricci-negative
metric structure transverse to the foliation induced by the projection
C x H — H; each leaf is biholomorphic to a (non-compact) Ricci-flat
Kahler manifold C. Thus S satisfies the assumption of our theorem ex-
cept that the Ricci-flat K&hler metrics on leaves are not induced by any
Kéhler metric on S. (In fact S is a non-Kahler manifold).

This note is organized as follows. In Section 1 we shall prove a)
in Theorem. In Sections 2 and 3 we collect arguments which uses the
negativity of the Ricci curvature in N-directions. We complete the proof
in Section 4. Appendix contains a few propositions on properties of
isometries, which may be known.

: Acknowledgement. The author wishes to express his gratitude
to Professors T. Mabuchi and M. Takeuchi, who pointed out gaps in the
first version of this note.

§1. Ricci-positive directions

First we fix notations. For a Kahler manifold M, let HIsom(M)
denote the group of holomorphic isometries of M. Let X be as in
the theorem. We identify the fundamental group of X with the cov-
ering transformation group 'y C HIsom(X) of X over X. Note that
HIsom(X) = Hlsom(P) x HIsom(F) x HIsom(N). Via the projections
of the direct product X = P x F x N, the Kahler form wx of X induces
Kéhler forms wp, wr and wy on P, F and N respectively.
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Now we prove a) in Theorem. By assumption, at each point of
X the Ricci curvature of X is positive in the direction of P. Since
X is compact, it follows that there is a positive constant ¢ such that
v/—1Ric(wp) > cwp at each point of P, where Ric(wp) is the Ricci ten-
sor of wp. Therefore P is compact by the classical theorem of Myers [M].
Let pr: 'y — HIsom(F x N) be a homomorphism induced by the pro-
jection HIsom(X) — HIsom(F x N). Supposing now that pr(I'z) has a
fixed point z € F x N, let

I'={y €T |pr(7)(2) = 2}.

Since the action of 'y is of fixed point free, so is the action of I on
P x {z}. Hence the quotient space (P x {z})/I" is again a compact
Ricci-positive Kédhler manifold, which is simply connected by a theorem
of Kobayashi [Kb1], in contradiction. Therefore the action of pr(I'z) on
F x N has no fixed points. Moreover, since P is compact, this action
is properly discontinuous. Thus the projection P X F X N — F X N
defines a structure of a holomorphic fiber bundle X — Y over a compact
Kahler manifold Y := (F x N)/pr(T ¢).

§2. Bochner’s vanishing theorem

For the proof of b) in Theorem we review first Bochner’s vanishing
theorem for holomorphic sections. Let M be an n-dimensional complex
manifold with a Hermitian metric g = }:a’ﬁ 9apdz® ® dz? (in holomor-
phic local coordinates z',...,z™ of M). Let E — M be a holomorphic
vector bundle over M with a Hermitian metric k. Let

0= Z Qj.aés; ®s; ®dz* A dz?

1,7,0,8
be the curvature of the Hermitian connection of (E, h), where (sq1,...,s,)
is a local holomorphic frame of F and (s, ..., s}) is its dual frame. The

mean curvature of the Hermitian vector bundle (E,h) over (M,g) is
defined by

K= ) g% 55 @],
i’j7a7ﬁ
where (g°?) is the inverse matrix of (903)- Note that any eigen value of
K is a real number everywhere.

Fact 2.1 (see [Kb2, p. 52, Th. (1.9) ]). Let (E,h) be a Hermitian
vector bundle over a compact Hermitian manifold (M,g). Suppose all
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eigen values of the mean curvature K of (E,h) are non-positive at each
point of M. Then every holomorphic section ¢ € H°(M,E) of E is
parallel and h(K(€), £€) = 0 everywhere. In particular, if K is negative
definite at each point, then H°(M, E) = 0.

§3. Ricci-negative directions

Let W be a compact Kihler manifold whose universal covering space
W is a Kahlerian direct product U x N. Suppose

HIsom(U x N) = HIsom(U) x Hlsom(N)

and let pry: HIsom(U) x HIsom(N) — HIsom(N) be the projection
homomorphism. Let I'zz; be the covering transformation group of W

over W. Then I'z C Hlsom(U) x HIsom(N). Let I'y = pry(T'z).

Theorem 3.1. If the Ricci curvature of N is negative definite
everywhere, then every abelian normal subgroup of T'y is discrete.

Proof. Suppose there is an abelian normal subgroup H C I'y which
is not discrete. Let H be the closure of H in HIsom(N), and HY its
identity component. H? is a Lie subgroup of HIsom(N). Since H is
a normal subgroup, H® is stable under the action of Ad(I'y). Since
HP° is abelian, generic orbits of H° are covered by H® (see Prop. A in

Appendix). Let h be the Lie algebra of A® and f the image of the
following map:

Veh—-V-+/-1JV € H(N,TN)

identifying V' € ) with a vector field on N, as usual. Then /\l h#0in
HY(N, A'TN) where | = dim A°. Since  is also Ad(T'y)-stable, A'h
defines a flat line bundle L on W and a non-trivial holomorphic map
L — A'TN, ie., HY(W,L* @ \'Ty) # 0, where L* is the dual of L.
Since W is Kahler, L* admits a flat hermitian metric. Then the mean

curvature of L* @ /\' Tn with the induced metric is negative definte at
each point. This contradicts to Bochner’s vanishing theorem Fact 2.1.
Q.E.D.

§4. Ricci-flat directions

Let Y be as in b) of Theorem. Let ¥ = F x N denote the universal
covering space of Y. Corresponding to the decomposition Y =FxN,
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the holomorphic tangent bundle 7Y of Y decomposes into a direct sum
Tr @& T of holomorphic vector subbundles T, Tw C TY. Note that
the mean curvatures of T» and T'x with induced metrics are zero and
negative definite everywhere respectively. Let T and T be the dual
bundles of T» and Ty respectively. We first prove two basic propositions.

Proposition 4.1. The following natural pairing is perfect:
HYY,T3) x H(Y,Tr) - HY(Y,0) = C.
Moreover we have H*(Y,Tx) =0 and H*(Y,Tr) =2 HY(Y,TY).

Proof. Since the mean curvature of Ty is negative definite, it fol-
lows from Bochner’s vanishing theorem Fact 2.1 that H°(Y,Tx) = 0.

Let h be the Hermitian metric of T induced by the Kéhler metric
onY. Let (, ) be the natural pairing of T and Tr. Define a linear
map ¢: Tp — Tf by

(Z(g):77> = h(f,ﬂ) £&;ne (TF)y, y €Y.

By Bochner’s vanishing theorem Fact 2.1, all holomorphic sections of
Tr and Tj over Y are parallel. Therefore the linear map 7 induces
a surjection H(Y,Tr) — H°(Y,T;), since (i(¢),£) # 0 for non-zero
¢ € H'(Y,Tr). Q.E.D.

Proposition 4.2. A certain finite unramified covering Y' of Y
is a Kdahlerian direct product Y' = F; x Yy such that

a) Fy is a compact simply connected Ricci-flat Kdhler manifold;

b) the universal covering space Yi of Y7 is the Kihlerian direct prod-
uct Y1 = C™ x N of the flat complez Euclidean space C™, m > 0, and
N.

Proof. 1In view of the de Rham decomposition theorem, F' can be
written as a Riemannian direct product F = R* x Fy, where R*, k > 0,
denote the flat (real) Euclidean space and Fy has no Euclidean factors.
Since F is Kahlerian, this decomposition is Kahlerian; in particular R*
is in fact a complex Euclidean space C™, 2m = k. Assume now that
F; is compact. Then, since F; is simply connected and Kéahlerian, we
have b;(F;) = 0. It follows by Proposition 4.1 that F; has no non-zero
holomorphic vector fields, and hence HIsom(F}) is finite. Therefore a
certain finite covering of Y has the desired properties.

Suppose therefore Fy is non-compact. Let pr;: ¥ = Fj X (C™ x
N) — Fj denote the projection and fix a point w, € C™ x N. Then there
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is a sequence of points y; € Fy X {w,} such that d(pr,(y0), pri(y;)) — oo
as j — oo, where d( , ) is the Riemannian distance on Fy. Set d; :=
d(pry(yo), pr1(y;)). Note that d; equals to the distance between y, and
y;. Let ¢;: [0,d;] — Y be a shortest geodesic from yo to y;. Take a
compact subset D C Y such that D is mapped surjectively to Y by the
natural projection ¥ — Y. Then for each j there is v; € I such that
p; = vj(cj(d;/2)) € D. Let v; := v;.¢j(d;/2). Taking a subsequence
if necessary, the sequence v; converges to a point, say, v, € Tf/l D;
let poo € Y be its base point. Note that the norms of v; and hence the
norms of vo, pry ,(vso) are 1. Then pr; 7v;c¢; is a shortest geodesic joining
pry 7;(¥o) and pry 7v;(y;) with d(pr; v;(y0), pry 7i(y;)) = d;. Since d; —
00 as j — 00, the geodesic ¢ through pr, (peo) With é(pry Poo) = PIy & Voo
is a ray on Fj. Consequently, by the splitting theorem of Cheeger-
Gromoll [CG]|, F; has a non-trivial Euclidean factor. This contradicts
to our assumption on F; and thus F; is compact. Q.E.D.

Let T'y be the covering transformation group of Y over Y. Then
I'y C Hlsom(F x N) = Hlsom(F) x HIsom(N). Let prp:I'y —
HIsom(F) and pry: I'y — HIsom(NN) be the homomorphisms induced
by the projections. The remaining part of our proof will be treated
separately according to the cases as b;(Y) =0 or > 0.

Case: h1(Y) =0

Let 'y = pry(I'y). Assume b;(Y) = 0. By Proposition 4.2 we may
assume that F = C™ with a flat metric. Let T'¥ := prp(Ker pry) so that
we have an isomorphism i: 'y — I'y/T¥. Let A: HIsom(F) — U(m) be
the projection to the linear part of an affine transformation of F = C™,
and let L := A(T'F). Moreover, let T = L° be the identity component
of the closure of L in U(m). Then, since U(m) is compact, L/(T' N L) is
finite. It follows that A=}(T) NT'F has a finite index in T'F. Therefore
the normalizer of A=}(T) N T'F in I'y has a finite index in T'y. Thus,
taking a finite covering of Y, we may assume L C T. Let N(L) and
N(T) be the normalizers of L and T respectively in U(m).

Since I'F acts on F = C™ discretely, T is a torus (cf. [KN], p. 216,
Lemma 5). Let H := (Aoprp)™'(L) C T'y. Then, since L is abelian,
prz[H, H] consists only of translations. It follows prg[[H, H], [H, H]| =
0, and hence the action of pry|[[H, H|,[H, H]| on N is discrete since 'y

acts on ¥ discretely. Thus the identity component pry[H, H] of the
closure of pry{H, H] in Hlsom(N) is abelian. Therefore pry[H, H] N

pry[H, H] is an abelian normal subgroup of T, which is discrete by
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Theorem 3.1. Thus pry H Npry H is an abelian normal subgroup
of I'y, which is discrete by Theorem 3.1. Consequently, the kernel of
Aoprpoi: 'y — N(L)/L is discrete. Note that N(L) = N(T) since
L is dense in T'. Since T is abelian, we have a decomposition F =
Clo x C'* x -+ - C'* so that T acts each factor as scalors and that N(T') C
CU(lp) x CU(ly) x --- CU(lx), where CU(l) = C* x U(l). Let L; denote
the projection L to the j-th factor. Then, by taking projection and then
determinants, we obtain homomorphisms

F?(—> I‘N)—>CU(1_’,')/LJ'~—>C*/L]‘, j=0,...,k,

where we identify each element of L; with its eigen value. Since b;(Y) =
0, every abelian representation of I'y- is finite. Hence, by taking a finite
covering of Y, we may assume that the homomorphism above is trivial
for every j. Consequently, Ao prpoi: 'y — N(T')/T has a discrete
kernel and its image is in SU(lp) x SU(l1) X - - - X SU(lg). Letting T', be
the identity component of the closure of I'y in HIsom(N'), we obtain thus
that A o prpoi induces an injective Lie group homomorphism j : f‘?v —
SU(lo) X SU(ll) X oo X SU(lk).

Suppose dimT'Q, > 0. Let b be the Lie algebra of T'% and f the
image of the following homomorphism:

VehoV—/~1JV € H(N,TN)

where J is the complex structure of N and V € | is identified with a
vector field on IV as usual. Since I'y consists of holomorphic isometries,
the adjoint action of I'y on b induces an action on h. The Killing form
B of SU(lp) x SU(ly) x -+ x SU(lx) defines a Hermitian metric —j*B
on f which is Ad(T'y)-invariant. Thus f induces a flat holomorphic
vector bundle F — Y over Y with a holomorphic map F — Ty induced
by the identification § c H°(N,TN), i.e., H*(Y, E* ® Tx) # 0, where
E* is the dual bundle of E. On the other hand, the mean curvature
of E* ® Ty with the induced metric is equal to that of T, which is
negative everywhere. This contradicts to Bochner’s vanishing theorem
Fact 2.1.

Thus we obtain that I'y is discrete, and hence the action on N
is properly discontinous, since I'y consists of isometries (see Prop. B in
Appendix). Therefore the projection F x N — N induces a holomorphic
map Y — Z of Y to a Kahler V-manifold Z := N/Ty.

Case: b1(Y) >0

In this case, the proof is reduced to lower dimensional cases by the
following
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Proposition 4.3. Let Y] be a smooth fiber of the Albanese map of
Y. Letm: Y = F x N — Y be the covering projection and w: Y - Y,
the universal covering of Y1. Then F decomposes into a Kdhlerian direct
product F = Fy x Fy such that

a) m(Fo x {(21,p)}), (21,p) € F1 X N, is a compact submanifold of
Y;

b) Y1 has a Kdhler metric such that the universal covering space Y
with the induced metric is the Kdhlerian direct product ¥; = F' x N’
of Kdhler manifolds F' and N' whose Ricci tensors are respectively zero
and negative definite everywhere;

c) if m({z0} x F1x{p})NY1 # 0 then ({20} x F1 x{p}) = w(F'x{p'})
for some p' € N'.

Proof of b) in Theorem. Assuming now Proposition 4.3 above, we
complete the proof for b) in Theorem, which is an induction on dimY".
The one dimensional case is trivial, and we have already treated the case:
b1(Y) = 0. Suppose b1(Y) > 0. We use the notations in Proposition
4.3 above. Then, since Y is Kéhler, the Albanese map of Y is non-
trivial and hence dimY; < dimY. By b) of Proposition 4.3 and by the
induction assumption w(F' x {p'}) is compact. It follows by a) and c) of
Proposition 4.3 that m(F x {p}) is compact for every p € N. Let T'¥ be
the kernel of the projection pry : I'y — HIsom(N) and I'y := pry(L'y).
Then F/T'F is compact and hence the action of I'y on N is properly
discontinuous. Thus we have a holomorphic map Y — Z of Y to a
Kahler V-manifold Z := N/T'y as desired.

Proof of Proposition 4.3. a) Let a: Y — T be the Albanese map of
Y. In view of Proposition 4.2, we may assume F = C™. Then Hlsom(F)
is a subgroup of the affine transformation group. Let A: HIsom(F) —
U(m) be the projection to the linear part. Then T and T} are flat
vector bundles with holonomy group isomorphic to H = (Aoprz)(T) C
U(m). By Bochner’s vanishing theorem Fact 2.1 every holomorphic sec-
tion of Tr and T over Y is parallel. Since the action of the holonomy
group to the fiber of T'r is semi-simple, Tr decomposes into a holomor-
phic and isometric direct sum T7 = Ey & E; of a flat vector bundle E,
with H°(Y, E;) = 0 and a trivial bundle Ey with

HO(Y)TF) = HO(Y1 Ey) = HO(Y’T;‘)'

This decompsition induces a Ké&hlerian decomposition F = Fy x F
so that each element of H°(Y, Ey) induces a parallel vector field on
Fy and that I'y C HIsom(Fp) x HIsom(F;) x HIsom(N). Therefore
the Lie algebra of the identity component HIsom(Y)? of HIsom(Y) is
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identified with H°(Y, Ey) and each orbit of HIsom(Y)? is of the form
w(Fo X (21,p)) with (21,p) € Fi X N, where 7: Fg x Fy X N - Y
is the projection. Consequently each 7(Fy x (21,p)) is compact since
HIsom(Y)? is compact. We note here that 7({z} x Fy x {p}) is contained
in a fiber of a since H*(Y, E}) = HY(Y, E;) = 0.

b) Let j: ¥Y; — Y be the inclusion map. Let py be the Ricci form
of Y, which represents 2wc; (Y )g. Then j*py is negative semi-definite
of constant rank since (T), is just the zero eigen space of py for each
y € Y. Since j*py represents 2wec;(Y1)R, according to the solution of
the Calabi conjecture by Yau [Y], we have a Kéhler form w; on ¥; whose
Ricci form is equal to j*py. Let A be the second fundamental form of the
Hermitian subbundle T|y, of (IY7,w;). Let K be the mean curvature
of the Hermitian vector bundle (T'Y1,wy), which is equal to the Ricci
operator of wy. Then (T7), is just the zero eigen space of K at each point
y € Y7. Let Kr be the mean curvature of Tr|y; with the induced metric.
It follows by the Gauss-Codazzi equation for holomorphic subbundles
(see [Kb2], p. 23, (6.12)) that

tr Kp + HAH2 = tr(prpoK|r,) =0,

where ||All is the norm of A and prp: TY; — Trly, denotes the orthog-
onal projection. Let n = dimY;. Then

n—1

tr KFW? = 27”7‘71 (TFlYl) A wy

where 71 (Trly,) is the first Chern form of T'r|y, with respect to the
induced metric. Thus we obtain

/ |A]Pwp = — / 2y (Trly, )wp ™.
Y1 Yl

On the other hand, since the Ricci curvature of F is zero, we have
a(Tr)r = 0. It follows ¢1(Tr|y, )r = j*c1(Tr)r = 0. Consequently
A =0 onY;. This implies that the orthogonal complement Q of Tr|y,
in T'Y is in fact a holomorphic subbundle of TY; and that the orthog-
onal decomposition TY; = Trly, ® Q is holomorphic (see [Kb2], p. 23,
Prop. (6.14)). Thus, by the de Rham decompositon theorem, the uni-
versal covering space Y; of Y; splits, Y; = F' X N’ as desired.

c) If m({z0} x F1 x {p}) C Y1, then it is a leaf of the foliation
defined by the zero eigen space of j*py, and hence ({2} x F1 x {p}) =
w(F' x {p'}) for some p’' € N'. Q.E.D.
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Appendix
Here we give proofs of propositions we have used.

Proposition A. Let G be a connected abelian subgroup of the
isometry group of a Riemannian manifold M. Then there is an open
subset U C M such that dim G = dim G - p for everyp € U.

Proof. Let g be the Lie algebra of G. As usual, each element of g is
identified with a Killing vector field on M. Let k be the maximal number
of elements Xi,..., Xy € g such that X; A --- A Xy never vanishes as
section of /\kTM on a certain open subset U C M. Then eachY € g
can be written as ¥ = E ", a'X; for some functions a* defined on U.
We claim that every a‘ is constant. First, since g is abelian, we have
X;at = 0foralli, j. Fixq e U a.rbitralily and let Z be a vector
field defined on a neighborhood of . Let W =Y — 3, a;(¢)X; so that
W(g) = 0. Then W € g and hence [W, X;] = 0. Since W is a Killing
vector field and X;a® = 0, we have at ¢

0 =W(g)g(X:, Z)
= 9(W, Xi], 2)(g) + 9(X:, [W, Z))(q)

=—Z Xi, (Za1)X1)(g)-

Since Xj, ... X} are linearly independent at ¢, we obtain thus Za; = 0
at g, i.e., each a; is constant. Consequently k¥ = dimg = dim G - p for
pel. Q.E.D.

Proposition B. Let M be a complete Riemannian manifold and
Isom(M) the isometry group of M. Then a subgroup T' C Isom{M) is
discrete in Isom(M) if and only if the action of I' on M is properly
discontinuous.

This follows from the following

Theorem (see [H]|, p. 202, Th. 2.2). Let M be a Riemannian man-
ifold and {p,} a sequence of isometries of M. Suppose there is a point
P € M such that {p.(p)} converges to a point in M. Then a cetain
subsequence of {on} converges to an isometry of M in the compact open
topology.

In fact, suppost I' is discrete in Isom(M ) but the action of ' on
M is not properly discontinuous. Then there are a compact subset



Parallel Ricei Tensor 249

D C M and a sequence {¢,} in I such that ¢,, # ¢, if m # n and
em(D)N D # 0 for all m. Let d be the diameter of D. Fix p € D and
let Byg(p) be the closed geodesic ball of radius 2d with center p. Then
©m(p) € Baq(p) since (D) N D # @. Therefore a certain subsequence
of {pn(p)} converges to a point of M. Thus by the theorem above,
a subsequence of {p,} converges in Isom(M), which contradicts the
discreteness of T in Isom(M).

[CG]
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