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In the theory of Z'P-extensions of a number field, the 1-invariant has 
a special meaning that it is an analogue of the genus of an algebraic curve. 
In this point of view, one can naturally hope that there exists a uniform 
bound for Ap independent of p when the base field is fixed, and this bound 
might be regarded as the genuine analogue of the genus for a number 
field. This question has been studied by Ferrero [I, 2] and Metsankyla 
[5, 6]. 

In this paper, we refine Ferrero's results for some imaginary quad
ratic fields, in particular for Q( ~) and Q( ./ - 3). 

§ 1. 

We describe briefly how to get the exact values of a p-adic measure a 
defined below. We follow Sinnott [7] to construct a p-adic £-function. 
Let 0 be an odd Dirichlet character with conductor d. We assume dis 
not a power of p. Define a rational function for 0 by 

Let 0 be the integer ring of the field generated over QP by the values of 0, 
and let 1r be a prime element of 0. Then Fn(X) can be expanded into a 
formal power series with 0-coeflicients. Let a be the 0-valued p-adic 
measure corresponding to F0• Replace the period d in F0 by dpn. Then 
we get the following congruence from the fundamental correspondence 
between measures and power series: 

a(r +(pn))(l +XY={~' 0(a)(l +x)a}/{(I +X)<IP" -1} 
(mod (1 +xr- I), 

where r is an integer satisfying O<r <pn, and the sum~' is taken over 
all integers a with I:::;;:a<dpn, a-=r (modp"). Put X=O. Then we have 
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a(r +(pn))=(I:' O(a)a)/dpn. 

Assume further d is not divisible by p. Then we can easily get 
a(r +(p"))=O(pt{(I/d) I:!= 1 0(a)a+ I:~:\ O(a)}, where s is defined as the 
unique integer satisfying 1 < s < d, spn = r (mod d). 

We denote by a* the restriction of a to z:. That is, a*(r +(pn))= 
a(r +(p")) if (r,p)= 1, and a*(r +(p"))=O if (r, p):;i= 1. 

We choose the isomorphism from 1 +PZu to Zu which sends x to 
(I/p) log (x), where log (x) is the usual p-adic logarithm function. Put the 
resulting power series asf(O, X)= I:;= 0 c,.X". Then we have 

c0 ={1-0(p)}(l/d){j;
1 
O(a)a}, 

C1= f ~ log (x)da(x), 

where log (x) is Iwasawa's p-adic logarithm function. 
To calculate Au, it is sufficient to know the tr-divisibility of c,.. There

fore, we can replace (1/p) log (x) by l(x)=(l/p)(l-xP- 1), and hence 

c1=E' l(a)a(a+(p 2)) (modp), 

where the sum is taken over all a with O<a<p2, (a, p)= 1. This gives a 
criterion of the tr-divisibility of c1• But since this formula contains essen
tially p 2 terms, it is not convenient to calculate it for large p. If P= 1 
(mod d), we can give a criterion containing essentially p terms. 

Theorem 1. lf P=l (mod d), then Ap>I if and only if 

(mod tr), 

where the last sum is taken over all integers y satisfying I<y<p, y=x 
(modd). 

Proof For any integer x prime top, define y.,, e Z/pZ by X=w+ 
y,,p (modp 2), where w is a (p-1)-st root of unity. Then we have l(x)= 
y,,/x (mod p). For simplicity, we denote a(x+ p2) by a(x) in the rest of 
this paper. Put 

Then we have 

S(a)= I:t;J l(a+bp)a(a+bp). 

p-1 

S(a)=I: {(Ya+b)/a)}a(a+b) 
b=l 

p-1 

=(1/a) I: ba(a+b) 
b=l 

(modp) 

(modp). 
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We assume p = 1 (mod d). Divide the sum in the right hand side by every 
d terms. Then we have 

d a d 

I:: ba(a+b)= I:: (d+z-a)a(z)+ I:: (z-a)a(z) 
b=l z=l z=a+l 

a d d 

= d I:: a(z) + I:: za(z)- a I:: a(z). 
z=l z=l z=l 

Since a(z) is a periodic function of period d and c0 = I::¥!1 a*(z), the 
vanishing of c0 implies the vanishing of the 3rd term. Denote the 2nd 
term by T. Since a(p 2-z)=a(z), we have a(d+l-z)=a(z). Therefore 
T=I:::= 1 (d+l-z)a(z). Hence2T=(d+l).I:;:= 1 a(z), which is Oby the 
above. Thus the 2nd term is also 0. Now we get 

a 
S(a)=(l/a){(p-1)/d}d I:: a(z) 

z=l 

a 

= -(I/a) I:: a(z) 
z=l 

Put 
p-1 p-1 

(modp) 

(modp). 

S = I:: I:: l(a+bp)a(a+bp). 
a=l b=O 

Then we have 

p-1 p-1 a 
S = I:: l(a)a(a)- I:: (1/a) I:: a(z) (modp). 

a=l a=l z=l 

Since 1/a=l(a)-l(p-a) (modp), we get S=I:: l(a){a(a)-,B(a)+,B(p-a)} 
(modp), where ,B(a)= I:::=o a(z). Since ,B(p-a)= -,B(a-1), we have 

p-1 

S= -2 I:: l(a),B(a-1) (modp). 
a=l 

Since c1=S (modp), Theorem 1 is proved. Q.E.D. 

For Q(./=1) and Q(../ -3), clearly c0=0 (modp) if and only if 
O(p)=l (modp), which is equivalent top=l (modd). Therefore we ob
tain the following criterion for 2P> 1. Since the coefficients of l(x) are 
rational integers, we can write it in the product form. 

Corollary (cf. Ferrero [2, p. 19)). 
(I) For Q(./=1), 2P>0 if and only if p= I (mod 4). Further, Ap> 1 

if and only if p=l (mod4) and(fl 1y/fl 2y)P- 1=l (modp 2), where the 1st 
product fl 1 is taken over ally with l<y<p, Y=2(mod4), and the 2nd 
product fl 2 is taken over ally with 1 < y<p, Y=O (mod 4). 
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(2) For Q(../ -3), lp>0 if and only if P= 1 (mod 3). Further, lP> 1 
if and only if P=l (mod 3) and (TI1y/TI2y)P-1=l (modp 2), where the 1st 
product TI1 is taken over ally with l<y<p, y=0 (mod 3), and the 2nd 
product n 2 is taken over all y with 1::;;: y <p, y = 2 (mod 3). 

Numerical examples. 
For Q(-1=1), the only value p< 150000 with lP> 1 is p=29789. 
For Q(../-3), the only valuesp<150000 with lP>l are p=13, 181, 

2521, 76543. 

Remark. If there were only a finite number of p with lp> 1, we 
could give an affirmative answer to the question stated in the introduction. 

§2. 

We shall use standard notation in the theory of ZP-extensions. Let 
k 00 be the cyclotomic ZP-extension of k and kn its unique subfield of degree 
pn over k. Let L 00 be the maximal unramified abelian p-extension over 
k 00 , and X(k) the Galois group Gal (L00 /k 00 ) with the action of Gal (k®/k). 

Theorem 2. Let k = Q( ,/ - m) be an imaginary quadratic field with 
m= 1, 2, 3, 5, 6, 7, 10, 11, 15 or 19. Then for each prime number p, we 
have lP<p. 

Proof Let 0 be the nontrivial Dirichlet character attached to k. 
Ferrero proved ([l, p. 407]) for these fields that if lP> p the power series 

f(0, X) corresponding to the p-adic L-function for 0 {cf. § 1) is divisible 
by (1 + X)P - 1. Then, the theorem of Mazur-Wiles tells that the charac
teristic polynomial of the Iwasawa module X(k) is also divisible by 
(1 + X)P-1. This means that the p-rank of the Gal (k00 /k 1)-invariant 
submodule of X(k) is at least p. On the other hand, formula for ambigu
ous class numbers {cf. [4, Lemma 1]) tells the number of the invariant 
classes in kn/k 1 is equal to the product of the class number of k 1 and pCn-tJ. 
Therefore the p-rank of this submodule is 1. This contradiction proves 
Theorem 2. Q.E.D. 

Theorem 3. Let k be as in Theorem 2. Then for any p > 2, we have 
ep,n=lp·n for all n>0, where ep,n is the exponent of the maximal power of 
p dividing the class number of kn. 

Proof If p does not split in k/ Q, then eP, n =0 for all n >O. Thus 
the theorem holds in this case. If p splits in k/Q, then c0 =0 (cf. § 1). 
Therefore f(0, X) is a product of X and a power series whose lP is less 
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than p-1 by Theorem 2. Applying Iwasawa's argument [3, p. 93] to 
each power series, we get ep,n+i-ep,n=i!P for all n>O. Since eP,0 =0, we 
have Theorem 3. Q.E.D. 

Remark. For Q(./=T) and Q(./-3), Theorem 3 holds also for 
p=2. In fact, e~,n=O for all n>O. 
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